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Graph theoretic methods are used to analyze a problem concerning periodically recurring
events that has applications to transportation efficiency. Bounds on the optimum, results on com-
plexity and an algorithm for the solution are obtained.

1. Introduction

This paper concerns the scheduling of periodically recurring events. The problem
is to maximize the minimal distance between consecutive events. Consider, for
example, the followir.,g problem concerning the efficient scheduling of trains.

Problem 1.1. Trains depart from a Central Station to n destinations. For destination
i, 1<i=n, consecutive trains depart every m; minutes where m,; is integral. At what
times should the departures of the trains be scheduled so that the minimum time in-
terval between consecutive departing trains is maximized? (The departure times need
not be integral.)

Example 1.2. Consider the case n=3 and suppose that trains leave every 6, 4 and
3 hours, respectively, for the three destinations. Hence m; =6, m, =4 and m;=3.
Schedule the departures of train 1 at times 0,6,12,...; train 2 at times 4,3,%,...;
and train 3 at times 1,4, 7, ... . Then the minimum time interval between consecutive
departing trains is + hour. This cannot be improved.

Problem 1.1 is solved explicitly by Burkard [3] for the case n=2 and for arbitrary
n, but with at most two distinct values m;. Burkard attributes the problem to
Guldan [5], who, in turn, attributes it to Cerny [4]. In [4, 5] the problem is stated
as follows: How should regular p;-gons, i=1,2,...,#, be inscribed in a circle so as
to maximize the distance between the closest vertices on the circle. In [3] the
max-min polygon problem is generalized to minimizing the objective function

fk:

yis

=1

where k is the total number of vertices on the circle; y; denotes the distance between
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consecutive vertices on the circle; and p is a fixed real parameter with ~c0o<p<0
or 1 =p=oo. The original problem, that of maximizing min, ;<4 y;, is the special
case p— —oo. In [1] this problem is further generalized to polygons that are not
necessary regular. In that paper Brucker, Burkard and Hurink obtain an algorithm
based on a decomposition of the set of all schedules into local regions in which the
optimization problem is convex. This is analogous to Guldan’s original algorithm
[5] which characterizes local regions by an acyclic graph and solves the local pro-
blems by longest path computations. Our approach to Problem 1.1 is somewhat dif-
ferent.

Consider Problem 1.3 below which involves a notion similar to the cocycle of a
graph. For a natural number m and real x, let |x|,, denote the distance from x to
the closest multiple of m. This acts like an absolute value modulo m. For example
2s=2=13s.

Problem 1.3. Let (V, E) be the complete graph with an edge labeling c: E— N by
natural numbers. For any vertex labeling g: V— N, let dg: E— N be defined as
follows: if e={i,j}, then dg(e)=|g(i) — £(j)|ce- Find max,min, s Jg(e), where
the maximum is taken over all vertex labelings g. Also find a function g that realizes
this maximum.

Example 1.4. For the graph

1
AN
3 ——e2
2
the maximum is 1, and the function g(1)=0, g(2) =1, g(3) =2 realizes this maximum.

It is a consequence of results in Section 2 that this solution to Problem 1.3 yields
the solution to Problem 1.1 in Example 1.2.

For n=2 or 3, explicit solutions to Problem 1.1 are easy to obtain (Lemma 2.6
and Theorem 3.2). In general, however, it is not even obvious that Problem 1.1 is
discrete. On the other hand, Problem 1.3 is finite because the values of the function
g can be assumed, without loss of generality, less than the least common multiple
of {c(e)|eeE}. It is shown in Section 2 that Problem 1.1 is also finite (Theorem
2.5) and that it can be reformulated in the form of Problem 1.3 (Theorem 2.7). This
yields an algorithm to solve Problem 1.1. As opposed to the algorithms of Guldan
and of Brucker, Burkard and Hunrink mentioned above, the integrality of the op-
timum in Problem 1.3 allows for a straightforward search. We show in Section 4
(Theorem 4.1) that Problem 1.1 is NP-complete with respect to input #. Therefore
the best that can be expected is a reasonable algorithm for small values of n. For
a fixed n, our algorithm is polynomial in m=max m;. General upper and lower
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bounds are given in Section 3 for the optimum in Problem 1.1, some in terms of
graph chromatic number.

2. Schedules and graphs

Assume that events Ej, ..., E, occur periodically with periods m,, ..., m,, respec-
tively. Let x; denote any occurrence time of E;. Since E; recurs at intervals m;, it
may be assumed that 0=<x;<m; for all i. All the other occurrences of E; are unique-
ly determined by x; and are given by x;+ km;, k an integer. Therefore an n-tuple of
times x=(xy,...,X,), where x; is any occurrence time of E;, determines all occur-
rences of all events. In Problem 1.1, x; is any departure time of a train to destina-
tion i, and x determines the complete schedule of trains. Let d;;(x, y) denote the
least distance between an occurrence of event E; and an occurrence of event E; for
the pair x=(x, y). Then Problem 1.1 asks for max, min, ;. Jj=ndij(x;, ¥;), where the
maximum is over all possible n-tuples x=(x, ..., x,). The notation gcd and lem will
be used for greatest common divisor and least common multiple.

above dij(x, y)=|x~y|,,,, where m;=gcd(m;, m;).
Proof. Without loss of generality, take 7, j to be 1, 2, respectively. The possible
intervals between times x; + k;m, of event E, and x, + k,m, of event E, are of the
form (x; —x;)+ (kym;—kymy), ki, k, integers, which is the same as (x;—x;)+
ged(m,, my)k, k integral. [

Problem 2.2 (Problem 1.1 reformulated). Find max, min, <;;<, d;;(x;,x;) and a
point x=(xy, ...,X,) that attains this maximum.

That this maximum is actually achieved can be seen as follows: Define a function
SOy s Xp) =iy g p di(Xis X;). Now dj(x, p) is periodic of period ged(m;, m;)
in each variable; hence f is periodic of period m; in the ith coordinate. So f can be
regarded as a function from 7, =S'xS'x.--x §!, the product of n copies of the
1-sphere, to the reals R. It is clear that f:7,— R is a continuous function on a
compact set. Therefore there exists at least one point x that maximizes f.

The value max, min; .; <, djj(x;, X;) will be denoted M(m,, ...,m,) and will be
called the optimum for Problem 2.2. A point x=x(m,, ..., m,) that attains this op-
timum will be cailed an optimum point. An optimum point corresponds to an op-
timum schedule in the example of train scheduling. Usually the range of max and
min will be clear and, in this case, they are omitted.

For any point x=(x,,...,X,), define a directed graph G(x)=(V, E) as follows:
V={1,2,...,n} and there is an arc (i, j) € E, directed from vertex i to vertex j, if

a1 dij(xis xj) =min dij(xisxj)’
(2) for x;<y<x;+d;j(x;, x;) we have di;(y,x;) <dj(x;, x;).
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In terms of scheduling trains, condition (1) says that the minimum interval between
consecutive trains is realized between trains to destinations / and j. Condition (2)
says that slightly increasing the times of trains to destination i causes the minimal
interval between consecutive trains for destination i and j to decrease. Note that con-
dition (1), by itself, implies the existence of an arc joining vertex i and vertex j. Con-
dition (2) then determines the direction of this arc.

Lemma 2.3. For any point x there is a point y such that G(y) is a connected graph
and min dy;(y;, ¥;) = min d;;(x;, x;).

Proof. Denote f(x)=min dj;(x;, x;). Proceed by induction on the number of com-
ponents of G(x). Assume G(x) is disconnected and let G be a connected compo-
nent of G with vertex set V,. Then for any je V;, and ke V- ¥, it holds that
dj (xj, x;) > f(x). Uniformly increase all values of x;, i€ V,, until the first occur-
rence of dj(xj,x;)=f(x) for some je ¥V, and ke V- V,. This eventually occurs
because the values of the dj;(x;, x;) remain unchanged for j, j in V;, and eventually
di(xj, x;) decreases to f(x) for some je V; and ke V- V. This introduces an arc
joining vertex j to k, therefore decreasing the number of components of G. [

Lemma 2.4. If x is an optimum point, then G(x) contains a directed cycle.

Proof. Denote f(x)=mindj;(x;,x;). Assume G contains no directed cycle. Then
there exists a vertex #; with outdegree(i;) =0. Removing i, and repeating this argu-
ment, gives an ordering of the vertices (i}, ..., ,) such that, for all j, outdegree(i;)=0
in the subgraph induced by vertices {i;,...,i,}. In other words, there is a set of
rooted trees which span G and with all edges directed away from the respective
roots. Starting at the leaves and working toward the roots, slightly increase the value
of the x;. More precisely let y; =x; +&/j. Then for sufficiently small £>0, we have
di(yis ¥;)>djj(x;, x;) for all arcs (4, j) in G, and d;;(y;, y;)>f(x) for all {i, j} in the
complement of G. But this implies that f(y,,..., ¥,)>f(x}, ...,X,), contradicting
the maximality of x. O

Theorem 2.5 below implies that Problem 2.2 can be solved by a finite search. In
particular, it says that there exists an optimum point whose coordinates are rational
numbers with bounded numerators and denominators.

Theorem 2.5. There exists an integer o, 1=a<n, such that the optimum
M@m,,...,m,) and an optimum point x=(x,,...,X,) are of the form

M@my,...,m,)=>bged(my,...,m,)/a,
x;=a;/a,

where the a; and b are integers and 0<a;<am; for all i.
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Proof. Denote f(x) =min dj;(x;,X;) and let x be a maximum of f. Then by Lemma
2.4, G(x) contains a directed cycle. Also by Lemma 2.3 we may assume, without
loss of generality, that G(x) is connected. Each arc (7, j) in G(x) implies, by Lemma
2.1, the existence of an integer g such that

x;=x;+f(x) + q gcd(m;, m;). 1)

Let i}, ..., i, be a directed cycle in G. Then apply (1) consecutively to each arc of
this cycle and sum these equalities to obtain af(x)=rged(m;,...,m; ) or

J@)=rged(m;,...,m; )/ a V)]

for some integer r. This proves the first statement in the theorem.
There is no loss of generality in taking x, =0. Let jj, j>,..-,J, be a path (not
necessarily directed) from vertex 1=, to vertex k=j,. Then for 1=s<p,

X, =X;,+qged(m;,m; )+f(x) for some integer q.
Use this formula successively for each vertex along the path and sum to obtain
xy=aged(m;, ...,mjp)+bf(x) 3)

for some integers @ and b. From equations (2) and (3) it follows that each x; is of
the form a;/a, where g; is an integer. The bound 0=<ga;<am; follows because we
may assume 0=x;<m;. [

Theorem 2.7 below shows that a solution to scheduling Problem 1.1 or 2.2 can
be expressed in terms of solutions to the Graph Problem 1.3 in the introduction.
A lemma, which solves Problem 2.2 in the case n=2, is needed.

Lemma 2.6, M(m,, my) =+ gcd(m,, my) and x(m;, m,) = (0,5 ged(m;, m,)).

Proof. Lemma 2.1 implies that M(m,, m,) <+ gcd(m,, m,). We get equality by con-
sidering the particular point x given in the statement of the lemma. [

Consider the complete graph (V, E) on vertex set V={1,2,...,n} with edge label-
ing c: E—~N. With notation as in Problem 1.3, let M(c)=max, min ;s dg(, j)
denote a solution to Problem 1.3 for the edge labeling c. The relation between the
solution M(m;,...,m,) to the Scheduling Problem 2.2 and solutions M(c) to the
Graph Problem 1.3 is stated in Theorem 2.7.

Theorem 2.7. Given integers m;, 1<i<n, let c,(i,j)=agcd(m;,m;). Then
M(@my,...,m,)=max, <o<, (1/0)M(c,).
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Proof. Let m;=gcd(m;, m;). For any integer «,

M(c,) =max mln 'g(‘) -g(j)lam,,-
&

{ij}
<max min |x;—X;|om, = M(@m,, ..., am,) = aM(my, ..., my).
x {ij}

The inequality above results because, given g, there is a point x on 7,, defined by
x;=g(i), i=1,2,...,n. Therefore M(m,,...,m,)=max(1/a)M(c,). To prove equali-
ty, let (xy, ..., x,)=x(m,,...,m,) be an optimum point and let ¢ be an appropriate
integer as guaranteed by Theorem 2.5. Then ax(m,...,m,)=x(am,...,am,).
Define a function g: V= N by g(i) =ax;. Then

aM(my,...,m,)=M(am,,...,am,)
= minlax,-— ax; |am,~j = mlnlg(l) - g(j)lam,-jSM(ca)-
Thus M(my,...,m,)<(1/a)M(c,). O
Remark 2.8. In computing M(c,)=max, miny; ;; 6g(}, j) it may be assumed that
0=<g(i)<am; for all i. This is because g(i) is considered only modulo gcd(am;, am;)

for values of j#i. Thus g(/) can be considered modulo lcm; a ged(m;, m;), which
divides am;.

Example 2.9. Consider the case n=5 and m; =10, m,=21, my=22, my=35 and
ms=133. Using Theorem 2.7, the relevant graph for Problem 1.3 is in Fig. 1. It is

Fig. 1. Graph for optimization problem.



Scheduling periodic events 305

easy to check that M(c,)=0, M(c;)=0, M(c3)=1, M(cy)=1, M(cs)=2. Hence
M(10,21, 22, 35,33) =max(1/a)M(c,) =M(cs) =2, and the optimum is attained at
the point (0,%,4,£,9).

3. Bounds

It is not difficult to solve Problem 2.2 explicitly for n=2 and 3. Lemma 2.6 does
it for n=2; Theorem 3.2 below does it for n=3. Theorem 3.2 is also stated, but not
proved, in [3].

Lemma 3.1. If the m; are pairwise relatively prime, then M(m,, ...,m,)=1/n and
this optimum is attained at the point x=(0,1/n,2/n,...,(n—1)/n).

Proof. With the notation as in Theorem 2.7, c(i, j) = a for all i, j because the m; are
relatively prime in pairs. If @<n, then there exist i, j such that g(i)=g(j)(mod a),
which implies that dg(i, j))=0 and M(c,)=0. If a=n, then again dg(i, j)=0 for
some i, j unless the g(/) are the distinct integers modulo », in which case M(c,)=1.
By Theorem 2.7, M(m,,...,m,)=max(1/a)M(c,)=1/n. O

Theorem 3.2. Denote m; =m;/gcd(m;, my,my), i=1,2,3. Then

1 ged(my, my, my), if the m{ are pairwise
M(m,, my, m3) = . relatzve-ly prime,
+ min ged(m;, m;), otherwise.
1=i<j=<3

Proof. The first part follows, after scaling by gcd(m,,m,, m3), from Lemma
3.1. Let (m;,m;)=gcd(m;, m;). For the second part, 4 min(m;, m;) is an upper
bound for M(m;,m,,m;) by Lemma 2.6. To see that this upper bound can be
achieved, assume, without loss of generality, that +(m,, m,) is the minimum. Since
((my, m3), (m3, m3)) = (my,my,m3)=1, let s and ¢ be integers such that s(mj, m;)—
t(my,m3)=[ H(mi,my)]. Let r=2t(mym3)+2(mj,my)+e where ¢ is 0 or 1,
depending on whether (mj, m;) is even or odd, respectively. Then use Lemma 2.1
to check that x=(0,1(m,, m,), Lr(m,, my, my)) realizes the upper bound except in
the case (m,, m;)=(m,, m;). If this occurs, then (m,, my) | (m;, m3), but (my, ms)#
(m,, m,) because (m;, my, m3) = 1. In this case x = (0, +{m,, m,), (m;, m,)) realizes the
upper bound. []

Computing explicit formulas becomes complicated for n=4. In the remainder of
this section general bounds are obtained for the optimum solution to Problem 2.2.
The first result follows directly from previous results. The second result is an im-
provement on the upper bound.
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Corollary 3.3.

(1/m)ged(my, ..., m)<M(m,, ..., m,) <+ 1 min ged(m;, m;).
<i<jsn

Proof. The lower bound is immediate from Theorem 2.5. Also, for any point
x=(Xp,...,X,) and any 1<i<j<sn, M(m,,...,m,)<M(m;, m;). The upper bound

For Example 2.9, Corollary 3.3 gives bounds - <M(10,21,22,35,33)<+. Recall
that the actual optimum is Z. The estimate in Corollary 3.3 is tight in that both
bounds are attained. For example, it is easy to check that m;=my=---=m,=1
gives the lower bound with x=(1/n,2/n,3/n,...,1), and m;, my=my=---=m,,
ged(m;, my) =1, my=n - 1, gives the upper bound with x=(3,1,2,...,n—1). How-
ever the difference between the upper and lower bound may be large.

An improvement in the upper bound in Corollary 3.3 can be obtained by using
the chromatic number. Let K, be the complete graph on n vertices where edge {i, j}
is labeled ged(m;, m;). For an integer k, let G, be the subgraph of K,, consisting of
only those edges of K, labeled k. Note that if m =max m;, then 1 <k<m. Further,
let ¥ denote the chromatic number of a graph, i.e. the minimum number of colors
needed to properly color the vertices.

Theorem 3.4. Given natural numbers m,, ..., m, and m=max m;

M(@my,...,m,)< min ————
(my " lsksz(Gk)—l

Proof. Given a subgraph H of K,,, consider the generalization of Problems 2.2 and
1.3 where the minima are restricted to only those edges in H. Thus My(m,,...,m,)
denotes the solution to Problem 2.2 where only the intervals between those
pairs of trains corresponding to edges in H are considered. Similarly My(c)=
max, miny; j} ; 08(i, j) denotes the solution to Problem 1.3 for A. Then the
arguments of Lemmas 2.3 and 2.4 and Theorems 2.5 and 2.7 all carry through
without change to show that My(m,, ...,m,)=(1/a)max My(c,). Hence for all k,

M(@my,...,m,)<Mg (m,, ...,m,)=max(l/a)Mg,(c,)

=k max(1/a)Mg,(c;),

where ¢,(i, j) =ka and ¢, (i, j) = a, respectively. Now it is sufficient to show that
(1/a)Mg, (c,)<1/(x(Gy)-1) for all a.

By way of contradiction, assume that MGk(c;)za/(x(Gk)— 1) for some a. Then
there exists a function g: V= N such that |g(/) — g(j)|,= a/(x(G;) - 1) for all edges
{i,j} in G;. By reducing the values of the function g modulo «, there is no loss
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of generality in assuming that 1<g(i)=a for all i. Now define g’: V=N by
g'()=e@I(x(G)-1/al]. Then 1=g'()<x(G,)—1. Also if g=(x(G))~1)/e,
then
lg’()~&' N =Tag)] - [ag(/) 1| >1ag() - ge ()] -1
=2qlg()—g()|,—1=0.

So g’(i)#g’'(Jj) for all eges {i, j} in G;. Therefore g’is a x(G;)— 1 coloring of G,
a contradiction. [

Example 3.5. Consider Example 2.9. In this case G;=Cs5, G,=G;=G5=G,;=
G =K,, where C;s is the 5-cycle and K, is the complete graph on two vertices.
Hence M(10,21,22,33,35)<ming k/(x(Gy)~1)=1/3—1)=+4. It is known by
Theorem 2.5 that M(10,21 22,33, 35) is rational with denominator =<35. The largest
such rational elss than  is 2. Therefore M(10,21,22,33,35)<%. Recall that the
actual optimum is Z. The upper bound  of Corollary 3.3 is not as accurate in this
example.

4. Complexity

In this section it is proved that Problem 2.2 is NP-complete with respect to
input n (the number of trains). Then an algorithm, based on Theorem 2.7, is given
that is fairly efficient for small values of n. In proving NP-completeness, the two
relevant problems are stated in their decision form, MAX-MIN and GRAPH
COLORING. The proof exhibits a polynomial transformation from MAX-MIN to
GRAPH COLORING.

MAX-MIN. Given natural numbers m,, ..., m, and a real number B, is it true that
M@my,...,m,)=8?

GRAPH COLORING. Given a graph on n vertices and an 1nteger k, does there exist
a proper vertex coloring with <k colors?

Theorem 4.1. MAX-MIN is NP-complete.

Proof. Let G be an arbitrary graph on n vertices. An instance of MAX-MIN is con-
structed as follows. Choose natural numbers m,, ..., m, such that ged(m;, m;)=1 if
vertices / and j of G are adjacent and ged(m;, m;)=2n otherwise. This can be done
by considering the maximal cliques C,,...,C; in the complement of G. Let g;,
1<i<s, be integers =2n and relatively prime in pairs. For vertex i let A4;=
{jlieC;} and let m;=1]; , g;-

It is now sufficient to show that M(m,,...,m,)=1/k if and only if x(G)=<k.
Assume that G has at least one edge. (The case where G has n isolated vertices is



308 A. Vince

an easy exercise left to the reader.) First it is claimed that max, ming; ;; dj;(x;, x;) =
max, miny; ;1 g d;(¥,»x;). Clearly the left-hand side is less than or equal to the
right. To prove equality consider a point (), ..., X,) realizing the maximum on the
right-hand side. Since ged(m;, m;) =1 for (;, j) € G, it may be assumed, by reducing
modulo 1, that 0=<x;<1 for all i. Now let y;=x;+ 2(: - 1). The point (y,, ..., y,) has
the following properties:

M) 1<y~ yil<2n-1;
(2) djj(y;, ¥;) = djj(x;, x;) for all i and j adjacent in G;
(3) djj(x;, x;)<1=d;(y;, y;) for all i and j not adjacent in G.

The last inequality in (3) results from (1) and the fact that gcd(m;, m;}=2n on
edges in the complement of G. This proves the claim. Now assume that G has a
proper k coloring ¢: V~{0,1,2,...,k -1} and consider the point (y,,...,¥,) with
yi=c(i)/k. We have

M(m,, ..., m,)=max min d;(x;, x;)=max min d;(x;x;)

x  {iJj} x {ij}eG
= min dy(y;, y)= min |(c(i)—c())/k|, = 1/k.
{ij}eG tijleG

Conversely assume there is a point x=(xj,...,X,) such that min d;(x;,x;)=1/k.
Let y;=x;(mod 1) with 0<y,;<1 and let c(i)=| ky; ]. Note that Ix;—x;| =2 1/k im-
plies |y;~y;|=1/k for all i,j adjacent in G, because ged(m;, m;)=1. Therefore
|ky;—ky;|=1, which in turn implies that c(¢) #c(/) if i and j are adjacent in G.
Since 0 =c(i) <k for all i, the c¢(i) constitute a proper coloring of G with = & colors.

O

Remark 4.2. Theorem 4.1 shows that Problem 2.2 is NP-complete, but not that it
is strongly NP-complete. In other words, MAX-MIN was not limited to those in-
stances where the largest integer appearing in the problem is bounded by a poly-
nomial it n. For the instance of MAX-MIN constructed in the proof of Theorem
4.1, the size of the largest #; is, in general, exponential in n. This leaves open the
possibility of a pseudo-polynomial algoriihm [6], which solves Problem 2.2 in time
bounded by a polynomial in n and m. We believe thai Problem 2.2 is strongly NP-
complete, and a proof would be of interest. '

Theorem 2.7 naturally suggests an algorithm for solving Problem 2.2. According
to Theorem 2.7 and Remark 2.8:

M(m,,...,m,)= max (1/a)M(c,), ()]
I=sa=n
where
M(c,) =max f,(x). &)

Here the maximum is over all points x=(x;, ..., X,) with 0=<x;<am; and

Jo(x)= min lxi —X; Iam,—,- » (6)
I=i<j=n
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where m; = gcd(m;, m;). Let m=max{m;}. In seeking a solution, it can be assumed,
without loss of generality, that x,=0. To compute M(m,, ..., m,) by (4), there are
n values of a for which to compute M(c,). To compute M(c,) for a particular «
by (5), there are at most (em)" ! points x for which to compute Jo(x). To calculate
Jo(x) for a particular & and x by (6), there are at most (%) pairs of integers, i, j, to
try. Therefore at most

(’21) E (am)n—l<n2mn—l Z an—l=nn+lmn—l E (a/n)n~l
o 3

a

1 l n-1 1 n
Sn"”m”‘ls n(x+—) dxsu"“m"“(l+->
o n n

___O(mn—lnn+l)

time is required to solve Problem 2.2 by a complete search. If n is considered
constant, then the complexity of the scheduling Problem 2.2 is polynomial in m. Of
course, the constant and the degree of the polynomial may be large. On the other
-hand, it was shown in Theorem 4.1 that Problem 2.2, as a function of input », is
NP-complete.

Remark 4.3. (1) The Euclidean algorithm computes all greatest common divisors
my; in O(nzlog m) time, where m=max m;. This is subsumed in the complexity
estimate O(n"*'m"~1).

(2) In formula (4) it is not necessary to check every value of & between 1 and n.
If the optimum occurs for a value of & between 1 and | 1n], then it also occurs,
by scaling, for a value of a between f%n'l and n. Therefore, only values of o
between r%n'l and # need be tried. This, however, improves only the constant in
the complexity estimate O(n"*!'m"~1).

(3) The optimum can be estimated to within 1/7 by checking only the value a=n
in formula (4). More precisely, it is always the case that

M) _rtomyy ... mpy<MEDFL

The first inequality is clear and the second is a consequence of Theorem 4.4 below.
In Example 2.9, n=5 and +M(cs) =%. Therefore 2<M<%. No fraction with de-
nominator 1, 3 or 4 lies within these bounds, and the only fraction with denominator
2 that does is . Therefore M=+ or . (Recall from Section 2 that the optimum
is 2.)

Theorem 4.4. For any integer o, M(m,,...,m,)<(M(c, ) +1)/a.

Proof. Let x=(x,...,X,) be an optimum soint. Define g: ¥— N by g(})= | ax; ],
1=i=n. Let my=ged(m;, m;). If c(i, j)=am;, then 6g(i,j)=|g(i)—g(j)|a,,,,_j. We
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claim that dg(i, j)> ad;;(x;, x;)— 1 for all j, j. By Lemma 2.1 it is sufficient to show
that

alxi_lem,-,-° ”.axi_l - Laxjjlam,-,-= Iaxi—aleam,-j_ ”.axiJ - Laxj_“am,-,-<1'

But the stronger statement |a—b|—|| @]~ | b]| <1 actually holds for the ordinary
absolute value and any real numbers a and b. The claim implies that M(c,)>
aM(m,,...,m,)-1. O

References

11 P, Brucker
L CXC

Preprint.

[2] P. Brucker and J. Hurink, A railway scheduling problem, Z. Oper. Res. 30 (1986) 223-227.

[31 R.E. Burkard, Optimal schedules for periodically recurring events, Discrete Appl. Math. 15 (1986)
167-182,

[4] J. Cerny, Problems for systems of regular polygons on a circumference and their application in
transport (Czech), Mathematicke Obzory (1972) 51-59.

[5]1 F. Guldan, Maximization of distances of regular polygons on a circle, Apl. Mat. 25 (1980) 182-195.

[6] C.H. Papadimitriou and K. Steiglitz, Combinatorial Optimization, Algorithms and Complexity
(Prentice-Hall, Englewood Cliffs, NJ, 1982).



