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Abstract Let C(T) denote the poset of subtrees of a tree 7 with respect to the
inclusion ordering. Jacobson, Kézdy and Seif gave a single example of a tree 7 for
which C(T) is not Sperner, answering a question posed by Penrice. The authors then
ask whether there exist an infinite family of trees T such that C(T) is not Sperner.
This paper provides such a family.
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1 Introduction

A ranked partially order set (poset) is called Sperner if some maximum antichain
consists of elements from a single rank. The set C(T) of subtrees of a tree 7' is a poset
with respect to the inclusion ordering, the rank of a subtree being the cardinality of
its vertex set. Moreover, it is shown in [3] that C(7) is a lattice. Such lattices appear
as early as [4]. Jacobson, Kézdy and Seif [2] give a single example of a tree T for
which C(T) is not Sperner, answering in the negative a question posed by Penrice
[5]- The authors [2] then ask whether there exists, in fact, infinitely many trees T for
which C(T) is not Sperner. Such an infinite family is provided in this paper. The ideas
are inspired by [2]; in fact, the smallest member of our family is the example in that
paper as shown in Fig. 1.
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Fig. 1 A non-Sperner tree on
11 vertices

Let T,,,, m > 3, be the family of trees shown in Fig. 2. The path from v, to x has
s = s(m) vertices, and the path from v, to x has ¢t = ¢(m) vertices, where

sm) = No—2"+m—2,
tm) = Ny — 2",

Ny = Orﬁr}ixm {(t) + ]:i(:: (T)} . (1)

Note that Ny > (,”" ) + Y% (V) = 2 + m, which implies that s(m) > 2m — 2 and
t(m) > m. In particular s(m) > 4 and t(m) > 3 since m > 3, and equality is achieved
for the tree in Fig. 1. The proof of the following theorem appears in the next section.

Theorem 1 If 5m?* + 12m + 8 is not a perfect square, then C(T,,) is not Sperner.

There are infinitely many m for which 5m* + 12m + 8 is not a perfect square. For
example, if m = 0 (mod 3), then 5m? + 12m + 8 = 2 (mod 3). So 5m? + 12m + 8 is
not a perfect square if m =0 (mod 3) because 2 is not even a square (mod 3). A
similar argument shows that 5m> + 12m + 8 is not a perfect square for m = 0 or 2
(mod 5) or for m = 2,3 or 4 (mod 7), etc. The values m = 14 and m = 103 are the
first two for which 5m? + 12m + 8 is a perfect square.

2 Proof of the Theorem

Let T’ := T, be the subtree of T, rooted at vertex x and obtained by deleting vertex
y from T,,. Further let T := T,(m) and T, := T,(m) denote the two subtrees of 7’

m  vertices
—

3
= o —e'<
3

V) %)

s—1 vertices ~1 vertices

Fig.2 The tree T},
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Fig. 3 The rooted trees 7 and 7>

rooted at x that appear in Fig. 3. Note that 7' has s 4 2 vertices, T, has t + m vertices,
and t + m = s 4 2 by the formulas 1.

For any tree T rooted at vertex x, let C(T, x) denote the poset of all subtrees of T
containing x. (Moreover, as pointed out by a referee, C(T, x) is a locally distributive
lattice [1].) Let 7'({) denote the number of subtrees in C(7”, x) of rank i, and let r| (i)
and r,(i) denote the number of subtrees in C(7T}, x) and C(T3, x), respectively, of
rank i. Then it is easy to see that

P =Y rn@) ri-j+1) 2)
j=1
where
2 if i=s+1
rn@=11 if 1<i<s+2, i#s+1
0 otherwise
and
1 if 1<i<t
nO=3 (") if r<i<t+m
0 otherwise.

Our proof of Theorem 1 depends on the fact, proved below, that /(i) attains its
maximum on exactly two values a and b of i and that a and b differ by at least 2.

Lemma 1 With notation as in the introduction, let 0 < ky < m be such that (kmo) +
Zfﬁgl () = No and let a=s+2 and b =2s+2 —ko. If 5m* + 12m + 8 is not a
perfect square, then b > a + 2 and
r(a)=r(b)= Ny
F(i) < No ifi#a,b.
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Proof Concerning the first statement, it follows from Eq. 1 and the fact that s + 2 =
t+mthath —a=s—ky>s—m+1=t— 1> 2. Concerning the second statement,

formula 2 implies
t+m

Py =ri+m =Y rn@-nt+m—i+l)

i=1

m+1 +m

=Y nG) ne+m—it D+ Y r@) nt+m—it1)
i=1 i=m+2
m+1

m u m
:E t:E t=2"+1t= N,
— (m—i+1>jL i_o(i>+ + 0

and
+m
F(b) =rQt+2m—2—ky) = Z r@) -rnQt+2m—1—ky—1i
i=t+m—1—ky
ko+1 m " ko+1 "
= Zrl(l+t+m—l—ko)<i> = <k0>+2(l) =N0.

i=0 i=0
Letting A(Q)) :=r'(i + 1) — (i) it follows from Eq. 2 that

A =ri—s+1)—r@i—s)—rni—-s—1)+rni+l). 3)
It is then easy to check that

Al >0 if 1<i<a

Al <0 if a<i<s+t

Al >0 if i=s+t
In addition we claim that

Al >0 if s+t<i<b
A@) <0 if b <i,

which would complete the proof of the lemma.

To prove the claim, let i > s+ ¢ Since T, has t+m =s5+2 < s+t vertices,
r2(i + 1) = 0. Equation 3 then implies that A(i) > 0 if and only if

m
( ):rz(i—s+l)>r2(i—s)—|—r2(i—s—l)

i—t—s+1
m m
() (=)
i—t—s i—t—s—1

Letting k = m — i + (s + ¢), the above inequality becomes

(knj 1) g (lZ) i (kﬁ 1)’
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and an easy calculation using the quadratic formula shows that this is equivalent to
k > o where

_ 2) 4+ v5m? 412 8
a_§<—(m+)+ m* + 12m + )

Note that o is not an integer because 5m? + 12m + 8 is not a perfect square. This
implies that A(i) < 0 if and only if k < . For i > s + ¢ the rank function of 7" as
given in formula 2, after some simplification, is

m k+1 m
"o=(7) +,=Zo(;>

By the comments above, this function achieves a unique maximum at k = kg = |«].
Equivalently, this maximumisati =m+s+t—ko=2s+2— ko =D. O

Proof of Theorem 1 Let T = T,,. It is first shown that C(7T, x) is not Sperner. A
maximum antichain A is provided whose elements are not all from a single rank.
With vertex y as shown in Fig. 2, integers a and b as in Lemma 1, and |S| denoting
the number of vertices in a subtree S, let

A={SecC(T,x): (|Sl=a+1landye S)or(|S|=bandy¢ S)}.

By Lemma 1 we know that b > a+ 1, so A is an antichain in C(7, x), and the
elements of A do not all have the same rank. Moreover |A| = 7' (a) + 1 (b) = 2Ny. On
the other hand, letting 7, (i) denote the number of elements of rank i in C(7, x), we
have by Lemma 1 that r,(i) = 7' (i) + (i — 1) < 2Ny. Hence C(T, x) is not Sperner.

To prove that C(T) is not Sperner, it will be shown that the number of elements
at any given rank in C(7) is less than the number of elements in the antichain .A.
Let r(i) denote the number of (unrooted) subtrees of C(T') with i vertices. It is now
sufficient to show that r(i) < | A| = 2N, for alli. Ifi > s + 2 = ¢ + m, then any subtree
of T with i vertices must contain x. Hence in this case r(i) = (i) < 2Nj. It is easy to
check that (1) < 2N,.

For 1 <i <s+42,letr (i) and r_(i) denote the number of subtrees with i vertices
in C(7T) that do and do not, respectively, contain vertex y. Then

i—1
r,(i)=s+t—i+2+z<r;z>

j=0

and
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Then r(i) = r_(i) + r4 (i) is maximized either when i = s + 1 or when i = ¢. Noting
thats > m,t+m =5+ 2 and Ny = 2™ + ¢t from formula 1, we have

m m—2
r(s+1):2t+z<"7>+z<";> — 2 L2 — 1 <227 4 1) = 2N,.
=0

=0
and

t—1
r(t)=s+t+1+2<n?>§2m+s+t+1=2No—2m+m—1<2No. O
=0
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