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TOPOLOGY EXAM 1 • FALL 2021 • PROF. BOYLAND

1.(10 points) Let Y be all finite subsets of Z+. Show that Y is countable.

2.(20 points) Prove or disprove.

(a) A×B = A×B

(b) Int(A ∩B) = IntA ∩ IntB

3.(10 points) Recall that in the countable complement topology on X a set is open exactly when
its complement is countable or is all of X. Give R the countable complement topology.

(a) To which point or points does the sequence xn = 1/n converge?

(b) What is {2}?

4.(20 points) For a list of real numbers ai and bi define a map f : RZ+ → RZ+ by

f(x1, x2, . . . ) = (a1x1 + b1, a2x2 + b2, . . . ).

(a) What conditions if any on the ai and bi are necessary so that f is continuous when the domain
and range are both given the box topology.

(b) What conditions if any on the ai and bi are necessary so that f is continuous when the domain
and range are both given the uniform topology.

Do 3 (three) and only 3 of the following 4 problems

5.(10 points) If (Y, TY ) is a topological space and f : X → Y is a surjective function, is

{f−1(U) : U ∈ TY }
a topology on X? Prove your answer.

6.(10 points) If A is dense in B and B is dense in C, is A dense in C? Prove your answer.

7.(10 points) Given (X, TX) and (Y, TY ) show that (X × Y, TX×Y ) is Hausdorff if and only if
(X, TX) and (Y, TY ) are.

8.(10 points) Assume that d and d′ are metrics on X both with diam(X) = sup{d(x, y) : x, y ∈
X} ≤ 1 and

(d(x, y))2 ≤ d′(x, y) ≤
√

d(x, y)

for all x, y ∈ X. Show that d and d′ induce the same topology.

Don’t forget your signed statement


