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1. Assume ~q1, . . . , ~qN is an orthonormal basis for CN and ~v has expansion ~v =
∑N

i=1 αi~qi. The

order k truncation of ~v is ~v(k) =
∑k

i=1 αi~qi. Show that the least squares error in using ~v(k) is

‖~v − ~v(k)‖22 =
N∑

i=k+1

|αi|2.

2. Let V be the vector space of all real polynomials on [−1, 1] with inner product

〈p, q〉 =

∫ 1

−1

p(t)q(t) dt.

Starting with the basis {1, t, t2, . . . }, compute the first three orthonormal polynomials using the
Gram-Schmidt process. (These are called the first three Legendre polynomials.)

3. The N th root of unity is ωN = e2πi/N .

(a) Show that ωNN = 1 and |ωN | = 1 and also for any integer k, (ωkN)N = 1, |ωkN | = 1, and
ωk = ω−k. .

(b) For any complex number z, show that

(1− z)(1 + z + z2 + . . . zN−1) = 1− zN .

(c) For j = 0, . . . , N − 1, let ~qj be defined by

~qj =
1√
N

[1, ωjN , ω
2j
N , . . . , ω

(N−1)j
N ]T .

So, for example,

~q0 =
1√
N

[1, 1, 1, . . . , 1]T .

and

~q3 =
1√
N

[1, ω3
N , ω

6
N , . . . , ω

(N−1)3
N ]T .

Show using parts (a) and (b) that {~q0, ~q1, . . . , ~qN−1} is an orthonormal basis for CN . Note:
the index of this basis is traditionally 0, 1, . . . , N − 1 to keep the formulas simpler.

4. Let f on [−π, π] be given by

f(t) =

{
1 if |t| < π/4

0 if |t| ≥ π/4

Compute (by hand) the series expansion in L2([−π, π]) of f with respect to the Fourier or-
thonormal basis

{ e
int

√
2π
} with n = 0,±1,±2, . . .


