TOPOLOGY HW 3 e FALL 2021 e PROF. BOYLAND

This HW uses material from Lectures 11-18a.

. Say A C X is dense if A = X.
(a) Show that A is dense in X if and only if every nonempty open subset V in X satisfies
VNA#Q.

(b) Assume that X and Y are topological spaces with Y Hausdorff and A is dense in X. Suppose
that f: X — Y and g : X — Y are continuous functions with f(a) = g(a) for all a € A.
Prove that f(x) = g(z) for all x € X.

. A is a subset of the topological space X.

(a) Show that x € Int(A) if and only if there is an open set U with z € U C A.

(b) Let the boundary of A be Bd(A) = AN (X — A). Show that # € Bd(A) if and only if every
open set V with x € V contains points of both A and X — A.

(c) Prove that Bd(A) NInt(A) = 0 and that A = Int(A) U Bd(A).

. Consider Z, with the finite complement topology. Determine if the following sequences converge
and if so, to which point or points.

(a) z, =2n+3

(b) zp =34 (=1)"

. Recall that two topological spaces X and Y are homeomorphic if and only if there is a home-
omorphism h : X — Y. Suppose that {X, : A € A} and {Y) : A € A} are indexed families

of topological spaces with X homeomorphic to Yy for each A € A. Prove that [, , X, and
[L.ca Ya are homeomorphic. Use the product topology on the product spaces.

. Assume that d and d' are metrics on X and that there are positive constants ¢, co with
Cld(‘ra y) < d/<$,y) < CQd(xa y)
for all z,y € X. Show that d and d’ induce the same topology.

. We showed in class that on R”+ the box topology is finer than the uniform topology which
in turn is finer than the product topology. Give examples that show that the box topology is
strictly finer than the uniform topology which in turn is strictly finer than the product topology.
You can use the fact that the product topology is induced by the metric D.

. Give X%+ the product topology and let {z,} be a sequence in X%+,

(a) Show that z,, — x if and only if for each i € Z, m;(x,) — m;(z). In other words, a sequence
converges if and only if all its components converge.

(b) Ts this result true when we give X%+ the box topology?



8. Let (X, d) be a metric space.

(a) Show that d : X x X — R is continuous where X x X is given the product topology.

(b) If the sequences x,, — x and y, — y convergence in X show that the sequence of real
numbers d(z,,y,) — d(z,y).

9. Given metric spaces (X;,d;) for i = 1,...,n show that
p(x,y) = max{dy(z,y),...,d.(z,y)}

is a metric on II?" ;| X.



