Error of the Trapezoidal Rule

Lemma: Let f” be continuous on [0,1]. Then there exists ¢ €(0,1) such that

j:f(x)dx:%[f )+ F (B F(c)
Proof: Let p(X +[f (O)]x. Note that p(0)= f (0), p(1)= f (1).

[ p0sc=] 1021 @-1(0)x | =102t~ 1(0)-3(1(0)+ 1(0)

Recall the error formula for the Lagrange Interpolating polynomial

00 p0) = iy @1 0x5)

i=0

In our case, n=1,X,=0,X =1, so we have

Integrating,

.f X)dx — _[ dx——_[ f"(c(x))x(x—1)dx

Since x(x—1)<0on [0,1], the Second Mean Value Theorem says that there exists
&such that

%Jj f"(c(x))x(x—-1)dx :% f”(c(:f))jo x(x—1)dx
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Finally, [ dx_—[f + ()] 17(c(¢))

Lemma: (Change of variables) : On the interval [a,b],

[ f(x)dx=""2 1 (a)+ £ (b)]-5(b-a)' *(£)ase<b

Proof: Let g(t)= f(a+t(b—a)) and x=a+(b—a)t. Then
te[0,1]< xe[ab],g(0)="f(a),g(1)=f(b). Also, dx=(b—a)dt,
g'(t)= f’(a+t(b—a))(b—a) and g"(t)= f”(a+t(b—a))(b—a)2. So we have

[[f(x)ax=] f(a+t(b-a))(b-a)dt
=(b-a)[; 9 (t)dt
~(b-2)| 3(a(0) +9(0) -5 0°(c) o<es1
=22 (a) 1(0)) -2 2 (@ c(o-a))(b-a)
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Theorem: Assume that f” exists and is continuous on [a,b]. Let T bethe

£7(£),a<é<b

b
Composite Trapezoidal Rule with spacing h,and let | :J f (X)dX. Then for some

ce(ab), a
| -T :—é(b—a)hz f"(c)~0(h?)

Proof: Consider subintervals X, <X, <---< X, with spacing h. Apply the previous

lemma to [X;,X,,]:
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j :-[f f (%) |- Sh(e)x <6 <x,
So on the interval [a,b],
J‘:f(x)dx:ni_[:”l f (x)dx
= 1 .

:EZ |:f +f |+1 }_Ehsz f”

The first summation is the Trapezoidal Rule, T.The error term is

n-1 n-1 —
_ihis f" _b_ahZ E f”(ci) , :E
i=0 12 n i=0 n
1 n-1
Note that {HZ f"(c, )} lies between the largest and smallest value of f"(x)on
i=0

[a,b]. So by the Intermediate Value Theorem, there existsc €[a,b] such that this

expression equals f”(c). Finally,

b—a
| =T -——Zh?*f"(c



