Sample Problem Solutions for Exam Two

1. Compute the Wronskian of y; = 22, yo = #%In(z); are y1,y, independent?

Wly1,y2] = y1vh — ¥iy2 = 222z In x + x) — 2x(2®In z) = 23.

y1 and yo are independent since the Wronskian is not identically zero.

2. Solve y"” — 4y’ + 5y = 0 with y(0) = 3 and y’(0) = 9.

r2 — 4r + 5 has roots r = 2 £ i, so that

y = e**(cicos T + cosin 1)

Then 3 = y(0) = ¢; and 9 = y'(0) = 2¢; + ¢2 s0

c1 =3 and c3 = 3 and y = 3e%*(cos = + sin x).

3. Use Undetermined Coefficients to solve y” + 4y = 6x + 4cos 2x.

Yn = 1008 2x + cosin 2z and

yp = Az + B+ Cx cos 2¢ + Dz sin 2x.

y, = C(—4sin 2z — 4x cos 2x) + D(4cos 2z — 4z sin 2x),

yg + 4y, = 4Ax + 4B — 4Csin 2z 4+ 4Dcos 2x = 6x + 4cos 2z,

C)

4A=6,4B =0, —4C =0,4D =4 and A=15B=C=0, D = 1.

Yp = 1.0 + xsin 2x and y =y, + yp = c1c08 22 + casin 2x 4 1.5z + xsin 2z

4. Use Variation of Parameters to solve 3" — 4y’ = €37,

7?2 —4r = 0 has roots r = 0 and r = 4, so y; = 1 and yo = €** and Wy, y2] =
4e*®.

Yp = U1Y1 + U2Y2 = U1 + uge®®, where

uy = —f(2)ya/W = —e3%et® /4e?® = —e3% /4, s0 u; = —e3%/12.

uh = f(x)y1 /W = e3% [4ed® = e7% /4, 50 ug = —e~% /4.

Then y, = —€3%/12 + (—e % /4)e?®) = —e37 /3.

5. Find the general solution of the Euler equation 22y” + 2y’ — 4y = 22 + 1,
given that y;, = ciz=2 + coz?.

W =2"2(2z) — (227 3(2?%) = 42~ L.

F(z) =1+ 272 (dividing by z?).

Yp = v1272 + vox?, where

v] = —2?(1+272) /42~ = —23 /4 — /4, so v; = —21/16 — 22 /8.

vy =a (142 ) /dz =27 A+ 273/4, 50 vo = HIn x — 272/8.

Then y, = (—2*/16 — 2?/8)a~2 + (§In x — 272 /8(2?) = —La? + 2%ln x — |,

or just y, = %len T — i.

y=yn+Yp=c12? + cor 2 + (z3ln z — 1) /4.

FOR THE HINT: (72 —r) +7r —4 =12 — 4,80 yp = c12% + cox 2.

Solving by Undetermined Coefficients:

yp = A+ Bz’ln z, Y, = B(2zin x + ) and y; = B(2ln x + 3). Then 2y +
vy — 4y = 4Bx?> —4A =22+ 1,50 4B = 1 and —44 = 1. Thus A = —1/4 and
B=1/4s0y, = (z%ln x —1)/4 and



6. A 16 pound weight is suspended from a spring with & = 18 pounds per foot.

(a) The weight is pulled down 3 inches from equilibrium and then struck upwards
with initial speed 2 feet per second. Find the equation of motion and give the
amplitude, period and phase shift. Sketch the solution.

(b) An outside force of 12sin(6t) is applied to the spring at equilibrium. Write
the differential equation and solve for z(¢). Find the equation of motion. What
phenomenon does this represent?

(a) m = 16/32 = .5 so the differential equation is .5z"” + 18z = 0 with solution
T = c1cos 6t 4+ cosin 6t.

Then .25 = 2(0) = ¢; and —2 = 2/(0) = 6¢3, so

T = icos 6t — %sin 6t.

The period is 27/6 and the amplitude is /1/16 +1/9 = 5/12.

x = 3[2cos 6t — £sin 6t] = 5[sin Ocos 6t + cos Osin 6t] = £ sin(6t + 6),

where sin 6 = % and cos 0 = —§7 so tan 0 = —%

The phase angle 0 is approximately 2.5

(b) .5z + 18z = 12sin 6t has particular solution of the form

xp = t(Acos 6t + Bsin 6t).

Then zj, = —36t(Acos 6t + Bsin 6t) + 12(Bcos 6t — Asin 6t),

so .5z” 4 18z = 6(Bcos 6t — Asin 6t) = 12sin 6t,

making B =0 and A = —2. Thus

xp = —2tcos 6t and

T = —2tcos 6t + c1cos 6t + cosin 6t.

Equilibrium means z(0) = 2/(0) = 0, so

0=x(0) =c; and 0 = 2/(0) = —2 + 6ca,

making ¢; = 0 and ¢; = 1/3. Thus

T = %sm 6t — 2tcos 6t.

This represents undamped resonance.

7. A mass of 4 grams is suspended from a spring with constant 16 dynes per
centimeter. The mass is pulled down .5 cm and an external force of 12sin(t) is
applied. Assuming a damping factor of 8v (dynes), write the differential equation
and solve for x(t). What is the steady state solution.

4z"” + 82’ + 16x = 12sin t is the differential equation.

The corresponding polynomial is r2 + 27 44 with roots r = —1 4 i1/3 so we have
xp, = e~ t(c1cosV/3t + cosiny/3t) and

xp = Acos t + Bsin t

Then z” + 22’ + 42 = (3A 4 2B)cos t + (3B — 2A)sin ¢t = 3sin t,

s0 3A+2B =0 and 3B — 24 = 3 giving A = —6/13 and B = 9/13.

The steady state solution is

Tp = l—ggsin t— 16—3003 t.

Now z = %sin t— %cos t+ e_t(clcosx/gt + czsin\/gt),

with .5 = 2(0) = —6/13 4 ¢; and 0 = 2/(0) = % — 1 + V3ca,
s0 ¢; = 25/26 and ¢y = 7/26+/3.



8. Solve the system '’ = x —4y; y' =z +y

By the second equation, z =y’ —y, so 2’ =" —v/'.

Putting z = ¢’ — y into equation one, we get '’ =y’ —y — 4y = 3/ — 5.

Then ¢y’ —y' =y — 5y, so vy — 2y’ + 5y = 0.

This means y = e'(cicos 2t + casin 2t.

Then 3 = e'(cicos 2t + casin 2t — 2¢ysin 2t + 2czc0s 2t),

sox =1y —y=el(—2c18in 2t + 2cycos 2t).

9. Factor the differential equation ¢y’ — 3y’ +2y = x into two first order equations
and solve.

(D—-1)(D—-2)y=(D—-1)z =z, where z = (D — 2)y. Then

z=¢" [ze " =e*(— x—l)e’f’: ——33—1, S0

y=e¥ [(—z—1)e * =e2*(Lo+ 3)e 2 = 1o+ 22

10. Use reduction of order (by the Wronskian and Abel’s 1dent1ty) to find a
second solutlon to zy” + (1 —2x)y’ + (z — 1)y = 0 given that y = e” is one solution.

p=ax"1—2 s0 W =e2*7I" ¢ = =127 and then

ya =e” /:v’lezz/(em)2 =e* /x’l =e’lnx

11. Find the general solution of y"”" — 3y’ + 2y = 0.

3 —3r+2=©r—-1)(r—-1)(r+2),so
y = c1e” + coxe® + cze T,

12. What does it mean to say that y;, y2 and y3 are independent? Show that z,
22 — 1 and 22 — 4 are independent using the definition.

This means that there is no non-trivial linear combination

c1y1 + c2y2 + c3ys which is identically 0.

Suppose c1x + ca(? — 1) + c3(2? — 4) = 0.

For x = 0, this gives —co — 4¢3 = 0.

Forx =1, ¢y —3c3 =0; for x = —1, —¢; — 3c3 = 0.

Adding the last two equations, we see that c3 = 0 and then that ¢; = 0 and by
the first equation ¢, = 0 also. Thus z, 2 — 1 and 22 — 4 are linearly independent.

13. Find the general solution of y(v#) — (i) _ o) 4 44 — (0 given that
& — T =t 3 =30 = D2(r + 1)(r? + 1).

Yn = 1 + cax + 32 + cae” + csze® + cge " + crcos x + cgsin .

14. Use Undetermined Coefficients to solve vy — y"” + 4y’ — 4y = cosz.

The auxiliary polynomial is 3 — 72 4+ 4r — 4r = (r — 1)(r? + 4),
so the homogeneous solution is y, = c1e” + cacos 2x + cgsin 2.
The particular solution is y, = Acos x + Bsin x.

Then y;, = Bcos x — Asin ,

y, = —Acos v — Bsin x and

Yy, = —Bcos x + Asin x.

Thus Lly,| = (—3A + 3B)cos « + (—3A — 3B)sin « = cos x.

So —3A+3B =1 and 3A 3B = 0, which means A = —= and B = %

_1

Y=1Yp+yn=—5cosz+ smx—i—cle + cocos 2x + c3sin 290



