Sample Problem Solutions for Exam Three

1. State and prove the formulas for

(a) L{ef(t)}  (b) L{f'(t)}

() L{tf(®)}  (d) L{u(t —a)f(t —a)}

Let F(s) = £{/(t)} and G(s) = £{g(1)}

(a) Let g(t) = e f(2).

Then G(s) = F(s — a).

Proof: G(s) = [T e ste f(t)dt = [~ e =Dt f(t)dt = F(s — a).
(b) Let g(t) = f'(2).

Then G(s ) =sF(s) — f(O)

Proof: G(s fo e StfI(t)dt = [e St f(t) fO (—se st f(t)dt
(using mtegratlon by partb w1th u= e‘gt and dv = f'(t)dt)

This becomes (0 — £(0)) + s [~ e *! f(t)dt = — f(0) + sF(s).

©) Lot o) =410 Then G = ~r°()

Proof: F fo e St f(t)

so F'(s fo G /3sdt IS —te=stf(t)dt = —G(s).
@WMtﬂ)—u@—aU@—a)

Then G(s ) e F(s )

Proof: G(s fo e *tu(t—a) f(t—a)dt = [~ e ! f(t—a)dt = [;° e=*(FD) f(u)du
(substltutlng u=t-— a)

This now gives e~ [ e™*" f(u)du = e~ **F(s).

2. Define the Gamma function I'(p + 1) and show that £{t?} = T'(p+ 1)/sP*1.

L(p+1) = [~ aPe "da.

Substituting = st, so that dz = sdt, we get

L(p+1) = [J(st)Pe "tsdt = sPT [Fe™stPdt = sPTILIP, so that L{tP} =
L(p+1)/sP*

3. Find the Laplace transform F(s) of f(t) =

(a) e*sint (b) t cos 3t (c) t°/2

(c) t, if 0 <t<1andt? ift> 1.

(a) Let g(t) = sin t, so that f(t) = e?!g(t) and F(s) = G(s — 2).
By the table, G(s) = ﬁ, so that F(s) = (5_21)2+1 = 32—4115+5'
(b) Let g(t) = cos 3t, so that f(t) =tg(t) and F(s) = —G'(s).

By the table, G(s) so that F(s) = — (1)(52(;9J)Fg)(28)(25) = (:22;9%2.
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() F(s) = T(7/2)/s""”.

I(1/2) = f and F(p+ 1) = pI'(p), so
I(7/2) = §55va = T and

F(s) = é%

)
(d) f(t) =t+ (> —t)u(t—1) = t+u(t—1)g(t—1), so that F(s) =1/s*+e *G(s).
Now g(t—1) =t?—t,s0 g(t) = (t+1)®>—(t+1) =t>+t and G(s) = 2/s> +1/s°.
Thus F(s) = 1/s2 +e7%(2/s® +1/52).



4. Find the Laplace transform F'(s) of the square wave f(¢) with period 2, where

1, if 0<t<1
t) = - .
J®) {—1, if 1<t<?2

frt) =1—2u(t - 1) +u(t —2), so
Fr(s) = %, and then

Fr(s 1—e™%)2 e ®
F(s) = 1—7;(—2)5 = (1—6(—5)(1+)e—s)s = s(l1+e—s)

5. Find the inverse Laplace transforms f(t) of F(s) =

(a) (3s+8)/(s* — 8s+ 25) (b) 73 /s? (€) (s+3)/(s—1)%(s* +4)

(a) Completing the square, we have s° — 8s + 25 = (s — 4)? + 9.

Then F(s) = G(s — 4), so that f(t) = e*g(t), where

G(s) = F(s +4) = 25g™ = 5589

so g(t) = 3cos 3t + Zsin 3t and f(t) = e*(3cos 3t + £ sin 3t).

(b) Let G(s) = 1/s* so that F(s) = e 2*G(s) and f(t) = u(t — 3)g(t — 3).
g(t) = t3/6 so that f(t) = u(t — 3)(t — 3)3/6.

That is, f(t) =0 for t < 3 and f(t) = (t — 3)3/6 for t > 3.

(c) Using the method of Partial Fractions,

s+3 " 4 CstD

(s—1)2(s2+4) s— 1 (s—1)2 1)2 5244

Solving s +3 = A(s — 1)(s®2 +4) + B(s> +4) + Cs(s — 1)? + D(s — 1)2.

For s =1, we get 4 = 5B so B =4/5.

Equating coefficients:

$3:0=A+CsoC=-A

$2:0=—-A+B-20+D=A+4/5+D,so D=—A—4/5.

s:1=4A+C—-2D =3A—-2D =5A+38/5, so A = —3/25 and therefore
C =3/25and D = 3/25 — 4/5 = —17/25.

1:3=—-4A+ 16/5 + D Checking 3= 12/25 +16/5 —17/25.

Thus f(t) = —5e' + ste’ + =cos 2t — L sin 2t.

6. Solve using Laplace transforms

)y =3y +2y =4e*; y(0) =0, y'(0) = 1

) y” + 25y = 106(t — 2); y(0) =4'(0) =0

Yy —4y =3,if 0 <t <2, and =0 if 2 < ¢, with y(0) =1, y'(0) = 0.
)

a) Y —1-3sY +2Y = 4/(5—2), 50 (s2=35+2)Y = 14+4/(s—2) = (5s4+2)/(5s—2)

(a
(b
(c
(
d

al

Y=(s+2)/(s=1)(s-2?°= 2+ + 5%
s+2=A(s—22+B(s—1)(s—2)+C(s—1).

s=1:3=4 s=2:4=C.

s2:0=A4 B, so B=-3.

y(t) = 3et — 3e?t + 4te?t.

(b) s2Y +25Y = 10e72%, s0 Y = 10e 2% /(s% + 25) = e 2°F(s).

Then f(t) = 2sin 5t and y(t) = u(t — 2) f(t — 2) = 2u(t — 2)sin 5(t — 2).
That is, f(t) =0 for t < 2 and f(t) = 2sin 5(t — 2) for t > 2.

(¢) The forcing function is 3 — 3u(t — 2), which means that
s?Y —s—4(sY —1)=3/s —3e725/s,50 (2 —45)Y =s5s—4+3/s —3e"%/s



Then Y (s) = = —|— 2(5 4) (1 — 6*25)

s—

By partial fractlons A = 16, B=-2 and C=

So f(t) = —5 — 3t + et

Finally y = t+ f(t) —u(t—2) f(t —2) = t— frac316 — 3t + Se* —u(t —2)(— = —
§t+ 3 o4t 8)
4 16

Fort <2, y(t) =t — & + Ze* and for t > 2, y(t) =t + Set — Sett—8

1
4 16 16

7. A mass of 4 grams on a spring with constant k = 100 is released from rest
at time ¢ = 0, 2 cm above equilibrium. Then at time ¢ = 3, the mass is given an
upward impulse of power 120. Write the differential equation for the position x(t)
of the mass at time ¢ and use Laplace transforms to solve for z(t).

42" 4+ 100z = 1204 (t — 3), with 2(0) = —2 and 2’(0) = 0.

452X + 8s + 100X = 120e~3°.
X =k t+e s
x = —2cos 5t + u(t — 3)6sin 5(t — 3).

8. A rocket is launched with acceleration 68 — t2 for time 0 < t < 10 and
acceleration -32 for ¢ > 10. Write the differential equation for the position x(t) of
the rocket at time t and use Laplace transforms to solve for x(t).

X" =68 — t2 +u(t — 10)(t? — 100) = (68 — ¢2) + u(t — 10) f(t — 10),
where f(t —10) = t* — 100 so f(t) = (¢t + 10)* — 100 = > + 20¢.
Then s2X (s) = 68/s — 2/s® + e7105(2/s% + 20/s?%),

50 X (s) = 68/s% —2/s% + e7105(2/s% 4 20/s%).

Then z(t) = 34t — t*/12 + u(t — 10)g(t — 10), where

G(s) =2/s% +20/s* so that g(t) = t*/12 + 203 /6.

So x(t) = 34t% — t4/12 + u(t — 10)[(t — 10)*/12 + 20(¢ — 10)3/6].



