EXAM FOUR SAMPLE SOLUTIONS

1. Find the convolution ¢? % ¢3.

fg(t —v)203dy = fg(tQ — 2ut + v?)v3dv = t2 f(f v3dv — 2t fg vidv + fg vidv =

146 246 1,6 _ 146
116 — 246 4 146 = 146,

2. Use convolution to express a particular solution to z/ + x = tan ¢ as an

integral-then evaluate.

Let F(s) = L{tan t}.

Then s2X +X = F(s), so that X = F(s)/(s>+1) = F(s)G(s) where g(t) = sin t.

Thus z(t) = tan t * sin t = fot tan usin(t — u)du = fg tan u(sin tcos u —
cos tsin u)du = sin t(fot sin udu)—cos t(fot(sec u—cos u)du) = sin t—cos tin(sec t+

tan t).

3. Use the Taylor Series Method to find the first 4 terms of a series solution for
y' = y? — zy with y(0) = 2.

y:a0+a1x+a2x2+a3z3—|—-~

ap =y(0) =2

y'(0) = y(0)2 = 0y(0) =22 -0-2=4,50 a; = y'(0) = 4.

y'=2yy —y—azy,s0y"(0)=2-2-4—-2=14 and ax = y"(0)/2 =T7.

y" = 2yy" +2(y")? -2y —xy”, s0 vy (0) = 56 +32—8 = 80 and a3 = y"'(0)/6 =
80/6.

Soy:2+4x+7x2+%0x3+-~-.



4. Find the singular points of (22 —9)%y” + (22 —3z)y’' + (z+3)y = 0 and classify
them as regular or irregular.
Then find a minimum value for the radius of convergence of a power series

solution about xg = 1.

1}2— X x
p(z) = (mtg)’z = @3)(@+3)?
and

. z+3 1
Q(@ = (x2t9)2 — @—3)2(z+3)"

The singular points are x = 3 and x = —3.

For x = 3, we have (z — 3)p = 713 and (x —3)%q = Ti?) Both are analytic at
x = 3, so this is a REGULAR singular point.

For x = —3, we have (x + 3)p = Ty and (z +3)%q = (ffg?’)z. The first

one is not analytic at x = —3, so this is an IRREGULAR singular point.

The nearest singular point to g = 1 is * = 3, so the radius of convergence

R>3-1=2.

5. Find the indicial equation of 623y + 13z%y" + (2 + 2x)y’ + 2y = 0 and give

the form of the general solution.

fir)y=6r(r—1)(r—2)+13r(r—1)+2r+0=6r3 —5r2 +r =r(2r — 1(3r — 1).

The roots are r =0, 7 = £ and r =

1
2 3°

The general solution is

00 oo 1 o'} 1
Y= gan" + > 7 gbpz"tz £ 3 Jc,a s,

x

6. Find the first four terms of a power series for [ 1= dw.

ew:1+x+%x2+%x3+--~ andﬁ:1+x+x2+m3+--~7sothat by the
Cauchy product

< =142+ 32?2+ 8a% 4

1—x

Then [{<-dr =z + 2%+ Z2° + 22 + -+

l1—-z

7. Find the recurrence relation and the first 5 nonzero terms in a power series
solution of y” = 2zy with y(0) = 6 and y'(0) = 3.

y=a0+a1x+a2x2+a3x3+a4x4+a5x5+a6m6+....

y" = 2ay + 6asz + 12a422 + 20as2® + 30agz? + . ..

2xy = 2a9x + 2a122 + 2a512° + 2a3z* + 2a42° + . ..



Equating the coefficients, we have ay = 0, 6az = 2ag, 12a4 = 2a1, 20a5 = 2as,
30as = 2as, and so on.

In general, (n + 3)(n + 2)a,+3 = 2a,, so the recurrence formula is
Unts = 2an/(n+2)(n+3)

/ 1 1
Then ap = y(0) = 6, ay = y'(0) = 3, ax = 0, a3 = 3a0 = 2, as = gay,
— la =0 a5 = Ltas = 2 and
as = 10&2—7 , g = 15&3 = 15 and so on.

Thusy:6+3x+2x3+%x4+%x(j—i—....

8. Solve the Cauchy-Euler differential equation z%y” — 5zy’ + 8y = 22> with
y(1) =3 and /(1) = 5.

The indicial equation is r(r — 1) —5r +8 = r2 — 6r + 8 = (r — 2)(r — 4), so the
homogeneous solution is y;, = c12? + coz?.

Using Variation of Parameters, y, = v122 +voz? and the Wronskian W (z2, 24) =
2?(423) — (22)at = 225,

Notice that F(z) = 223/2? for Variation of Parameters.

—2zzt

V] = - = —1,s0v; = —x.
2
vh = 22”:;”5 =272, s0 vy =—x L.

Then y, = (—z)z? + (—z~ 1)zt = —223.

Using Undetermined Coefficients, let y, = Az® so that

Lly] = 2?(6Ax) — bx(3Ax?) + 8(Ax3) = —Az® = 223, so that again y, = —22°.
Now y = yp + yn = c12® + coa® — 223,

so Y’ = 2c1x + 4cox® — 622, Then

3=y(l) =c1+cxand 5 =y'(1) = 2¢; + 4cz — 6.

1

; -9 1
Solving ¢; = 5 and ¢z = 3.

y =32 + jzt — 225,



