Homework 2 Solubions

Chac+cr 2
i. Which oF the -Fo”owr-na GF:ra‘HanS am C.(os:.‘d?,

() (Z+, ") is ot eloted =ince j-2= =14 Z_‘L.

7b)y (ZN3o%, =) s net closed gince -{3 ¢ Z\fo}

(e} Function oamposv}'wn of poﬂjnomf’afs with peal coeFficients 1¢ closed

rd)  Mulbiplicehon of 2%2 matrices w/ l’mla‘ju- entries v closed.

1. th.;’n a{ He Fv“ow#nd L’Jlnarg aracrahanr are a_ssaﬁfa-ﬁv¢ ?

(2) Muli-\"olfco«h'an mod n is asreciative (see Theam 6 from clasr)

() (@\30% =) is net assaciahve since [+ (2%32)=1F z',' = (1+2) = 2.
(c) Funchon c.amPo;{-h‘nn o«P Pu!Jnaml'alr w/ re ol caedff, is acsociahve

(d) Mulhf,bcah‘on of  2%2 metices w/ (nteqer entries It essocrative.

3‘ thc;‘\ O'F e -Po“owlna la"r\a.ra o[:e.ra‘h'ans are g_’;ommm‘{'a'HVC?

{a) (Z, =) it net commutative since -2 = -V F | = a-1.
1 &

(b) (RNfoT, =) s not commutetive since 3 ¥ F = 2.
coeff, iz net commutahve *
(4#209 = ax®.

ﬂﬂ'!‘ wmmu+ﬁHV€ :

CC) Fv\nc_’hlon OGMPO-"‘.J‘."" af P-_:l‘jnomfah w’/ el
le+ £00 = %, 3(!?--23'. Then (Fjl(x) = Yx® but
d

(d) M“H{icahn:rn 01’: axd matrices vJ/ real gnr<iic3 t s

[; -,][.’1 o!] = [_:‘; _ll] but [—li Qt]['o "'J ) [_Il —‘;J .
of  grovp clements a v b s4. a'ba # b

L= H. Then a\'ll:lox = szo H‘Rqo = szo D=V ¥ H. (other e_xamplu)are
Poi‘r;l:}t

2. Give on f.\(omr;h’—
Let GfDq, o= Rao,

3. Translate +he #onawi'g malfiplicahive expressions fo the addifive counferpart:

() a*b’ —> Ja + 3b
(b) At (b)) — ~da+ A4 {-b+re)
() (al,,")’sc2=e —s =3(at 2b)F dc =0

8. List +he members of H- ixtl X €& Dq] and K= {xébq l xi"-e?.

H= {RO. Rlﬁoz, K= {RO, Rigo, H., V, D, D‘g

19 Prove +hat the s‘d-/\soﬁ Ax 2 madrices with real entries and dederminant | is a 3roup

under matrix mu\H-iPlt'co.{"I'on.
P_rgu_{ Lel A, BeS. Then det (AB) = det (A) det(BY=1-1=1, 50 AB e S and the of"‘;.,,n i

closed. The operohon of patnx ewltiplicahon s asyociabive with :'denJ—»Jy [’o OI]

T Aed s given Lj A-"[a l;]; then od-bez | since AeS ond

C

-t 4 -b d b
A - ed-be [ ] = [ L;_J bas de lermraont da - ( h)(—\:) = ad~hbe = | .

- a -C

Thes, B¢ S pud S ic o arovp. @
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25. Prove that = grovp G it abelian (ff Cab) ™' = a\'lb_l Ya,be G,
Yoot Assume Ffirst that G 1s abelian. Let o, bec. {37 +he Socks - Shoes PWP“"—J‘

A havd Cal;.)_l = bda-! bt Fhen “.)-Io\-l = Q‘.L_' Stnc € G (s GLGI'O"I A SO

pl

Cab)™ = Gk"b-‘.
Now Suppase (ab)":a"b-' Va,be G. Ledt x,JGG. Then EJ cur a:rumf;ﬁ.n)
gyt ay =l =fy~t T gy e .
(x'q™) = Ny - X bet by Fhe Secks-Sheer property, (g7 (47} () e gx,
Thus XY :5){ and G s abelion. Z4
27 i:.m’ anj t'émcﬂ*f's Q,L ' e SruuF G and’. aﬂJ ne Z, Prove.. ‘H"mmt‘ (ﬂl-lba)n= a,rléqq‘
i.i_,_{-’ The statemeat holds (f n=0 since Ca"l:a)o= e = a.'lea, = a.‘tL°q_ New svppose n>o,

-ﬂne S‘E*A‘l’cmgn_vl— e Cer«}-an-'u Hrae t’F l’l-'-] Stnece a.'.'bﬁ. = af'éa\. Prngeedln "J‘j fﬂJua"‘r’an}

assume  the resold holos  for n . Then (a"l':ﬂ)Ml: C“-Il“’*-}n[“—lt’“}t {A"'bnA)(a-‘La)
= a-‘f::n(aa")isc"- aﬂ':)“c,ga = aplkn“a, se the resolt holde for n>vo0 L\j indvetion,
Tf ne¢o, then (g’ba)":r{(a"ba)'”)": (a”‘:-na)-lf o 'b"a '{’3 Secks - Shees (hwied),
| e @
Sirce ~n% 0

2. Lonshuet & cﬁ\Jlr_:j table for yOI2).
W)= $T,5,75, 13

s
s
T
n
7

33, Suppese the table below (s a Cyley  Fable . Fulin the blank enhies,

e o b ¢ d The  first row ¢ columa are easy - [ce C; I; :: oo(l
e f—b—::-é Since e3=3r—:8 VaeG. ala b e de
& |- p We have +he relahons b |b c dea
; - :l - 3 b o*=b, abze, ac=d. b*:d, c |c de oab
d o _ - — - cbre, c:za ,da-e v dezb, dfdeatbe

Now chee 2 c:bt™ oda-¢ D d=a™', ro ad=be-e. We also hawe d*= (a )= (a2)7'- blee
This  firces db=o since each column 4row contarns every element e.xac-HJ once .
Then cd=ba! = (ab)'= ¢'e b This Fras bd=a, bate, and ca-d.
3H. Pruve that in grove G, (ab)* = a2 ab-ba,
roof Lt 6 be a grovp with a,be G, TF ab-ba, then (ab)’= (ab)(ab) = a(ba)b = a(ab)b
= (aa)(bb) = aZ b2, cmm.,la, i (ab) %= 424, then abab = a?b® D A'abab: alatb®
bob = ab™ = babb™ = ab®b” = b - ab. @
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€))
¥, Give an er-omp]e of a group wth elements a,b,c,d, and X

s, axb=cxd but abded.

Le+ G=DL" Q:H‘btngof C:DJ dle?ur OU'IO( x=v T;'CH

HVR\SO = Ro = DVquo Lv‘]’

HRigo =V # H-= PR, . (other e_xamfales are Foss;UL)
9. Supioose G ts e 3.auP <. $.

Yabicid,x e G, axb=cxd 2 abzcd. Prowe +thet G
ffﬂ’.f Lef S,h € G. Now

is abelion,
and b=h=c,

ﬁg-lh = h = “\3—|3, so ba the ascumed Pmp¢r4d with a\zg "—0‘, K=g-"
5. Tn

we  have ah = ha Thus, G is abelian. &3
the  dihedeal grovp Dn, 1+ R-= R’Mo/n and et F be ana refleefion. Weite +he
-p:!lawl'ha Pnduc-@s in the  form R“'

or RLF, where OL L& n:
Us{na that FR¥fF - p°K

; [ 3 th‘t

() Tn [),‘, T FR™? FRs - Q: R’- F’)R . R-ZR R @

(1 In B RPPRIFR - Rierve)R’ - pigeind
) Tn Ot FREFRTF = (PREFIRYE < RTRYF = poip +[r®F]
{7 If & o 8r‘uuP st *

X-=e VXEGI‘H’lcn G is qbe,ll'an,
roof  Let g,ln € G. Then

Yee, htze o 3“: g’ e Also, (J},)z
B\J;' EU ‘H’w., S'g,: Es - S}zacs

e [3#3_" = 311.
Pro erh -, AL _ ' Fex
B Fecids (Jm h g hg. Thus, 3!1 —ha and G is abelian. B
(S/. PFDVC +"\ ’.1{ +!"‘- 534/\ °'P 3 X 3 mad'n'ces W("}lﬂ re_a‘ ¢H‘}'ﬂ'€S O‘P +L¢_ -Form i B b ;.. a I’OUF
hndar riatn ¥ r'nul\"if:. “ga.*i-'fun . [ c; lo C; a

O o |
oPgrwh'on is closed. Assccn'a*}'ivf{-a 15 inherded from  re

vof Let A A e5. . A'= [t a & Lo b =1 ara' b'tac'+h
r & ) CS TT\e H o ! - o i C' O l c-:‘cc'.! €S, o +‘;\Q
0 o | ¢ o |
Jular matrix mulHFh'c_a'Hon, and +he
lvfcﬂ‘H{‘(‘] matviy [l ° o
I

0 o] € S, Accaralma the Hwe alove Praduc':(" we have
0 o |

A": ' -a -biae
0 { - [ S, —"Wlﬁ, S s Aanwfl. A
(o] o {

53' Show 4hat 4 = 2 [2 (2], ag]R,a-ﬁo] T a grovp under  matny mulﬁpl'l'ca%fan.

Proof N
R NN (R Frofion] LR
o

As"""'q;{?.’{}/ 1‘S' i'\i‘lé-’t'ico[ ‘Frum rtauf&r ma4-,.x MMJHPJ::A‘HOﬂ.

a OJ[—:’-— ,'i} : [ ’i o o [4\ al e Ju&n‘y element 1
“] & G (-LT € R since a ?!Q) )

1
ﬁ"““j ;, tThe oabove Pmc’uc‘* |m|;.| e:  4har A R [__

sl -

p‘-— pol—
B- nj—
—

&£
»
-cl_

§
5

Thus, G s & grovp .
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him G let+ nvl| be a Pos'lhvc ianejer*, Then (Z/r'nzJ ¢ mod n) 15 a br'nara oPem-Hon that |
has id-.wl-]ha T’ and is ctommutadhive .

agsactahive,

1
roof Tn  class we

showed +Fhis was a UM-H(-J speration. To show m:ociah‘vit\j, tet a,b,c e Z.

e

Thea  &®.(b.E) = % be = abe =

=

e = (=& E)Z, fe + is arseciafive,

If N -y T
[~ W] Z. then a- 1= 5o -, to i 1S an fJMJH? 'F‘W' <2/"Z’ ) qu”JJ
It a b e L. Thea Z. T = a_'u=Lm = b.2 So

; ts  commutafive. E

Chae-}er 3
|. For each a,nuf L Ead the order of +he gru-.rr + +he order of each element in the arvur.

W Zgt 1Zg\=1a, 18l= 4, 1 T)=ua, 1T=¢, 1T1=H4,141=3,/5]1=12
1€1=2, 170=12, 1§1-3, 131= 4, 15l=¢, T2,
b vty = £7,3,7,38 ¢ Juaoy| =y, (Tl=1, 131=4, (F1=H4, 131=2.
<) v(a) = {T,g,"j',ﬁgz lua)} = 4, ITt=1, 1S1=2,179|=2a, 1l=2.
Ay ua) = $7,3,7, 9,1, 03,77, 03 (veal=9, 1Tl=1, 131=4, 171=4,131=2,
=2, 1@l=4, (Al=H, 178l=2
Byt Iyl (Rele, IRaol = 1, 1Rigol= @, |Ryg|=4, IVi=2, IHI=2, D=2, |p'I=3.

[ Let G be Ana ?mur.- and ae@,_ Then Ia[=r|8"(

’EO_O"P Asiume iﬂlﬂh < &2, Then (3")" e (3”)-'._. 6’.-' = e, So fa"l £n. Suf'Fusc that (j—,)m: [

‘For men. Then {3"‘)-, e = 3'11-'-"8.‘ which ogn‘\Lr.-,J.'c-f': ’3':(\. -T}IMS, ’3-’!:'1.

Assume now Hhat Ifll = 00, TF (3-')'1-

= £ er Seme g o0 +hen (an)-'t e =%
g

ﬂ = & - a c.on-}raArcﬁon_ ‘ﬂws, | "]-: o, B
2. Tf aeG and lal:= e, prove +hat o\"';.l a” when m#n,

roof Lot mne 2 with m#n. WLOG +alle rmvn, SU‘PFQ:E Bwloc 4hot o ___a"' raulh{:.é-mc? an

4he rf\r}i'.'i“ La C}n)-l gwtr ama-h R a-r u‘_n = C)Ls'\n-ﬂ: e . This fmlaht.i lﬂl £ m-n, which

Contradicts fal= 00. Thus, o™y o". @
G. Provg +L\d+

- T
TouT

a grovp with 4y elements of order 3 444

L‘d G be 2 grvp t let abe @ o4,
1%

t commate musd have a :uEJmuf aF order L{

'“{’ “JF= 2 ana" q'c;-‘bo.. We ciain “hat H= E&,Q B 063

& zub ra ] r
Ua P 'F O{Cr L{, Cfearf(\]’ e € H To C}\!C.k c!osurt vnde — Pf’ﬂdUC“*I) we ;\U\'JC

CRF E& = 3 = / _ 2z
o a*h l‘-’, \ab}a- bho' - EJ b(ab): ;D?a o, (ab)h = d\bl:a ond (ab)"ab)-’ lea“ az.-e'
whie=h a all [eme., b 3 =e,
e eleme !*S o{-‘ H (o“ncr Pmduc‘.{f ave +n'y|a|' -he CL\CCK_)_ H e also C{OWJ vma[cr nverses
Sin & = L = ol - l
nee at=b'=¢ 5 goq L beb | md  (eb)re o ab _(am-i. Thus,

Hots s subgrous of 6
To vequ d hos orde, L{) 3 Yp .

=1 .
L‘" a = &, Ql) 1 a Stnce ovHr\uwtre lo:e,]

A=l ol contradichions, Thus [#l=4 & H is 4l degned ‘su{ﬁrouﬁ- a

ab#e. Shee  ethanmice

rd ab 4l cince otherwise
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32. Tf H,K ¢ G, show +thet HAK & G.
Ef_’f e lna.ve Hnk € G, Since H is a suhamu{:, £G e H i sim”arfa ' E’-G e K. Tlrwts, CG € HNK.,

Suppase  a,b ¢ HAK. Then ab e H since a,bet and H is a s‘u{uamu(:; s.m.lmd, abe K.
Thus, ab e HNIK, Fl'r\o“a, Suppose 2 € HNK . Then o 'e H since aeH and H is a vaJmUPJ-
similacly, 2 ek, Thus, o' e HAK, and therefore HAK £ G.
7. Suppose G is  defined 53 the aiven Ca(-]lcy +able
(a) Find He centralivec of each element of G: € (1) = G = Cg (S)
Ca(a) =31,2,563= Cg(6)
Ce(3)= {1,3,5,13=C, (1)
Cocd) = £1,4.5,83 5 Co (9)

11

(o) 2(6)= §1,53

(e) 1ib=l, 1al=2,138l=4, 1yl = 2, y5]=2, 1¢l=2, 170=14, I2l
order of the aruu(:.

1. Prove that Yae G, (4(a) £ G.

D_”_'El’f1 We have Cg(a)e G ba definition. Since ea =ae = o, we hove
that ¥,y € Cg(a); Hhen Yocay and gazay. MWe have
(xy)a = X(go) = x(aa) = Cxa)a . (akx)j - a(xzj), 5o xye Cg (o),

F"‘“”‘;j- suppose X Cgiwd . Then yxazax 9 xax'ca 2 ax'= x'a, so

X" e Cala). Thus, Cola) 4 G. B

2. Prove Hhat C(H) = § xe Gl xh=hx YheHF s a svbgrmup of G, where H<G.

“roof By defaition, C(MY € G. Since eh=he=h ¥YheH, we have +hat ee CCH), Svppose
ot a,b e C(H). Then (ab)h - a{bh)= aCht) = (ahlb = (ho)b= h(ab) Vhe H, so

ab e C(HY. Fa'nalla,la+ a € ClH)., Then ah=ha D h:o'ha = ho”:a"fq Vhe H,

o Thca all divide +tle

e e CG I:a.) SUf’Dose.

so 2™ € C(H). Thus, C(H)e G. B
3. Mast the centralizer of an element of a grovp be abelian ©
No = Co, (Rigs) = Oy but Dy is nonabelian.
M Must e cenler of & group ke abelian?
Yes: let G be a gmup and X4 € 2(C). Then X§ =YX Since YeG and ye 2(6). Thus 2(G) is

abelian.

15. Let G be an ebelian g with Huiby @ ond te neZ be Fixed, Prove that H=§ xeGl K"se ]
s a swbamup of G.

“roof C|eorfd He G, Since e =e, ecH. Let o,be H, Since G (s abelian, we have

(ﬁb)n7 O.F‘LJ""' e 13' So a_’oG H, let @& H,' ‘Hr\(,n (o:-l)n:' (aﬂj-l T e = e.’ So a"cf."

Thes, H¢ 6. &
e on ey ample nj(‘ o grwp G which ixeéfxzrai does r_'t_O__{ me o s:ﬁ.:ﬂrwp oF G

Th Gd‘ DL.J 'Hr\S 5!{_ I.S %_RD’ R\%U, Vl H, D, D.g, le\'CL 1 nc'f a e )La.uuP o{“ D‘f .
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11. Supposa a group contains  elements a,b st lal=d, 16122, and a3b = ba . Find Jabl.
We have (ab)?:z abab = a(a®b)b= a6z cc = e 5o [abl=z| or 2. TF labl =1, +hen

)
dlv;—. e = msb = Ql (ﬁb) - G\?'C - 0.2 - ba_ -_'—> o, = L, Y “nmd"ﬂ‘haﬂ tinee [0-1 ?1 ‘bl- -J'"hus’
we must hove [ab] .—.@_

S.l L‘-{' QGG st lal=n ond SUFPoSt’. d?O, A ln. Pruve, 'f“hcuj- Iad’ = —2— .
-~ dyn/d n

roof First, we have (a ) *a T e, 5o lad( £ -:_& . Tf Iad[ = m < a— ) +hen
(a%)™ = adm e, but dm e n contradicts |alen. Thus, la?]| = ""1‘_ 7,

d
3. Let R¥ = (IR 03 ) and H= Exe R¥ 1 4% e @3. Prove +that H £ RRY.

Toof cuwlg HeRY. Since (=1 e@, e H. Leb a,be H. Then (ab)z 0?2t ¢ @ since
le® bie @, hence abe H. Let ac Ho Then @)% 09 ¢ @ since a’ec @ and
2#0. Thus, o' e H and HZ R B

Yesj +ha exPonen+ 2 can be NPlnccd ba a.-.a P°‘;4’.w' mhjar and skl heve H be a SuL(jmuf?.

'l' Let G\"E[Z ;])a,l;,c,de Zg under addihion and H= E[? j]eélad—l:-&ci-a( =O}‘

vae *Hno+ Hé G.

)_'_"if Clmr|;] He 6. The iden{"i*y element [2 Z]E H. S"Ff’”e A,A'eH with

S : a' b ) a+a' bib'
A [C d]l S (C' d'_(_ Then ’q"fA = L‘.-}r‘.' A*d'] [ }', stnee
ata' . L+LI+C+C'+d¥d'=(Q+L>+C+d)+ (al-fL'-f-Cl-f—df)':O%-O-'—O_ Tf ’qz[z S]GHJ

then A= [‘a 'L] € H since -a-h-c-d = -(ath+etd) = -0 =0, Hence , He G. 2
- -d
We romnot replace 0 EH U, since  (orbhictd) t (alyb'sacad) = 1#)= 2 # | > H is not closed

urder  oaddiban.
0, Let G'-i 'F'-IR-QIR* | 'F & pwlc‘l"l'nn] under mu“’fphca}ion OF -Func-,*wns, Let H= E‘FE'.G\' ‘F(l)= I}

Prove +hat He G.
?'_'_‘_’if Cluxrla He &, The (Janhl‘H in G is eln= I, and since c,(l):f,we have e € H.

SUPPose F,G&H. Then Cf‘j](;f): -F(;)ac;t]z lvl={ = -Fa e H. TF FfecH, thea

-1 |
£7'(a) = Faa) © ~i—= U3 £7'e B, Thes, HZ G,

Yes. d can Be rl’F!acaol ‘og atﬂg r\mf nulm!ﬂf.
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'3. Let H-= Ea+ bi l a,b e iR, a"+lg‘:l}, Prove or ofr'sfsmve +hat H e (&7, ) Desenbe the
glements of H 3eome+ﬁcal|a.

’roo Cer+0'ﬂ|3 He CF since 0¢ H. The idevl'h":’ element [+0L ¢ H since 17+0% = 1.

Suppese atbi, ctdicH. Then (atbi)letdl) = [ac'lud) t (be tad)i and

(ac-bd)’+ (betod) = a%?_ 2abcd + b7d® ¢ b'e® & Aabed « Ad® = aletibrg 4 b2, 2%

= a® (P14 )4 b (er+d?) = (2P ebM)(cFedP) = i1 = . Thus, (atbid(c+di)e H.
Let a+bie H. Then @Hu;)"r a-bi since (at+b)(a-bdd = o+ bE = |, Also,
a-bi ¢ since a®r (-} = aT4b?= |. Thus, He c* @

H {s the 56.4‘ 010 [aofn+5 an the Unf{' Curc?e (n 'H\e Complcx P'anc.

10. Let & be o finile arw[) with more than one elenient ., Show +that G has an elemert of
prime  order,

irguf B.a o«s:umlo'honl dxe G s4. K7e. Let I¥l=n. Since xve,n>l. Tf n is Prime,, then
we are dene, so assume A g Camposih.ﬂcn there 5 a prime p and on :'n%cJer m s.t.

ﬂ'-‘P"‘l b(j the FTA. Then " e G and LH #51 we have |uLM"= _r_r:‘._ =pP- 1Z]



