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7. Find an cxomple of o neneyclie grovp, all of whose proper subgravps are cyclic,
Gorider G=Dy . Dy s nob cyelic but ks proper subgroups are all cyclie : |

<Ra>':290?) <RpoY = §Ro, Rizo, qu:»g, <V>: §R,,VE < D>= fR,, DY, «p'y= §Ro, D ?
B. Let acG ond lol=15. Compwle the orders of +he Following elements of G-

n

(@) Ta®l = latl= ta]= 1a"] = 5"%—‘5 T3S :

o 5 - 15 _
() 1] = [a'] = Jcldus,si - 3
w . 1S . B
(e} la*l = 'a\q| = l"\g': I"‘”, ) ‘jcd(li"-) | e

9. How monJ g“’lb,jmuf’s does Zzo i—mu:? List a jenera#ur for each of them, S‘ulp_;:u:a GG=<cay
and Ia'l-.&o. How mnn(-j SULJIUVPS daci G hgvg? L|':+ A jcnera%r -For gnc[« o? -H'\cm.

w)

Thn bolh cases, Hhe auvmber u{: SuEJrouPs‘ is  the nuember DF Po:i-}-{ue_ divisers a,c 20, The
divisors of 20 one 1,3,4,5,10, ond 20, so Huse grovps howve @ gul;jrou’p:.

Lot <Tr=Z5,, ¢35 {0,3,4,.,788, ¢<G>=$5,4,8 12,13
<§):{515—'r{)'i§.§.<6):55, fT) ) (6)'32’6}
G: G=lay, oHer 3gn¢m+or: are o?,a"" .~ a\m, and a%.

JO» Il‘\ qu . lff‘!‘ G\“ 3(n¢rg-"1)rr ‘P\;r ‘}‘{u. SvLa;nuF .:.yal:- ofdﬁf g. LL*’ 6:<0L"; aﬂJ ’af T :‘1’.
Lizt ot aemeraﬁr: -For tHhe guban:uf aF— order E.

Tre Sub‘j,.ovP OF ordee € n Zz‘! tf {37 >J; +he 35,-.era-f»urf are +he powers O'F '37 that are

re{a#wela prime 4o g %2,3:.2-3 5.3 - Is, 7.3 :2l. S,,,.;l‘t.rl(\]I the generators  for Ha

Sub 2 ) .
arOU'P <Q > O‘,[‘ order ¥ in G . 0&3, OL]‘ o\lgJ m,.‘,{ q:f.
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o Let G be @ grovp and a€ G, Prove that <¢a™'> = Cas.

Proof Since a_te Cad, Cer+ainld <a™' >y € {ay, Also, o\=(m")‘le {a—r> So

)

dad e (o>, Thus, <ay = <o > B

2. Tn Z [-d atl 3c.n¢a—af-nrs a-F +he ngamu[, <3>. TITf scea has infinide order
fad all -jcnero;h;r:.‘ of e Subarqu <a3>.

The onl everators  of {35 = e, =6, -3, 0, 3,6, .- ace 3 and -3,
J 3 : '

. -2
The on'.J 3gn:ra+ur1‘ o.F <0L3> in G o 0.3 arod @ .

i3, Ln qu 'Plno’ a jenera}'\cr’ 'Fur‘ <5-i> N <!_;) SuFPo.rg that @ &G and iﬂl =24,

F'nd a. ﬂtngrahr‘ 'FUr <0\;‘ > N (ﬁio > . Ty\ 31}1\‘."4' : w[«a+ }5 a 3enera{‘nr -ﬁ»r +LLL
subgovp  <a™y A Cay T

Tn Zyy <31>< $95,3,T, 4, 1,05, %, 2 3§, <G>=53,E,%,Z,€, s,iz,™, ¢,

'9.7‘_.552'—‘)<fﬁ>ﬂ<ﬁ5>=g'5,f,,l_i,lf‘§'—- <E>150 a aene.rah’r 5 G_
S(r\m\o\rl‘a_ P ﬁener‘o«‘{"’f in (& 'Fﬂr <6\;“> N <&m_) i< QG. Th 3¢ne_ra|' o Sgncra‘i’ﬂl"

fr <a"ya <a "y s a‘q where £ 2 Lo (m, n) med 24,

!

A Lek G ke » govp and 0eG

(a) TF atl_ €. whot cam we S'J abaut ]0\]? we Kasw {al l !?-; 5o lal e {r'z’g’q’c’ ’2}'

!

(Y TE a™= e, whot con we ay about [al? That fal divider m,
(¢) Svppese +hat 1G1=24 ond G is cyclic. Tf JacG st a¥7e and ase, then G=<a),
Poot [Since a¥ze, certonly a*aJWe Know {ay & G, and G is cyelic of order 34,0 e anly
pessible ordecs for o are 1,2,3.4,6,%, 12, and 2Y(ie. Ha divicors of 24), But a®ie
implics lal ¥ 2, which excludes 1,2, 4, and §. [ kewice, QIZ# ¢ implies |al ¥ 12,
which exclvdes 1LbA,3, 4,6, and 12, The ohij n-,mm‘m‘nJ Pos:;E:’IH—g is Jal= a4, whih
implies G = <ay simee {Gl-2Y. B

Ad. Prove ‘Hm‘f‘ a amuP a-F order 3 mu$+ be C::,C.!lf--

P—r_t:’.f Let G = i.e'a"'ab‘i be a 3|uu[; o-? arder ,3 Since G ir cloged under mu|'Hf|lca\4-'ﬂn, we LIﬂV¢

O‘D:&, OL'D':Q’ ar ab=b, T§ abca Han b:a_(an,;_r‘ﬁl‘-m{‘-an'ﬂﬂo{ ,,C abeb then o=e -

contradichon. So ab= e and b=a ', AJain laal closuie o‘,C mw'ﬁpf-'cmhur.,l-ut hove al’p')
2

a T, o a'Z:l:, I'F 01‘1?, Fhe n Og=0.-"=b -c,on'l'raoUt:‘ll’O”, | f‘F a':.__a ‘H'\.Cy-. e -

Can{'roalu' h . T]q zt =
eton vs, a b, Then G'Ec,&,“l% = <o.>} o (G i3 CJC“C,. 7
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3l. Let G be = 'Qni'}e 8.1:\)?. Show +hat Fne Z+ g.+. an—-d Yae &.
.P.':fff Let GT{GH""O"’}- Since <agy £ G Vitier and G s *F-'mk,we. must have

Iﬂ‘j < o0 Vi, Let ,G‘LJ: N, . Choose n=n,nN;... N, Then '{}Br ana a; & G,

o s C"';ni)h/ﬂi‘= e_n/n(—- e . Since A € vl ¥e, ne¢ 2*)
50 we ore dene. B

32. Determine the subgmvp lathce L Z., .

Zi bas six svbgoups 553} <75=509,2,4,6, 5,55}’, ¢<37=40,3,6, 5&'}’/

¢d»>=§0,49,83 ¢t>=9505,67, and <T>= Z_ . The lothce s
<17
e B
<A \<3>
/ \ 5 /
>\ <E>
- /
<o)

LIO. Let mn € Z Find a 3gnero+'or ’FW +he gmuP <ms N <ny

o

/’lna infegec in Hhe ;‘ulpjmuf; <m> A<y will ve o common mulhple of m ond n. Qa

Hw 0.10, o genecstor for Ahic subgrup i lem (m,n) siace every common multiple of

M and g 5 alse &« muH‘iple of fem (m, 0} .

59. Suppese thot G is o cychic grwp 4 that & duwides [6]. How many elements of order 6
does G have © TF g divides 1Gl, how many elements of ordec 8 does G have T

——

.L‘F a. 15 one e.h’.men'{* D‘F erder ?1 [l'S‘IL Hee o‘}'"\er e_‘emert+r a1c ordér ?

The elements of grder & will all 3¢nermlr. Hea umiezw_ Sulajravp of order G (since G is CJC“C =)
i+ bas ore Suia‘jrouf of order d -F;.)r evg?] Aivisar o OP fGD. Thus, +He number 010 g!emgn{': O‘F

0”‘{5’ 6 is 47(6):@ Sfrn;ruriclj, 1"{: KI fG‘) 'H’\L number O'F e!cmtn{'r O«F order ? is ‘115(8) :@.

T - s 7
Lf o s ort glonent of order g, the others are 2> o, o,

§§‘ List ottt the clemients of Zyy that have order 10, Lot xe G with (xl=40. [icd all the
elements of <> thot howve order 0.

The  elements of Zyo of order (0 gre Ha 3cncr'a_~fvr5 ot the suga"ﬂ[’ ¢H 7 of ordec (0.

Thre are G(0) = q o Hemt &, 3T 72, 7.7 38, ard 97 36, Smilacly, the

?

lements  of <w sy D.F order 10 ore x‘{ xl?-' sz ad xg(,

62, Given Hee F&c*’ Thaot U('“f‘ﬂ
Hot y(99) has withaob actuoll

'S CJ'C{“: ard  has Y2 elcmcn{*s,(jujuc,_ Ho number e 3“.“.,,“}\,”-

;J ﬂndrn(j OmJ a\c e Scnuahrs.
Sirce V(YY) s Cjalic ord [urqa)] <42 i s 3(-;1::.:'4{(} '!aj elements of order “a Ba Theorem 9

the B A .
number 5t o0 elements g qﬁ(t{z):i@_ [|,S,Il,[?,.,\7,!‘1|9?_.,¢')—,:1"1'3I'3')'Lf|]
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T2, Let ae G <. la|l = HE. Far each part Frnd a divisar K of 4@ :o+isfij|n(j +he e?u.z'Han 0

e

(m) <a2|-> - <ak> © <Since ac& (2!,‘-{?) = 31 any divisar e.4. 3Qol(l(,"fg)= 3 worhr’ ;nc!gt)fna onfa

=3
() <a> = <a¥y 1 since ged (1,H8) = 2, need K=2
() ¢a'> = <a® > i cince qed (1%,H8) = 6, need H=6 .
Chaghr =)

L «= ()5, g-= (16532)

() «7'= (an(s) = [ (4S)]
(5) o= (16532) (1) (45) =

(o) wp= (12)045) (K532) = [(16453)

A= (123495)(678) , B = (23347)(50) 3 dﬁ:@

() o = (120225 (61 (T8) g ADEDERD(IT)(SE), ap= (12)(24)(48) (¥5)(51) (13)(3¢)
3. () (1235)(413) — (15) (234)

(5) (13256) (23) (46512) —2 (12493(35)(e)

(¢} ()3 (2a3) (1) — (142a3)
5. () J(29)(25M)] = dem (3 3) = (3)

(6) 1D (356D! = Lean (3.4) = (D

() (D)) = Lo (2,3} = @)

(d) | (129)(3578¢a)| = Lom (3,6) = @)

(e) | (1235 (245¢T) | = | (1) (356 T = fean (3,4) -(3)

(F) 1 (245) (ays) = | (25BN = hem 2,2)= @)

7_ What 15 the order a-l; Lo :'},-'.icl\.!:‘}' a'F a peir of d"J"in’r ch-"es of |e_hJH-.: L‘ ond GP
p(ﬂ\r’\ (,L]l&'l) :

FL let S be o -F\'m'-}t set onol 'F'S"%S o 'Func}ion. Then 'F is one-fo-one ,'QF .F I onig,

EE:_F Lot S:is,,...,sni. Suppose Fest that £ it one-to-one and asseme ba ey of cormtradichon
Fhet £ {5 not oplo, Then Fs;eS st F(SJ');! S; Yiltjen. Since f ic o funchon, each
element 5; has an image , but there are ab mosk n-l ophons since i s nob the image of any
tliment. Since Fthere art n elements, JK,dm ¢ {I,-.,n? sd. f(s) = fisp) = Spm with s, 75 .
Bul Fhis conteadicks dhat £ s sne-doone, o f omust be onto.

Suppase now thoat £ is onbv and ostume f(g) = -F(sd-) for sime () € {l,...,n}_]‘@ L],
Here are ot most n-l raaqes in Sy but tinee [Shen, dhee evists an element of S
ot has no preimage urde,- {1 Thit  contredicks the astumeton Hoat £ was onte, So

{’:;\ and +hes F 1 one-du- snp. (cort'd on rest FQT)



HW 5] :)Diuhons' CL\_ ‘D

la.con‘J‘. -ﬂ’liS iS no+ +1N-¢- when S s l-nvﬁ'nﬂﬁ' AS a Gﬂun‘lLv-re)camFle., Cans;de_r 'F: Z'—'? Z ﬂivtq
La -F-(a) = da. Then .‘C is one-4o-one Since -F(o) - .F(b) =3 2a =ab = a =E)’
bvt F 1s act onto  since Hhere it no :'ner,jcr that ‘je%s ‘"‘"‘f’ffd L teZ .
35. L4 G be o r(:]rwf ot Permu{»a{—{ons on a set K ard let ae X, Prove that
Stob (o) = (e Gl al@=a} is o sbgoup of G

Proof  Since e idcn'HLa Fumu{'r.ﬁm fyes e.vara element, 4 ca.r*{-m'n{g Fryes A, Se 4 bq,lonag Iy
stab{a) and S+ola(_al) T nunamr{-a, ™ «e¢ S+uL(o.)"Hw_n dia) = o = o(—'(a) s a, so

we have o' e stabla) alse. IF « B € stab(a), then «(2)= a = B(0), Then
O(P(a\.' T o (ﬁ(m” - ol (0\) T o, sSe o({3€ S'qu(a) . TI'HAS_ S"l*al: (o.} i Su‘laamuf Q’F G« 7
o, Tn S‘fu find a Cjc.l.'c Cu‘oarou‘: of srder Y and o noncaclic. SU'ca"DUP of order L/,
C\/clic s.u.\aamuf: o)y T E M, (IJB‘})r (lB)(?.‘-I), (1‘132)3
Nonc.(dc.ifr- SvfbamuP . %(]), (12), (24), UZ)(BH)}, EVUU nonialmh'tj element has order 2,

57 the i“bamuf it not C:jf-lf(. and {5 closed wunder inverses. Closed uvndee Produc{‘:r'.

G2)(34) = ()(34) = (39)(12), () (2)d) = (2} ENU) = (34), ()G = () (39) = ().

3. In Sy, fiad elements o p st. lal=2, |gl=2, ond lupi= 3,
Let o= (12), B (13). Then 1al=2, 1BI=3. Alse, «B= (132) and |apl= 3,
(Other examples are possible.)

10, Given thot R, T e Sy with pY= CE TP = (1343), ond BN =4, determine poand 7.
Nole 2= RN = T (), 3=p7(H) = £, 4=7p(3) = ¥(3), ;’-p?rts) -/6(4), s.nd
3= YRUN) = ¥(R). Since B, ¥ ore permubofions, we must  have RG=1, (V=1
Thus, B= (1423), ¥= (1D(a34).



