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Cl‘laE\l\:r 5
3. Show +that fqg Contains an element of osrdee 15,

Te 3:.{' an element of order 15, +ake the Prm)ud- of a 3-.:31‘_!& and o S-CHclL that are du'sdomf“

(there (s Jus% Qnou(t]"l room ta do this since 3+ 5 = '3) This ?’"’"‘“c{ will be even because +he

3-c-ac,le. can be wnten as o praduct o4 2 transpositians and the S-cycle as o prodvet of 4
Jm.,.,[,,,s;ha..s, so the full produet (s a product of & transpositions, hence even.

An explich clement is (123)(4561%).

. Dedermine whether the fillowing pecmutations are even or odd -

(o} (135) = (13) (39) —F even

(b} (1356) = (13} (35)(56) —> odd
(e) (135¢7) = (13)(25) (5L) (67} — even

(d) (D3OSR = (15)(23Y) =~ (15)(23){34) -5 odd
(e} {1243)(353V) = (I(N(354) = (35}(S54) — even

I15. Led ne Z+. Tf A s

uJa’,an n—CUC|€_ is an  aven Pcrmu%—a“an Stnee ({- cean Lg wrﬂ”‘kr\ al o

pm&uc% of n-| %ansrosi*\'ans,and n-l is even. TF n s even, an n—cdcfe. it an odd
ged

pecmutation cince it con be weten as a Pmalud‘ of n-i -i’rans‘f;asr-!-u'ans, and n-1 s odd,
r] The sed o-ﬁ gven P!rmu+mh';ﬂi An Ty Sul':(jrbu’: D'F Sn s
PrOU; Tl"e.

I.J':ﬂh-{‘a LD N Fr,duc‘.t' o{' o] "I'"l"nr\S'PDS;HDﬂ\', ool 0 s eveén, §

be waHe,

© (1) €A Let weA,
as a Pmc'ur.{' o\C an even pumber of +roq.sPorf'+IonS‘, Sinee +he javerse o-F a.

+YanSPu£i'Hon is itsedd, &7

can be wrten as +he Seme Producf* u;f an even number O‘F

+ranspu$i41'on$, 50 g("eAn_ Let d,P € An where o s a Fruduc"‘ OP m '\Lrgn:!;os;fiuﬂ_g’

ﬁ 5 a Prudud— u'F n 'f'ransPoS;ﬁ'un.S, ond m,n are both even. Then o(F, is & Fr-dvr'.#'

L e .
Y m+th 'f'ransrosuhuns, oned M,n even =) m+n s even . Tf\us’ o(lg CAn , ond Anésﬂ- 2]

19, Let “,pesn. Prove +hat otﬁ iv even i ff cu—[:l are both even or bhoth odd.

Ef:g"?‘ Let o be o FmJuc# ch m ﬁnn:[msih'ans amol[% be o Prmiucf— a-F n +rqns!:os;4\'an§, S
+hat dP is o Pmducf af- m+n +ra;1sfaost'1f1wrs. ﬂen

“B is even € min s wen &= min ove cher hoth even o both odd

E5 At P oce either both even or hoth odd . &

RS Gi‘lt +No reasons, Wka ‘Hﬁe 5(’.'}' O‘F od‘o‘ Fermu%o_ﬁmls In S'n 15 no-} o guL&mu{D'

Pust, (D €A, o this seb does mof contain Fhe ety () o Sa Secondly, the st

15 not closed under Frua{id‘fﬂ 1‘0 d-ﬁ'esn G oddl Hhen O(-P s cven 'OJ &[q
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A1, Use Table S.0 4o c,nmruff_ +the ‘Fb”ow;na.

() Centralizer {n A'-f o‘F ol = (l?)(l‘f) = go{;_ GAq \ oA, kg = dg a(,_',g
= {0, 0a)d), (1924, (14)(23) 3

('9) Centralizee in A;{ of o(’z = (l:‘-}) = ? Pe ﬂq’ ﬁa"z = o’tzﬁ?
= § D, (Ha), (1a4) 3

29, How manj elements O‘F order 5 ave  there (n AG?

The anld elements of order 5 i A, are 5-:3:'(:5 since Thet i35 not cnoua\n raam 1o have
fwo disjont S-cycles (5452109 6), and these are cven since they can be wriben as o
product of Y +ransposifions. To count the number of 5-cycles, there are 6 choices for °T
Cjcle en*ra, 5 choias §, g enirra,aalc., bt need v divide LU 5 snce there are § was s v
Choose the M enby of He ome 5-cyle. So Hece are “_‘153_2- 614.3.2 = [[44 |elements
of ordec 5 i A,
Clmﬁwlu- A
[ Find an isomerphism  (Z,+) = (2Z, +).
Led @ (X7 3x. Then &)= Bly) =5 x=qy > X=y, 50 § i injective, ond grven
any ye Il , Jwe? s, Y= dx= P, so b s cugjechive. @ also presecves the
grovp Qpﬁra'h.ﬂr\ Sthce qb(x-ij)= 3(x+j) = Ay 4 gj = A(x) + 925(.3)' Thus, @ is an iSomorrinism.
A. Find Aut (Z).
Since € s = cgelie grovp with 2 3cn<ra+urx, any antomorphism must send a jenem-fvr +o
onsthee  generatoe. Therehore, Aut (Z) has Fwo elements i the identity map (sending 11 1)

and +he map ¢ Jiven La Pplelz ~a Yae 7 (:e_nalma 1|——~)—l).

L{_ Show +hot Y(8) ¥ v(ia),
No{'f +hﬂf U(Io-:l - E T. § 1 ﬁ, é_g = < 5 > ¥+ (‘_\ljc.ll!:- i Lv\.+ ch) = s_TI 5; g, :7- g 1‘5 n0+
CUC“‘: Since C.Vt.r'a honicl'en‘k‘}'a elemull' hos oeder 2. Thus, thert coannat be on

I!-'.arv:(?h'-‘m bedween U(S) ond U(lo).
5. Show Hhet U(5)E U0I).

R'?Cﬁ” U(%) = iTl -3-; STI 53 Du'\cl UUJ): $_-I_: g; :)-: ﬁ 3 LL+ d) bb 'H’!C r‘hﬂqP S(rm"‘ﬂa

(ﬁ(‘f-:’-'h» @(3):5" d’(g)’ﬁ. ond ¢(:”= 'IT This "““f is clearla o LJiJ'(C.H""',‘so

we  show Preserves the grovp oPerahon. If K-3,5 o T, then @ (R = (k-7 =

QLEY. (7= br) T = (b(E). Swinee  the grovps are abelian, There ace -’"]:} 3 other P”’d"‘c‘LS

o cheekl (3:5)2 (B = $(MN =T and H(3) B(E)
b(z) = (I 5 =T and ¢ 3) b(7) =

G155 7) = dL3S)=d(3) =5 and d(S)d(I) - T-T =TT =

7 =35 = [T v
»t-l_:f;_"‘j::]-/
5 vV
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(. Prove +hat fsomor‘ohfsm s an cctuuvafenc¢ relation.
Er_oof Let & be a 3ruuP and define qb: G G fag qi{)(g):? Vjt:‘G It (s clear

that @ is a bijeckon, and (F g he G then G(gR) = gh: $() 40, ca

$ s an tsomorphism. Thus, G T G and £ s reflexive.
Let G,H be gruwps with G E H. Then there is an itomocphitm ¢ : G - H .
By Them 6.3 (1) [see HW %31 below], &' Ho> G is alse an isomorphism.
Thus, HZ G ond T s stdmme_fh'c.

Let G, H,K be grovps  with GFH and
®:GH and P H=I K. New F¢: G =K is a map; by Them 0.7(2) it

is injective since @ ¢+ ¥ se, and 53 Them 0.7(3) 4+ s sugective since B and P

HZ K., Then here exist isomurPhismS

are . Thus, *o s e loiJ'e_c'Hon, To show 1t preser ves the grovp are.rah'ons, let
“f(fﬁ(g'jzl)" ¥ (dg) D(3) = 'Y‘(chj.))’?"(Cﬁ(g:.))

Fé (30 Fé(g2).

-
is Hranvitive, Hence, =

a

Juiga € G Thea ¥¢ (3.92)

1]

Thus, '}bciJ 5 an [sumothEsm, t0 = K and F ic an

Ciuivdcnze' relotion., £

7. Prove +hot Sy ¥ D .
Nole +hat D, has an element of order (A, +he 30° CCW rotation that aanerahs the

ﬁ'JLamvP O‘F all N'*‘a'h.uns‘ D'F Dl?u . ]’IOWC.Vtr‘, S"f has Li'_a_‘:lz_.._! = é ¢|¢",CH+S O.;-‘

?JJ q_L£3_+ b . 9. elements a-F order 5{’

order ‘-{, LL-_E':E.= 8 elements of order 3

3
ond  +he .'alp_n{-iw‘\(] of arder |, so S’.,f has 1o element 0<F srder 4. Thus, +here
cannot be an ESomurrllf:rn between Sq and D .

9. ITf (f) and Y pee iSomw—rhinns From  +he cncl-‘c gqrovp <ay o some ar-our G ond

¢(°«7=‘((a), prove bhat =7,
Ef_g_{ Let be (a> Then 3KeZ 4. b=a® Then since P ond ¥ are .‘;omarrkism:, we have
qs(‘b)t  (a*) = d:'(o‘\l(= ?(a)K = Y(OLK) = Y(b). 'ﬂxeft'Fwt, =7 4

3l Su?[w:e, that qf)'.G-)H i€ an i:umorf)h-‘sm. Then tf)": H=YG s an isﬂmorrlﬂi:m.

Pl'"o___u‘E I‘F l‘\.,lqz [ H Nr‘}k ‘\1:112J "H’lt'\ 33,,31 é G S‘.+ Cﬁ(ﬂJ:L, = ‘11 = (p(jl) gi,.,ce_ d) jg Su:jcC—HVC.
Then ﬂl"jb since & ¢ l‘njlaﬁve. Thus, (P-‘Um)" (b_l(‘ﬂz), $o cp"! '3 o well=defined map .
SuPPose now thet ¢7'(h)- ¢-‘(L1) for  some lr\.,lnz_é H. Since ¢ is SUI:J'NHV“; 33.,3266
“t. b=k, $(g)=h, . Thus, &7 (dlq)) - qﬁ"'(cb(ﬂﬂ) 5 =92 $(30 = $(qu) o hizh,
So 43—' (s in\jgd’ivc, Let 3& G. Then CP" {'(P(g)): 8' so (f)"' it Sur\](_(‘,’{'\v&.
i_iﬂall:j. let l’\“]'\l e H. Then bﬁ SUfJE_CHVIl‘H J‘P ¢, 331-31 e G st ‘ﬁ(S').i’\!] q!)(jl)=(ﬂl_
Thus, @7 (hihy) = 97 (d(3)4G0) = &7 (dla.g)) = 94, * 67 (k) ¢ hy),

-t .
-ﬂ'w's, qb 1S ohn |com0rp}\|gm. A
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33. T @2 GH is an isomorphism ond K £ G, then B(K)= § oK) | KeK] & H.

Proof Mote that e, € K since K& G, and +hus ey $leg) ¢ d(K).
Assame that  G(K), () € G(K) fir some Ky K, € K. Then @) 0(K) = ¢ (KiK) € DK
Since K&l @ KK, e K. Finally, let ¢kl e P(K) for some Ke K. Then K'eK,so

G s KV e ). Hence, d(K) 2 H. B
ng Let qb: G — H be an ;'aomor{alni;m and fet ace Q. Pove that (Jb(CG ('a)) = CH (05(5\))

Froof  Let xe (o) so Hhot @I e P (C (D), Then Xa = ax, which implies
OO B = B(xa) = dlax) = () p(x). There fore, G} € Cy ($@) and
O (CuaM € Cy (L)),
To show the reverse inclusion, let he Cu(¢(a)). Since ¢ is sugechve, JqeG st
$(q=h. Then hbla)= dlh = blgldle) = dlaldlg) = $(ga) = P (ag), Since &
(s tnjechve, this implies ga = ag. Thus, jeCG (@) ® h-= q.‘:(j) € b (Cg(a)), Therefore,
Cu (P2 € OCC(a), Combined with the above, we have G(Cql)) = Cy ().

-‘-O—; Le-{ G be o ﬂI’UUF. _Provc ‘Hn°+ o((j}:j-i 17 an au-f-omorflnism 1—.'1F G 15 d\’oc!ion,
P‘E‘-u-u‘{‘ Suﬂ:ose Liest Hao! ot 45 on a\;‘.nmur?i;':m, ard et ){,j € . Then
“(x‘j‘): o((_‘x)d(fj}' = (x‘j)h‘"" X"'j‘l 3 L= >f‘lu-l')(<3 = Yx = Xy, e G s obelion
Sufl’ose’ vow thal G ir obelion. Lot e ¢ G ond assume «(x) = ""((3"' Then X-j=:j-'
= x'[3=e D Y= X, S2 & s injective. If xeG, then o (x'= X)) 7= x, 50 &« 5
Sutjective, F(nallj, Lo x,aeG we have
d(:‘(j)= (Xj)-‘t (‘\j)(]hl since (G is obelian
= X-!:j_' L'Y Shaes - Sacks
:O((X)G((U) T}W!S, e s on au"ramnrf)hfsm. ﬂ
. TF a,heG' vac Haot cpjéh = (bjh
.PLT_'F To show that +wo {unchons ore t‘(w‘-l:wc show 'Huj take an orbitrary element 4o He same
meges b )€ Then dg .09 b (6,00 = ¢y (hxh”) = gthxh™) g7 = grxh g™ and

gbjh () = ghvlan) = ghrbg o by b, = by, @

13, Find dws growps G and H <4, GEH but Aut(G) T Aut (1)
let &= Zg and H= le' Cgr+a;,\lt(j = ’F‘“ H since {Gi“‘ 2 # 2 - {HI LM Kaow
dhat At {2,) T U(2) ond At (Z) F v, By problem ©6 U(2) ¥ U(12), and

Snee T i on equivelence celolon y w6 Aut (7)) F 00 E U E Avt (2,,) o

Aut (Zz) T Auwt (71”)' { Otaer evamples ot Pus«:'-‘ul.:,.‘)
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92. Let & be on owtomorphism of the gevp G. Prve that H=§xeG| d(=x3 & G.

oot Since $:G G it on isemorphism, we Keow +hat @le)= e. Thus, e e H.
Suppose w,ye H. Then $0I =X ond d):'.g):g. Thecefore, & 0y) = ¢ () dy) = x4
which mplies wyeH. Finally, suppose x&H. Then ® ()= % and
p(xY = (@0 s X se g e H. They, HE G. B

35. Show that (atbi) = a-bi ic an awhmocphizm of (€, +), and that @ olso

preserves complex muit plication .
G (atbi) = ple+di) . Then a-bi = c-di =
At bt £ G: . Then

Proof  Let a+b¢,c-}d.‘. e € and assume

azc and brd so atblcctdi oend & s injechve. Let
B (a-bil) = o - (Bl =a+tbi, so ¢ is surjechive. Let w+bi, c+di e €. Then
blavbi) + dlctdi) = a-bi + c-dl = (atc) - Lbrd)i = ¢ ((a+c)+tb+d)i.)
= b[(arb) Cerdid] 5o @ preseves he operabion.
Hence, @ is on autemorphism of (€, +). To show Hhat §  preserves complex
muthiplicotion, 1ed arbi, ctdi € €. Then (a+bldctdd) = (ac -bd) + (ad the) i and
Plasbl) - Plerdi) = (a-bi)c-di)= (ac ~bd) = {od +he)i = ¢ [Cac-bd) + (ad +bedi]
* Oflarhiderdd)] 50§ alss prececves mubiplication. [
53. Let ac G ond |al <oo, Let @, (1= axa . Show that 1@ divides tal, and
fird an clement o fom o gwep for which 1< 1d, 0 <ia].
Proof Let lalen. To chow that |B,| divides 0, iF suffices +o show thet " ic the

i&em]ﬁ\a map. For ony Xeh, we have (D&n (%) = c,’b:'l(axa") = (f)":"1 (ﬂlxo\-l)

= 0\(\!0:“7 e Xe = )(’ <o (ba": t;d- and {qsal divides n.

Leb  G=Dy and =Ry, . Then (< 1dol=2 < lal =t . (other exanples possible.) B
55. Suppese @ i an awhomorphizm of Dy st. B(Reg)= Ryp and G(V)=V. Find @(D)and b(H),
Nole thet (D)= G(RepV) = B(Ray) BV = RysoV = D' | and  @(H) = 6 (RoyD) = @ (Reo) 4(P)
* R0 D = H.
56. Tn Awt(Zy), tet o demsle 4he aubomophism that sends T o 0 where ged (5,9) =1,
Vicrde oo ¢ o, a: permutahons of To,tenr 93 in digjornt cjc,!e forem.
We hove o5 (T) s §, ag(E)= 752 7, ag (T)= 3528, o (f)=30 «d, e (q) =30 =2,
de (D)2 52T, ond  ag ()= 528, wg(T)= =3, 5o [gg s (1(57842) (26),

Simiiarlj, 0, (V= 2, o 0y (5) 256 =T ; cgli)=30+ ¢

3 Wy (4)= 2= 5, Ay (5)= do - ‘T, sa | %g” () (9)(37) (36)(45)]

4

oy

"(g((:)t Y



