Homa_work 5 i?l‘w}‘\'ons

Chopter 7
3. Lt H=90,%23,%26,t2,... 5 Find all the left cosets of W in Z.

H=0tH =340 GH+H, ate.
[ =f a5, =2, 0,4, 7, 10,... 3 = HtH: 740, ete.
Q%H-:E...,-"I,-l,;)'b*, ?} []I,._g:: 5+ H S+H, ete.
5 Lt H be as in H 3, Decide whether Hhe fv;jaw,ng cosets of H are the same .
We Know that a+H = b+ H (ff b-a e H.

't

(a} WtH and 17+H : gince 71l ~ 6 €M, thece cosets are +he same
(B) =V +H Lot S+H+ Since 5-(-D= ( e H, these cosets ore the same.

() T+H and 22¢H:  since 23-7< {6 £ H, these cosets are not +he same.

T, Find all of the [eft cosels of ST, T3 i U(30).

Recall that V() = § 7,5 T, 3,77, 9,33, 83, Let H=-§T, T2

We  have TH= i H= H,
TH =39, 7387, M3 = TiH,
1BH = §3, 933 §@3,433=2J3H,
fAH = {7,203 = R 393- 4aH .

Z. SUFPOSE Hat  lal =5, Find all of +he left cosets of <a5> in £a>,

Let H=sa5y = Ee., mg, a'® . The left cosets of M ere
el = 2%y - a°H = H

4
- b t i
aH iﬂ,alalztacHtﬂlHl
a*H = Eai,a'?, afqg aTH = Ay
3 F
a*H = § a3 2 “fsi__ a%H = a%p
1

= {a R LY I

i}

9. Lt lol= 30, How mﬂnJ left cosels of <aly ., C0% are Hiepe P Lisk Hhew

Lt [= <a¥ ) = 4002 02 W 45 gy
= = e Iy 12 2 [A 2 I a
i , ,a,a,o\,aia'a’a‘AJal'mV'mIYQJrOLQL}

There are @ {efd  coseds of H in <a>) one is Y and +lhe otier (g

= T 5 7 9 " 13 :
aH o s 11 49 g :
E 1804 o P A, 0, A P R R | : ﬂzy 0\4’3, a') ’ a-lj; Aaqz
IS. Let G ke o amufa of ocder GO . Vibhot pre Hha Fc']f-lf.-l,l‘_. ocders for the sui:arours ok G?
Ba Lﬂafanja"s 'ﬂnrm’ the Fa-.-til-.le_ ordecz far @ :-;harau_-; are the divicors OP the arder oF

‘H”’ amur- FO' -3 Sraur 91.'. order (.: '::'u d--;:wf:‘ erd {|,2.3,L|,5, [o/ [0,12_|5,9\o,30,40}‘



HW 5 Solu‘h'ons, Cl-., 7

&,
6. SuPpuse Ki H and H _ﬁ G. TI¢ Wl=Y42 and 16| =420, what are the Fo-:s'.b!c, arders
of H?

‘]t’\(, POiSIhI; orJl'(S {'\nr ﬂ.ﬂ'j SVLaWUF 0F G arg zt. ‘Qa 3; qlsl 6' 7: IO' ’q} 15-) JD) Qlf ggl

30, 42, &0, 70, ¥4, 105, 140, Ao, 4203 | Since [H|<|G] and (HI > 42, the [ist
Norrows io iéo, Jo, %4 } 105-, 140, 9‘!03 . Fina”:] , gince K £ H we must ales hove

43 | tHL by Lagrange's Them, 5o [H{ eff @4, J03)

I7. Let G be o grovp with 1Gl=pq where p and q are prime . Prove that every
proper SULﬂmur o G i uacl-‘c.
Proof Lel H& G be o propec subguovp of G By Logrange’s Thrm, 1l e i1, pqd.
TE (Hl=1, then H= o) is gqelic tF [l =p or IHlz g, Hea H is a 3evp
of

pame ovder, hence cUc“° l).d Coru”ﬁrd 5. Thus, H it caclu'c‘ A

. ::ululunza G it o Haile R with |Gl=n  and me @ with 3cd(m,n)=[. If 366\
Ano( ﬂm = & PWVL 'Hﬂa\'lP ﬂ:e,.

Eroo‘? Since ﬂm-:e,, we  Know that Ijl divides m. Ba COro”nva 3, we also Know +hat

.‘jl divides n. So lsl S &

tommon diviser 010 m and n, which r‘mf“t.\"
lj] L aCd(M,n) = 1. But {3|Z| afwajs holds, se  in ‘FN‘—‘[' ISJ:] = 3=¢‘ #

Ad. Svppase H, K &£ G. TF [HI =12 and [Kl= 35, Fnd |HnKl .

Gq entra.“l&- .

Nole +hot HAK is o suijuP of beth H and K. _n’luv.'po'f_r ba Laararje‘s Them

tHAK]  divides Lot 12 and 35. Thus, VK| £ 3,_01 (12,35) = | = ,Hng]—_@_

Generolization: T H K ¢ G and 3@( (1, 1K) = 1, then (HAKE = |

9  Let 1G] 23 What are the Possing orders for the clements i Gr? Show thet G rmust

‘now'c on e.ie_mm'}' op or’der 3
P_r:i'{: The PaisiL\e arders Fur' 4he el_tmm"'s crp G are {|,3,l|,333 Ima coru!}ara 3 Svﬂwu

Bwoe thot G has no element OF order 3. TF G hes an  element 3 of order 2’31

Haen lﬂ!=i<3>| =33:= |G = G~ {9> is cyelic of order 23, Then L’y the Fund,

’rh”h OF CjC{'C Groufié‘, G lf\o.s a, ‘:uLﬁ{DUr a{ ar:}er 3 WL\!CL\ wrhlains ¢(3)= 1 6IQMC"+3

s order 2, o confradichion. S0 G har no  element of order 33. ﬂus, G wnsists u‘F

the 'ldf‘hm‘a and 33 (‘.]emen-ls "il? asrder H, 3wt (‘.oc‘r\ Sutamuf» oF (a DF arder ” con’.'wns

(-b(“\)TIO Ql?l"\dn‘lﬂ n']r arder I!j ca  dhe -{'n{'a.l number U{ Qlemc,!;-g ..MF order I in G

T‘l’lU.S‘{' 'DC. o muH,-?L-. g{ [0. Sflrlfa. IO/Y 34:}, '{'{qfs iS & ‘gﬂa] C,an‘!rad:fc';;'oh, ’r‘nusl G

L\G\S an e_lelmcﬂ{' n{ oralcr 3. @1
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3‘- Ca.r! o ﬂmur OF order 55 !‘\0&'& ¢X6\&'H3 20 C'—ICMEJ]“‘S 04: orJe,r f|’f G;ve o, redton Q,r ldour‘

answer.

No: suppase BvioC Fhot 16[*95 acd G anbains exacily 30 clements of acder (1. The other possible
element orders are §1,5,553, T G hos an element of ordec 55, Hhew G is cyelic, ond by
the Fand. Them of cj.-.l.c Grovups i+ confoin: € o.cHa 1 suLarouP o order U, which has -m-!a 10
tlements <f ordec 1, oermal.'chna ove  assymphen thot G hot 20 such olements. So G hes ne
lement of ocder S5, which implies there 17 ] tlement of order |, A2 elements of order I, and
55-21= 34 eclemends of srder 5. But c_ucra sukﬁmuf of G of ardec 5 confains ¢ (5) =4 elements

O.f order 5, so the num ber of elements of: order 5 jn (a wust be a mul'}'ir.'e. ot Yy,
Since Y4 X34, His is o Fnal contradichon. Hence, G cannot hove 30 elements of order I,

33 let H,K £ G whee G is fade and He KS G. Prove thed [6iHl = G KK RLL

Pl’oo’F Since HC_K arnd H < G, re I"O‘VQ H & K B& Laamﬂjﬂ.‘s Them  we L\ove

fod] = 160 . el K geiplikeHl. B
LY LY

3 Led G be o arovp of ?ermu'*’a'f'foﬂs O{" o sel 5. Prove that the orbits aP Hie memLcﬂ of S
Conshduit o Par"'fﬁon of S,

Praok First, § 2¢S  then ;;Corlaa (s) since c«r’rmnw (Ve G. Thus evcrg orbit ”0“5”'[’1"3- This

.Ol-“zﬂ chows +he- S c U ork (?) Siace  orb (S) < AY VSEE__ wid also frm-.n‘.-'
se§ G ) =

SLeJS OFLG(S') € 3, z2e S es?ﬁ or'DG (s}, T+ remain: +o show +hat dishact orbits  are ach-aﬂa

dfsjoin'}‘. Suﬂ;oge_ =,t eS ond ¥ E or‘nb(ﬁ) N Drbc’ (‘C’), Then ad,PfG st x (5) = X=ﬁ(f).
Thas, pla() = 700 =t TF ye ok (1), then JTes st y=T(8) - TR w (), so
ye or!:G (s), Thus, orbG (t) € orbg (9). Conuerse_!a, «'RAE) = s ‘mplies  that if tjearlaé(s))
’H’ltn ESEG 5., U‘-‘ by Cf) = g(ﬁ’"p(t)) =] arLG Ct), So orbécs) < 0"56 ('&) —ﬂnug’
orLG (‘S}’ D"LG (t) and 'Hnt Sg{- o_; orb.‘}: Formr a Par'}i'finn O‘rr S 123
H5. Let 6= 500, (034} (134)(50), (1)), (1433)(56), (50)(13), (M)(23), (zq)csa)}
(o) stab () = § 0, a0l ek (1) §1,2,3, 43
(1) <kl (2) = f o, auesal by (3= {204,1,23
(o) stob, () = SO, ), (13){(a4), (M)(zs)] ok (8): {5,(;2
65. TF G is o ‘Pm'«-lt, amur witth [Gl(loo and G hoc :U{;amu‘s 0?{‘ orders 1o and 25,
what 5 1617

B}J Lo‘r}rnnac‘s Thrm‘ 16‘ ravust Le o mutﬁr]e o‘{" 10 ond 25, e hove Icm(iolgs): 50;

Cao

) L3 H\N’ Q.lo. Gl s a W\Ulhrie O; 50. But once IGI<[OO. wit must hove

\6t - [50).



HW 5 Seoluhonz

C‘ﬂGE!?fr' 2
c?- S'now 'H"\“+ Z @ Z D Z iﬂt‘s Jevyen S:I:}Eruurﬂ' o‘: ordec P

N ke Hiat rw-"a rion: des 1hfa element of ZJ _1.2 & -_:J ra: srder & ['H*‘{ elements ore (1,0,2),
(t} | 0) { ,0,".:', (1, 5 O} 1,9, ]}r {0, |n{l; g b Il'.'"] $o  gack ,,-f these eiemernts geqcmf‘ﬂ:’

o Siizartwr u{ ardec Q, ond there ore Fever of these. Evg.n :uijU_p of arder A e ‘jeﬂcra'-l"'J

ba on zlement of order .2’ ond cince tha on!:j oller eleneant o{-\' Z.z 1] Zzﬁ) Z?_ is the Ech-fﬁa

ﬂiﬂ arc)’.t'r l’, 'H"Cr(, e no a{(d!}lnnu[ SULarw'of UF crder 2.

2. Let 6 ke o anur vitth fJemL'ulw(J tq and H a vap with iden‘."u'l.:] TS Prove +hat G = 6O Eepg

ond

Proof  Define 4: 6 G ® end by P(9)= (. eu). Lot 309

HY fe @ H,

zEG and s”ff"”e ¢(3.)=¢(gu Then
(30rew) :(gl.eH) D 41749, , 5 b is injective , T fjr“lH)E G @ feyl, then dlg) = ST

Se 45 5 Sur\]‘ec‘.’ive. Let 3.,31 € &G. Then ‘:b(jlﬂzi S (ﬂrjz:CHJ = (3”&4)'(3“@”):-?5(3":d(ﬂz)l

o ¢ mecrvc! . 3: vup .Fgra_-hong . Thus , b ic an |.SomorP;'|ism .
Defne T H = feaf@ N by F(h) = (g, h). By symmeby wih &bl of @ P is aleo on
iSbmorPhism, % )

LI, Sj‘\ow ‘f‘]"\&‘}' G @ }'; FS ﬂ‘)tll‘dlﬂ I:; Clnd Onla iF G ﬂnd H arg OLLI[‘ON . S‘+A_{-L +'i1t jgﬂqgrg. care .,

&.‘_’i? SUPFo:: Lot dhat GO®H it abelion. Lei NIRNE €6 and hish, € H. Then

(ﬂl;n!)(d:l 2 T (3:‘,1%}(3“1\.) =2 (3[31)!’1;1‘11) = (gljr ' I'lz!’l[) = 3,32 = 323| 0('?0[ ;1;}1-2 =L2[1| .
ﬂ\ U.f, G an{i H an ﬂbt.“dﬂ .

Corwcr_;c_la' Sunoarg G H ore obelian. Lot 3.,32 3 G, !q,;i\zé H. Ther 3,91 :gzjr and j,.'_' L,zn'
=2 (3|§'L,}H£‘z) = (323“ L-llﬂl) = (ﬂulfll)(az,l-u-,_) B (31., l\l)(aul-”)_l Thus, G®H is a{ge“on, 7

Gf.ne,rql Cease G.@--- ﬁén 15 abelian ;'F ond onla ;f— Gl: (s aLeffan Vie{i),,,)n}_

(a, Pruvcl lmj c,amf)on'nj Of‘dcr.: o? EZI‘.m:n"LS, ‘f’kdﬂ}' ZS @ Zz ¢ ’/Zlg ®Zq .

Note 'H'm'}‘ (T' a) I3 Zg & ZZ. ts an  element a'; :;chr ‘3, bul Hhere 15 na g'cm:n+ O‘P order

?

ir\ Z/“'{ fﬁ Z"! . I'F E}E € Z_/:_‘ " ‘H'Ieh q; = "”: < -6 l:a o C,ora“ag o-![\- Laarﬂﬂjc‘s ﬂrm,.:g

q‘(a; E) = (q;.,u L’ = 6 O) wLu'ch itrlFll.CS I(C\ [S)J q —”'YUS ho elepqen';" 01(‘ z'-f @ Z‘-{ LJGS
order ¥, so g @ Z Z; ® 7,
7, Pm\l(' Hlo+ 6, & GJ g Gz &) G' . Sdote 'Hﬂe 38:1”0( caze .,

Prc?

Gnnru g

Leb $:6G, DG, —> G, DG, be green ba d)(juoz)’ (3zf O foe 9 56,13256\,.

et ! '
M8y el g1 € 6y ond syppore dhet D030, - $(3', 9"}, Then

{ ] ' 1
2f“j|) ‘.a l) = 8, 3. ; CJZ"Q, = (3”;&7:, (g!') 02"‘. T?n-us (13 2 J.r!":C‘ff'Jc.

d J

¥ <gu,a.>e GrP Gy then (0,90 ¢ G DG, 0rd Diga)- (5,0

duJ,),So cf’ (s Cl“‘jecf‘;ve_.

et (]"q' €6y, 4 37t € Gy Tlhen d)(a' 'Q'q‘)(ﬂ ﬂt]T (31'3')(32|,. ﬂr}] = (523:‘ ! gl.erJ
‘f)(..‘j,nfj-.ﬂ_,ﬂl):( ﬂflln )) Thus B geoer e

e @ a4 Ay T A e <

. y . .
p;dz :I'Wf Oneea orS ¥ B 15 an m;»morrhrsm

A
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——

3. Ts Z, ® Z, S 7 Whj?

<

No. Cnro“ar& 2 4o Than €2 stales that Z, © L, ¥ Ty, T ged (ma)=t, Since
3¢4 (3,9)= 3 1, we connol hove Zy © 74 ¥ 7, .
19 Ts Zyo Ty 2 Zys 7 "“"ZI?
Yes, by He Cocollary refecanced n 2, Z, ® s 2 Zyg = Zye Since qed (3, 5) = |.
10. How mony elements of order @ deec 7, ® Z, hove ©
Let (5,0)e Zywd, e Kow [(G8)1=9 (Lo (151, 101 5 G, Mew 181 e §1,33 and
lble§1,3, a3 by Logromge’s Them. So 13 BN=9 5 0129 2 T genecobes Zy. Recoll
thol Uy has b} = 6 generotoes. There i no watichsn v B e T, 5s thew are 3-6 =(12)
elements of order 4 in Z, ® Z«, .

6. Seppose Thet G, F G, and Hy & Hy. Prove that G, ® H, 5 G, ® H, ond  stafe the gmemi Case .

Pran'p Sl'nt.'r, G, ; Gz ; "H’\t-’c 15 on I'Somorf;h'q_rn,, (#f G. -y GZ;\ Siaee Hr = H2.| 'H"Hlft ([t an

isamecphism B, D By Defe ot G ® H -3 G, BH, by (g, h) = (Beg), Fh) Hr
3¢ G he Hy Lt 6092 €6, hyhy €H ond suppoce Hhet o {gihdz ol (an hy) . Then
(80, Fhii) = (G Fh)) 5 b(3,) = 8Lga) amd FCh) > Flhy), Siwce & ond F are injecive,
fhis implics 91242, bohy B (g b= (g, ). Ths, o s injeckie, Leb g, € 6, b, ¢t
Since @ i curjechve 33. NG 4’(3')’325 :fm;larfjl Jh e Hy) st P =),
Then  (3,h) € G @ H, and  alge b= (B, FCh) = (9, hy) € G, ® H, , 50 o is ons,
Finally ) 14 g.g' € 6, and b e H Then whee b, P ore cperetion - presersing, we houe
“ ()G WD) = o (95 hh') = (D039, FRI) = (891 $(3), ¥Ch, F(hY)
S BN PR 5w (g k(g '), s < i e speietiongieseny
Ths, & s on iswmrphism, 2
Genceal cose T G, T H, oo, Go S Ha, then G, ®... D G, S H 9., © H,.
7. Tf GOH is cycle, prove that G and H are cyelic. State the general case,
Foof Asome thet GO H 15 cyclic. Now (GO HI=16HIH] (s duisible by 161,50 by

Theen of Cyd{c_ Gmmp;J there 15 & wnique :u'namuf .a'{[‘ GDH of ocder G, and 3¢ ic CJCI“C-

We Know G'Q! zeﬂ} 2 GO H ord 1G A ;f}!}l = !Gi, se it enuzd Le this vnigque .‘;.Jparoup'
_ﬂ"”‘p"“—. G © ?CH} 1 Cyclfﬁ. Then b‘f #2 G®§eq'§; G, so G it sl Car"._.

Fl

RLP‘O(‘.H"-a G\ lul"”\ H OHJ G\e ?an ll'“'“’u ?Q(,z@ H lln ‘H'n‘; C‘fjun'fr‘P y"'Jr,(S -“,\a.}, H ITs C:-.!C;;C. @

Genecal cazer 36 G, 9.8 G, s t;ifr,'-(:, then G e cacl»‘c Yo oe g}"_.) n}'
?- Tﬂ 2‘(0 4.) Z/‘ao 'F\“J “]-’"fﬁ :u]par'nu[): og orrJ,:r 13 .
)
Ena:rt ;I-(o:!j NTa 'J‘Lix’) acd (al'-_",t’J n.,\cj " ﬂx)tsmur, nf ?‘I” o-,r ur.J(‘- :,t &,..A o :‘,Lar.up a-f ZBO 0‘[‘

ordic  avd Telbe their  eytecoal dige! ?ro&“c‘l tH: (g—“\/ i) (5}

:."r".l lfulul Lf.". -1 w.|¥'h L”[lﬂ ohﬂ" 3‘30. So ko ( 1—0 v ‘ZD 4-{6 Y .

N H
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20_ F{nd 2 suhjfuuf) o? ZIJ @ Zf‘? 'HML‘*‘ f‘S lSDmorP”'l;C ','b Za @ ZL{

mlan‘!' - SUijuP a? 2]1 QF ordec L{ and A gvbsmur DF 3}? o;-n gratr c}, S..o (25 2 ;‘mva

(3>® <3y ¢ 2, 7, ond <§>e>4§z;~;2qe> Zq = Za ®dy = Zg,

Sinte acd (4,9) = |,
. Let G ond H be Finite gosps and (3,h) € G H. State a n(fessara ard sufficient condition
Sor Lign) = <95 ® Chy,
Since we stwags heve (G5 € 495 ® <hD, e need a cundibion for [<g> & <h>] =K@,
e bove Lelgmzlz (R = dom (Ugl, tht) 0nd 1<3> @ ¢hi] = Ig1 thi. Then Lo (ig) [h1) = Il Ih)
1 and anly i ,@ngm
. Debeemine dhe mumber of clements of ardec 15 and the mvembec of cyelic Subgrovps of ocder IS
in Ay, & T, .

Want (a,b) € ,fao 52 :730 R Y S P 'E” A5 Then we nast have Lot =3, 'EI“ 5

; \&l=151k)=s;

or [&1=1S, Vbl 1. There are $2) =2 2 clements of ordec 3 0 By ond p(s) 2 4 eloments of
_ #
ordec 5 e 220’ se dhe fiel case 3~=!dr 247 elements., There are b1s) = § elements

OC orau"

15 vn &y, and °“‘;j boelement of oeder | in Zyy (Hu .denH"j), e Fha
third  coce gre ds 3. = ¢ efemen‘k. Thus, ‘there ore e'Jf'“t‘-"';S “\F order 15 in ZED&JZJD'

Siice  each cjcl(c GvLaer of order 15 crataing @ (15} 2 8 elements of order 15, and all

SU(_L demcn% rmvet e '.'1 nn‘a

one cdc.ll: SULBWUF' there are %?: @ CJC“E FULZNU}” o_{j

order (5 rn Zaa 2] Z;?o .

93 ‘Nl\a} is 'H-.g erder uF anj "°ﬂ"J'~"+i+J CIEM:“‘I“ o]c 23 i3] 23 )] ‘?3 ? G:nero\{-'ze‘

Led (;,E‘ E) € 7_3(}) ’3 D 23 ond (E,E, E) # (5-, o, 5) Ba a Cnlo”dr\& +o Laamvr e's —Tl,,-m'

|,33’ 151651432, icl e S|f3?' Sinee f(a,g, - ﬁom(l:;i,lglll?_‘)‘r" [)
e must heve 17123 far ume Je fa,bed, Thes, &5 &) = Jom (13),15), 121) = 13)

33 :3b =37 =35 5o [5le

fa )

Generalization : The ordec of ary n.on.'dehJ Cemet of Zp D @Dy, wher p it @ pame, is P-
M. Let 6 ke a gowp and H= (03,901 96 GT. Show Hat H & GO G. When G= (R, +). deserbe
GoG and H Seomd-n‘c:ah'a.
Ii".‘_’f Cuce eg € G (eg, ) € H o H i n"-emfdy. let g,he G ond (9:9). (h.h) € H. Then
"3 90Ch 0= (gh, gh) € H siuce ghe &, Finahy, let g€ G ond (9,9) € H. Then
(_3,3)"r (47", 97" ) € W somee a'c ¢, Thes, He¢ 606, a

Yheo GeA(#, +), GOG & He Codecearn Pior-n and H s the lae U:X.

"“ﬁ T'u.re_

ore ¢([§]=? elements of  oeder (5 n an and  B(8) =Y lementds of order § Z;o

So the  socand case jitids 4= 33 elements,



HW 5 Saluhiont, Ch.
'!’;'le ‘Form H‘ fD K‘, U-'J'ltrﬂ H é Z’ anc{ K é 22 .

(3—, ‘I-)_? TP ¢} hod +he

n
i

d3. Find 4 5ubﬂmu[= ﬂc Zq @ Z/J that s ﬁ?.‘t =

Confro’&r the sui:g.uulg < (T, T)> = ECS,S), (T, ) (
{ H® K, then H'—'is,l_,i‘,gz': Z,_' ard K = EE'T?:ZZJ'LM+ (eerhly

@I =q 2 217 o 2,1,

—

2,98),

(L)Y o 27", ® 7, snee
= ZGO @ 76 @ZZ ?

(7,0 )0 (7,0 7,) & Z,

Zo ® Zo © Z, (by #7), 20 yes -

52. T 7, © 7,0 7,

2o © 7, 87, %

—

Wc Im\uc

~

= 4L 7, 7 =

n

Is 72, 7, 6 7, s ® Zy @ Z, v

As n d82, 7, 0 2,02, 5 (Lo2)e (,07,)» (Z,01,)
(I, 2 2)9 7y 0 (7,9 2, @ 7., (by »7)

Ly ©2 0 (0,07,97,) £ Zc 0 7, © 7,

>
-~

Q“ntl- Z;E &) 22 ¥ Z&f ) Co na .



