Homewo(k é SOL)'}\ang @

Chagher 4

’, Let Htg<'\},Ci?_>5, Ts H normal 1 n S3 ?

ND; considec Cosets (‘3)1“1 and I {éS), W e have (IR)YH = { (]3)/ ((?3)} ond

HO3) = g(!i), (t’$2)}. Since (13)H # H(13), H connot be normal,

S “’{[2 (ﬂl a,b, de R, Mt;foj, Is H nomal in GL(2 RR)T
Mo oo (1 %] Grczim mie ther [03]17 2 [V 2] pu A
[o T emme wee [V 2 [0 210 3]=[7 W en
Therefoe  H doec not pass the normal suégmz/f test,

<. Vl'e,w\'ng 3> and <la> d;_S Sv‘:cgruv;p; of Z' prove +hot <37/<;17 = ZL/,

Sim;lm’{z, prove  that <25 /cygy £ Z@ . Generalize +o  arbir aj fn%ejf-ff K and n.
Pmo? We have LIV Ly = €0+ <12y, 3+<12Y, 6 + CRy, 9 + <az>:§> Since
]

3t <12y has order 4 <3>/<\9~\/- (s C;/c((c “of order L/, So <3>/(l‘2> = Z’-{

Pe

Sim;}nlﬁ, L8 foggy = f0+ CHE> 1+ <42 16t <H9g > 24+ <425, 33+ <HYED,
\ -
Ho + ("(?7} ond Zt+t 498> has order Q, so <g//<z_/g) (s c:jc!zc 070

order é and <?>/<qg> 2 -Z/’-G,. Z

e

Z. .

Tr\ 3encra(, f{- N = Km , +hen & K>/<n>

Jf, Prove Fhat (‘; H has index 2 in G] t+hen H « G.

PromC Let ae 5. IF ae H, +hen aH= H=Ha. Tf ad H, then since }G':H/':;L, aH s
the set of elements in G thot are not in H. Buvd Ha (< olse +he set of elements

in G tHhet ere not in H. fo aH=Ha . Since a was aréih—a:j, Ha G. &

3}

2. If G is gjclr'c and N G, then G/N s cyc/i'(_.

1"

Proof  Acsume G s cyclic: Then T ge G sk G- <> Let al e G/N be an arbitrory
element for some ae G . Then JkeZ o4 ataK_ Thus, wbf = ﬁk’\" (3m)‘< € <gN>,
Hence, G/y = 43!\}) is c(ujlcin‘c. g

3. If G is sbelian and Na G, then S/y is abelian.

Poof  Assume G abelian and (et a, b e G. Then (aN) (bN) = abN = ba N = (bN)(aN),

Thus, G/N s aiot{’(an. 2
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1. What is the order of the element [4 + <5 (n the fachr e L /T T

Node that [+ (87 = 4+ T +<§>= 6+ <{T> Thea 2-(G*+<%) =
Rt 352 4+ 3y 3-(G+<82) = 18+ (87 = 2+ LE>, and

4-(6+¢gY) = 249+ 255 = <§>, so lm+<§”’@
1A, What is +he ordec of the Factor 8NUP (7210 ® Vo) / <(Z,2)>7°
_ﬂne order oj: —Z(o @ U{io) }S go.le = 40 ¢nd( 1(515>) = ﬂ(‘/ﬂ’l (5; 2) = IO/ So
\@Z, & veo)/¢cT,a)5] = Yo @)
1o ; .
AT Let G =UGC), H=§T,053 K= (T, 33 A H+ K isomorphic © Are G/ + G/k
)

‘(Somorplr\(.c 5

Since [RI=|KI=2, HEKEZ . Noew Gy = §H, 3-H, 5 H, 7-HY and

Gl = Sk, 3K, 5-K, 7K. Note +hat 3-H € ®/y has ocder 4 since
BH = A= TH, (B0 (TG =T =51, (5" (FH(GER -B-H=H,
les,\G/H Ly . Hewever, in Gk we have (3R)7- (5-0)*- (7K = K, so
Glw = Z,0 7,. Thes, Sh T G/k.
Ths problem shows that HEK does not imply S/ £ G/,
3l Let G be a ARk grovp ond let H <4 G. Prove that the order of 4he element gH in
G/H must  divide +he  order of g in G.
Poof Lot lgl=n. Then (gH)" - gH = eH = H. Thea by a result in Chopler ke wrder of
gt must  divide n. A
39. TF H4 G, prove +hat C (H) 4 G.

Proet  Recatl Hat  C (M) = fgeal ghhg YheHI. To apply the Noamal Sibgmyp Test,
let 9¢ G and let a e C (H); we WTS that 9a97' € Co(H). So let he H. Then
3297 € Cg (H) Ff. @03'% =h@aj") f (3@"”! (j“j-(j—, = h. Now
SIGTT ga @R g ¢ G aa g e 1o and e ¢, (4
997 hgg ™ = b Thes, gag e Co(H) and C (M) 4 G. @
4o. Leb ¢ G- C be an isomorphism . Prove that if H 4 G, then G(H) 9 4.

Foof Lot 36 a and 2 C¢(H).ﬂer\_ FheH s.t, Plh)= 2. Aff’lj""j Hhe Normal S”La"“‘f Test,

we WIS that 42yl e G(H). Sinee ¢ is sudective, Jyeq o) Bl =g Then
Y247 = 000 bk ()T = b () O(x) = b (Xhx™). Noke thot who' e H since H< G,
Thus, 3}3”' e G(H), so P(H) 4 Z-: A
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21. Pove that an abelion grep of  order 33 s C;ch!aCW

I
_-rl‘r"‘/ G l"\AS an cle.mgn"‘ =N o{:‘

Consider he element g'g) Since G s aédvqn/

0',(: ordec 33 sz Caucgqgws

E:-_of Led G be on abelian amuF
r

order 3 and an element b of order I,
If labl =1, then ob = e

n
(ab) = O‘nbn R Btj Lojro‘"ﬁt‘s —n’:.rm, ]abl z El; 3.1 333 i

32 3
i A

b=0*—‘ S lal = lbl, a contradicton. Tf labl =3, then a e = b=e, Cmeraalic-Hn? Ibl =
contradichion. Se  Jabl = 33, which

Tf [o«H:HI then O‘”'b“-:c = a”:& = 3{”) Aoviobhes
cgcl(c, A

Mmeans G = lab> ¢
3. Prove that (RY, -) is the indernal direct prduct of (RY, ) and £1,-13.

Seconé”gl R’

; R .
abcfron, evarz Su!_vzamur ts rwrma(’, and

Certainly RY N §1,-13= §13 and if ae R,
|

" fR+ and  eithec U (f a>O> or — |

Prool  Note Fiest +hat since (R, ) is

%\7"1% are both 50"98va5 of: FQ*‘
io; writen as the Fn;aluu'r a‘F on  element
RE-§1,-13, Thus, R* = RT x {1,-11. @

* where p ois 2 prime , and Z(G) # §

Con

(if a<o0), so R*=

(“
Lan)

44, Suﬂ;ogg thot G is o« noenabelian arouf of  order P

Provg Hat 12(6)] = P
S\IPQOSQ_ 'b\g hudity aF contradiction that 12(6)]# P Bg Lagrange“‘r Them , |2 ) e E; Fl; PBJ{ —
Bubr 2(G) # §ed = 126 # L and since G is nenabelian, Z2(6)F G > [2(6)] # Fs_

_ 2 T E \ \ .
So l%(é)l = P . Then ( 6/2(G>( = %;_ = F’ so La anransz s Themn G /ZCG) s CyC“C .
[2(&) | = p. &

Proct

Thus b‘j Then 4.3, G is abelian - contradicton . So in fact

50. IF ’G): Pi, whe re P ond 7‘ are ot ngcesgar,'fz dishinet Pr-imQS, Fn;ve Haet 2B =] or P1

that G is nenabelian. Then

P"°0'F I‘F G 's a%d:an, Hien 2(6) =G D I?(Gﬂ ':f‘t , S0 assume

Lx& Laaranjc\s —n'\rm’ |2(G)] € %l, P i?{ T4 12¢6)] = p or 9 +then }G/Z(G}] = q er p,

Hence G s abelian L\Lj Themn 9.3

J

rﬁslaed’ivdgj +Hhen L’U Laarqnae‘S Them G/ 2(6G) is cac_lic
{ow‘l' Hhis s a Conh'uo{u'cﬁon. Se in This case !?<G>\=,- a
S5. Tn Dy, let K=%Ro,D} and L= §{R., D, D, Rigy 2. Show +hat Kal 2 Dy , but Ko Dy (Hhat

i5, r\orma.lH’\a (S pot "h‘o.nS‘f‘kV&),
K a L. S[m”ar:‘!g,

Proof  Note +hat K ic o sdbarou,: of L of index %—: 2. Then bg #7,
3 - 2. so L < DL{ . However, the cosets Rap [ =

L s a SU‘ijWP of Dgf of index =
ERQOI Hg and KRQO = %_RQo 3 \/’j) are ot Q,T*OI) S0 K ¢ Dq . @
.

¢ - ’ n
o1 G s a normol sv"oaravf of G. Gereralize .,

647 Si’low “r’na‘l’ 'Hne; in‘l‘cfSQC‘Hon O{' +WO norma’ SV'bar»va.

&D‘U"E led Ha G and K a6, Let 866 ornd we HNK. Since ¥ ¢H and HQG,W& hove 3)(3-]

Lil{ewise,, xe and K< G imf:}(e: 3)(3 K. Thus, 3)(3'{6 HnkK, so k,‘j the Normal SuLgmu’;

Test, HAK 9 6. B

G&ﬂ.e(o&}x‘talduv\ & T\_-F Hl 4 G) H2 <4 G; oot

y Hhn QG then H, N...N0HA 96G.
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(3. TF Na G ond \G/N] =m, shew 4ot x"e N Vxe@.

Proof [t xe G. Since xNE€ G/N and [G/Nl=m, L(j Laaranﬁe\S Them we have (xN)" = N.

Then y™N=N imFl{cS xMe N. B
(5. IF G s nonobelian, show Hot Aut (G) is not C'ac!(c_,
r‘i({of Suﬂ;ase 53 way of contradichon Thot Avt (G) s cﬁc:fic_. Then Lv the Fund. Them of ng!/c,

C‘;l’OUFS) Tnn CG) fs OJ,SO C(a(_il'c,. B:j —l—}lﬂY\ ﬁ-"[, Inn (G) ; G/Z(G), so H«is iMPl(CS

G/ZCG) s czdic. Then l’j Them 4.3, G {5 abelian = contradiction. Thus, Aut (G) is
hot cyclic. B
(
2. T+ H4a G oand =2, pove thet Hg 2(G),

Poof  Let H= te, hi. Ccr+m’h[3 ce Z(G), so i+ suPfices t show thot he 2(G). Led g€ G

Then %b\‘-%ha")a = [,,lg for  some l"lé H ¢nee Ha G. TF h‘:g’ +hen Sin '»[qj >

3\":3 = k=ei o contradicton. Thus, h' = h, se 2“""\7 = he 2<G> D -

qug*‘cr |0
6. Let G = (R[X], "‘l")) and  for Fé 6, denole ba f{‘ Hhe  onhidesvatve o; _J/; Hiad passes "."‘1-'0?7"1

X

(0.0), Show +hat f‘. G- G s o L‘\omorraorps-\l'IM. Whot s Fhe “unﬁ{,? Ts +his map A

L‘xomomarpk{sm f _H\ denoks Hhe anfidedvative fassing -H\,WJ.% (o/{)_?

C)

frowc Since f’? = (:(X) + C passes ‘Hnruvjl—» {o,0), we have +hat F(o)+C = O+C =0 = C =0

So  the constant of integration is O ¥Yfe G and we can s@fe!a drep it. Let ‘F,aEG.
Then [(f19)= F+6G = (f+ fz' so § is a homomorphism. The Kernel it t+e
set {1 feG | ff-03 =507 te 2ero funchion only . T f§ inskad denokes The
anks decivative passing H\ng\ (0,1), then [f=F()+C » Fo)rc=0+C=1,s52 C=1[.
Then f(pa)? F+a+1 but F 4+ fz S FH FGHI = Fr G+ 2, s0 § s not &
: homomorphism in this cose. B
1. Tf $:G6H, ot Ho K ore homemorphisms, chaw +hat e IK i o homemorghism.
thw are Kee (§) ond Kee (@) celaked T TF & and o are onto and G is Finife, deserbe
[Keelo @)t Ker (8)] in derms of [Hl ana K.
ngz_»f Lt a,beG. Then odlab) = o (Blab)) = o (DA d(B)) = 5 (d(a) o (AL = o p(a) o Blb),
o od s homomorphism. TF x e Kec (9), then o ¢(x) = s () = o (ey) = Cy > 59
K€ Kee (g6). Thus, Kee (4) € Ker (o0). Moreover, since Kee (d) a G we have
e (9) 9 Kec (o). New ascume $, o are onb and G| < 0, Then ¢(G)=H, o(H) =K, so
by the Fust Tcomocphism Them, G/Keff@ 2 H, Clreod) & 0d(6) = o(H) =K. ﬂe,gx,:o,tl
\ec(o® | _ \G1 /1R [H]

5\3 Lo\arar\ae‘s T}\rm \Kgr (‘c'é)', l(er é‘ = ——— = —_—
\Kec o | FARALY LKl J.
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g. [y G be o %muip of ‘Pe_fmu‘:'a‘lfonsf and  For e G d‘—{:"na &

an (&) = [ if e is even
dn\ E-f

f oo s odd .
Prove  thot 53”1 G — g};'lj 5 & L\omomorf))rrr';m. Whod (s +he Kema%? ij doer
+his  allow you to  conclude that A, 9 Sh 7

?rooﬁ Lot

dvp (& G . RCCQI! ‘F’?\Jm HV‘I 5 ioj

that off is even &5 o and B ace both even or
both odd. TF op is even, then sqn(«p) = | and  sqn(x)sgn(g) = 11 oc (-D(D),
both of which ore I, so  +the Fmrerlz) holols  in +hic case. TF “p s odd, 4hen one of
o(,}g s tven and the othec s odd o

sjh ,”D(?\): - | , S‘jn (Ol)s‘jn(ﬁ): A,’(—’)’— '{.
Thus 5jn < a komomorfh{sm, Bg Construction

Ker (fjn\) = {a—eG I o s evw}'
To\K\'na G = Sn ﬁrves Kee Cijﬂ) = Ar\ , and Stnee Kee (p) 4 S
we MAJ conclude +hot Ap 4 Sn— A

n 'FV' Qven\} l’lwmorr"\ffm ¢f Sn—% H)
Q. Prbve Hiat 'qu ma.PFM

T G H — & LJ Tf(ﬁlln)—‘-? 1S a "\omomor/;k{xm ( called +he
projection mapping). Whot is  the Kernel?
Pr‘oo“:

/Le+ ﬂ|)31 € C’;) ht;l’\z é H s ’}“na'&” le,b\,), CEZ'hL> & G@ H ﬂﬁn

rf[(fﬂn"‘!\)(jzwl’\z)] N Tf(j\sz hihy) = J1 g2 = n(ﬁuh,)n’(gl,k,_)' so TT IS a L\amomor?ﬁu'sm.
We have Kee () = fegd @ H since ™(gh) = ¢, #F

N

37 % -
. SUFPOSC P Z3 - z3o e homo"""f’;liSm and Kee (@) = %5, o, 3-52 IF ¢ (23)=

| .
determine all  elements

—

Z
thot map b 9,

Bj Wrm lo. 1 ((,)} we l'\o\ve Hat é-lc Ei) = 5:—3 5 Kll"(d>) = m
35 Prove

hat ¢ 79 7 — Z 3i\len 0(1 qb(a,b): a-b is & komomorFk\'Sm. What 1s Mar(ﬂbj?
Descrbe the set 07'(3).

Froof

J

Let  a,b cd &€ 7. Then @ [(a,8) + Le,d)]

= d) (a{»C,b'}—d)

= a-b+ c-d

W

a+ec -b-4d

cj)(a,’a) + @(CIA) .

ﬂ“‘: ¢ ﬁ‘S a l‘homomorpl“zz'.‘,nﬁ, I‘P

{a,‘:) e Ker Cdf}l then

oa-b=0 D az=bh. v,

¢Ca~;°‘) =a~n =0 S Ca/a) e Kc(((‘b) -r‘l'HAS’ Ker (¢) = g(ﬁ,&)[ ﬂezg ,
Since ©(3,0) = 3-0

Converse

-

"3, 57 Threw (0.] (6) we

l’)av’e

$-'(2) = (3,0) + Ker(9)

%(a+3,a>\aezg_ 7]



