
ADVANCED CALCULUS MAA4102FINAL EXAMFALL 2005 Name:No notes, books, or alulators permitted during the exam.Eah problem is worth 25 points.Explain all answers!1. a. Give a areful statement of the least upper bound priniple.
b. Prove: Every bounded inreasing sequene onverges.
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2. a. Give a areful de�nition of what it means for a sequene to be Cauhy:
b. Prove: If a sequene is Cauhy, then it is bounded.

. Prove: Every Cauhy sequene onverges.
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3. a. Prove: If f(x) : [a; b℄ ! < is ontinuous at eah x 2 [a; b℄; then f(x) isbounded. (In the proof of this theorem, you are NOT allowed to assumethe extremum theorem.)

b. Give a areful statement of the Extremum Theorem.
. Give a areful statement of Rolle's Theorem.
d. Prove Rolle's Theorem.
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4. a. Give a areful statement of the intermediate value theorem.
b. Prove: If f(x) : [a; b℄! < is ontinuous at eah x 2 [a; b℄;w(x) : [a; b℄ ! < is ontinuous at eah x 2 [a; b℄; and w(x) � 0 for eahx 2 [a; b℄; then there is a point z 2 [a; b℄ so thatR ba f(x)w(x) dx = f(z) R ba w(x) dx:
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5. a. If f(x) = x � 12 sin(x) + 10; then show that f(x) has at least one realroot.
b. If f(x) = x� 12 sin(x)+10; then show that f(x) annot have two distintreal roots.

. If f(x) : < ! < is di�erentiable at every x 2 < and f(x) is stritlyinreasing, then is it neessarily true that f 0(x) > 0 for all x 2 <? Explain!
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6. a. Give a areful statement of Taylor's theorem. (Be sure to inlude theerror term.)
b. If f(x) = os(7x) for x 2 [��2 ; �2 ℄ and tol = 1105 ; then �nd an integer nso that the nth degree Taylor polynomial approximates f(x) with error lessthan 1105 :

. Find the Taylor series for the funtion f(x) = x ln(1� x3):
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7. a. If f(x) = x� e ln(x); then show that f(x) is inreasing on the interval[e;+1):

b. If f(x) = x� e ln(x); then show that f(x) � 0 for all x 2 [e;+1):

. Show: � � e ln(�):
d. Show: e� � �e:
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8. a. De�ne what it means for the integral to exist. (i.e. De�ne the symbolR ba f(x) dx:)

b. If F (x) = R 3xx2 sin(x3) dx; then ompute F 0(x):

. Using the �� Æ de�nition show that limx!5 x2�25x�5 = 10:
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