
ADVANCED CALCULUS MAA4102FINAL EXAMFALL 2006 Name:No notes, books, or alulators permitted during the exam.Eah problem is worth 25 points.Explain all answers!1. a. Show how the Arhimedes/Heron Algorithm an be used to ompute thesquare root of 7. (i. e. If x0 = 1; then give the reursive formula to omputexn+1 from xn):
b. Prove: If K > 0; then the Arhimedes/Heron Algorithm produes asequene whih is bounded from below by pK:

. Prove: If K > 0 and xn denotes the nth term in the Arhimedes/Heronalgorithm to approximate pK and x0 = 1; then xn+1 � xn:
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2. a. Give a areful DEFINITION of what limx!a f(x) = L: means.
b. Using the DEFINITION of limit, prove: limx!3 x2�11x+24x�3 = �5:
. Give a areful DEFINITION of what it means for a funtion f(x) to beontinuous at a point x = a:
d. Using the DEFINITION of limit, prove that the funtion f(x) = jxj isontinuous at eah x 2 <:
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3. a. Give a areful statement of the Mean Value Theorem.
b. Give a areful proof of the Mean Value Theorem.

. Prove: If f(x) : [a; b℄ ! < is a di�erentiable funtion with the propertythat f 0(x) = 0 for all x 2 [a; b℄; then f(x) = f(a) (= onstant) for allx 2 [a; b℄:

d. Explain the onnetion between the proposition you just proved in part (above) and the Fundamental Theorem of Calulus.
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4. a. Give a areful statement of the Intermediate Value Theorem for integrals.
b. Prove the Intermediate Value Theorem for integrals.
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5. a. Give a areful de�nition of what it means for a series P1n=0 an to beonvergent.
b. Give a areful statement of the nth root test for a series P1n=0 an:
. Prove the nth root test for a series P1n=0 an: (i.e. Compare this serieswith another well-known series.)

d. Draw a piture whih explains why an alternating series onverges.
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6. a. Give a areful statement of the Lagrange Theorem for polynomial inter-polation. (Be sure to inlude the error term.)
b. Given the data (1; 2); (5; 47); and (�7; 2); �nd a 2-degree polynomialp2(x) with the property that p2(1) = 2; p2(5) = 47; p2(�7) = 2:

. If f(x) = e3x for x 2 [��2 ; �2 ℄ and tol = 1105 ; then �nd an integer n so thatthe nth degree interpolating polynomial pn(x) for equally spaed points hasthe property that jf(x)� pn(x)j < 1105 ; for all x 2 [��2 ; �2 ℄:
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7. a. If f(x); [x0;+1) ! < is a di�erentiable funtion and f 00(x) > 0 for allx 2 [x0;+1) and F (x) = f(x)�f(x0)x�x0 for all x > x0; then show that F (x) isinreasing on the interval (x0;+1):

b. Give a areful DEFINITION of what it means for a funtion to beonave up (== onvex).

. Prove: If f(x) : [a; b℄ ! < is a di�erentiable funtion with the propertythat f 00(x) > 0 for all x 2 [a; b℄; then show that f(x) is onave up on [a; b℄:
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8. a. De�ne what it means for a funtion f(x); [a; b℄ ! < to be integrable.(i.e. De�ne the symbol R ba f(x) dx:)
b. Using the DEFINITION of the integral, prove that R 20 x dx = 2:

. Give a areful statement of the Fundamental Theorem of Calulus.
d. Prove: The seond part of the Fundamental Theorem of Calulus.
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