
ADVANCED CALCULUS MAA4102FINAL EXAMFALL 2004 Name:No 
al
ulators permitted during the exam.Ea
h problem is worth 25 points.Explain all answers!1. a. Give a 
areful statement of what it means for a sequen
e to 
onverge toa number L:
b. Using the DEFINITION of limit show that limn!1(4 + 7n2 ) = 4:

. Des
ribe an algorithm used to approximate the 
ube root of 11. (= 11 13 )
d. Compute the �rst three steps in the approximation of 11 13 :
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2. a. Give a 
areful statement of the least upper bound prin
iple.
b. Prove that every bounded in
reasing sequen
e 
onverges.


. Prove the Bolzano-Weierstrass theorem. (i.e. Every bounded sequen
ehas a 
onvergent subsequen
e.)
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3. a. Give a 
areful de�nition of what it means for a sequen
e to be Cau
hy:

b. Prove: If a sequen
e is Cau
hy, then it is bounded.


. Prove: If a sequen
e is Cau
hy, then it 
onverges.
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4. a. Give a 
areful statement of the Extremum Theorem.
b. Give a 
areful statement of Rolle's Theorem.


. Prove Rolle's Theorem.

d. Show how Rolle's Theorem 
an be used to prove the Mean Value Theo-rem.
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5. a. Give a 
areful statement of the intermediate value theorem.
b. If f(x) = x5 + x + 1; then show that f(x) has at least one root in theinterval [�1; 1℄:

. If f(x) = x5 + x+ 1; then show that f(x) 
annot have two distin
t realroots.
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6. a. Give a 
areful statement of Taylor's theorem. (Be sure to in
lude theerror term.)
b. Give a 
areful statement of the Lagrange theorem for polynomial inter-polation. (Be sure to in
lude the error term.)

. Given data (0; 2); (1;�3); (2; 2); (3;�2); (4; 2); (5; 3) set up a matrix equa-tion that will produ
e the 5th degree polynomial p5(x) = a0+ a1x+ a2x2+a3x3 + a4x4 + a5x5 that will interpolate the data.
d. Given the fun
tion f(x) = e 15x for x 2 [�2; 2℄ and tol = 1107 ; �nd aninteger n so that the Lagrange interpolation polynomial approximates f(x)with error less than 1107 for all x 2 [�2; 2℄:
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7. a. Prove: Limits are unique. (i.e. Prove: If lim!1 xn = L1 andlim!1 xn = L2; then L1 = L2:)

b. Give a 
areful statement of the nth root test.

. Prove the nth root test.
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8. a. Prove: If f(x) is di�erentiable, then f(x) is 
ontinuous.

b. De�ne what it means for the integral to exist. (i.e. De�ne the symbolR ba f(x) dx:)
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