L15 Areas
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How to find the area of the region that lies under the curve
y = f(x) from a to b7

ex.

Let f(x) = +/r and consider the area beneath the

graph of the function on [0, 4].

Let R, be the sum of the areas of n rectangles with

equal width

and height



1) Find Ry (n = 4): A SR SR
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For any n,

Rn:

As n — oo, what happens to our approximation?

We define the area as liml R,

= lim 2 [+ VEr+ o + VT + o+ V]

n—o0 71,

Similarly, we can also define the area as lim L, or lim M,
N— o0 TT— 0

where L, 1s the left endpoint approximation and M, is the
midpoint approximation (see page 290 of the text).



We now generalize this process:
To find the area under the curve y = f(x) on [a, bl:

Divide [a, b] into n subintervals using partition
a= =b

This creates n subintervals:

Then consider n rectangles, one for each subinterval:

Width Az =

Height: f(z;), where x; is

Area A can be approximated by the sum of the areas of the
n rectangles:

This sum 1s called a2 Riemann sum.



Summation Notation

We use summation notation to write sums in compact form:

Now, we use summation notation to express the sum more
concisely as

A =

Generally, if f 18 continuous, as the number of subinter-
vals gets larger and widths get smaller the approximation
is closer to actual area. We can then define

A —



ex.

1) Find an expression for the exact area under f(z) = z°+1
from £ = 0 to £ = 3 as the limit of a Riemann sum with n

subintervals of equal width.



2) Consider the following formula

mn

12—|—29—|—...—|—T19=Zz'2=
i—=1

n(n+1)(2n+ 1)
- .

Use it to find the exact area under f(z) = 2241 from = = 0
to x = 3 by evaluating the limit of the Riemann sum:
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ex. What area is represented by

T

| 2
lim E (—)
—00 — 1 i E T
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NOTE:




Application of Area: Distance

ex. Suppose an object moves along a track, and its velocity
in feet per second is measured every five seconds over a 20
second time interval as recorded in the following table:

Time 015 |10]15]20
Velocity(ft /sec) |24 |30 |36 | 40 |45

Estimate the distance traveled over the 20 second interval.



Find the distance traveled by an object during a certain
time interval [a, b] if the velocity is known at all times (and
1s positive).

/ v =1t
AT
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The Definite Integral

Def. If f is defined for a < x < b, divide [a,b] into n
subintervals of equal width

Ax =

Let zo(= a), 1, T2, ..., T,(= b) be the endpoints of these
subintervals and let z; be the right endpoint in the subin-
terval [z;_1, ;|.

The definite integral of f from a to b is
if the limit exists. If so, f is integrable on [a, b].

T
The sum Z [lz;)Az is a
i=1

It is used to approximate the definite integral.
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Notation
Integral sign
Integrand
Integration

Limits of integration (lower and upper)

dzx
NOTE:
_ . N2 L
ex. Express lim Iie("‘fj SAz as a definite integral on
—r 00
i=1
0,4].

Theorem: If f is continuous or has a finite number of
jump discontinuities on [a, b], then f is integrable on [a, b|.
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Riemann Sums, Definite Integral, and Area:

If f(z) > 0on [a,b]

A ¥ =1

If f(z) < 0 for some z in [a, D]

¥ =fxl

NOTE:

Signed area of a region =

ff(m}d-:s:
fm:sn o =
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Evaluating Definite Integrals as Signed Area

6
ex. Ewvaluate / (4 —x)dz.

—2

N\

6
ex. Ea-'ahmte/ |4 — x|dz.
—2
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To evaluate definite integrals using sums

If ¢ is any constant and if n is a positive integer, then

T
1. E ca; =
i=1

T

2.) (ai+b)=

1=1

3. Z(ﬂ; — E}g) —

1=1

4. Zc:

1=1

E'_.:_'I:
(7]
|

=1
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L
1
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NOTE: Using right endpoints, if f is integrable on [a, b,

b—a

T

with Ar = and r; = a + 1Az

3
ex. Evaluate / (2% — 3z) dx .
0
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Properties of integrals

l.lﬂf(mjd;r:

2. / flz)dx =
b
3. If ¢ is a constant, / cdr =

b
b [ 1f@) £ (@) de =

6. | flz)dr =
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r < (
- >0
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X

ex. If’f(I}z{

find /“ flx)dz.
-3
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Comparison Properties of Integrals

LIf flz) = 0for a <z < b, then
2.1t f(z) = g(z) for a < x < b, then

3. 0m < f(xr) < M for a <z < b, then

We can see this if f is continuous on |a, b|:

s y=hx) ¥ =fx)
e
P [ -

a B T b
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ex. Find the maximum and minimum values of
flz)=+vz*+1on [-1,1],
and use them to find upper and lower bounds for the value

1
Df/ Va2 4 1dz.
1
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