L4 Trig Limits

1) lim sinf =
—0

2) lim cosf =
0—0

3) lim tan 6 =
0—0




cosxr — 1

ex. lim
r—0secxr — 1

, SIN
ex. lm

r—0— 1 — CcOS T



Theorem. (Squeeze Theorem)

If f, g and h are functions so that f(xr) < g(x) < h(x) for
all = near c(except possibly at ¢) and if

lim f(x) = lim h(x) = L,

r—cC r—C

then

1
ex. Find lim 22 cos ()

r—0 T

1
1) First consider lim cos ()

r—0 T

1
2) Evaluate lim 2 cos ()

r—0 T



Recall: Area of a sector with a central angle of # and
radius of r 1s

In_l H
Theorem. lim o =1
6—0 6

area of sector COD < area of ABOC < area of sector AOB



1 —cos® B

Corollary. 61'111%} 3
i

tan ¢
Corollary. lim o
#—0

— |




Now we can use these limits to find the following:

SIn(8x
ex. lim M
r—0 T
. 2 .
ex. lim — (72)

r—0 3712



cX.

ex.

| sin®(2x)
0 ta.113(4:1‘.)

1 — cos(2x
. cos(2x)

r—0 :I.‘Q



Evaluate the following limits using substitution:

sin(cos x)

ex. lim
r—%  COST

_ SIN T
ex. lm
r—mwxr — 1



Limits at infinity

Consider the graph of f(x) = f

————— e — — b — e

What happens to f(z) as x increases in absolute value?

51'3[& f(x) = lim f(z)=

T—+—00

Def. lim f(xz) = L if the values of f(z) can be made

I—00

arbitrarily close to L by taking x sufficiently large.

We have similar definitions as © — —o0.

Def. 11}111 Jlx) = L if the values of f(z) can be made

arbitrarily close to L by taking x to be negative but
sufficiently large in absolute value.



Def. The line y = L is called a horizontal asymptote
of the graph of f(x) if

How many horizontal asymptotes can a graph have?

Consider the following functions:

ex. f(z)== ex. flz)=1—¢"

ex. f(x)=tan"!(z)

lim tan~'(z) = lim tan '(z) =
I—r00 T—r— 00
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Infinite Limits at Infinity

Def. lim f(z) = oo if we can make f(z) as large as we
IT—300

want by choosing x sufficiently large.

We have similar definitions for lim f(z) = oo,
I——00

Llﬂ]&@ f(z) = —o0 and Ill}ljlm f(z) = —o0.

To evaluate limits at infinity

The limit laws still apply, and are often used with the
following theorem to evaluate limits at infinity.

Theorem. If r > 0 is a rational number, then

1
lim — =
T—¥00 T

and

_ 1
lim — =
T——00 T

. 1.
provided — is defined when z — oo or z — —o0.
T

11



s 3w(22* +1)
A e 6—_223

3x(2z% + 1)

6 9,3 cross its horizontal
5 — 21

Does the graph of f(z) =

asymptote?

Shortcut for finding limits at infinity for rational
functions

Theorem.
ey = PZ)
)= @)

where p(z) is of degree n and g() is of degree m, then

)Ifm>n, lim f(z)=

T—r00

2) lfn=m, lim f(z)=

T—+00
3) If m < n, LILI& flx) = and .z:llﬂlx flz) =

12



4 — 22
24+ —2
Does the graph cross its horizontal asymptote?

ex. Find all asymptotes of f(z) =

ex. Find any horizontal asymptotes of f(x) =

What is the domain of f(z)?
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I 3
im _
z—oo In(x — 3) +4

sin(x
lim (z)
I—00 T

lim (z° — z*)
T—rod
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Consider the following limits involving exponentials:

lim e = hm e * =
T—rO0 T—+0

i 1

hm er =
I——00

2e*

ex. [ind all asymptotes of f(z) = ry—
E.,E —
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We can use the shortcut for finding limits at infinity for
rational functions on the test:
T a,r" +--- . . :
Let f(x) = P(2) = be a rational function.
qglx) bpx™+---

1) Iftm >mn, im f(z)=0.

LT—+00
: : (p
2) ltn=m, .LIEI:}G flz) = b

3) fm <n, lim f(z) =+oocand lim f(z)= Fo0.

T—rO0 T—F— D0

NOTE: We ignore the lower terms in both numerator
and denominator in this shortcut method.

4
—x= 4 3z
ex. HEvaluate: lim
=00 241

—! | 3

. 3

—z'+3x . =+ . —l+sm -1

lim 7 = lim -5 . lim i == oF
— & e I~ T— —_
r—o0 X2+ oo | -+ pov e 2 + i

= —o0 (formal way to find the limit)

—xt 4+ 3x _
lim — lim — = lim —2% = —o0c
r—oo 1241 T—00 T2 T—00

(shortcut)
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We can modify our shortcut method for an indeterminate
.., OO
limit —:

00

_ T
ex. FEwvaluate: lim

z—+—00 Qp — \/4x? — 1

(formal method) = lim

= 11111

= lim .
TR w4 2m /1 - £

= _lim ._ z .
T——00 %"‘ETE 1_ﬁ

= lim
T—— 00 2_|_2 .f

1

4
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_ T
(shortcut) = lim lgnore the lower term(s)!

=00 D — V4x?

I

= lim
r——o0 2 — |2
_ T
= lim ——
z——00 2T + 21

NOTE: We cannot ignore the lower terms for an
indeterminate limit oo — o0:

ex. Evaluate: llm 2z — v4zr?2+1
I—00

ex. Ewvaluate: lim 2z — Va2 + 2z + 1

T—+30
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