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Let n e Z wilh n > 0. Define the arithmetic function p by p(1) : 1 and p(n) : 2^ whete m

is the number of distinct prime numbers in the prime factoriztion of n'

(a) p is multiplicative but not completely multiplicative'

Proof. Let m, n e Z, rn, n ) 1 and suppose (*'n): 1' We will show that

P(mn): P(m)P(n)'

Theresultisclearlytrueif nLorn:1. Weassume ffi,fr21' Supposetherearerdistinct

primesintheprimefactorizationofrr,andsdistinctprimesintheprimefactorizationofm.
Then since rn and n arerelatively prime there are r * s primes in the factorization of' mn'

Hence
p(mn):fr*s :2'2' : P(m)P(n)'

Finally we show that p is not completely multiplicative' Now p(2):2 and p(22) :2 so that

p(2.2) * p(z)P(z).

(b) Let 
n:P1'P3'"'P?;:

be the prime factorization of rz' Then

f (n),:L,p4l: 
fr,t 

+20'i)'

Proof. First let p be prime and suppose a is a positive integer' Then

f (P"): IP(a)
dlP"

: p(1) + p(p) + p(p') + "'p(P")
:1*2+2+"')-I*2a.

Therefore

r (") :-',Yrl'ii 
rrii*), r*,

(since p and,hence / are multiplicative by Theorem 3'1

(1 + 2a1)(1 * 2a2) "' 1t + 2a^)
,ITL

: fl(t +2a'')'
i.:r
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Define )(n) by

( t, if n:r
)(rz) : 

I 
t-tr-''i,:;i'::";;;ff,#iff,ll'i;Jl"mbers

Then

(u) )(rz) is completely multiplicative.

Proof. Suppose m and n are positive integers. We show

A(mn): )(rn))(rz).

),(mn):.\(rz) : t.)(n) : )(nz)Xrz).

If. n :1 then the result holds similarly.

Now suppose rn and n are great than 1. Suppose further thal m is a product of k (not
necessarily distinct) primes and that n is a product of / (not necessarily distinct) primes.
Then it is clear that mn is a product of. k * (, (not necessarily distinct) primes and

\(mn) : (-I1n+t: (-l)t(-t)/ : .f (rn).1(rz).

Hence )(rz) is completely multiplicative.

(b)

If.m:1 then

n

?^"' 
:{l; if n is a perfect square

otherwise.

Proof. We define

F(n) : D ^toldln

for postive integers n.. Since ) is multiplicative f'(n) is multiplicative by Theorem 3.1 (p.79).

Now let p be prime and a a positive integer. Then

F(p"): )(1) + )(p) + )(p') +...+,\(p")
-1-1+1-1+"'*(-1)'.

So when a is even we have

F(p"):(1 -1) +(1 -1)+...+(1 -1)+1:1,



n?,a\
''v J

and when a is odd we have

F(p"):(1 -1)+(1 -1) +...+(1 -1):0.
The result is clearly true when n : \.It is also clear that n is a perfect square iff n has a
prime factorization of the form

n:pi'pg^?...pf"r
where each ai is even. In this case we have

F(n) : F(P7'P7" "'PZr)
: F (pi') F (p3') . . . F (pi,r)

since F is multiplicative
:1.1...1
-1.

If n is not a perfect square then at least one of the oy is odd, sa! aio. In this case we have

F(n) : F(Pi'Pi' '" P;:' " 'Pi-)
: F (pi\F (p3\ . . . F(p;:) . . . F (p7"^)

: F(pi')F(pi') ..' 0 . .' F(pi-)
-0.

This completes the proof. ,f. .r1'* ? .2
(q # 10(e),(g) (p.sa)

(") Lel n: 4851. Then

tr

n:3272!7,

d@) :48511I(1 - :)
pln v

: 32 72 LL(2 I 3) (6 I 7) (ro I 11)
: (3)(7)(2)(6x10)
:2520.

(e)

15! : ( 15) (14) (13) (12) (1 1) (1OXe) (8X7) (6X5X4) (3X2) (1)

:2rt .36 . 53 .72 .rr .rz.

d(15!) : (2" - 2'o)(3u - 3u)(5. - 5")(7, - 7) .r0 .12

: 2r035(2)5'ze)7$) -10 .72

:217 .37 . b3 .T :2bo8226b6ooo.
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(a) There a,re infinitely many integers n for which d(") : ?.

Proof. Let n:2o3b where a and b are any positive integers. Then by Theorem 3.4,

^ / 1\ 1.. 16(r):n II Ir-1,) :n(r-iltt-:
prn \ p/

' p prime

L2 n:''t 5:5
Therefore there are infinitely many integers n, for which d(") : ?. tr

(b) There are no integers n for which Q(") : t.

Proof. Suppose (by way of contradiction) thf S(n): ft for some positive integer n. Then
by Theorem 3.4, we have

/
TI (t-1): TI k-1) - t

,ii^.\'-tl-,ii^" o -u'

'and
+f{1r-1) :flp

pln pln

This implies 22 | I|pl,p which is impossible since the highest power of 2 that could divide

llolrp is 21 by unique prime factorization. We have a contradiction and so there are no

integers n for which d(") : ft. tr
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ff t6(a) (Ch3, p.85) Let n be apositive integer. Then

\/"" i<6(n)<n'
Proof:Let n be a positive integer. Since'

Zi : {m : 7/-m 1n, (rn,n) : 1} C {L,2,...n}
we have

6@):lz;l<".
Next we show that

@ < o@).,2
First, we prove that for a ) L

( ^a/z
d@\ > \I"'i;, if p is an odd prime

lrT*'- ' if P : 2' 
"' (*)

Let p be an odd prime and suppose a ) 1. Then

o.&x2.4,
so that ,/5 s l*p - p, p 1 J\(p - 1) and

P 

' Srt'p- L

Since p is odd

p"/r>81/zrJ -- p-L
/p-'\r 'lp"/2>L
\ p /'

ft - :) po ) po/2
\ P/

and by Theorem 8.3 we have 
oa - oa-r ) p"/"

4(p"):po-po-')p"/'.
Let,p:2 and suppose a) L. Then a ) af2, a-I) ("/Z) - 1 and

4(2") :2a - 2a-7 - 2o-7 > 2a/z-r : !2o12.
2

Hence (x) holds.
The result is clearly true for n: I. Now suppose r, > 1 with prime factorization

n : 2"p?rp?" . . .pl, 
,



ry9

lu
where a ) 0. We note that (*) also holds when o: 0. So using (*) and the fact that
/ is multiplicative we have

6(rt) : 6Q)d(pi')6(pl")''' Q(pi')
1 ,^'

> )2"/zr"'/' p3"/' . . . pl' /'-2
L,-: ;/n' n

# 16(b) (Ch 3, p.85) If rz is composite, then

d(n)<n-1/n.
Proof:Suppose n is composite. Then n, has some prime divisor p- < \fr. by Prop 1.7

(p.1t). We have

11
-)-.y'-{n'
11

--a--PI - 1/n'

1- 1<1-4.
!- 1/n

By Theorem 3.4 we have

d@):"1{tr _ 
}l

pw

1

S n(t - -; (since each factor (t - tlfl ! t)' p''

<n(L--=l :n-t/n.
\/n

So

d(n)<n-t/n. !
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# 32 (ch 3, p.88) u(n) is odd if and onry if zz is a perfect square.
Proof:Let

. n: p\rpgr...pl,
be. the prime factorization of. n where tlie ai > 0. Then by Theorem 3.g we have

,@) :n(a.i * L).
i:7

Now z(n) is odd iff each fac^tor (a.t + I) is odd;i.e. a6 is even for all i. Hence u(n) isodd if and only if n is a perfect square. !
# 34 (Ch 3, p.8g) Let k e Z with k > L. The equation

. u(n) :1x (A)
has infinitely many solutions.
proof:Let k e Z with k > 1. Let n: pk-t, where p is any prime. Then by Theorem
3.7

u(n) : r(po-') : (k -1) + 1 : k,
and n - pk-t is a solution to (A). Since there are infinitely many primes p the equation(A) has infinitely many solutions. ! 

----J --'
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# 47 (Ch3, p.91) Let n e Z with n > 0. Then

\- 1 -' o(n)
, Z-rd n.

dln
. d>o

Proof:Let n e. Z with n > 0. As d runs through the positive divisors of n so does
nf d. Hence

o(n) : f a: D,:: "t +.M M. Ty,"
Dividing by n we obtain the result. n
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-we obtain the result. I

ff 53 p.95 Let n be a perfect number. Then

\-1:r? a-'
;y,

Proof:Let n be a perfect number. Then

/ \ 5-d:2r.o\n) : t-
ty,

Flom the previous problem we have

f 55 p.95 Let n1, rtr2t ..., n*be distinct even perfect numbers. Then

d(npz.' . r^) : 2*' Q(nr)Q("r) . . . 6(n*).
Proof:Let TLL, rL2, ...r frm be distinct even perfect numbers. Then

n4 - 2nr-r(2e - 1) (by Theorem 8.12),

for each i, where each pi is prime and (2u - 1) is prime. It is clear that the pi are
distinct and hence the 2]a - L are distinct primes. Now, for each z we have

d(no) : 612nt'-r (2ru - t))
: O(2pt-\d(2et - t) (since @ is multiplicative and the two factors are relatively prime

: (2nt-r _ 2ne-2)g(2e _ I)
:2nt-2612n, _ 1).

We have

6(nrnz. . . n*) : 61Zn-L (Zu - 112n2-r(2e" - L) . .. 2n*-r 12p^ - I))
: Q()n+nz+...+e^-nn)(2et _ I)(2p2 _ 1) .. . ee^ _ I))
: Q()n+az+*+n*-m)Q(2pt - I)6(2p2 _ 1) .. . O(2e^ _ I) (since @ is multiplicativ
_ 2pL+p2+...+n^-m-r4(2o' _ l)612o' _ 1).. . O(2p^ _ I)
: 2(n-z)+(n2-2)+"'+(p^-2\+rn-rO(2pr - l)QQe, - 1) . . . Oep* - I)

- 2m-r2n-ro(rr' _ L)zn"-zrt2p" _ 7)...2o^-2612r^ _I)
: 2^-LQ(nt)Q@) . . . Q(n*),

by (B), and this gives the desired result. !

:t.\-1'-,Lr d
aln
d>0

- 
1 o(n\ 2n\ -- -o T"l_A.U

7d, n n
aln
d>0
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