Fion 2.
J 14 (5:80)

Let n € Z with n > 0. Define the arithmetic function p by p(1) = 1 and p(n) = 2™ where m
is the number of distinct prime numbers in the prime factoriztion of n.

(a) p is multiplicative but not completely multiplicative.
Proof. Let m, n € Z, m, n > 1 and suppose (m,n) = 1. We will show that

p(mn) = p(m)p(n)-

The result is clearly true if m or n = 1. We assume m, n > 1. Suppose there are r distinct
primes in the prime factorization of n and s distinct primes in the prime factorization of m.
Then since m and n are relatively prime there are r + s primes in the factorization of mn.
Hence

p(mn) = 2" = 272° = p(m)p(n)-

Finally we show that p is not completely multiplicative. Now p(2) = 2 and p(2%) = 2 so that
02 2) # p(2p(2). O
(b) Let

n=pi'py’ P
be the prime factorization of n. Then

m

£ =3 pld) = [T+ 20

din 1=1

Proof. First let p be prime and suppose a is a positive integer. Then
F%) =Y rd)
dlp®
= p(1) + p(p) + p(p*) + - p(0*)
=14+24+2+---2=1+2a.

Therefore

f(n) = fp1'p5* - - D)
= f(P)F(3) - F i)
(since p and hence f are multiplicative by Theorem 3.1
= (14 2a1)(1 +2a9)--- (1 + 2am)
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Y #7 (p.80)

Define A(n) by

1, fn=1
An) =4 (=1)%,  ifn=pips---pp where p1,ps, ... 0
are not necessarily distinct prime numbers

Then

(a)  A(n) is completely multiplicative.

Proof. Suppose m and n are positive integers. We show
A(mn) = A(m)A(n).
If m =1 then
A(mn) = A(n) =1 A(n) = A(m)A(n).
If n =1 then the result holds similarly.

Now suppose m and n are great than 1. Suppose further that m is a product of k¥ (not
necessarily distinct) primes and that n is a product of ¢ (not necessarily distinct) primes.
Then it is clear that mn is a product of k + ¢ (not necessarily distinct) primes and

Mmn) = (=1)"* = (=1)*(=1)* = A(m)A(n).
Hence A(n) is completely multiplicative. O

(b) o
Z i) = { (1), if n is a perfect square

; otherwise.
dln

Proof. We define
F(n)=>_Xd)
dln

for postive integers n. Since A is multiplicative F'(n) is multiplicative by Theorem 3.1 (p.79).

Now let p be prime and a a positive integer. Then

F(p*) = A1) + Alp) + A(0®) + -+ + A(p*)
= D= e ot T oo snfe [T

So when a is even we have

Fo)=(1-1)+0-1)++0-1)+1=1,



and when ¢ is odd we have

Fp)=1-1)+(1-1)+---+(1-1)=0.

The result is clearly true when n = 1. It is also clear that n is a perfect square iff n has a
prime factorization of the form

n = p‘lllpg2 v .pzk
where each a; is even. In this case we have
F(n) = F(p'p3* -+ i)
= F(o")F(pe*) - F(pi*)
since F' is multiplicative
=1-1..-1
= 1.

If n is not a perfect square then at least one of the a; is odd, say a;,. In this case we have

F(n) = F(p3'p3® - - .p;?;o .. 'pZ’“)
a

= F(pi")F(p*) - F(p;°) - - - F(pp¥)
= F(p")F(p*)---0--- F(p}*)

= 0.
This completes the proof. \f; c Ac.,, 2 i O
(@ # 10(e),(g) (p-84)
(e) Let n=4851. Then
n = 37711,
¢(n) = 4851 J(1 - i)
pln
= 327%11(2/3)(6/7)(10/11)
= (3)(7)(2)(6)(10)
= 2520.

- 15! = (15)(14)(13)(12)(11)(10)(9)(8)(7)(6) (5)(4)(3) (2)(1)
=21 .36.5%.72.11.13.

B(15!) = (211 — 219)(3% — 3%)(5° — 5%)(72 = 7) - 10 - 12
= 21935(2)5%(4)7(6) - 10 - 12
=2'7.3".5%. 7 = 250822656000.



p-S)
Moy #14 (p.85)

(a) There are infinitely many integers n for which ¢(n) = 2.

Proof. Let n = 2%3° where a and b are any positive integers. Then by Theorem 3.4,

= I ()

pln
p prime
1 2 n
=n----=—.
2 3 3
Therefore there are infinitely many integers n for which ¢(n) = 2. |

n

(b) There are no integers n for which ¢(n) = 2.

Proof. Suppose (by way of contradiction) that ¢(n) = % for some positive integer n. Then
by Theorem 3.4, we have

pln pln
p prime p prime
and
4[[e-1=]]»
pln pln

This implies 2 | lenp which is impossible since the highest power of 2 that could divide
lenp is 2! by unique prime factorization. We have a contradiction and so there are no

integers n for which ¢(n) = 7. O
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# 16(a) (Ch3, p.85) Let n be a positive integer. Then

Proof:Let n be a positive integer. Since

Zy ={m :1<m<mn, (mmn)=1}C{1,2,...n}

we have
o(n) = ’Zﬁl <n.

Next we show that

3

First, we prove that for a > 1
a/2 .f . dd .
p**, if pis an odd prime,
a > *
el 2 {%Pa/z, if p=2. ®)
Let p be an odd prime and suppose a > 1. Then
p > V3 24,
Vv3-—1
so that v/3 < v/3p —p, p < V3(p — 1) and
<3
p—1

Since p is odd

-1
p
<1 . ;1_) pa Z pa/2
p

’ pa _ pa—l > pa/2
and by Theorem 3.3 we have
¢(pa) — pa _ pa—l > pa,/2'
Let p = 2 and suppose a > 1. Then a > a/2, a — 1 > (a/2) — 1 and

¢(2a) =98 _9a-1_ ga-1 > 2a/2—1 — %za/2.

Hence (*) holds.
The result is clearly true for n = 1. Now suppose n > 1 with prime factorization

a,.01

n = 2°py'py* - - plr,



9

/4

where a > 0. We note that (*) also holds when a = 0. So using (*) and the fact that
¢ is multiplicative we have

¢(n) = ¢(2%)o(p1")d(p5) - - $(p7")

1oas a1/2 a o
o §2a/2p11/2p22/2 .. _prr/Q
1

Lo
2
# 16(b) (Ch 3, p.85) If n is composite, then
B(n) <n— Vi

Proof:Suppose n is composite. Then n has some prime divisor p’ < \/n, by Prop 1.7
(p.11). We have

&
p
1
p
L
p

Y

Bl

~

IA
|
Bl

~

Bl

1- =<1~

~

By Theorem 3.4 we have

1
¢(n)=n]J(1- )

pln

1
<n(l- 17) (since each factor (1 —1/p) < 1)

Sn(l——\/l—ﬁ)=n——\/ﬁ.

b(n) <n—vm O

So
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(p-10)

# 32 (Ch 3, p.88) v(n) is odd if and only if n is a perfect square.
Proof:Let

ai a2

n=Dpypy” e pr
be. the prime factorization of n where the a; > 0. Then by Theorem 3.8 we have

v(n) = H(ai +1).

Now v(n) is odd iff each factor (a; + 1) is odd:i.e. a; is even for all ¢. Hence v(n) is
odd if and only if n is a perfect square. [J
## 34 (Ch 3, p.88) Let k € Z with k > 1. The equation

- v(n)=k (A)
has infinitely many solutions.
Proof:Let k € Z with k> 1. Let n = p*~1. where P is any prime. Then by Theorem
3.7
v(n) =v(p"1) = (k - 1)+1=k,
and n = pF~1 is a solution to (A). Since there are infinitely many primes p the equation
(A) has infinitely many solutions.  [J
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(P-13)
# 47 (Ch3, p.91) Let n € Z with n > 0. Then

5327
d n
d|n
d>0

Proof:Let n € Z with n > 0. As d runs through the positive divisors of n so does

n/d. Hence
n 1
dln d|n dn
a>0 a>0 da>0
Dividing by n we obtain the result. [
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v"7, we obtain the result.

Dividi

# 53 p.95 Let n be a perfect number. Then

> i
=
dln
d>0
Proof:Let n be a perfect number. Then

n)=)» d=2n.

dln
d>0

From the previous problem we have

21:@:%:2' 0
d n 0

dn
d>0
# 55 p.95 Let ng, na, ..., n, be distinct even perfect numbers. Then
P(rang -+ nm) = 2" (n1)p(ng) - - - ().
Proof:Let ng, ng, ..., n, be distinct even perfect numbers. Then

n; = 2P71(2P — 1) (by Theorem 3.12),

for each 4, where each p; is prime and (27 — 1) is prime. It is clear that the p; are
distinct and hence the 2P — 1 are distinct primes. Now, for each 7 we have

3m) = (2127~ 1)
= ¢(2P (2P — 1) (since ¢ is multiplicative and the two factors are relatively prime
— (2121'—1 _ 2pi—2)¢(2m _ 1)
— 2Pi—2¢(2pi _ 1).

We have

¢(n1n2 ce nm)

PRI — 122 — 1) 2 (2o 1))
BP0y (o 1)
= (PPt FPmTI (9P — 1)(272 — 1) .- p(2P™ — 1)  (since ¢ is multiplicativ
— et ol g(om _ 1)g(am — 1) (2P — 1)
= 9P =D+ Pe= Dt pm=Y+tm—1yom _ )é(2P2 — 1) . p(2Pm — 1)
= 2mTIgP2g (2P — 1)2P2 2 (2P2 — 1) QPm—2gy(9Pm _ 1)
= 2"71¢(n1)p(n2) - - - P(1m),
by (B), and this gives the desired result. O
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