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2 W. W. Hager et al.

1 Introduction

In this paper we develop an interior point algorithm for the box-constrained optimi-
zation problem

min {f(x) : x € B}, (1.1)
where f is a real-valued, continuously differentiable function defined on the set
B={xeR":1<x<u} (1.2)

Here 1 < u and possibly, [; = —oo or u; = oo. Initially, to simplify the exposition,
we will focus on the special case

min {f(x) : x > 0}. (1.3)

The algorithm starts at a point x; in the interior of the feasible set, and generates a
sequence Xy, k > 2, by the following rule:

Xp+1 = Xg + spdg (1.4)

where s € (0, 1] is a positive stepsize and the ith component of dj is given by

1
dii=— —— g . 1.5
¢ (/\k + g (Xp) /xki )g 0 1>

Here Xx is a positive scalar, g;(x) is the ith component of the gradient V f(x), and
t+ = max{0, ¢} for any scalar t. We compute A using a cyclic version of the Barzilai—
Borwein (BB) stepsize rule [2] in which the same BB step is reused in several iterations.
We call the algorithm (1.4)—(1.5) with this CBB choice for A the affine scaling cyclic
Barzilai-Borwein method (AS_CBB).

We now motivate the search direction dy in (1.5). The first-order optimality condi-
tions (KKT conditions) for (1.3) can be expressed in the following way:

X!(x)og(x) =0 and x>0, (1.6)

where

L if gi(x) <0,

X x) = .
i (%) x; otherwise.

(1.7)

Here “o” denotes the Hadamard (or component-wise) product of two vectors in R”.
Thatis, ifx,y € R”, thenxoy € R” and (xoy); = x;y;, where x; is the ith component
of x. For a convex optimization problem, the KKT conditions (1.6) are necessary and
sufficient for optimality. Our algorithm for solving (1.3) is an iterative method to find
a nonnegative solution to the nonlinear equation X! (x) o g(x) = 0.

@ Springer



An affine-scaling interior-point CBB method for box-constrained optimization 3

In Newton’s method for solving X!(x) o g(x) = 0, the Newton direction dy is the
solution of the linearized equation

H(xy) di = — X' (x¢) 0 g(xx), (1.8)
where
H(x) = diag(X' (x¢)) V2 f (x¢) + diag(g™ (x¢)). (1.9)

Here diag(x) is an n by n diagonal matrix with ith diagonal element x; and g* is the
vector whose i-component is gl.+ . In situations where V2 f(x) is a huge, dense matrix,
it can be time consuming to solve the linear system (1.8). For the approximation
V2 f(xx) ~ Al obtained by a quasi-Newton method for example, the corresponding
approximation to the Newton search direction reduces to (1.5).

This algorithm emerged in the context of image reconstruction for positron emission
tomography (PET) [7,6,22,24,25] where there is a large data set, and V2 f(x)isahuge,
relatively dense matrix. The penalized maximum likelihood reconstruction problem
in PET imaging is equivalent to minimizing the following objective function:

r)gi{)l f(x) = Z([Ax]j —bjlog [Ax];) + P(x), (1.10)
> =

where A is an m by n probability matrix (columns are nonnegative and sum to 1, row
sums are strictly positive), x € R" represents the unknown image, b € R™ (b > 0) is
the emission data, and P (x) is a convex (smoothing) penalty term. The penalty term
is used to smooth the reconstructed image. Our convention is that log(0) = —o0. Due
to the log term in the cost function for (1.10), the cost function could be infinite when
an algorithm generates an iterate on the boundary of the feasible set. An advantage of
AS_CBB is that the iterates always lie in the interior of the feasible set; consequently,
no modification of the algorithm is needed to prevent an undefined value for the cost
function.

The BB method is a quasi-Newton method in which the Hessian V2 f (X¢) in New-
ton’s method X441 = X — V2f(xk)_1g(xk) is replaced by Al where Ag, for k > 2,
is the solution to

min [[Asg_1 — yi—1ll2-
reR

Here sy—1 = Xy — Xk—1, Yk—1 = 8 — -1, and g = g(xx). To achieve global
convergence, we need to bound the denominator in (1.5) away from zero. This leads
to a modified formula

T
. Sp—_1¥k—1

AEB :=arg min |[ASx—1 — Yk—1ll2 = max { Ao, ]er , (1.11)
A=A Si_1Sk—1
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4 W. W. Hager et al.

where kK > 2 and Xy > O is a fixed parameter. The starting parameter value )LlfB can
be chosen freely, subject to the constraint A; > Ag; for example,
AP =max {Xo, lIg1lloo}-

The BB method is superior to the classic steepest descent method in both
theory and practice [3,4,14,17,19]. For two-dimensional strongly convex quadratics,
R-superlinear convergence was established [2]. The convergence speed increases when
the Hessian becomes ill conditioned, unlike steepest descent [1]. In this paper, we will
employ the cyclic BB method (CBB) in which the same BB step is reused several
iterations. CBB is a special case of a general class of gradient-based algorithms first
presented in [18]. The analysis of [18] yields global convergence for CBB when f
is a strongly convex quadratic. In [11] R-linear convergence of CBB is established
for general convex quadratics, while [13] establishes local R-linear convergence for
general nonlinear objective functions. BB methods are locally convergent, not globally
convergent, for general nonlinear objective functions. Global convergence is achieved
by using a nonmonotone line search [5,13,14,17,26].

Recently, BB-type methods have been applied to constrained optimization. In [12,
20,28] the authors use gradient projection and active set techniques to extend BB-type
methods to box constrained optimization. Our scheme (1.4)—(1.5) is an extension of
the CBB method to constrained optimization which is closer in spirit to the affine
scaling methods where the iterates are always in the interior of the feasible region.
Affine-scaling was first proposed in [15] for linear and quadratic programming. It has
been extensively developed by Coleman and Li [8-10] and others (see [16,21,23],
for example). Most of these methods are Newton or trust-region type methods which
require either the evaluation of Hessian or the solution of a linear system of equations
in each iteration. The terminology “affine-scaling” which is used to describe these
methods in [21] and [23], is also employed in our paper. In [21,23] the authors write
the first-order optimality condition as a nonlinear equation which is a product between
anonlinear scaling matrix and the gradient of the objective function. Different choices
for the nonlinear scaling matrix lead to different algorithms. Our AS_CBB method
corresponds to a diagonal nonlinear scaling matrix with X! (x), defined in (1.7), on
the diagonal.

Recently, Zhang [29] proposed a general framework for monotone affine-scaling
interior-point gradient methods for box constrained optimization, however, an efficient
implementation of his methods are an open problem. When the dimension is very large,
which often occurs in medical imaging research, evaluating the Hessian and solving
the large system of equations which arise in affine scaling methods is time consuming,
unless the problem has special structure. The CBB affine scaling method which we
introduce does not require the solution of a linear system. Hence, the iterations can be
performed relatively quickly.

The paper is organized as follows. In Sect. 2 we introduce the cyclic BB method and
our nonmonotone line search. Since the BB method does not monotonically reduce
the value of the cost function, a nonmonotone line search is needed to ensure that the
line search is not truncated when the algorithm is converging [13,14,26]. In Sect. 3
various continuity properties for the AS_CBB method are established. In Sect. 4 we
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An affine-scaling interior-point CBB method for box-constrained optimization 5

show that when Ay is uniformly bounded away from 0 and oo, then either the affine
scaling algorithm (1.4)—(1.5) terminates at a KKT point in a finite number of iterations,
or the KKT conditions (1.6) are satisfied in an asymptotic sense. As a special case,
this yields global convergence for the BB choice of A given in (1.11).

In Sects. 5-7, we establish local R-linear convergence of AS_CBB, at a nondegene-
rate local minimizer x* which satisfies the second-order sufficient optimality condition.
Nondegeneracy means that g; (x*) > 0 whenever x* = 0. The second-order sufficient
optimality condition is that there exist & > 0 such that

d"V2 f(x*)d > «f|d|? (1.12)

for all d € R" with d; = 0 when x] = 0. A suitable choice for Ao in (1.11) is any
positive scalar strictly smaller than «. In Sect. 5 we review our R-linear convergence
results for the CBB method, and we show that the iterate components corresponding
to active constraints converge to zero at a Q-quadratic rate. In Sect. 6 we develop
comparison results between the convergence of the CBB iterates and the conver-
gence of the AS_CBB iterates. R-linear convergence for AS_CBB is established in
Sect. 7.

Two types of numerical experiments are presented in Sect. 9. In the first experiments,
we observe that the convergence speed is relatively insensitive to problem conditioning.
In the second experiment, we compare the performance of AS_CBB to that of a
conjugate gradient-based active set algorithm. We observe that the AS_CBB scheme
is initially faster than the conjugate gradient algorithm, however, as the iterations
converge, the conjugate gradient algorithm is asymptotically faster.

Notation Let R denote the positive orthant defined by
R} ={xeR":x>0}.

For any scalar ¢, tT = max{0, ¢}, while for any vector v € R", v is the vector whose
ith component is vl.+ . The gradient of f(x), arranged as a column vector, is g(x).
The Hadamard (or component-wise) product x o y of two vectors X,y € R" is the
vector in R" defined by (x o y); = x;y;. diag(x) is an n by n diagonal matrix with ith
diagonal element x;, and || - || is the Euclidean norm. The subscript k often represents
the iteration number in an algorithm, and g stands for g(x;). We let x;; denote the
ith component of the iterate xy.

In the local convergence analysis, x* denotes a given nondegenerate local minimizer
of f for which the second-order sufficient optimality conditions (1.12) hold. The ball
with center x and radius p is denoted B, (x). The active set A is defined by

A={i e[l,n]:x] =0}
The nondegeneracy assumption implies that g;(x*) > 0 when i € 4. The number

of elements in A is denoted |A| and the complement of A is A°. If i € A€, then
x> 0.
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6 W. W. Hager et al.

2 Cyclic BB method and the line search

Recently in [13], we have shown that better performance in the BB method is achieved
when the same BB stepsize is reused for several iterations. We call this strategy the
cyclic BB method (CBB). If m > 1 is the cycle length and ¢ > 0 is the cycle number,
then the cyclic choice for Ay is

Amesi = gy fori=1,....m. 2.1

Of course, when the cycle length is 1, then Ay = AEB for each k. If g; (x¢) < 0, then
by (1.5), we have

1
dri = _Egi (Xk).

If the iterates converge to a local minimizer x* and x;* > 0, then by the first-order
optimality conditions, g; (x*) = 0; hence, the denominator in (1.5) approaches Ax as k
increases, and the iterates are closely approximated by the CBB iterates for which we
recently establish [13] local R-linear convergence. Due to a scaling operation [second
term in the denominator of (1.5)], the iterates always remain in the interior of the
feasible set as will be proved in Lemma 3.4.

We now present a line search which ensures the global convergence of AS_CBB.
Typically, the BB method does not monotonically reduce the value of the cost function,
even in a neighborhood of a local minimizer where the iterates converge. Hence, in
order to retain the original features of BB-type methods, a nonmonotone line search
should be employed [13, 14,26]. We will use the same type of nonmonotone line search
developed in [20] for our CBB-gradient project method. The line search, shown in
Fig. 1, makes use of the following local maximum function:

it =max{f(x¢—;) : 0 <i <mintk — 1, M — 1)}, (2.2)

Initialize k = 1, x; > O starting guess, and f; = f(x1).
While xj, is not a stationary point satisfying (1.6)
1. Let dj, be given by (1.5).
2. Choose f; so that f(xy) < fi < max{f]_,, ™™} and f; < firex
infinitely often.
3. Let fr be either f{ or min{fP® fr}. If f(xx +dx) < fr+06gydy, then
S = 1.
4. If f(xx +dg) > fr + dgldy, then s, = 1/ where j > 0 is the smallest
integer such that

(2.3) Fxk+17dy) < fr+ 1 ogidy.

5. Set X1 = Xk + spdy and k =k + 1.
End

Fig. 1 A nonmonotone line search
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An affine-scaling interior-point CBB method for box-constrained optimization 7

where M > 0 is a fixed integer, the memory. In the line search of Fig. 1, § € (0, 1)
and n € (0, 1) are the Armijo line search parameters. The condition f] > f(xx)
ensures that the Armijo line search of Step 4 can be satisfied, and the requirement that

“fi < fi"™ infinitely often” in Step 2 is needed in our global convergence proof. This

requirement is easily fulfilled; for example, f| = f™* every L iterations. Another

strategy, closer in spirit to the one used in the numerical experiments, is to choose a
decrease parameter A > 0 and an integer L > 0 and set f = f"™if

SXe—p) — f(xx) < A.

As we will show in Lemma 3.4, the fact that s; < 1 implies that Xz > 0 when x;
does not satisfy the KKT conditions.

3 Continuity properties

We begin with the following observation:

Proposition 3.1 If f is continuously differentiable and X' (-) is defined by (1.7), then
the map

X'()og() :RL - R"
is continuous.

Proof 1If either g;(x) < 0 or g;(x) > 0, then both g; and Xi1 are continuous at X,
and hence, the product g; ()X 1.1 (+) is continuous at x. Suppose that g; (x) = 0. By the
definition of X!, we have

i (X} (D] < max{1, yi}lgi ()]
forany y > 0 and i € [1,n]. Since g;(-) is continuous and g;(x) = 0, it follows

that g; (y)Xi1 (y) approaches zeros as y approaches x. Hence, g o X! is continuous
everywhere. O

The AS_CBB search directions have the following property:

Proposition 3.2 Suppose f is twice continuously differentiable on the domain x > 0
and the parameter Ay in (1.5) satisfies

0 < Xo:=inf Ax < sup iy := Amax < OO. 3.1
k>1 k>1

If{xk},‘zozl is a bounded sequence with x; > 0 and g(Xy) # 0 for each k, then
lim d; =0 ifandonlyif Ilim Xl(xk) og(xy) =0, (3.2)
k—o00 k— 00

where dy, and X' () are defined in (1.5) and (1.7), respectively.
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8 W. W. Hager et al.

Remark When x; > 0, the condition g(xx) # 0 implies that d;y # 0 and x; is not
a KKT point. In other words, the algorithm (1.4)—(1.5) does not stop at iteration k.
Suppose A is given by the BB formula (1.11). Applying the fundamental theorem of
calculus to the difference yr = gr — gx—1, we obtain

1
T 2
S \Y _1+tsp—1)dt ) si—
IR (/0 fXk—1 +18k-1) ) k-1
_ <7 (3.3)

T T
Sp—15k—1 Sp—15k—1

where 7 is the largest eigenvalue of V2 f over any bounded, convex set containing the
sequence X, k > 1. The denominator sz_lsk,l in (3.3) cannot vanish since g(x;) # 0
for each k. Hence, when Ay is given by (1.11), we have

Ao < AEB < max {\g, X}
foreachk > 1.Itfollows thatthe cyclic choice (2.1) for A satisfies the same inequality:

Ao < Ax < max {Ag, X} (3.4)

This shows that when A is given by either (1.11) or the cyclic choice (2.1), the bounds
(3.1) are satisfied automatically.

Proof To prove Proposition 3.2, we show that for any i € [1, n],

lim di; =0 ifandonlyif lim X/(x¢)g(x¢) =0, (3.5)

k— 00 k—00
in which case the proposition follows immediately. By (1.5), we have

xki & (k) = —dii iexi + &7 (Xp)). (3.6)
Since the x; are bounded, f is continuously differentiable, and (3.1) holds, the factor
A X il xr) + gl.+ (xx) is bounded. Hence, if dj; tends to zero, then X l.l (xx)gi (xx) tends
to zero.
Conversely, suppose that X l.l (Xx) gi (Xx) tends to zero. In this case, we can write
(1,2,...} =K1 UKy,

where either [C; or K may be empty,

li (xx) =0 and (b) lim X!'(xz) =0.
(a)kénlcl1 8i (Xk) an ()kér’g2 ; (Xk)

If K1 has an infinite number of elements, then (1.5) and (3.4) imply that di; tends
to O for k € K; approaching oo. If K5 has an infinite number of elements, then for
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An affine-scaling interior-point CBB method for box-constrained optimization 9

k € K, with k sufficiently large, we have Xi1 (Xx) = xx; and g;r xx) = gi(xx) > 0.
Consequently, (1.5) can be rewritten

Xki

dkl e ENE)
I+ Agxii/gi (Xk)

kG/Cz.

By (b) both X,.l (Xx) = xx; and dy; tend to as k € K, tends to co. Hence, the entire
sequence {dy; : k > 1} approaches 0, which completes the proof of (3.5). O

We now show that at a KKT point x*, dy approaches 0 as x; approaches x*.

Lemma 3.3 If f is continuously differentiable and x* is a KKT point for (1.3), then
for any € > 0, there exists a § > 0 such that for all X; > 0 and Ay > Ao > 0, we have
ldi ]l < € whenever ||X* — x| < 6.

Proof Since x* is a KKT point for (1.3), we have g(x*) o X! (x*) = 0. Hence, either
(a) gix*) =0 or (b)g (x*) > 0and Xl-1 x)=x"=0

for each i. From the definition of dy, it follows that for any x; > 0, we have |dy;| <
|gi (Xx)|/Ao. If (a) holds, then |dj;| tends to O as x; approaches x*. If (b) holds, then
for x; in a neighborhood of x*, we have gl-"'(xk) = gi(x¢) > 0 and Xil (Xr) = xpi.
Hence, |di;| < Xl.1 (Xx) = xx;. Again, |dg;| tends to O as x; approaches x*. O

We now show that the search directions dy, satisfy a sufficient descent property and
if X, > 0, then x; +dg > 0.
Lemma 3.4 Suppose f is twice continuously differentiable on the domain x > 0.
Ifxy >0, g(xx) Z 0, and My > Lo > 0, then di defined in (1.5) satisfies
dlg(x;) < —rillde]? <0 and x; +dg > 0. (3.7)

Proof Since x; > 0, it follows that X' (x;) > 0. By (1.5), we have

n

B Z gi (xp)?

d] g(x —_—
(800 =+ g () /xei

=_ Z(/\k + g (xe) /xk)di;

i=1

< — min QG+ g7 (%) /x) llde |

— e lldgll?,

IA

which gives the first inequality in (3.7). Since g(xz) # 0, di # 0. Since Ay > Ao > 0,
it follows that —Ax||dg||*> < 0, which gives the first strict inequality in (3.7). Finally,
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10 W. W. Hager et al.

since A; > 0, we have

8i (Xx)
dpi = = ———
e+ 8 (Xi) /X
i (X
—&%on it gi(x) <0,
_ k
- 8i (Xx) .
—————————— > —xy; otherwise.
Mk + & (Xk) /Xki
Hence, x; 4+ di > 0, which gives the last inequality in (3.7). O

4 Global convergence

The continuity properties developed in the previous section are now used to prove the
global convergence of AS_CBB.

Theorem 4.1 Suppose f is twice continuously differentiable and the following level
set L is bounded:

L={x>0:f(x < f&xD). 4.1

The affine scaling algorithm (1.4)—(1.5) with the nonmonotone line search of Fig. 1
and with Ay satisfying (3.1) either terminates in a finite number of iterations at a KKT
point, or

liminf [|d]| = 0 = liminf |lg(xx) o X' (xp)]. (4.2)
k— 00 k—o00

Proof By Lemma 3.4, the search direction dy in Step 1 of the line search is a descent
direction. Since f] > f(x¢) and § < 1, the Armijo line search condition (Fig. 1)
is fulfilled for j sufficiently large. We now show that x; € L for each k. Since
"™ = fg = f(x1), Step 2 of line search implies that f < f(x;). Proceeding by
induction, suppose that for some k£ > 1, we have

fl < fa) and I < fx) 4.3)

for all j € [1, k]. Since dy is a direction of descent, it follows from Steps 3 and 4 of
the line search and the induction hypothesis that

f&ir) < fi < f(xD). (4.4)

Hence, fi < f(x1) and f,; < max{f, f{} < f(x1). This completes the
induction. Thus (4.3) holds for all j. Consequently, fg < f(x1) in Steps 3 and 4
of the line search. Since di is a descent search direction, Steps 3 and 4 imply that

f(xx) < f(x1). Hence, x; € L for each k.
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An affine-scaling interior-point CBB method for box-constrained optimization 11

By Lemma 3.4, each of the iterates xy is strictly positive. By (1.5), |dki| < |gi
(Xx)|/A0- Since L is bounded and x; € L for each k, we have

dmax = max ||dg|| < oo.
k>1

If £ is the collec_tion of x > 0 whose distance to £ is at most dpyx, then V f is Lipschitz
continuous on £. As shown in [27, Lemma 2.1], we have

2n(1 — 68 Ta
s > min 1, ( n( )) g (xk) 2kl @5)
L lldgll
for all k, where L is the Lipschitz constant for V f on L. Combining (3.4), (3.7), and
(4.5) gives
2n(l — &)\
Sk > min |1, (%)] =c. 4.6)

Steps 3 and 4 of the line search and (3.4) yield
FOue) < ff +8eglde < [ = Serlldill” < ff = Serolldel>. @)

To prove that likm inf ||dg|| = 0, we suppose that to the contrary, there exists a
— 00

constant y > 0 such that ||dy| > y for all k sufficiently large. By (4.7), we have
f&ks1) < f{ — 1. where T = 8chgy?, 4.8)

for all k. Let k;, i = 0,1, ..., denote an increasing sequence of integers with the

property that fj’ < fjmax for j = k; and fj’ < f;—l when k; < j < kijy1. Such a

sequence exists by the requirement on f;” given in Step 2 of the line search. Hence,
we have

fi < fi, < f™, whenk; < j <kt 4.9
By (4.8) it follows that
F&) < fiog—t = fii™ —v whenk; < j <kiyi.
Consequently, fk‘fff < f,g‘a". Since f j’ <f ;“a" for j = k;41, it follows that
fl = S < (4.10)

Hence, if a = k;; and b = k;, where i; > ip anda — b > M [M is the memory in
(2.2)], then by (4.9)—(4.10), we have

max r max
= max X,—i) < max =T < —T.
fa O§j<Mf( a=j) < 1<j<M Ja-i =/
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12 W. W. Hager et al.

Since the sequence k;,i = 0, 1, ..., is infinite by Step 2, a subsequence of fkf;‘a" tends

to —oo. On the other hand, since £ is bounded, f is bounded from below. Hence, there

is a contradiction, and likm inf ||dg || = 0. Proposition 3.2 completes the proof. O
— 00

When f is strongly convex, there is a unique minimizer for (1.3), and we can
strengthen the statement of Theorem 4.1.

Theorem 4.2 Suppose f is twice continuously differentiable and strongly convex,
and there is a positive integer L with the property that for each k, there exists j €
[k, k + L) such that fjr < f;“ax. Then the affine scaling algorithm (1.4)—(1.5) with
the nonmonotone line search of Fig. 1 and with \y satisfying (3.1) converges to the
global minimizer x* of (1.3).

Proof Since f is strongly convex, the level set £ in (4.1) is bounded. Hence, the
assumptions of Theorem 4.1 are satisfied. At the start of the proof of Theorem 4.1, we
showed that f(x;) < f(x1) for each k. Since L is bounded, the x; lie in a bounded
set. If the iterates do not reach x* in a finite number of steps, then by (4.2) and
by the compactness of L, there exists an infinite sequence /1 < [ < --- such that
d(x;;) approaches 0 and {x;, } approaches alimitX as j tends to co. By Propositions 3.1
and 3.2, g(x) oX! (X) = 0andx > 0. Consequently, X satisfies the first-order optimality
conditions for (1.3). Since f is strongly convex, X = x*.

The goal in the remainder of the proof is to show that the sequence of iterates X,
k > 1, converges to x*. Given an integer N > 0, we first establish the following
continuity property:

(P) Forany e > 0, there existsad > O such that |x; —x*|| < e forall j € [k, k+ N]
whenever ||x; — x*|| < 8.

The proof is by induction on N. Clearly, the result is true when N = 0. Assume that
this holds for some N > 0. By Lemma 3.3, we know that for §; sufficiently small,
ld;|l < e/2when |x; —x*|| < §. Since the step size s; € (0, 1], we have
IXj+1 —x;ll = sjlld;ll < [ld;]l < €/2 (4.11)

when [|x; — x*|| < §;. Choose & small enough that

Ix; —x*|| < min{;, €/2} forall j € [k, k+ N] 4.12)
whenever ||x; — x*|| < 8. The triangle inequality, (4.11), and (4.12) yield

%41 = X" < X1 — x5+ lIx; —x*[ <€ (4.13)
for j = k+ N when ||x; — x*|| < §. Combining (4.12) and (4.13), the induction step
is complete.

Since f is continuous, for any A > 0, there exists an € > 0 with the property that

|f(x) — f(x*)| < A whenever ||x — x*|| <e.
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Take N = M + L where L appears in the statement of the theorem and M is the
memory in (2.2), and choose § in accordance with (P). Choose j large enough that
Ix;; —x*|| < &. Hence, we have
fxx) < fx)+A forallke[lj,l; +M+L].

By the definition of f;"*,

A< fx)+A forallke[l; +M,l[; +M+L]. (4.14)
As at the end of the proof of Theorem 4.1, beneath (4.8), letk;, i = 0, 1, ..., denote
an increasing sequence of integers with the property that f l’ <f ;n"‘x for j = k; and
fi < fj_y whenk; < j < kit1. By (4.10) we have '

fi = fa ™ (4.15)

for each i. The assumption that for each k, there exists j € [k, k + L) such that
fj’ < f]‘.“ax implies that

kiv1 —ki < L. (4.16)
By (4.16) there exists some k; € [[; + M,l; + M + L] for each [;. By (4.14),
< fX) + A, 4.17)
Since A was arbitrary, it follows from (4.15) and (4.17) that
lim fi = f(x*); (4.18)
i—00

the convergence is monotone by (4.15). By the choice of k; and by the inequality
f(xx) < f{ in Step 2, we have

f&x) < fi < kr?ax forall k > k;. (4.19)
Combining (4.18) and (4.19),
Jm f(xe) = fx. (4.20)
Since x* is the stationary point,
g(x)T(x —x*) >0, forallx > 0. 4.21)
Since f is strongly convex, there exists y > 0 such that

Fx) > &) + gt (xX) (% — x*) + pllxe — x|
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14 W. W. Hager et al.

Combining this with (4.21) gives
fo) = f&) + v lxe —x*|%,

Referring to (4.20), we conclude that limy_, o X = Xx*. O

5 Overview of the linear convergence analysis

In [13] we prove that CBB is locally R-linearly convergent for unconstrained optimiza-
tion at a strict local minimizer. We will prove local R-linear convergence for AS_CBB
by comparing the AS_CBB iterates to CBB iterates obtained by fixing x; = 0 for
i € A, the set of active indices at a local minimizer x*. Our analysis applies to the
unit step version of (1.4); that is, we assume the iterates are given by

1
Xppl =X +dg, di =— ———— )& (Xp). G.D)
l M+ & (%K) /X l
Throughout the analysis, the letter ¢ is used to denote a generic constant which is
independent of k.

To begin, we first observe that the components of the AS_CBB iterates correspon-
ding to active constraints at x* decay to zero Q-quadratically. Given any x € R”", let X
denote the vector obtained by replacing with 0 the components associated with active
indicates. That is,

%= Xi ifiG.Ac,
"Tl0 ifieA

Thus x — X is the vector with components

.o ifieA
MTX= Ny ifie A

Proposition 5.1 Suppose that for some p > 0, f is twice continuously differentiable
on the domain
B,x*)N{x e R" : x > 0}. (5.2)

If xi, k > 1, is a sequence generated by the AS_CBB algorithm (5.1), and A > g isa
fixed scalar, then there exist positive constants p1 and c| with the following property:
Ifxi € B, (x*) and x; > 0, then

ldll < crllxe —x*[I;
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An affine-scaling interior-point CBB method for box-constrained optimization 15

moreover, if g;(x*) > 0 when X! = 0 (that is, X* is a nongenerate local minimizer)
and A;, < A, then

N a2
IXk41 — X1l < crllxXe — X ]|~

Proof Choose p; > 0 small enough that p; < p and g;(x) > 0 for all x € B,, (x*)
andi € A Fori € Aand x; € B,, (x*), it follows from (1.5) that 0 < dj; < xy;, and

Dl <> xp < s — x| (5.3)
ieA icA

Ifi € A€, then
ldii| < 1gi(x)1/ 20 = |gi (k) — g (X /20 < plxk — X"/ 20,
where p is a Lipschitz constant for g on the set (5.2). Hence,
ldell® < (14 w2 LA /A3 %k — X712,

which establishes the first half of the proposition.
Choose € > 0 such that g;(x) > € for all x € B, (x*) and i € A. For the active
components, it follows from (1.5) that

2
2 2 Xki
X1 = %12 = D xfpn; = 2 (xki BN . i/ )
Py ) kXki / 8ki

2 2
< z(—)
ieA 8ki

< (A xp
icA

2

< (A/e)? (Z x,%i) = (A/)*IIxk — R ||,
icA

This establishes the second half of the proposition. O

Proposition 5.1 establishes Q-quadratic convergence of active components of the
AS_CBB iterates. To analyze the convergence of the components corresponding to the
inactive indices, we compare CBB iterates to AS_CBB iterates. The CBB algorithm
is the same as the AS_CBB algorithm except that the second term in the denominator
of (1.5) is deleted. In other words, the CBB step is given by

d — 1
k= o 8k-

In [13] we establish the following local convergence result for the CBB iterates:
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16 W. W. Hager et al.

Lemma 5.2 If F : R" — R is twice continuously differentiable in a neighborhood
of a local minimizer x*, and the Hessian V> F (X*) is positive definite, then there exist
positive constants § and B, and a positive constant y < 1 with the property that for
all starting points Xq, X| € Bs(x™), Xo # X1 and Ay given by (1.11), the CBB iterates
satisfy

Ixe — x*[| < By¥iIx — x*]. (5.4)
For any fixed k > 1, we will compare an AS_CBB iterate x;; to a CBB iterate

zi, ; starting from X;. We introduce the following notation: v(k) = 1 +m|(k—1)/m],
where |r ] denotes the largest integer j such that j < r. With this notation, the CBB

parameter defined in (2.1) can expressed Ay = A]‘?g().
The comparison iterate is defined by
70 = Xk
Zj+1 = Zk,j — ok, j&(Zk, ) (5.5)

1/A if vk 4+ j) = v(k),

1 .
= otherwise.
k+j

ay,j = (5.6)

The stepsize parameter 3:“ j is defined like A; in the AS_CBB iteration except that x
is replaced by z. More precisely, we define

BB V}Llwf—l
Merj = 7 Vil =Zj = Zkj-1, Wj-1 =8 ) — 8 j-1),
Vj—lvj—l

and Agy; = )»]35'(_’_./.).
Notice that the comparison iterate is based on a single starting point X; since o o
is obtained from the AS_CBB iterate. The comparison CBB iteration starts out as a
modified CBB iteration where the stepsize takes the top value in (5.6) until v(k + j) >
v(k), at which point the bottom value in (5.6) is used. By the definition of v, we have
Jj < m when the switch to the bottom expression takes place.
As an application of our local convergence result for the CBB iteration, we now

prove the following:

Proposition 5.3 Suppose that for some p > 0, f is twice continuously differentiable
on the domain

B,x*)N{x e R" : x > 0}, 5.7)
and the second-order sufficient optimality condition (1.12) is satisfied. Then there exist
8 > 0 and an integer N > 0 such that for all starting points X;, € Bs(x*), the CBB

iterates generated by (5.5)—(5.6) satisfy

zi,j € B,(x*) and 1z j >0 for j > 0and (5.8)
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1 .
Iz, — x*|| < S l1z0 = x*|| for j = N. (5.9

Proof Let ube aLipschitz constant for g on the set (5.7). Let 61 > 0 be the minimum of
p and the parameter § of Lemma 5.2 associated with the function of n — |.4]| variables
obtained by setting the active components of X to zero in f(x); in other words, F
corresponds to the function f(X). Choose §; smaller if necessary to ensure that

X > 0 whenever x € Bs, (x*). (5.10)
Let § > 0 be any scalar small enough that
Bl +uag")"s < 81 < p, (5.11)

where m is the cycle length of the CBB algorithm and g > 1 is the constant in (5.4).
Since g(x*) = 0, if follows from (5.5) and (5.6) that

"
1z, j+1 — X" < (1 + E) llze,; — x*|

if vk + j) = v(k) and 7 ; € B,(x*). Hence, if z; o € Bs(x*), then by (5.11),
both z; j41 and z ; € Bs, (x*) when v(k + j) = v(k) since j < m in this case.
Consequently, if J is the smallest integer for which v(k + J) > v(k), then J < m;
and if z; o € Bs(x*), then z; j_; and zx ; € Bs,(x*), where 6, = (1 + ukal)’"é.
By (5.11) and (1.12), we can apply Lemma 5.2 to the CBB iterates that start from
i,y and z; ;1 (note that the components of z;_; associated with the active indices .A
always vanish since the components of both z; ¢ and g associated with active indices
vanish). By (5.10), (5.11), and Lemma 5.2, it follows that for N sufficiently large and
for j > N, (5.8)-(5.9) hold. O

As a corollary of Proposition 5.3, the comparison iterates are well-defined in the
sense that they remain inside a sphere where f is differentiable whenever they start
from a point x; € Bs(x*).

6 Comparison between CBB and AS_CBB iterates

Our proof of local R-linear convergence for the AS_CBB algorithm is based on the
local R-linear convergence of the CBB algorithm, as indicated in Lemma 5.2 and
Proposition 5.3, and the Q-quadratic convergence of the components of the iterates
associated with active constraints as given in Proposition 5.1. In our next lemma, we
estimate the distance between the CBB iterate z; ; and the AS_CBB iterate X ;.

Lemma 6.1 Suppose that for some p > 0, f is twice continuously differentiable on
the domain

B,x*)N{x e R" : x > 0}, 6.1)
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18 W. W. Hager et al.

where X* is a nondegenerate local minimizer satisfying the second-order sufficient
optimality condition (1.12). Let r be small enough that r < min{p1, p/2} where p1 is
the parameter of Proposition 5.1, and

d"V2f(x)d > (a/2)[|d]? (6.2)

forall x € By, (x*) and d € R" withd; = 0wheni € A. Assume that 0 < Ay < a/4
and let A > Ao be a fixed scalar. If Xy, j > 0O, is a sequence generated by the
AS_CBB algorithm (5.1), then for any fixed positive integer N, there exist positive
constants § and cy with the following property: For any X € Bs(X*) satisfying

max{|xii| 1 i € A} < ||% — x* /% and i < A, (6.3)
and for any £ € [0, N], if
lzk,; —x*|| > §||Zk,0 — x| forall j € [0, max{0, £ — 1}], (6.4)
then we have
Xt j € B (x*) and Xk — 7 || < callxe — x*[P/? (6.5)
forall j € [0, £].
Proof To facilitate the proof, we show, in addition to (6.5), that

lIsk+ Il < c2llxk — x*|| and (6.6)
max {lagtjy — o, jl i € A} < callxp — x*||1/2 (6.7)

forall j € [0, €], where oy ; is defined in (5.6) and a is the coefficient of the gradient
in (1.5):
1

- - 6.8)
M+ g (k) /xxi (

Oki =

The proof of (6.5)—(6.7) is by induction on £. We begin with £ = 0, in which
case j = 0. Choose § < r. Hence, the left side of (6.5) holds trivially. By the initial
condition zx o = X and (6.3), we have

Ixe — zx0ll” = [Ixe — &ell* = D x7;
icA
< (JAD 1% — x> < (JADIIxe — x* |13, (6.9)

which gives the right side of (6.5), c; = |.A|1/2. Since § < r < py, it follows from
Proposition 5.1 that for x; € Bs(x*),

skl = lldell < c1llxe —x*[, (6.10)
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which implies that (6.6) holds, when ¢ is increased if necessary. Take 6 smaller if
necessary and choose € so that

min{x; :i € A, x € Bs(x*)} > € > 0.

Equations (5.6) and (6.8) imply that for any i € A€ and x; € Bs(x*),

0 if g <0,
& = 1
lerki = kol ——— — —| otherwise. (6.11)
e+ 8ki/Xki Mk
If gx; > 0, then we have
. 1 1 | gwil lgkil
log; — Qg ol = | ————— — < — < == (6.12)
' Mo gri/xki k| T €O T erd
Since
lgkil < 18(xk) — 8| < llgtxx) — gx")|l < pllxe — x*|I, (6.13)

where p is a Lipschitz constant for g on the set (6.1), (6.7) follows from (6.11)—(6.13)
when 4§ is sufficiently small .

Now, proceeding by induction, suppose that for some L € [1, N), (6.5)—(6.7) hold
for all £ € [0, L] when the conditions (6.3)—(6.4) are satisfied. We wish to show that
for a suitable choice of § and ¢, we can replace L by L + 1. Hence, let us suppose
that (6.4) holds for all j € [0, L]. By the induction hypothesis and (6.6),

L

Xzt — X5 < lxe = X* [+ D liseqll
i=0
<A+ (L+De)llxe —x*|| < (1 +(L+ Dep)s. (6.14)

Consequently, by choosing § smaller if necessary, we have Xg+14+1 € B-(x*) when
X € Bs(x*).

By the triangle inequality, (6.14) with L replaced by L — 1, and Proposition 5.1,
we have

IXk+2+1 — Zi, L1l < IXkr4+1 — Rkprrt1 | + Xk +1 — Ze,p41 |l
< c1lXksr — Rerr I + IRk 41 — Zi 41
< c1lXksr — X7 + (1Retrr1 — 2z, 141
< (14 Lea)?lxk — X1 + [1Resr1 — Zop 41l (6.19)
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By the definition of the AS_CBB and CBB iterates, and by (6.5) for j = L,

IRk+r+1 — Zk, o110 < 1Rk — Zi ) + 1Sk+1 — ok, 1.8(Z, 1) |l
< IXk4r — Zi, o | + I8k+2 — ok, 28(2x, L) |l

< callxe — X P72 + 18ksr — o 8@ ). (6.16)
Fori € A°, we have
[Skyr — ok, .82k, 1))i ] = letr1)i & Kkv1) — ok, &i (Zx, L)
< (loet-1)i DIgi Kk1) — 8i (Zk, )]
+(ok, L — @) D18i (Zk, 1)1 (6.17)

Suppose that § is small enough that ¢283/% < r. It follows from (6.5) that z;. j € By (x¥)
forall j € [0, L]. We apply the Lipschitz continuity of g on By, (x*) to (6.17) to obtain

|(Sk+1 — k. 1.8(Zk.1.))i
< g Ixesr — zi LIl + c2llxe — x* 121 gi (1) — i (x|
32 2|1z 1 — x*|| (6.18)

1
< prg callxk = X*I7 + copllxe — x|

since |ag;| < 1/Ag for any k and both (6.5) and (6.7) hold for j = L. By the triangle
inequality, (6.5), and (6.14), we have

ze.L — XLl + Xkt — X*|
e lixe — x* 32 4+ (1 + Lea) IIxi — x*].. (6.19)

Iz, — x|l

IAIA

Combine (6.15)—(6.19) to obtain (6.5) for j = L + 1, assuming § is sufficiently small.
As a consequence, zx 1+1 € Ba, (X*).

To complete the induction step, we must verify (6.6) and (6.7) for j = L + 1. Since
Xi+L+1 € By (x*), it follows from Proposition 5.1 and (6.14) that

IsktL+1ll < crllXkrr+1 — X7 < er(1+ (L 4+ Deo) lIxe — x|,

which gives (6.6) for j = L + 1.

Finally, let us focus on (6.7). If v(k + L + 1) = v(k), then by the same analysis
used in (6.11)—(6.13), (6.7) holds for j = L 4+ 1. If v(k + L 4+ 1) > v(k), then there
exists an index j € (0, L] such that

T . T .
—~ Vit jWk+j St jYk+j
ML+l = —=——— and Agyr41 = -

Vit j Vit S+ Skt

By the triangle inequality,
lISk+; — Vil < IXetj+1 — Zie 1 Il + IXetj — 2z -
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Since (6.5) has already been established for j € [0, L + 1], it follows that
IS+ j = Vierj 1| < 2e2llxp — X172, (6.20)

Combining this with (6.6) gives

T T T 2
ISg4iSk+i = Vi Vel = | 2804 Sk j — Vi j) — Vi) — Sl

2 5/2 3
< 43 (lIxe — x* 172 + lIxe — x*[1%)

< 431+ VD)llxk — x*| 7%, 6.21)

Let A denote an upper bound for the largest eigenvalue for V2 f(x) over X €
By, (x*). Since z;,; € B, (x*) forall j € [0, L], a Taylor expansion yields

/2 < [hesjl < Ar. (6.22)
which implies that
k.| = 1/ [y | = /AL
By (6.2), it follows that
&2 )N = 18z« ;) — EX)I| = (a/2) |z j — x|

As a consequence of these relations, we have

Vit j Il = Nk, 8k, i Il = llow, j (&2« ;) — EE)|
o
> m”zk,j —x". (6.23)

Applying (6.4) with j = L and (6.9) gives

1 1
Iz, — x*|| > EHZk,O —x*| = zllﬁk — x|l
1 N 1 1
> E(ka — x| — 1%k — Xk ) > §||Xk —x*(1 — |A]2V/38).  (6.24)

By (6.23)—(6.24) and for ¢ sufficiently small, there exists a scalar o > 0 such that
Vit jll = ollxk — x| (6.25)

Combining (6.21) and (6.25), we obtain

T VT )
ISk Skt = Vi Vi |

.
Sp iSk+j
|1 e <clx —x*I'2 (6.26)

T . T .
Viewj Vet Vit jVht)

where c is a generic constant.
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Next, we estimate the difference in the numerators of A4 ; and XH j- Since the
components of z; ; associated with i € 4 vanish, it follows that

SZ+ij+j - V/I+,-Wk+j =SZ+ij+j - VLj (&(zk,j+1) — 8(2x,5))
=50, Vet — @2 jr1) — 82k )))

(k) — Vi) @z j41) — 82 ). (627)

By (6.6) and (6.20) for j € [0, L + 1], the Lipschitz continuity of g, and the fact that
Z,j € By (x*), we have

[(Sk+j — Vk+j)T(g(Zk,j+1) — 8@k DI =< 1lISkrj — Vi j Vi |l
< llsktj — Vit j 1Skt — Ve + sk 1D
<2uc3 VS + Dllxp — x* |72, (6.28)

Also, by (6.5) and (6.6) for all j € [0, L 4 1], we have
ISt k) — @2k 1) — 82k )]

=< [ISk+jl (Ilg(Xk+j+1) — g8k j+D) | + 18(Xk+;) — g(lk,j)ll)

< 2ucs i — x|, (6.29)
Combining (6.27), (6.28) and (6.29) yields
ST ¥ats = Vi e | = ellx =X 52, (6.30)

where c is a generic constant.
On the other hand, since z;_; € By, (z*), it follows from (6.25) that

T T 2 2
Vi jWhktj = OViy Vi = a0 |[xg — x)|°.

Combining this with (6.30) gives

1/2
< cllxe —x*)'72,

T : T .
_ |Sk+ij+j - Vk+jwk+]|

T .
‘1 Sk j Yk

T . T .
Vier jWk+j Vier jWhk+j

where ¢ is a generic constant. Hence, s; Ykt /vy 4 Whtj 18 close to 1 for § suf-

ficiently small. Consequently, the reciprocal VL Wit /SZ + Yk is also close to 1.
More precisely, we have ' '

§
Vi Wiy
'—ii—isdm—fW% (6.31)

T .
Skt jYk+i
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where c is a generic constant. We utilize (6.22) to obtain

T , T ,
Sk+jsk+.l _ Vk+ij+J

T LT .
Skt jYekti Vi jWhktj

T . T .
1 (sk+jsk+] )(Vk+jwk+1 )‘
T . T .
Vk+jvk+] Sk+jyk+j
T . T .
| Sk+jsk+j vk+jwk+/
VT Vi+j ST j
k4j Vk+j k+ij+]

2 2
= lal =b)+b] = —(la| + [b] + |ab)), (6.32)

-1 1 _
|)‘k+L+l - )”k+L+l| -

!
= MeyL+1

IA

2
o

where
T T
S 1Sk Viy Wit
a:l—% and bzl—M.
Vit j Ykt Sk jYk+j
Together, (6.26), (6.31), and (6.32) yield
et = Aetpgl < cllxe—x)12 (6.33)

for § sufficiently small. By (6.22), ’Xk_i L1 = 2/a. Hence, for § sufficiently small,

)»k_iLH < 3/a, or equivalently, Ax414+1 > «/3. Since A9 < «/4, we conclude that

max{Ag, Ak+L+1} = Ag+L+1 (6.34)

for § sufficiently small. It follows that

1 ~_1
— A
MerL+1 + 8 (k) /i kLA

l@krL4+1)i — ke, L+1] =

Therefore, by (6.14), (6.33) and (6.34) and for any i € A(x*)¢, we have

1 ~_1 .
Merrs1 = Mepst] if gurrrni <0,
C(k+L+1)i — Xk, L+1| = 1 e i
ot (k4 L+1)i +11 — 1L+1 otherwise,
Ae+L+1 + & (k) [ Xki ’

-1 a1
= |)‘k+L+1 - )‘k,L+l| + clXkq L1 — X7l

< clxe — x|/

for § sufficiently small. This establishes (6.7) for £ = L 4 1. Hence, the induction step
is complete. O
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7 Linear convergence for AS_CBB

In this section, we combine the local R-linear convergence of the CBB algorithm,
the comparison between CBB and AS_CBB iterates, as given in Lemma 6.1, and the
Q-quadratic decay of AS_CBB active components, as given in Proposition 5.1, to
obtain local R-linear convergence for AS_CBB.

Theorem 7.1 Suppose that for some p > 0, f is twice continuously differentiable on
the domain

B,x*)N{x e R" : x > 0},

where X* is a nondegenerate local minimizer satisfying the second-order sufficient
optimality condition (1.12). Let Lo be chosen in accordance with Lemma 6.1. Then
there exist positive scalars 6 and n, and a positive scalar y < 1 with the property
that for all starting points Xg, X1 € Bs(x*), Xo # X1, and with L given by (1.11), the
AS_CBB iterates generated by (5.1) satisfy

lIxe — x| < ny*lIx; — x*|. (7.1)

Proof Let N > 0 be the integer given in Proposition 5.3 and let » be the constant in
Lemma 6.1. Choose r smaller if necessary to ensure that

1 1
r<min{-— ——— 1, 7.2
- [zq 182c%(1+c1)3} 72

where c1 is the constant of Proposition 5.1. Let §; be the minimum of the §’s in
Proposition 5.3 and Lemma 6.1. Let A be the absolute largest eigenvalue for V2 f (x)
over X € B, and let ¢, be the constant in (6.5) and (6.6). The theorem is established
for the following choice of §:

r 1
8§ =min{ 1,8, , : 7.3
[ : 14c; l6c§] (73)

Ifx; € B, (x*) forall j € [0, k], then A; < A forall j € [1, k]. By Proposition 5.1
and the fact that » < 1/(2c¢;), we have

J

. 1 .
s = Xjall = Slxj =Xl = - = H ( (7.4)

—_~
ISIE ST
SN—

J
)" X1 — x|

for all j € [0, k]. The top inequality is due the fact that x; € Bs(x*) with § < 1, and
the bottom inequality is due to the relation ||x; — X1 || < ||x; — x*||.

Suppose that x; € B, (x*) forall j € [0,k — 1], and

max{|x;;| i € A} > |I%; —x*|3/? (7.5)
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for j = k. We now show that

1\/!
||x/~—x*||5(§) X1 —x*||, for j =korj=k+1. (7.6)

Observe that

2 4/3 . - 2
I = X117 < max {72 i € A)+ D
icA

2/3 2/3
5 (z) PR z(z)

iceA ieA ieA
5 14/3 S 2\4/3 4/3 N 8/3
<2fx¢ — R *2 < 2(cr it — &1 1Y = 261 Ixis — &1 135,

The first inequality is due to (7.5), the second inequality is from (7.4), and the fourth
inequality is from Proposition 5.1. Taking square roots gives

2/3 A 4/3 2/3 2 1/3 s
Ixi — x* || < V21 Ixec1 — &t 1Y = (V23 %t — &t 173 1%kt — & |
2/3 1/3 I
< (V23 Ixm1 = X 1) Ixa—t — Rai |

< V2 ) %ot — R .
The constraint r < 1/[182c%(1 + ¢1)3]in (7.2) ensures that
V2R3 < 1141 + e
2 =< 1/[4( Dl

This together with (7.4) imply

Xk —x*|| <

( 1
“\4d +c)

1 1\ k2 1 1\ k!
< — (- -xll< — | = —x*I. (7.7
ST (2) X1 —x1]| < 20+ (2) Ix1 —x*|I. (7.7)

This establishes (7.6) for j = k. Proposition 5.1 and (7.7) give

) IXk—1 — Xe—1l

X1 — X" < lIxe = X"+ lisell < (1 + e lxe — x|

k
< (%) T (7.8)

which establishes (7.6) for j = k + 1.

Now, suppose that x; € B, (x*) forall j € [0, k — 1], and for some integer £ > k,
(7.5) holds for all j € [k, £). Since § < r, it follows from repeated application of (7.6)
that
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1\/!
X; € Bs(x*) and ||x; —x*|| < (E) Ix; — x*|| forall j € [k, £]. (7.9)

On the other hand, suppose that x; € Bs(x*) and (7.5) is violated for j = k. Let
£ > 0 be the smallest integer with the property that

1
Iz, e — x| < = llZx0 — x*|.
2
By Proposition 5.3, ¢ < N. By Lemma 6.1, (6.5) and (6.6) hold and we have

IXk+e — X\ < 1Xke — Zk el + 12k, — X7

IA

1
3/2
e llxy — x*|IP% + S0 = X7

1
3/2
e llx — x*|IP% + 5 e = x|

(V3 + 1/Dlx — X
e~ <l (1.10)

IA

IA

The last inequality is due to the fact that x; € Bs(x*) where § < 1/ (1603). The last
inequality also implies that X;y, € Bs(x*). Moreover, by (6.5) we have x; € B, (x*)
and A; < Aforall j € [k, k + £].

Starting with k1 = 1, we apply either (7.9) or (7.10) to generate a sequence of
iterates Xg;, i = 1,2, ..., for which the error tends to zero at a geometric rate. If the
sequence has reached k = k;, then k; | is obtained in the following way:

A. If (7.5) holds for j = k;, then k;+1 = £ where £ (possibly infinite) is chosen so
that (7.5) holds for all j € [k;, £) and
max({|xei| i € A} < & — x*[*2.

B. If (7.5) is violated for j = k;, then k;+| = k; + £ where ¢ is chosen so that (7.10)
holds for k = k;.

If ;41 is chosen in accordance with Rule B, then since k;+1 — k; < N, we have

3 3 (ki+1—ki)/N
Xk, — X[ < (4_1) Xz, —x*|| < (4_1) Xk, — x*||

3\ UN
= ykiti7ki|x;. — x*||, where y = (Z) . (7.11)

If k; 41 is chosen in accordance with Rule A, then by (7.9) and the fact that y > 1/2,
we have

Ixe — x| < ¥ Mixg —x*| = y* M Ix) —x*|| forallk € [k, kit1]. (7.12)
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Together, (7.11) and (7.12) imply that for each i,
lIxe, — x* || < y5 5 %y — x| =y R g — xF. (7.13)

By Lemma 6.1, we know that for any x; € Bs(x*) satisfying (6.3)—(6.4), the
relations (6.5)—(6.6) hold for all j € [0, £]. Moreover, since j < £ < N, it follows
from (6.14) that

Xkt — x| < (1 + Nea)lIxe — x|

If k € [k;, ki+1) where k;11 is chosen in accordance with Rule B, then we have

Ixe — x| < (1 + Neo)lIxg, — X¥|
<y ' A+ Nep)ybilxy — x|l <yl — x*|l, (7.14)

where n = (1 + ch)/yN“. If k € [ki, ki+1) where k;+1 is chosen in accordance
with Rule A, then by (7.9), we have

k—1
|mp—fns(§) Ix; — x| < ¥ Mixg —x* || <yl — x*|. (7.15)
Together, (7.13)—(7.15) complete the proof. O

8 Box constraints

We now generalize AS_CBB to handle the box constrained problem (1.1). In this case,
the definition of X' in (1.7) is replaced by

uj —x; it gi(x) <0,
x; — l; otherwise.

Xi(x) = [
With the convention that oo x 0 = 0, the KKT conditions can be expressed
X(x)ogx) =0 and 1<x<u.

With the convention that 1/00 = 0, the new approximation to the Newton search
direction is

1
v g (X0 X (xp)

dvi = 8i (Xx).

In the special case considered earlier where [; = 0 and u; = 0o, we have X; (x) = oo
when g; (x) < 0and |g;(x)|/X;(x) = 0, exactly as in (1.5).
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9 Experimental studies

In our first set of numerical experiments, we investigate how the convergence speed
of AS_CBB depends on the problem condition number. We consider the linear least
square problem:

min{||Ax — b||? : x > 0},

where the elements of b are chosen randomly on the interval [—1, 1], and A is a 20
by 10 matrix with 10% of its elements nonzero, and with condition number varying
between 10 and 108. Hence, the condition number of the matrix ATA associated
with the quadratic objective function varies between 100 and 10'¢. Our matrix A was
generated using MATLAB’s sprand command. The syntax is as follows:

A = sprand (m, n, density, 1/conda)

wherem = 20, n = 10, density = 0.1, and conda had values between 10 and 108.
The vector b was generated using MATLAB’s rand command with the following
syntax:

b = 2*rand (m, 1) — 1.

Hence, b typically lies outside the column space of A. In our implementation of
AS_CBB, the cycle length in the cyclic BB iteration (2.1) was m = 4, while the
memory in the nonmonotone line search was M = 8. In Fig. 2 we plot the quantity

logo (I (xk — 20T — Xklloo)

versus the iteration number, where | - ||s is the maximum absolute component of a
vector.

These results indicate that the convergence speed is relatively insensitive to the
problem conditioning. The matrices A and the vector b associated with the plots in
Fig. 2 can be found at the following web site for the paper:

http://www.math.ufl.edu/~hager/papers/PET

In the second set of numerical experiments, we compare the convergence speed of
AS_CBB to that of the conjugate gradient-based active set algorithm ASA develo-
ped in [20] using an image reconstruction problem that arises in Positron Emission
Tomography. The data, obtained from a PET scan of the thorax, and a Fortran code
to evaluate the cost function and the gradient are also available at the web site for the
paper.

Figure 3 plots log;,(error) versus the iteration number. Although the conjugate
gradient-based algorithm reaches the 10~¢ error level in less than 500 iterations,
AS_CBB is able to reduce the error more quickly during the initial iterations; for
example, the error is less than 10~! within 16 iterations, while ASA uses 50 iterations
to reach the same error level. Since the line search in the conjugate gradient routine
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Fig. 2 Iteration number versus logq(error) for matrices with various condition numbers: a 102, b 104,
¢ 108,d 1016

0 (a) (b)

6 . . . . . . . . . . . .
0 100 200 300 400 500 600 0 100 200 300 400 500 600

Fig. 3 Iteration number versus log (error) for a AS_CBB and b ASA (a conjugate gradient-based active
set algorithm)

requires both the function and the gradient (to satisfy the Wolfe conditions), while the
Armijo line search in AS_CBB only requires the function value, AS_CBB is initially
much faster than the conjugate gradient code; there are fewer iterations to achieve
a given error tolerance and each iteration requires fewer gradient evaluations. Due
to the asymptotic superiority of the conjugate gradient code, it eventually surpasses
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20 40 60 80 100 120

Fig. 4 Reconstructed image for error tolerance 1074

AS_CBB in speed as the error tolerance becomes tiny. However, in practice a low
accuracy solution of (1.10) is often sufficient. The reconstructed image corresponding
to the error tolerance 10~* appears in Fig. 4

10 Conclusions

We develop a new affine scaling algorithm for box constrained optimization. This
algorithm was obtained by applying Newton’s method to the first-order optimality
conditions and approximating the Hessian matrix at iteration k by A;I where Ay is
obtained from a quasi-Newton condition. This approximation to the Hessian leads to
a scaled iterate which lies in the interior of the feasible set. This feature is especially
useful for problems where the cost function is infinite on the boundary of the fea-
sible set. We obtain A using a cyclic Barzilai-Borwein stepsize given by (1.11) and
(2.1). By Theorem 4.1, the resulting affine-scaling cyclic Barzilai-Borwein algorithm
AS_CBB is globally convergent when implemented using a nonmonotone line search
shown in Fig. 1. By Theorem 7.1, the algorithm is locally R-linearly convergent at a
nondegenerate local minimizer where the second-order sufficient optimality condition
holds. As seen in Fig. 2, the convergence of AS_CBB is relatively insensitive to the
problem condition number. We compared performance to that of the asymptotically
faster active set algorithm ASA using a test problem which arises in Positron Emission
Tomography (PET). AS_CBB is initially much faster than ASA, while ASA is faster
in the limit, as the error tolerance becomes tiny.
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