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Abstract. An active set algorithm (ASA) for box constrained optimization is developed. The
algorithm consists of a nonmonotone gradient projection step, an unconstrained optimization step,
and a set of rules for branching between the two steps. Global convergence to a stationary point is
established. For a nondegenerate stationary point, the algorithm eventually reduces to unconstrained
optimization without restarts. Similarly, for a degenerate stationary point, where the strong second-
order sufficient optimality condition holds, the algorithm eventually reduces to unconstrained opti-
mization without restarts. A specific implementation of the ASA is given which exploits the recently
developed cyclic Barzilai-Borwein (CBB) algorithm for the gradient projection step and the recently
developed conjugate gradient algorithm CG_DESCENT for unconstrained optimization. Numeri-
cal experiments are presented using box constrained problems in the CUTEr and MINPACK-2 test
problem libraries.
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1. Introduction. We develop an active set method for the box constrained op-
timization problem

(1.1) min {f(x) : x € B},
where f is a real-valued, continuously differentiable function defined on the set
(1.2) B={xeR":1<x<u}

Here 1 < u, and possibly [; = —oco or u; = oco.

The box constrained optimization problem appears in a wide range of applica-
tions, including the obstacle problem [67], the elastic-plastic torsion problem [47],
optimal design problems [7], journal bearing lubrication [20], inversion problems in
elastic wave propagation [6], and molecular conformation analysis [48]. Problem (1.1)
is often a subproblem of augmented Lagrangian or penalty schemes for general con-
strained optimization (see [24, 25, 37, 38, 43, 46, 52, 53, 65]). Thus the development of
numerical algorithms to efficiently solve (1.1), especially when the dimension is large,
is important in both theory and applications.

We begin with an overview of the development of active set methods. A seminal
paper is Polyak’s 1969 paper [68] which considers a convex, quadratic cost function.
The conjugate gradient method is used to explore a face of the feasible set, and the
negative gradient is used to leave a face. Since Polyak’s algorithm added or dropped
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only one constraint in each iteration, Dembo and Tulowitzki proposed [32] the conju-
gate gradient projection (CGP) algorithm which could add and drop many constraints
in an iteration. Later, Yang and Tolle [79] further developed this algorithm to ob-
tain finite termination, even when the problem was degenerate at a local minimizer
x*. That is, for some i, ¥ = I; or 7 = u; and Vf(x*); = 0. Another variation
of the CGP algorithm, for which there is a rigorous convergence theory, is developed
by Wright [77]. Moré and Toraldo [67] point out that when the CGP scheme starts
far from the solution, many iterations may be required to identify a suitable working
face. Hence, they propose using the gradient projection method to identify a working
face, followed by the conjugate gradient method to explore the face. Their algorithm,
called GPCG, has finite termination for nondegenerate quadratic problems. Recently,
adaptive conjugate gradient algorithms have been developed by Dostél [35, 36] and
Dostél, Friedlander, and Santos [38] which have finite termination for a strictly convex
quadratic cost function, even when the problem is degenerate.

For general nonlinear functions, some of the earlier research [3, 19, 49, 61, 66, 71]
focused on gradient projection methods. To accelerate the convergence, more recent
research has developed Newton and trust region methods (see [26] for an in-depth
analysis). In [4, 17, 24, 42] superlinear and quadratic convergence is established for
nondegenerate problems, while [44, 46, 60, 63] establish analogous convergence results,
even for degenerate problems. Although computing a Newton step can be computa-
tionally expensive, approximation techniques, such as a sparse, incomplete Cholesky
factorization [62], could be used to reduce the computational expense. Nonetheless,
for large-dimensional problems or for problems in which the initial guess is far from
the solution, the Newton/trust region approach can be inefficient. In cases when the
Newton step is unacceptable, a gradient projection step is preferred.

The affine-scaling interior-point method of Coleman and Li [21, 22, 23] (also see
Branch, Coleman, and Li [14]) is a different approach to (1.1), related to the trust
region algorithm. More recent research on this strategy includes [33, 58, 59, 76, 83].
These methods are based on a reformulation of the necessary optimality conditions
obtained by multiplication with a scaling matrix. The resulting system is often solved
by Newton-type methods. Without assuming strict complementarity (i.e., for degen-
erate problems), the affine-scaling interior-point method converges superlinearly or
quadratically, for a suitable choice of the scaling matrix, when the strong second-
order sufficient optimality condition [70] holds. When the dimension is large, forming
and solving the system of equations at each iteration can be time consuming, unless
the problem has special structure. Recently, Zhang [83] proposed an interior-point
gradient approach for solving the system at each iteration. Convergence results for
other interior-point methods applied to more general constrained optimization appear
in [39, 40, 78].

The method developed in this paper is an active set algorithm (ASA) which con-
sists of a nonmonotone gradient projection step, an unconstrained optimization step,
and a set of rules for branching between the steps. Global convergence to a station-
ary point is established. For a nondegenerate stationary point, the ASA eventually
reduces to unconstrained optimization without restarts. Similarly, for a degenerate
stationary point, where the strong second-order sufficient optimality condition holds,
the ASA eventually reduces to unconstrained optimization without restarts. If strict
complementarity holds and all the constraints are active at a stationary point, then
convergence occurs in a finite number of iterations. In general, our analysis does not
show that the strictly active constraints are identified in a finite number of iterations;



528 WILLIAM W. HAGER AND HONGCHAO ZHANG

instead, when the strong second-order sufficient optimality condition holds, we show
that the ASA eventually branches to the unconstrained optimization step, and hence-
forth, the active set does not change. Thus in the limit, the ASA reduces to uncon-
strained optimization without restarts. Furthermore, if the ith constraint in (1.1) is
strictly active at a stationary point x* (i.e., Vf(x*); # 0) and the iterates x; converge
to x*, then the distance between the ith component of x; and the associated limit,
either [; or u;, is on the order of the square of the distance between x; and x*.

A specific implementation of the ASA is given, which utilizes our recently devel-
oped cyclic Barzilai-Borwein (CBB) algorithm [30] for the gradient projection step
and our recently developed conjugate gradient algorithm CG_DESCENT [54, 55, 56,
57] for the unconstrained optimization step. Recent numerical results [27, 45, 50,
51, 74, 81] indicate that in some cases, a nonmonotone line search is superior to
a monotone line search. Moreover, gradient methods based on a Barzilai—-Borwein
(BB) step [2] have exhibited impressive performance in a variety of applications
[7, 10, 28, 29, 48, 64, 72]. The BB methods developed in [8, 9, 10, 11, 12, 69] are
all based on a Grippo-Lampariello-Lucidi (GLL) type of line search [50]. We have
obtained better performance using an adaptive, nonmonotone line search which orig-
inates from [31, 75]. Using the adaptive nonmonotone line search, more constraints
can be added or dropped in a single iteration. In addition, the cyclic implementation
of the BB step [30], in which the same BB stepsize is reused for several iterations,
performs better than the original BB step. Hence, in the gradient projection phase of
the ASA, we use the CBB scheme of [30] and an adaptive nonmonotone line search.

After detecting a suitable working face, the ASA branches to the unconstrained
optimization algorithm, which operates in a lower-dimensional space since some com-
ponents of x are fixed. For the numerical experiments, we implement this step using
our conjugate gradient algorithm CG_DESCENT. An attractive feature of this algo-
rithm is that the search directions are always sufficient descent directions; furthermore,
when the cost function is a strongly convex quadratic, the ASA converges in a finite
number of iterations, even when strict complementary slackness does not hold.

Our paper is organized as follows. In section 2 we present the nonmonotone
gradient projection algorithm (NGPA) and analyze its global convergence properties.
Section 3 presents the ASA and specifies the requirements of the unconstrained op-
timization algorithm. Section 4 establishes global convergence results for the ASA,
while section 5 analyzes local convergence. Section 6 presents numerical comparisons
using box constrained problems in the CUTEr [13] and MINPACK-2 [1] test problem
libraries. Finally, the appendix gives a specific implementation of the nonmonotone
gradient projection method based on our CBB method.

Throughout this paper, we use the following notation. For any set S, |S| stands
for the number of elements (cardinality) of S, while §¢ is the complement of S. || -|| is
the Euclidean norm of a vector. The subscript k is often used to denote the iteration
number in an algorithm, while xx; stands for the ith component of the iterate xj.
The gradient V f(x) is a row vector, while g(x) = Vf(x)T is a column vector; here
T denotes transpose. The gradient at the iterate x; is gr = g(xx). We let V2f(x)
denote the Hessian of f at x. The ball with center x and radius p is denoted B,(x).

2. Nonmonotone gradient projection algorithm. In this section, we con-
sider a generalization of (1.1) in which the box B is replaced with a nonempty, closed
convex set

(2.1) min {f(x) : x € Q}.
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X = Xp— O

Xy

Q

Fic. 2.1. The gradient projection step.

We begin with an overview of our gradient projection algorithm. Step k in our algo-
rithm is depicted in Figure 2.1. Here P denotes the projection onto €:

2.2 P(x) = in[|x — y|.
(2:2) () = arg min [lx — v

Starting at the current iterate xj, we compute an initial iterate X = x; — @xLk-
The only constraint on the initial steplength @y, is that @k € [Qmin, ¥max), Where amin
and ap.x are fixed, positive constants, independent of k. Since the nominal iterate
may lie outside 2, we compute its projection P(Xy) onto Q. The search direction is
dy = P(Xy) — Xy, similar to the choice made in SPG2 [11]. Using a nonmonotone line
search along the line segment connecting x; and P(Xy), we arrive at the new iterate
Xk41-

In the statement of the NGPA given below, f; denotes the “reference” function
value. A monotone line search corresponds to the choice f] = f(xx). The nonmono-
tone GLL scheme takes f} = f***, where

(2.3) fie = max{f(xg—i) : 0 < i < min(k, M — 1)}.

Here M > 0 is a fixed integer, the memory. In the appendix, we give a procedure for
choosing the reference function value based on our CBB scheme.
NGPA PARAMETERS.
e ¢ € [0,00), error tolerance
e 5 € (0,1), descent parameter used in Armijo line search
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e 1 € (0,1), decay factor for stepsize in Armijo line search
® [Qmin, Omax] C (0,00), interval containing initial stepsize
NONMONOTONE GRADIENT PROJECTION ALGORITHM (NGPA).
Initialize k = 0, xo = starting guess, and f"; = f(xo).
While | P(xx — gk) — xk|| > €
1. Choose @k € [min, ¥max] and set dy = P(Xy — Qx8k) — Xk-
2. Choose f] so that f(xx) < fi < max{f]_,, P>} and f] < fpr>*
infinitely often.
3. Let fr be either 7 or min{ M, fr}. If f(xx +di) < fr+6g] dg, then
ap = 1.
4. If f(xg +dg) > fr+ 6ggdk, then oy = 77, where j > 0 is the smallest
integer such that

(2.4) fxi+n'di) < fr+nogidy.

5. Set X141 = Xi + apdy and k =k + 1.
End

The condition f(xy) < f; guarantees that the Armijo line search in step 4 can be
satisfied. The requirement that “f; < f;"®* infinitely often” in step 2 is needed for the
global convergence result, Theorem 2.2. This is a rather weak requirement which can
be satisfied by many strategies. For example, at every L iteration, we could simply
set fi = fi®*. Another strategy, closer in spirit to the one used in the numerical
experiments, is to choose a decrease parameter A > 0 and an integer L > 0 and set
fi = it f(xe-r) — f(xx) < A.

To begin the convergence analysis, recall that x* is a stationary point for (2.1) if
the first-order optimality condition holds:

(2.5) Vix")(x—x*) >0 forall x €.
Let d*(x), a € R, be defined in terms of the gradient g(x) = Vf(x)T as follows:
d¥(x) = P(x — ag(x)) — x.

In the NGPA, the search direction is dj, = d% (x},). For unconstrained optimization,
d*(x) points along the negative gradient at x when o > 0. Some properties of P and
d® are summarized below.
PRrOPOSITION 2.1 (Properties of P and d%).
Pl. (P(x) —x)T(y — P(x)) >0 for allx € R and y € Q.
P2. (P(x) - P(y))"(x —y) > ||P(x) — P(y)||? for all x and y € R™.
P3. |IP(x) — P(y)l| < |lx —y|l for all x and y € R™.
P4. ||d¥(x)]|| is nondecreasing in « > 0 for any x € ).
P5. ||d¥(x)||/« is nonincreasing in o > 0 for any x € Q.
P6. g(x)Td*(x) < —||d*(x)||?/a for any x € Q and a > 0.
P7. For any x € Q and o > 0, d*(x) = 0 if and only if x is a stationary point
for (2.1).
P8. Suppose x* is a stationary point for (2.1). If for some x € R™ there exist
positive scalars A and v such that

(2.6) (g(x) — g(x") T (x = x*) > 7llx — x|

and

(2.7) l8(x) — g(x)I| < Allx — x|,
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then we have
. 14
I — x| < (,y) 1" (0.

Proof. P1 is the first-order optimality condition associated with the solution of
(2.2). Replacing y with P(y) in P1 gives

(P(x) —x)"(P(y) — P(x)) > 0.

Adding this to the corresponding inequality obtained by interchanging x and y yields
P2 (see [80]). P3 is the nonexpansive property of a projection (for example, see [5,
Prop. 2.1.3]). P4 is given in [73]. For P5, see [5, Lem. 2.3.1]. P6 is obtained from
P1 by replacing x with x — ag(x) and replacing y with x. If x* is a stationary point
satisfying (2.5), then P6 with x replaced by x* yields d*(x*) = 0. Conversely, if
d®(x*) = 0, then by P1 with x replaced by x* — ag(x*), we obtain

0 < ag(x")"(y - P(x" - ag(x")) = ag(x")"(y — x"),
which implies that x* is a stationary point (see [5, Fig. 2.3.2]).
Finally, let us consider P8. Replacing x with x — g(x) and replacing y with x*
in P1 gives
(2.8) [P(x —g(x)) —x+g(x)]"[x" — P(x — g(x))] > 0.
By the definition of d*(x), (2.8) is equivalent to
[d(x) + g(x)]T[x" — x —d'(x)] > 0.

Rearranging this and utilizing (2.6) gives

d'(x)"(x" —x) — g(x)Td" (x) — [|d' (x)||* > g(x)" (x — x*)
(2.9) > fx = x*|? 4+ g(x") " (x = x*).
Focusing on the terms involving g and utilizing (2.7), we have

g(x") (x" —x) —g(x)"d" (x) < Alx — x| [d' (x)[| + g(x")T (x" — x — d'(x))
= Mx — x| [ld" (x)I| + g(x")T[x" — P(x - g(x))]
(2.10) < Alx = x| [d* (x)]|

by (2.5), since P(x — g(x)) € €. Combining (2.9) and (2.10), the proof is
complete. 0

Next, we establish a convergence result for the NGPA.

THEOREM 2.2. Let L be the level set defined by

(2.11) L={xeN: f(x) < f(x0)}

We assume the following conditions hold:
G1. f is bounded from below on L and dyax = supy||dx|| < oo.
G2. If L is the collection of x € Q0 whose distance to L is at most dpyay, then V f
is Lipschitz continuous on L.
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Then either the NGPA with ¢ = 0 terminates in a finite number of iterations at a
stationary point, or we have

likm inf ||d* (xz)|| = 0.

Proof. By P6, the search direction dj generated in step 1 of the NGPA is a
descent direction. Since f] > f(xi) and 6 < 1, the Armijo line search condition
(2.4) is satisfied for j sufficiently large. We now show that xj € L for each k. Since
forex = fr, = f(xo), step 2 of the NGPA implies that fJ < f(xg). Proceeding by
induction, suppose that for some k > 0, we have

(2.12) fi <f(xo) and fi" < f(xo)

for all j € [0, k]. Again, since the search direction dj, generated in step 1 of the NGPA
is a descent direction, it follows from steps 3 and 4 of the NGPA and the induction
hypothesis that

(2.13) f(xg41) < fip < f(xo0)-

Hence, fii*y < f(xo) and fi; < max{f, fil’i'} < f(xo). This completes the induc-
tion. Thus (2.12) holds for all j. Consequently, we have fr < f(xo) in steps 3 and 4
of the NGPA. Again, since the search direction d; generated in step 1 of the NGPA
is a descent direction, it follows from steps 3 and 4 that f(xx) < f(xo), which implies
that x5 € L for each k.

Let A be the Lipschitz constant for V.f on £. As in [81, Lem. 2.1], we have

. 2n(1 5)> gldkl}
2.14 ap > mins 1,
(2.14) = { < N ) T2

for all k. By P6,

T [dill® _ lld]?
dpl > — > "
‘gk k| =&

amax

It follows from (2.14) that

(2.15) aj > min {1, <27’(1_6))} =c.

Altmax
By steps 3 and 4 of the NGPA and P6, we conclude that
(2.16)  f(xri1) < fi + bcgidy < fi — bcllde]|/ar < fi — bcllde]|?/amax.

We now prove that liminfy_, [|dg|]| = 0. Suppose, to the contrary, that there
exists a constant v > 0 such that ||dg| > « for all k. By (2.16), we have

(2.17) f(xpi1) < ff —7, where 7 = 6¢v?/max.

Let k;, i =0,1,..., denote an increasing sequence of integers with the property that
J7 < fir® for j = ki and f] < fi_; when k; < j < ki11. Such a sequence exists by
the requirement on f} given in step 2 of the NGPA. Hence, we have

(2.18) FI< L < F when ki < § < kiga
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By (2.17) it follows that

(2.19) fo) < fiog —7 < fi™ =7 when k; <j < kiqa.
It follows that

(2.20) fro SIS <

Hence, if a = k;, and b = k;,, where i1 > i3 and a —b > M, then by (2.18)—(2.20) we

129

have
max __ ) T _ max _
f = max [(Xa—j) < max fo; -7 <[ T,
Since the sequence k;, ¢ = 0,1,..., is infinite, this contradicts the fact that f is

bounded from below. Consequently, liminf;_ [[dg|| = 0. By P4 and P5, it follows
that

[dill > min{amin, 1}{|d* (xz)]]-

Thus lim infy_ o [|d!(xx)]| = 0. O
Recall that f is strongly convex on 2 if there exists a scalar v > 0 such that

(2.21) F69) = () + V) (x =) + 2llx =y

for all x and y € Q. Interchanging x and y in (2.21) and adding, we obtain the
(usual) monotonicity condition

(2.22) (VI(y) = V) —x) = lly — x|

For a strongly convex function, (2.1) has a unique minimizer x*, and the conclusion
of Theorem 2.2 can be strengthened as follows.

COROLLARY 2.3. Suppose f is strongly conver and twice continuously differen-
tiable on ), and there is a positive integer L with the property that for each k, there
exists j € [k, k + L) such that I7 < [ Then the iterates xi, of the NGPA with
€ = 0 converge to the global minimizer x*.

Proof. As shown at the start of the proof of Theorem 2.2, f(x;) < f(xg) for each
k. Hence, xj lies in the level set £ defined in (2.11). Since f is strongly convex, £
is a bounded set; since f is twice continuously differentiable, ||V f(x)|| is bounded
uniformly in k. For any x € Q, we have P(x) = x. By P3, it follows that

1A% = [[P(x — ag(x)) — x|| = [ P(x — ag(x)) = P(X)|| < a[g(x)]|

Since @k € [Omin, ¥max)s @max = supy, ||dg|| < co. Consequently, the set £ defined in
G2 is bounded. Again, since f is twice continuously differentiable, V f is Lipschitz
continuous on £. By assumption, fi < fi® infinitely often. Consequently, the
hypotheses of Theorem 2.2 are satisfied, and either the NGPA with ¢ = 0 terminates
in a finite number of iterations at a stationary point, or we have

(2.23) lim inf [d*(xz)|| = 0.

Since f is strongly convex on 2, x* is the unique stationary point for (2.1). Hence,
when the iterates converge in a finite number of steps, they converge to x*. Otherwise,
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(2.23) holds, in which case there exists an infinite sequence I; < ly < --- such that
[d*(xy,)|| approaches zero as j tends to co. Since (2.22) holds, it follows from P8 that
x;; approaches x* as j tends to co. By P4 and P5, we have

14 ()l < max{1,a}|d* (x)|.
Since ay € [Qmin, ¥max], it follows that
|| < max{1, amax}[1d" (xx)l
Since the stepsize ay € (0,1], we deduce that
(2.24) Ixs1 = xp ] = aplldil < il < max{1, ama}|d* (x)]]-

By P3, P is continuous; consequently, d®(x) is a continuous function of x. The
continuity of d*(-) and f(-) combined with (2.24) and the fact that x;; converges to
x* implies that for any 6 > 0 and for j sufficiently large, we have

f(xg) < f(x*)+6 forallkell,l;+M+ L.
By the definition of f;"**,
(2.25) i< f(x*)+6 forallkell;+M1l; + M+ L.

As in the proof of Theorem 2.2, let k;, ¢ = 0,1, ..., denote an increasing sequence
of integers with the property that f; < fi*** for j = k; and fj < fi_; when k; < j <
ki+1. As shown in (2.20),

(226) max < ]glax

kit1 =

for each i. The assumption that for each k, there exists j € [k,k + L) such that
fi < fi"®, implies that

(227) ki+1 — kz < L.

Combining (2.25) and (2.27), for each [}, there exists some k; € [I; + M,l; + M + L]
and

(2.28) [ < f(x) +6.
Since 6 was arbitrary, it follows from (2.26) and (2.28) that
(2.29) lim f* = f(x");

the convergence is monotone by (2.26). By the choice of k; and by the inequality
f(xx) < fi in step 2, we have

(2.30) fxx) < fi < fii® for all k > k.
Combining (2.29) and (2.30),

(2.31) lim f(xi) = £(x).
Together, (2.5) and (2.21) yield

(2.32) Fxr) = f) + 2l — x|

Combining this with (2.31), the proof is complete. ]
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3. The active set algorithm. Starting with this section, we focus on the box
constrained problem (1.1). To simplify the exposition, we consider the special case
when 1 =0 and u = oc:

min {f(x) : x > 0}.

We emphasize that the analysis and algorithm apply to the general box constrained
problem (1.1) with both upper and lower bounds.

Although the gradient projection scheme of the NGPA has an attractive global
convergence theory, the convergence rate can be slow in a neighborhood of a local
minimizer. In contrast, for unconstrained optimization, the conjugate gradient algo-
rithm often exhibits superlinear convergence in a neighborhood of a local minimizer.
We develop an ASA which uses the NGPA to identify active constraints, and which
uses an unconstrained optimization algorithm, such as the CG_DESCENT scheme in
[54, 55, 57, 56|, to optimize f over a face identified by the NGPA.

We begin with some notation. For any x € Q, let A(x) and Z(x) denote the
active and inactive indices, respectively:

Ax)={ie€[l,n]:z; =0},
I(x)={i€el[l,n]:z; >0}

The active indices are further subdivided into those indices satisfying strict comple-
mentarity and the degenerate indices:

Ay (x) = {i € Ax) : gi(x) > 0},
Ao(x) = {i € A(x) : gi(x) = 0}.

We let gr(x) denote the vector whose components associated with the set Z(x) are
identical to those of g(x), while the components associated with A(x) are zero:

(X) o 0 if T = 07
gri\x) = gi(x) ifz; > 0.

An important feature of our algorithm is that we try to distinguish between active
constraints satisfying strict complementarity and active constraints that are degener-
ate using an identification strategy, which is related to the idea of an identification
function introduced in [41]. Given fixed parameters a € (0,1) and 8 € (1,2), we
define the (undecided index) set U at x € B as follows:

Ux) = {i € [1,n] :gi(x)] > [d"(x)[* and a; > [|d" (x)]|7}.

In the numerical experiments, we take a = 1/2 and 8 = 3/2. In practice, U is almost
always empty when we reach a neighborhood of a minimizer, and the specific choice
of a and 3 does not have a significant effect on convergence. The introduction of the
U set leads to a strong local convergence theory developed in section 5.

The indices in U correspond to components of x for which the associated gradient
component g;(x) is relatively large, while x; is not close to 0 (in the sense that
z; > [|[dY(x)||”). When the set U of uncertain indices is empty, we feel that the
indices with large associated gradient components are almost identified. In this case
we prefer the unconstrained optimization algorithm.

Although our numerical experiments are based on the conjugate gradient code
CG_DESCENT, a broad class of unconstrained optimization algorithms (UAs) can
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be applied. The following requirements for the UA are sufficient for establishing the
convergence results that follow. Conditions Ul-U3 are sufficient for global conver-
gence, while U1-U4 are sufficient for the local convergence analysis. Condition U4
could be replaced with another descent condition for the initial line search; however,
the analysis of section 5 has been carried out under U4.

UNCONSTRAINED ALGORITHM (UA) REQUIREMENTS.

Ul. x > 0 and f(xg+1) < f(xx) for each k.

U2. A(xy) C A(xpy1) for each k.

U3. If A(xj41) = A(x;) for j > k, then liminf; . ||gr(x;)| = 0.

U4. Whenever the UA is started, xx+1 = P(xr — argr(Xk)), where ay is obtained

from a Wolfe line search. That is, oy is chosen to satisfy

(3.1) d(ak) < ¢(0) + 6ck’(0) and  ¢'(ax) > 0¢(0),
where
(3.2) o) = f(P(xx —agr(xx))), 0<dé<o<l

Condition Ul implies that the UA is a monotone algorithm, so that the cost function
can only decrease in each iteration. Condition U2 concerns how the algorithm behaves
when an infeasible iterate is generated. Condition U3 describes the global convergence
of the UA when the active set does not change. In U4, ¢'(«) is the derivative from
the right side of «; oy exists since ¢ is piecewise smooth with a finite number of
discontinuities in its derivative, and ¢’(«) is continuous at o = 0.

Our ASA is presented in Figure 3.1. In the first step of the algorithm, we execute
the NGPA until we feel that the active constraints satisfying strict complementarity
have been identified. In step 2, we execute the UA until a subproblem has been solved
(step 2a). When new constraints become active in step 2b, we may decide to restart
either the NGPA or the UA. By restarting the NGPA, we mean that xy in the NGPA
is identified with the current iterate x;. By restarting the UA, we mean that iterates
are generated by the UA using the current iterate as the starting point.

4. Global convergence. We begin with a global convergence result for the
ASA.
THEOREM 4.1. Let L be the level set defined by

L={xeB: f(x)< f(x0)}

Assume the following conditions hold:
Al. f is bounded from below on £ and dymax = supy||dg|| < co.
A2. If L is the collection of x € B whose distance to L is at most dpax, then Vf
is Lipschitz continuous on L.
A3. The UA satisfies U1-U3.
Then either the ASA with € = 0 terminates in a finite number of iterations at a
stationary point, or we have

(4.1) lim inf [ (xz)|| = 0.

Proof. 1If only the NGPA is performed for large k, then (4.1) follows from Theorem
2.2. If only the UA is performed for large k, then by U2, the active sets A(xj) must
approach a limit. Since p does not change in the UA, it follows from U3 and the
condition ||gr(xx)|| > pl/d!(xz)| that (4.1) holds. Finally, suppose that the NGPA
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ASA PARAMETERS.
e ¢ € [0,00), error tolerance, stop when ||d!(x;)| < e
€ (0,1), |lgr(xx)|| < pl|/d*(xx)| implies subproblem solved
p € (0,1), decay factor for u tolerance
n1 € [1,n), number of repeated A(xy) before switch from the NGPA to the
UA
e ny € [1,n), used in switch from the UA to the NGPA

ACTIVE SET ALGORITHM (ASA).
1. While [|d!(xx)|| > € execute the NGPA and check the following:

a. If U(xy) =0, then
If [lgr (xx) || < plld* (xx)|, then p = pp.
Otherwise, goto step 2.

b. Else if A(x) = A(Xp-1) =+ = A(Xp—n, ), then
If |lgr (k) || = plld* (x1)[], then goto step 2.

End

2. While ||d*(xy)|| > € execute the UA and check the following:
a. If |lgr(xk)|| < p|ld*(xx)]|, then restart the NGPA (step 1).
b. If |A(xg_1)| < |A(xx)], then
If U(xy) = 0 or |A(xp)| > |A(xk—1)| + na, restart the UA at xy.
Else restart the NGPA.
End
End

Fic. 3.1. Statement of the ASA.

is restarted an infinite number of times at k1 < kg < --- and that it terminates at
k1 +1 < ka+1ly < ---, respectively. Thus k; < k; +1; < k; 41 for each 4. If (4.1) does
not hold, then by (2.19) and (2.20), we have

(42) f(xki+li) < f(xk7) - T

By Ul,

(43) f(xki+l) < f(xki+li)'

Combining (4.2) and (4.3), we have f(xg,,,) < f(Xx,) — 7, which contradicts the
assumption that f is bounded from below. ]

When f is strongly convex, the entire sequence of iterates converges to the global
minimizer x*, as stated in the following corollary. Since the proof of this result relies
on the local convergence analysis, the proof is delayed until the end of section 5.

COROLLARY 4.2. If f is strongly convex and twice continuously differentiable on
B, and assumption A3 of Theorem 4.1 is satisfied, then the iterates xi of the ASA
with € = 0 converge to the global minimizer x*.

5. Local convergence. In the next series of lemmas, we analyze local con-
vergence properties of the ASA. We begin by focusing on nondegenerate stationary
points; that is, stationary points x* with the property that g;(x*) > 0 whenever
z; =0.
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5.1. Nondegenerate problems. In this case, it is relatively easy to show that
the ASA eventually performs only the UA without restarts. The analogous result for
degenerate problems is established in section 5.2.

THEOREM 5.1. If f is continuously differentiable, 0 < u < 1, and the iterates
X generated by the ASA with ¢ = 0 converge to a nondegenerate stationary point
x*, then after a finite number of iterations, the ASA performs only the UA without
restarts.

Proof. Since x* is a nondegenerate stationary point and f is continuously differ-
entiable, there exists p > 0 with the property that for all x € B,(x*), we have

(5.1) gi(x) >0ifi € A(x*) and z; >0ifie A(x")".

Let k4 be chosen large enough that x; € B,(x*) forall k > k4. If k > ki and xy,; = 0,
then di; = 0 in step 1 of the NGPA. Hence, zj11,; = 0 if x4 is generated by the
NGPA. By U2, the UA cannot free a bound constraint. It follows that if £ > k, and
Zri = 0, then x;; = 0 for all j > k. Consequently, there exists an index K > ki with
the property that A(xy) = A(x;) for all j > k > K.

For any index 4, |d}(x)| < |gi(x)|. Suppose x € B,(x*); by (5.1), d}(x) = 0 if
x; = 0. Hence,

(5:2) ld* ()] < llgr ()l

for all x € By(x*). If k > K + ny, then in step 1b of the ASA, it follows from
(5.2) and the assumption p € (0,1] that the NGPA will branch to step 2 (UA). In
step 2, the condition “||gr(xx)|| < p||d!(xx)||” of step 2a is never satisfied by (5.2).
Moreover, the condition “|A(xz—_1)| < |A(xg)|” of step 2b is never satisfied since
k > K. Hence, the iterates never branch from the UA to the NPGA and the UA is
never restarted. ad

5.2. Degenerate problems. We now focus on degenerate problems and show
that a result analogous to Theorem 5.1 holds under the strong second-order sufficient
optimality condition. We begin with a series of preliminary results.

LEMMA 5.2. If f is twice-continuously differentiable and there exists an infinite
sequence of iterates Xy, generated by the ASA with € = 0 converging to a stationary
point x*, Xy # x* for each k, then for each i € Ay (x*) we have

. Li
(5.3) h/?i»sogp T — x| < 0.

Proof. Assume that A, (x*) is nonempty; otherwise there is nothing to prove.
Let k4 be chosen large enough that g;(x;) > 0 for all i € A, (x*) and k > k4. Since
f is twice-continuously differentiable, V f is Lipschitz continuous in a neighborhood
of x*. Choose p > 0 and let A be the Lipschitz constant for V f in the ball B,(x*)
with center x* and radius p. Since d!(x*) = 0, it follows from the continuity of d*()
that dj tends to 0 (see (2.24)). Choose k. large enough that the ball with center xj,
and radius ||dg|| is contained in B,(x*) for all k > k4. If ;; = 0 for some i € A4 (x*)
and [ > k4, then by the definition of dy in the NGPA, we have dy; = 0 for all k£ > [.
Hence, x; = 0 for each k£ > [ in the NGPA. Likewise, in the UA it follows from
U2 that z;; = 0 for j > k when x3; = 0; that is, the UA does not free an active
constraint. In other words, when an index ¢ € A4 (x*) becomes active at iterate xy,
k > k4, it remains active for all the subsequent iterations. Thus (5.3) holds trivially
for any ¢ € A4 (x*) with the property that xy; = 0 for some k > k.
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Now, let us focus on the nontrivial indices in A4 (x*). That is, suppose that there
exists | € A, (x*) and z; > 0 for all k¥ > k;. By the analysis given in the previous
paragraph, when k, is sufficiently large,

(5.4) either zx; >0 or x5, =0

for all k > ky and ¢ € Ay (x*) (since an index i € A, (x*), which becomes active at
iterate xj, remains active for all the subsequent iterations). We consider the following
possible cases.

Case 1. For an infinite number of iterations k, xj is generated by the UA, and
the UA is restarted a finite number of times.

In this case, the ASA eventually performs only the UA, without restarts. By
U2 and U3, we have liminfy_, ||g7(x%)|| = 0. On the other hand, by assumption,
l € I(xy) for k > ki and g;(x*) > 0, which is a contradiction since g;(xj) converges
to gi(x).

Case 2. For an infinite number of iterations k, xj is generated by the UA, and
the UA is restarted an infinite number of times.

In this case, we will show that after a finite number of iterations, xy; = 0 for
all i € A, (x*). Suppose, to the contrary, that there exists an [ € A, (x*) such that
xr > 0 for all k > k. By U4, each time the UA is restarted, we perform a Wolfe
line search. By the second half of (3.1), we have

(5.5) ¢ (k) = ¢/(0) = (o = 1)¢/(0).
It follows from the definition (3.2) of ¢(«) that
(5:6) d0) == > gk =—lgCx)lI* and
i€ (xy)
¢ (ar) = — Z IkiGk+1,i
1€Z(Tk41)
(5.7) == Z Ikik+1, + Z IkiGk+1,i-
i€ (zk) i€A(zp41)\Alzk)

By the Lipschitz continuity of V f and P3, we have

lg(xk) — g8(xkt+1)| = g(P(xx)) — g(P(xx — argr(xk)))ll
< Aagllgr(xx) |-

Hence, by the Schwarz inequality,

(5.8) > kil — gry1)| < Aallgr (x>
iGI(xk)

Since A(xg+1) \ A(xx) C Z(xx), the Schwarz inequality also gives

(5.9) > grigk+1,i < |lgr(xi)[lllgr+1llas
i€A(zr41)\A(zk)
where
Igrr1llir = Z Thsrae

i€ A(wrt1)\A(zr)
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Here N = A(xg41) \ A(xg) corresponds to the set of constraints that are newly
activated as we move from xj, to Xi4+1. Combining (5.5)—(5.9),

-0  lgrt1llav 2 2
5.10) ap > — ,  where ||g = E Jt14-
( ) k b\ )\Hgl(xk)” || k+1||./\/ k+1,

i€A(zk+1)\A(zk)

For k sufficiently large, (5.4) implies that the newly activated constraints A(xg+1) \
A(xy) exclude all members of A (x*). Since the xj converge to x*, ||gk+1||a tends
to zero. On the other hand, ||g7(xx)|| is bounded away from zero since the index [ is
contained in Z(xj). Hence, the last term in (5.10) tends to 0 as k increases, and the
lower bound for ¢y, approaches (1—o)/A. Since xf = 0, it follows that xy; approaches
0. Since the lower bound for «y, approaches (1 — o)/A, gi(x*) > 0, and x;, converges
to x*, we conclude that

Tht1, = Thl — pGrt < 0

for k sufficiently large. This contradicts the initial assumption that constraint [ is
inactive for k sufficiently large. Hence, in a finite number of iterations, xx; = 0 for all
1€ A+ (X*)

Case 3. The UA is executed a finite number of iterations.

In this case, the iterates are generated by the NGPA for k sufficiently large.
Suppose that (5.3) is violated for some [ € A, (x*). We show that this leads to a
contradiction. By (5.4), zx; > 0 for all £k > k. Since x;, converges to x*, x; =0, and
g1(x*) > 0, it is possible to choose k larger, if necessary, so that

(511) Tkl — JkiQmin < 0.

Since (5.3) is violated and xj converges to x*, we can choose k larger, if necessary, so
that

Tl )\(2 + A)2 max{l, O41(1130(}2

5.12
(5:12) M- 20— 6)gu

where 0 < 6 < 1 is the parameter appearing in step 3 of the NGPA, and X is the
Lipschitz constant for V f. We will show that for this k, we have

(5.13) Fxi+di) < fr + bgidy,

where fg is specified in step 3 of the NGPA. According to step 3 of the NGPA, when
(5.13) holds, ay = 1, which implies that

(5.14) Tht1,0 = Tkt + dir-
Since (5.11) holds and @y > @min, we have
(515) di = max{xkl — QK Gkl, O} — T = —Tk]-

This substitution in (5.14) gives z41,; = 0, which contradicts the fact that xy; > 0
for all k > k.
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To complete the proof, we need to show that when (5.12) holds, (5.13) is satisfied.
Expanding in a Taylor series around xj and utilizing (5.15) gives

f(xk +di) = f(xx) + /01 I/ (xp + tdy)dt
= f(x) + gidi + /Ol(Vf(Xk +tdy) — g )dxdt
< F00) + gl + 5 s
= f(xk) + 6gidi + (1 — 6)gldi + %Hdkﬂz
(5.16a) < f(xx) + dghdy + (1 = 8)grdi + %HdkHQ
(5.16b) = J0) + bglde — (1~ S)gaana + 5 il

The inequality (5.16a) is due to the fact that gg;dx; < 0 for each i. By P3, P4, P5,

and P7, and by the Lipschitz continuity of V f, we have

il < max{1, amax " (1)

= max{1, omax}H|d" (x1) — d' (x")]
max{l, amax [ P(xk — gr) — xx — P(x" — g(x")) + X7
max{l, amax}([[xr = X[ + [[P(xx — gr) — P(x" — g(x"))|)
max{1, amasx }(|[xr = X" + [[xr — gx — (x* = g(x"))|)
max{1, amax }(2l[xk — x| + [Igr — &(x")]])
max{1, amax } (2 + A)[|xr — x*||.

VAN VAN VAN VAN

Combining this upper bound for ||dy|| with the lower bound (5.12) for zy;, we conclude
that

A A
§Hdk”2 < b) max{1, amax}2(2 + >‘)2||Xk - X*Hz
1/2(1-6
< g (A0 e
2\ =k —x*||

= (1= 0)zrigri-
Hence, by (5.16b) and by the choice for fr specified in step 3 of the NGPA, we have
(5.17) Flxi+di) < f(xe) +8gidi < fr + bgldy.

This completes the proof of (5.13). O

There is a fundamental difference between the gradient projection algorithm
presented in this paper and algorithms based on a “piecewise projected gradient”
[15, 16, 17]. For our gradient projection algorithm, we perform a single projection,
and then we backtrack towards the starting point. Thus we are unable to show that
the active constraints are identified in a finite number of iterations; in contrast, with
the piecewise project gradient approach, where a series of projections may be per-
formed, the active constraints can be identified in a finite number of iterations. In
Lemma 5.2 we show that even though we do not identify the active constraints, the
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components of xj, corresponding to the strictly active constraints are on the order of
the error in x; squared.

If all the constraints are active at a stationary point x* and strict complementarity
holds, then convergence is achieved in a finite number of iterations.

COROLLARY 5.3. If f is twice-continuously differentiable, the iterates x;, gener-
ated by the ASA with e = 0 converge to a stationary point x*, and | Ay (x*)| = n, then
X, = X" after a finite number of iterations.

Proof. Let Xj max denote the largest component of x;. Since ||xx|? < nxémax,
we have

Xk, max 1

5.18 .
( ) ||X7’€H2 - NXk max

Since all the constraints are active at x*, Xy max tends to zero. By (5.18) the con-
clusion (5.3) of Lemma 5.2 does not hold. Hence, after a finite number of iterations,
X, = x*. 0

Recall [70] that for any stationary point x* of (1.1), the strong second-order
sufficient optimality condition holds if there exists v > 0 such that

(5.19) d"V2f(x*)d > v||d||*> whenever d; =0 for all i € A, (x*).

Using P8, we establish the following.

LEMMA 5.4. If f is twice-continuously differentiable near a stationary point x*
of (1.1) satisfying the strong second-order sufficient optimality condition, then there
exists p > 0 with the following property:

(5.20) x — x*| < \/1 + <(1;A)2) ld* (x)]|

for all x € B,(x*), where X is any Lipschitz constant for V f over B,(x*).
Proof. By the continuity of the second derivative of f, it follows from (5.19) that
for p > 0 sufficiently small,

(5.21) (g(x) — g(x") " (x = x") > 57x — x"||?

for all x € B,(x*) with z; = 0 for all i € A, (x*). Choose p smaller if necessary so
that

(5.22) x; — gi(x) <0 for all i € A (x*) and x € B,(x").
Let x be defined as follows:

(5.23) 5 :{ 0if i € A4 (x¥),

x,; otherwise.
Since (5.22) holds, it follows that

(5.24) Ix — %] < 14" )]
for all x € B,(x*). Also, by (5.22), we have

[P(x—g(x)) —x];=0 and d'(x); = [P(x—g(x)) —x],

i =T
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for all i € Ay (x*), while

for i ¢ A, (x*). Hence, we have
(5.25) 1P(x - g(x)) — x| < [|d" (x)]

for all x € B,(x*). By the Lipschitz continuity of g, (5.24), (5.25), and P3, it follows
that

[d'(®)]| = [P(x — g(X)) — P(X — g(x)) + P(X — g(x)) — X||
< Ax = x|+ [ld' (=)
(5.26) < (1+A)[d (%)

for all x € B,(x*). By P8, (5.21), and (5.26), we have

2
(5.27) k=< (S22t < (U5 ) ool

Since ||x — %2 + [|x — x*[|? = ||x — x*||?, the proof is completed by squaring and
adding (5.27) and (5.24). O

We now show that the undecided index set U becomes empty as the iterates
approach a stationary point, where the strong second-order sufficient optimality con-
dition holds.

LEMMA 5.5. Suppose f is twice-continuously differentiable, x* is a stationary
point of (1.1) satisfying the strong second-order sufficient optimality condition, and
Xk, k=0,1,..., is an infinite sequence of feasible iterates for (1.1) converging to x*,
X # X* for each k. If there exists a constant & such that
(5.28) lim sup L — <€ <o

h—oo |[XK —x*||?

for alli € Ay(x*), then U(xy) is empty for k sufficiently large.
Proof. To prove that U(x) is empty, we must show that for each i € [1,n], one of
the following inequalities is violated:
(5.29) l9:(x)| = [|d* (x)[|* or
(5.30) z; > [|d* (x)]|°.

By Lemma 5.4, there exists a constant ¢ such that ||x —x*|| < ¢[|[d!(x)]| for all x near
x*. If i € Ay (x*), then by (5.28), we have

lmsp % < limsyp PEXP
kooo Y xR)P T kmee [l (xp)]8

since § € (1,2). Hence, for each i € A4 (x*), (5.30) is violated for k sufficiently large.
If i € Ay (x*), then g;(x*) = 0. By Lemma 5.4, we have

<limsup &?||d!(xp)|*7 =0
k—oo

: |gi (xx)| . |9i (xk) — g:(x)|
limsup ————— =limsup ———F"+7——
k—oo AN ER* koo [[d* ()1
. Al — x|
<limsup —————
koo AN (xk)[

<limsup Ac||d(xz)||*™* =0,

— 00
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since « € (0,1). Here, A is a Lipschitz constant for g in a neighborhood of x*. Hence,
(5.29) is violated if ¢ & A4 (x*). 0

Remark. 1f i € Ay (x*) and the iterates x; converge to a stationary point x*, then
gi(xx) is bounded away from 0 for k sufficiently large. Since d!(x;) tends to zero, the
inequality |g;(xx)| > ||d!(xx)||* is satisfied for k sufficiently large. Hence, if U(x},) is
empty and i € A, (x*), then zy; < ||[d!(x)||” where 3 € (1,2). In other words, when
U(xy) is empty, the components of x; associated with strictly active indices A4 (x*)
are going to zero faster than the error ||d*(xz)]|.

LEMMA 5.6. Suppose f is twice-continuously differentiable, x* is a stationary
point of (1.1) satisfying the strong second-order sufficient optimality condition, and
xk, k=0,1,..., is an infinite sequence of feasible iterates for (1.1) converging to x*,
X # x* for each k. If there exists a constant £ such that

. Thi
(5.31) limsup —————5 < ¢ < 0
h—oo Xk — x*||2

for alli € Ay (x*), then there exist u* > 0 such that

(5.32) gz (i)l > p*[ld" () |

for k sufficiently large.

Proof. Choose p > 0, and let A be the Lipschitz constant for V f in B,(x*). Asin
(5.23), let x be defined by z; = 0if i € Ay (x*) and Z; = z; otherwise. If x;, € B,(x*),
we have

14" (i) | < [l (x) — ()|
< [l (xp) — ' (%) + | d (i) — d' (x|
(5.33) < (24N xe = xi ]l + (x5 = x7[)-

Utilizing (5.31) gives
n
X — xxl| < Z |Thi — T
i=1
= Z zi < néllxp — |2

i€AL (x7)

n€llxk — x*[(lIxx = %l + [[xx = <))

IN

Since xj, converges to x*, it follows that for any € > 0,
(5.34) I8 — x| < % — ]

when £k is sufficiently large. Combining (5.33) and (5.34), there exists a constant ¢ > 0
such that

(5.35) 1" ()| < ellxi — x|

for k sufficiently large.
Let k be chosen large enough that

(5.36) IIxr —x*|| < min{x] : i € ZT(x™)}.
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Suppose, in this case, that ¢ € A(xg). If f > 0, then ||x; — x*|| > zF, which
contradicts (5.36). Hence, Ty, = xf = 0. Moreover, if ¢ € Ay(x*), then by the
definition (5.23), Ty, = 7 = 0. In summary,

(5.37) Tpi=xf =0 for each i € A(xy) U Ay (x*),
’ g9i(x*) =0 for each i € A4 (x*)°,

where A4 (x*)¢ is the complement of AL (x*). Define Z = A(xx)® N A4 (x*)°.
By the strong second-order sufficient optimality condition and for x near x*, we
have

Ux -l < fx - x*]T/O V2F(x" + (% — x*))dt [x — x°]
(8

x) — g(x")).

We substitute x = xj, in (5.38) and utilize (5.37) to obtain

(5.38) =(x-x)"

n

(1 —x") " (8(%n) — g(x") = D (Tni — 27)(9:(%e) — 9s(x"))

=1
=Y (ki — 77)9: (%)
€2
1/2
(5.39) <lge—=x 1| D x|

1€Z(xk)
since Z C A(xy)¢ = Z(xy). Exploiting the Lipschitz continuity of V f, (5.39) gives
(5.40) (3 —x")T(g(xk) — 8(x")) < % — x| (lgz(xe) | + Allxe — x])-

Combining (5.34), (5.38), and (5.40), we conclude that for k sufficiently large,
Y= *
(5.41) 16 =X < g (i)

Combining (5.35) and (5.41), the proof is complete. O

Remark. If x; is a sequence converging to a nondegenerate stationary point
x*, then (5.32) holds with p* = 1, without assuming either the strong second-order
sufficient optimality condition or (5.31)—see Theorem 5.1. In Lemma 5.6, the opti-
mization problem could be degenerate.

We now show that after a finite number of iterations, the ASA will perform only
the UA with a fixed active constraint set.

THEOREM 5.7. If f is twice-continuously differentiable and the iterates xi gen-
erated by the ASA with e = 0 converge to a stationary point x* satisfying the strong
second-order sufficient optimality condition, then after a finite number of iterations,
the ASA performs only the UA without restarts.

Proof. By Lemma 5.2, the hypotheses (5.28) and (5.31) of Lemmas 5.5 and 5.6
are satisfied. Hence, for k sufficiently large, the undecided set U (xy) is empty and the
lower bound (5.32) holds. In step la, if ||gs(xx)| < p//d!(xx)]|, then p is multiplied
by the factor p < 1. When p < p*, Lemma 5.6 implies that ||gr(xx)|| > plld* (xx)]-
Hence, step la of the ASA branches to step 2, while step 2 cannot branch to step
1 since the condition |gr(xx)|| < pl/d*(xx)|| is never satisfied in step 2a and U (xx)
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is empty in step 2b for k sufficiently large. Since the UA only adds constraints, we
conclude that after a finite number of iterations, the active set does not change. 0

Remark. If f is a strongly convex quadratic function, then by Corollary 4.2,
the iterates xj; converge to the global minimizer x*. If the UA is based on the
conjugate gradient method for which there is finite convergence when applied to a
convex quadratic, it follows from Theorem 5.7 that the ASA converges in a finite
number of iterations.

We now give the proof of Corollary 4.2; that is, when f is strongly convex and
twice-continuously differentiable on B, and assumption A3 of Theorem 4.1 is satisfied,
then the entire sequence of iterates generated by the ASA converges to the global
minimizer x*. Note that the assumptions of Corollary 4.2 are weaker than those of
Corollary 2.3 (global convergence of the NGPA) since Corollary 4.2 requires only that
fi < fi®* infinitely often in the NGPA.

Proof. For a strongly convex function, Al and A2 always hold. Since all the
assumptions of Theorem 4.1 are satisfied, there exists a subsequence x;, j = 1,2,...,
of the iterates such that

Tim [|d* (x,)]| = 0.
J‘)OO

Since the UA is monotone and since the NGPA satisfies (2.12) and (2.13), it follows
from the strong convexity of f that the xj, are contained in a bounded set. Since
d'(-) is continuous, there exists a subsequence, also denoted Xk, , converging to a limit
x* with d*(x*) = 0. Since the unique stationary point of a strongly convex function
is its global minimizer, x* is the global solution of (1.1).

Case A. There exists an infinite subsequence, also denoted {xy, }, with the prop-
erty that x;, 11 is generated by the UA.

In this case, we are done since the UA is monotone and the inequality

(5.42) f(xx) < f(xx,)

holds for all k£ > k; (see (2.12) and (2.13)). Since xj; converges to x*, it follows
that f(xg;) converges to f(x*), and hence, by (5.42) and (2.32), the entire sequence
converges to x*.

Case B. There exists an infinite subsequence, also denoted {xy, }, with the prop-
erty that x, 11 is generated by the NGPA.

Either

(5.43) lim sup Bk, )i

: m < 0 for all 4 < A+(X*)
j—o0 5

holds or (5.43) is violated. By the analysis given in Case 3 of the proof of Lemma
5.2, when (5.43) is violated, (5.13) holds, from which it follows that for j sufficiently
large,

(5.44) Xp, 41, =0 foralli e Ay (x¥).

Hence, either the sequence xy; satisfies (5.43) or the sequence xy, 1 satisfies (5.44).
In this latter case, it follows from (5.17) that

J(Xn,41) < f(x,)-

Since f(xy,) converges to f(x*), we conclude that f(xx,11) converges to f(x*), and
Xk, +1 converges to x*.



BOX CONSTRAINED OPTIMIZATION 547

In either case (5.43) or (5.44), there exists a sequence K; (either K, = k; or
K; = kj + 1) with the property that x5, converges to x* and

XK, )i
lim sup % < oo forallie Ay(x").
j—o0 HXKj - X ”

By Lemma 5.5, U(xk;) is empty for j sufficiently large. By Lemma 5.6, there exists
w* > 0 such that

gz (x| = plld (xx, )

for j sufficiently large. As in the proof of Theorem 5.7, at iteration K for j sufficiently
large, the ASA jumps from step 1 to the UA in step 2. Hence, for j sufficiently large,
Xr,+1 is generated by the UA, which implies that Case A holds. O

6. Numerical experiments. This section compares the CPU time performance
of the ASA, implemented using the nonlinear conjugate gradient code CG_DESCENT
for the UA and the CBB method (see the appendix) for the NGPA, to the performance
of the following codes:

e L-BFGS-B [18, 84]: The limited memory quasi-Newton method of Zhu, Byrd,
and Nocedal (ACM algorithm 778).

e SPG2 version 2.1 [10, 11]: The nonmonotone spectral projected gradient
method of Birgin, Martinez, and Raydan (ACM algorithm 813).

e GENCAN [9]: The monotone active set method with spectral projected gra-
dients developed by Birgin and Martinez.

e TRON version 1.2 [63]: A Newton trust region method with incomplete
Cholesky preconditioning developed by Lin and Moré.

A detailed description of our implementation of the ASA is given in the appendix.

L-BFGS-B was downloaded from Jorge Nocedal’s Web page (http://www.ece.
northwestern.edu/~nocedal/Ibfgsb.html); TRON was downloaded from Jorge Moré’s
Web page (http://www-unix.mcs.anl.gov/~more/tron/); and SPG2 and GENCAN
were downloaded on June 28, 2005, from the TANGO Web page maintained by
Ernesto Birgin (http://www.ime.usp.br/~egbirgin/tango/downloads.php). All codes
are written in Fortran and compiled with {77 (default compiler settings) on a Sun
workstation. The stopping condition was

1P(x — g(x)) = x]|oc <1077,

where || - || denotes the sup-norm of a vector. In running any of these codes, default
values were used for all parameters. In the NGPA, we chose the following parameter
values:

Qmin = 1072, amax =107, =5, §=10"", M =8.

max

Here M is the memory used to evaluate f;*** (see (2.3)). In the ASA the parameter
values were as follows:

p=.1 p=.5 n1 =2 ng=1
In the CBB method (see the appendix), the parameter values were the following:

=097, L=3 A=40, m=4, vy =M/L, ~v=A/M.
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Fic. 6.1. Performance profiles, CPU time metric, 50 CUTEr test problems, gradient-based
methods.

The separation parameter A in condition R4 of the appendix was the natural sepa-
ration between floating point numbers. That is, R4 was satisfied when the floating
point version of fr.1 was strictly less than the floating point version of f,g“i“.

The test set consisted of all 50 box constrained problems in the CUTEr library [13]
with dimensions between 50 and 15,625, and all 23 box constrained problems in the
MINPACK-2 library [1] with dimension 2500. TRON is somewhat different from the
other codes since it employs Hessian information and an incomplete Cholesky precon-
ditioner, while the codes ASA, L-BFGS-B, SPG2, and GENCAN utilize only gradient
information. When we compare our code to TRON, we use the same Lin—Moré pre-
conditioner [62] used by TRON for our unconstrained algorithm. The preconditioned
ASA code is called P-ASA. Since TRON is targeted to large-sparse problems, we
compare our code to TRON using the 23 MINPACK-2 problems and the 42 sparsest
CUTEr problems (the number of nonzeros in the Hessian was at most 1/5 the total
number of entries). The codes L-BFGS-B, SPG2, and GENCAN were implemented
for the CUTEr test problems, while ASA and TRON were implemented for both test
sets CUTEr and MINPACK-2.

The CPU time in seconds and the number of iterations, function evaluations,
gradient evaluations, and Hessian evaluations for each of the methods are posted
at the following Web site: http://www.math.ufl.edu/~hager/papers/CG. In running
the numerical experiments, we checked whether different codes converged to different
local minimizers; when comparing the codes, we restricted ourselves to test problems
in which all codes converged to the same local minimizer, and where the running time
of the fastest code exceeded .01 seconds. The numerical results are now analyzed.

The performance of the algorithms, relative to CPU time, was evaluated using
the performance profiles of Dolan and Moré [34]. That is, for each method, we plot
the fraction P of problems for which the method is within a factor 7 of the best time.
In Figure 6.1, we compare the performance of the four codes ASA, L-BFGS-B, SPG2,
and GENCAN using the 50 CUTEr test problems. The left side of the figure gives
the percentage of the test problems for which a method is the fastest; the right side
gives the percentage of the test problems that were successfully solved by each of the
methods. The top curve is the method that solved the most problems in a time that
was within a factor 7 of the best time. Since the top curve in Figure 6.1 corresponds
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F1G. 6.2. Performance profiles, CPU time metric, 42 sparsest CUTEr problems, 23 MINPACK-
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FIG. 6.3. Performance profiles, CPU time metric, ¢ = 107 2||d(x0)|cc-

to the ASA, this algorithm is clearly fastest for this set of 50 test problems with
dimensions ranging from 50 to 15,625. The relative difference in performance between
the ASA and the competing methods seen in Figure 6.1 is greater than the relative
difference in performance between CG_DESCENT and the competing methods, as
seen in the figures given in [55, 57]. Hence, both the gradient projection algorithm
and the conjugate gradient algorithm are contributing to the better performance of
the ASA.

In Figure 6.2 we compare the performance of TRON to P-ASA and ASA for the
42 sparsest CUTEr test problems and the 23 MINPACK-2 problems. Observe that
P-ASA has the top performance, and that ASA, which utilizes only the gradient,
performs almost as well as the Hessian-based code TRON. The number of conjugate
gradient iterations performed by the P-ASA code is much less than the number of
conjugate gradient iterations performed by the ASA code. Finally, in Figure 6.3 we
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compare the performance of P-ASA to ASA for the relaxed convergence tolerance
€ = 1072||d' (x¢)||oo- Based on Figures 6.2 and 6.3, the preconditioned ASA scheme
is more efficient than unconditioned ASA for the more stringent stopping criterion,
while the unconditioned and preconditioned schemes are equally effective for a more
relaxed stopping criterion. Although the performance profile for ASA is beneath 1 in
Figure 6.2, it reaches 1 as 7 increases—there are some problems in which P-ASA is
more than 16 times faster than ASA. Due to these difficult problems, the ASA profile
is still beneath 1 for 7 = 16.

When we solve an optimization problem, the solution time consists of two parts,
as follows:

T1. The time associated with the evaluation of the function or its gradient or its

Hessian.

T2. The remaining time, which is often dominated by the time used in the linear

algebra.

The CPU time performance profile measures a mixture of T1 and T2 for a set
of test problems. In some applications, T1 (the evaluation time) may dominate. In
order to assess how the algorithms may perform in the limit, when T2 is negligible
compared to T1, we could ignore T2 and compare the algorithms based on T1. In
the next set of experiments, we explore how the algorithms perform in the limit, as
T1 becomes infinitely large relative to T2.

Typically, the time to evaluate the gradient of a function is greater than the time
to evaluate the function itself. Also, the time to evaluate the Hessian is greater than
the time to evaluate the gradient. If the time to evaluate the function is 1, then the
average time to evaluate the gradient and Hessian for the CUTEr bound constrained
test set is as follows:

function =1, gradient = 2.6, Hessian = 21.0.
Similarly, for the MINPACK-2 test set, the relative evaluation times are
function =1, gradient = 2.0, Hessian = 40.5

on average.

For each method and for each test problem, we compute an “evaluation time”
where the time for a function evaluation is 1, the time for a gradient evaluation is either
2.6 (CUTEr) or 2.0 (MINPACK-2), and the time for a Hessian evaluation is either
21.0 (CUTEr) or 40.5 (MINPACK-2). In Figure 6.4 we compare the performance
of gradient-based methods, and in Figure 6.5 we compare the performance of the
gradient-based ASA and the method which exploits the Hessian (P-ASA or TRON).

In Figure 6.4 we see that for the evaluation metric and 7 near 1, L-BFGS-B
performs better than ASA, but as 7 increases, ASA dominates L-BFGS-B. In other
words, in the evaluation metric, there are more problems in which L-BFGS-B is faster
than the other methods; however, ASA is not much slower than L-BFGS-B. When 7
reaches 1.5, ASA starts to dominate L-BFGS-B.

In Figure 6.5 we see that P-ASA dominates TRON in the evaluation metric.
Hence, even though TRON uses far fewer function evaluations, it uses many more
Hessian evaluations. Since the time to evaluate the Hessian is much greater than
the time to evaluate the function, P-ASA has better performance. In summary, by
neglecting the time associated with the linear algebra, the relative gap between P-
ASA and TRON decreases, while the relative gap between TRON and ASA increases,
as seen in Figure 6.5. Nonetheless, in the evaluation metric, the performance profile
for P-ASA is still above the profile for TRON.
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Fic. 6.4. Performance profiles, evaluation metric, 50 CUTEr test problems, gradient-based
methods.

FiG. 6.5. Performance profiles, evaluation metric, 42 sparsest CUTEr problems, 23 MINPACK-
2 problems.

7. Conclusions. We have presented a new ASA for solving box constrained
optimization problems. The algorithm consists of a nonmonotone gradient projection
phase and an unconstrained optimization phase. Rules are given for deciding when
to branch from one phase to the other. The branching criteria are based on whether
the set of undecided indices is empty or the active set subproblem is solved with
sufficient accuracy. We show that for a nondegenerate stationary point, the algorithm
eventually reduces to unconstrained optimization without restarts. The analogous
result for a degenerate stationary point is established under the strong second-order
sufficient optimality condition.

For an implementation of the ASA which uses the CBB method [30] for the
nonmonotone gradient projection and which uses CG.DESCENT [54, 55, 56, 57] for
unconstrained optimization, we obtained higher CPU time performance profiles than
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those of L-BFGS-B, SPG2, GENCAN, and TRON for a test set consisting of all 50
CUTEr [13] box constrained problems with dimension greater than 50, and all 23
MINPACK-2 [1] box constrained problems.

Appendix. An implementation of the ASA. For the numerical results in
section 6, our choice for the UA is the conjugate gradient algorithm CG_DESCENT
[54, 55, 57, 56]. When an iterate lands outside the feasible set, we may increase the
size of the active set using an approach similar to that in [9]. Roughly, we perform
an approximate line search for the function

(o) = f(P(xx + ady))

along the current search direction dg, and any components of x;11 = P(x) + apdg)
which reach the boundary are added to the current active set.

The initial stepsize aj in the NGPA is generated using the CBB method [30].
In the remainder of this section, we explain in detail the initial stepsize computation
and choice for the reference function value f; in the NGPA (see [82] for preliminary
numerical results based on a closely related initial stepsize and reference function
value). We show that these choices satisfy the hypotheses of Theorem 2.2.

The BB stepsize [2] is given by

—_BB
(Al) ak—i—l S"L'yk )
where s = Xp+1 — Xk and yr = gr+1 — k. An attractive feature of the BB stepsize
is that for unconstrained optimization and without a line search, linear convergence
is achieved [30] for a starting guess in a neighborhood of the local minimizer with a
positive definite Hessian. Moreover, if the same BB stepsize is repeated for several
iterations, then even faster convergence is often achieved (see [30]). We refer to
schemes that employ the same BB stepsize for several iterations as cyclic BB (CBB)
schemes. From an asymptotic perspective, either BB or CBB schemes are inferior
to conjugate gradient schemes, for which the convergence rate can be superlinear.
On the other hand, for a bound constrained optimization problem, where the active
constraints at an optimal solution are unknown, the asymptotic convergence rate is
irrelevant until the active constraints are identified. A nonmonotone BB or CBB
iteration yields an efficient strategy for identifying active constraints.
When possible, the initial stepsize @y is given by the CBB formula

akﬂ-:aEB for 5=0,...,m—1,

where the BB step appears in (A.1) and m is the number of times the BB step is
reused. When @2 ¢ [cumin, @max), We project it on the interval [amin, Cmax]-

We now provide a more detailed statement of our algorithm for computing the
initial stepsize. The integer j counts the number of times the current BB step has
been reused, while the parameter m is the CBB memory (the maximum number of
times the BB step will be reused).

INITIAL STEPSIZE.

10. If &k = 0, choose @y € [Omin, @max] and a parameter § < 1 near 1; set j = 0

and flag=1. If k > 0, set flag = 0.

I1. If 0 < |dgi| < @glgks| for some i, then set flag = 1.

12. If o =1 in the NGPA, then set j = j + 1.

13. If ap < 1 in the NGPA, then set flag = 1.
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4. 1t j > m or flag =1 or sTys/(lsil[yxl) = 0, then
a. If sZyk <0, then
1. If j > 1.5m, then set t = min{||xx | s, 1}/[|d* (X&) | 0o,
Qg1 = min{amax, max(t, agl}, and j = 0.
2. Else set ap41 = ay.
b. Else set @41 = min{cumax, max[cumin, Sy sk/styk]} and j = 0.

Since this procedure always generates an initial stepsize @ € [min, Ymax], it
complies with the requirement in step 1 of the NGPA. If the original BB step is
truncated (see I1), or an Armijo line search is performed (see 13), or the cycle number
j reaches m (see I4), or s}y /(|Isk|l[|yx]l) is close to 1 (see I4), then we try to compute
a new BB step. The BB stepsize computation appears in step I4b. One motivation for
computing a new BB step when sy /(||sk|l||lyx|l) is close to 1 is given in [30]; when f
is a quadratic, this condition is satisfied when the step s is close to an eigenvector of
the Hessian. When s]y), < 0 (see I4a), the function is not convex on the line segment
connecting x; and Xi41, and a relatively large stepsize is used in the next iteration.
A rationale for the step taken in this case appears in [57].

Now consider the reference function value f;. Let fi denote f(xx). In the algo-
rithm which follows, the integer a counts the number of consecutive iterations that
aj = 1 in the NGPA (and the Armijo line search in step 4 is skipped). The integer
l counts the number of iterations since the function value is strictly decreased by an
amount A > 0.

REFERENCE FUNCTION VALUE.

RO. If £ = 0, choose parameters A > L >0, v; > 1, 79 > 1, and A > 0; initialize

a=1=0 and f(x)nin — f(r)naxmin — f(’g — fil — f0~

R1. Update f; as follows:

a. If [ = L, then set [ = 0 and

max __

max min fr fmin

N if w >,

fk - k . k
fax otherwise.

b. Else if a > A, then set

pro { I fiand ZRSE >,
fi_q otherwise.

c. Otherwise, f; = fi_;.

R2. Set fr as follows in step 3 of the NGPA:

a. If j = 0 (first iterate in a CBB cycle), then fr = f}.
b. If j > 0, then fr = min{f™*, f{}.
If o < 1 in the NGPA, then set a = 0.

R3. If ap =1 in the NGPA, then set a = a + 1.

R4. If fr1 < fin — A then set f,?ffmin = ,gfl‘ = fr+1 and [ = 0; otherwise,

put =1+ 1, f{ut = fmin, and frasmio = max( foecmin gy,

The variable f{***, defined in (2.3), stores the maximum of recent function values.
The variable f{* stores the minimum function value to within the tolerance A. The
variable fmaXmin gtores the maximum function value since the last new minimum was
recorded in f". More explanations concerning the choice of the reference function
value are given in [30, 31]. Now, let us check that the choice for f] given above
satisfies the requirements in step 2 of the NGPA.

Proof that fi, < fi,. In R1, we set
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(1) f]: — ]gnaxmin or

(ii) fi = fr>or

(i) ff = I{+.
By R4, fraxmn > fi. In case (ii), fi"® > fi by the definition of f**. In steps 3
and 4 of the NGPA, we have f < fr < f/_,. Hence, in each of the cases (i)-(iii), we
have fi, < fI. O

Proof that f < max{f{_,, f&x}. In Rla, f{ is equal to either fax or fmaxmin,
Since v1 > 1, we set only ff = fmaxmin whey fmaxmin < fmax  Hence, in Rla,
fi < fi'®*. In Rlb, f[ is equal to either f"® or f;_,. Since 2 > 1, we set only
fi = fi_qy when f]_; > f"®*. Hence, in Rlb, f < fi"**. In Rlc, we set f] = f{_;.
Combining these observations, f; < max{f}_,, fi"*} in Rla-Rlc. 0

Proof that f; < f® infinitely often. The condition fr11 < fi™™ — A in R4 is
satisfied only a finite number of times when f is bounded from below. Thus for &k
sufficiently large, f; is updated in Rla every L iterations. In this case, since y; > 1,
fi = f,;naxmi“ only when f,znaxmin < fi'®, which implies that f] < f;"**. Hence, for
large k, fi < fi"** every L iterations. ]

Acknowledgments. Constructive comments by the referees are gratefully ac-
knowledged. In particular, the idea of splitting the local convergence analysis into
the nondegenerate case (where there is no need to assume the strong second-order
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