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ASYMPTOTIC CONVERGENCE ANALYSIS OF A NEW CLASS OF
PROXIMAL POINT METHODS*

WILLIAM W. HAGER' AND HONGCHAO ZHANGH#

Abstract. Finite dimensional local convergence results for self-adaptive proximal point methods
and nonlinear functions with multiple minimizers are generalized and extended to a Hilbert space
setting. The principle assumption is a local error bound condition which relates the growth in the
function to the distance to the set of minimizers. A local convergence result is established for almost
exact iterates. Less restrictive acceptance criteria for the proximal iterates are also analyzed. These
criteria are expressed in terms of a subdifferential of the proximal function and either a subdifferential
of the original function or an iteration difference. If the proximal regularization parameter u(x) is
sufficiently small and bounded away from zero and f is sufficiently smooth, then there is local linear
convergence to the set of minimizers. For a locally convex function, a convergence result similar to
that for almost exact iterates is established. For a locally convex solution set and smooth functions,
it is shown that if the proximal regularization parameter has the form u(x) = S| f'[x]||"”, where
1 € (0,2), then the convergence is at least superlinear if n € (0,1) and at least quadratic if n € [1,2).
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1. Introduction. In this paper, we consider an optimization problem:
(1.1) min{f(x) : x € H},

where H is a real Hilbert space with inner product (-,-) and f : H +— R. It is assumed
that the set of minimizers for (1.1), denoted X, is nonempty and closed. We establish
new convergence rate results for proximal point methods for solving (1.1).
Literature connected with the analysis and development of proximal point meth-
ods includes [1, 2, 3, 4, 6, 8, 9, 10, 11, 12, 15, 16, 18, 19, 20, 21, 24, 25, 26, 27]. In the
proximal point method, iterates x;, & > 1, are generated by the following rule:

(1.2) Xg+1 € arg min {Fy(x) : x € H},

where
1 2
Fi(x) = f(x) + 5l — x|

Here x¢g € H is an initial guess for a minimizer, the parameters pg, k& > 0, are
positive scalars, and || - || = (-,-)'/2 is the usual Hilbert space norm. When f is twice
continuously differentiable, the eigenvalues of the second derivative operator F} are
bounded from below by uy at a local minimizer; consequently, the regularization term
e |lx — x||? improves the conditioning of (1.1).
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1684 WILLIAM W. HAGER AND HONGCHAO ZHANG

In [21] Rockafellar shows that if f is convex, then the proximal point method
converges linearly when py is bounded away from zero and superlinearly when puy tends
to zero. For these convergence results, X is a singleton. Luque [14] studied the case
when X may contain more than one element. By assuming some growth properties for
the (multivalued) inverse of the derivative, results analogous to those of Rockafellar
were obtained. Kaplan and Tichatschke [11] consider the case where f is convex, py, is
constant, and X may contain more than one element. A linear convergence result for
the iterates is established under a growth condition for the function which is similar
to the growth condition used in our paper (see Assumption 14.4 and Theorem 14.5
in [11]).

In another research direction, Combettes and Pennanen [2], Tusem, Pennanen, and
Svaiter [10], and Pennanen [19] replace the monotonicity assumptions appearing in
earlier work by a weaker hypomonotonicity condition for the inverse of the derivative,
that is, the inverse of the derivative is monotone when a multiple of the identity is
added. Additional assumptions, however, enter into the analysis which imply the
solution set X is a singleton.

In [7] we present a new class of self-adaptive proximal point methods for finite
dimensional optimization problems. Our analysis employs the following local error
bound condition at X € X: There exist positive constants o and p such that

(1.3) f(x) — f* > aD(x,X)? whenever |x — %|| < p,
where f* is the minimum value in (1.1) and

D(x,X) = inf [x—y].

In other words, D(x,X) measures the distance to the solution set X. If (1.3) is
satisfied, then we say that f provides a local error bound at x € X. For an exact
proximal iterate xjy; satisfying (1.2), we show in [7] that for any starting guess xq
in a neighborhood of the solution set, the iterates converge to a solution x* of (1.1)
and the following estimate holds:

(14) D(Xk+17X) § C,ukD(Xk,X),

where C' = 2/(2a — pug).

In a Hilbert space setting, the exact proximal iterate (1.2) may not exist. In
this paper, we establish a similar convergence result using the following acceptance
criterion: xy41 is acceptable when

2
(o) Futai) < jnf { A0+ 2 - )

2
= ing {60+ (52 ) Ix -l

In section 3 we show that there always exists an iterate satisfying (CO0), and a con-
vergence result of the form (1.4) holds.

Although (C0) leads to an elegant convergence theory, which can be applied to
any function whose set of minimizers is nonempty and closed, the acceptance criterion
is not easily implemented since it is expressed in terms of the solution set (which we
are trying to compute). Consequently, we now introduce implementable acceptance
criteria which are expressed in terms of the (basic) subdifferential of f (see [17, p. 82]
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PROXIMAL POINT METHODS 1685

and [22]) denoted Of(x). If f is Fréchet differentiable, then 0f(x) = f'[x]. If f is
convex, then 9f(x) is the usual subdifferential of convex analysis. The acceptance
criteria for (1.2) are

(C1) Fi(xp41) < f(xx) and [[0Fp(Xp41) |ling < pk[|0f (k) [fing, and

(C2) Fr(xpy1) < f(xx) and [|0F (Xpq 1) line < Oprel| X1 — %]
Here 6 is a positive constant smaller than 1/4/2, and || - ||in¢ denotes the distance to
the origin; that is, for any set S C H,

IS liar = in 5]

If S = 0, then we set ||S]|ins = oco.
In [14] and [21], the authors considered the acceptance condition

10Fk (xp1)|| < erptrl[Xpr1 — Xkl

where ), ¢, < oo. Our criterion (C2) corresponds to the case ), ¢, = oco. In
[14] and [21], the authors consider convex functionals, while here we obtain local
convergence rates for general nonlinear functionals. Note that our acceptance criteria
employ a subdifferential rather than the derivative used in our earlier work.

Slightly different versions of the proximal point method for maximal monotone
operators are developed by Solodov and Svaiter in the series of papers [24, 25, 26].
They develop both a hybrid proximal point algorithm where an approximate proximal
step is followed by a projection and a hybrid extragradient version in which the
original operator is replaced by an € enlargement. In order to compare their analysis
to the results in our paper, we focus on the special case where the operator is the
subdifferential of a convex function f. In each iteration of the Solodov/Svaiter scheme,
they first compute an approximate proximal iterate yj satisfying a relaxed version
of (C2); they then update the iterate along the negative gradient:

(1'5) Xk+1 = Xk — Sk8k,

where gy € 0f(yk), sk is the scalar stepsize, and § < 1. In [24], sp = 1/ (the
reciprocal of the proximal regularization parameter), while in [25], s; is chosen so
that xj41 is the projection of x; onto the half-space

{xeH:{(gr,x—yi) >0}

Since the Solodov/Svaiter update (1.5) amounts to an extragradient step, their
convergence theory for fixed 0 (see [26, Thm. 8]) yields linear convergence, even when
g tends to 0, unless the accuracy criterion (C2) for the approximate proximal iterate
yi is strengthened. Ways to improve the accuracy of yi so as to obtain superlinear
convergence with the Solodov/Svaiter hybrid schemes are the following: (a) Replace
0 by 0 in (C2) and let 6, tend to 0 (see [26, Rem. 9]). (b) In the case H = R",
compute yx by a Newton iteration applied to the proximal problem (1.2), with pj on
the order of ||V f(xy)||*/? (see [26, sect. 5.2]).

In this paper, we obtain superlinear convergence with (C2) by letting p ap-
proach 0, and we analyze how the convergence speed depends on the decay rate of
i We consider both a convex cost function analogous to the maximal monotone
operator in [24, 25, 26] and the more general case where the solution set X is locally
convex and f is sufficiently smooth. We allow multiple solutions satisfying the local
error bound condition (1.3), while in [24, 25, 26] the solution set is unique since the
inverse operator is required to be Lipschitz continuous at zero [26, eq. (28)].
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1686 WILLIAM W. HAGER AND HONGCHAO ZHANG

We will show that for either (C1) or (C2), for py sufficiently small, and for either
f locally convex or X locally convex and f sufficiently smooth, an estimate of the form
(1.4) holds. For py sufficiently small and bounded away from zero, and for smooth
functions, there is at least local linear convergence to the set of minimizers. For X
locally convex and f sufficiently smooth, and for px = 8| f'[xx]||", where n € (0,2),
the convergence is superlinear when 7 € (0, 1) and at least quadratic when n € [1,2).

Our paper is organized as follows: In section 2 we establish the equivalence,
when f is twice continuously differentiable, of our local error bound condition and
a gradient-based local error bound condition used in [5, 13, 14, 28, 29, 30]. Note,
though, that our local error bound condition can be applied even when f has no
derivative. In section 3 we analyze proximal iterates which satisfy (C0). Section 4
studies the criteria (C1) and (C2).

1.1. Notation. Throughout this paper, we use the following notation. If A :
H — H is a bounded linear operator, then ||A| is the operator norm induced by
the Hilbert space norm || - ||. The empty set is denoted (. The complement of a set
S C H is denoted S¢. If x and y € H, then [x,y] is the line segment connecting x
and y. B,(x) is the ball with center x and radius p. f’[x] and f”[x] are the first-
and second-order Fréchet derivatives of f at x when they exist. The derivatives are
operators defined on either H or H x H. We also view f’[x] as an element of H and
write f'[x](y) = (f'[x],y). Similarly, we view f”[x] as a bounded linear map from H
to itself and write

[y, 2) = (/" Xy, z).

2. Local error bound based on derivative. In this paper, we utilize the local
error bound condition (1.3) based on function value. Earlier work [5, 13, 14, 28, 29, 30]
has exploited a local error bound condition based on the derivative. Namely, f’
provides a local error bound at X € X if there exist positive constants o and p such
that

(2.1) Ilf[x]]| > aD(x,X) whenever ||x — x| < p.

We now show that when f is smooth enough, these two conditions are equivalent.
LEmMMA 2.1. If f is twice continuously Fréchet differentiable in a neighborhood
of x € X, then f provides a local error bound at X in the sense of (1.3) if and only
if [ provides a local error bound at X in the sense of (2.1).
Proof. Suppose f provides a local error bound at x € X with positive scalars «
and p satisfying (1.3). Choose p smaller, if necessary, so that f is twice continuously
Fréchet differentiable in B,(x) and

(2.2) If[x] = £yl < /3 for all x,y € B,(%).

Define r = p/2. Given x € B,.(X), let X be any element of XN B, (x). Since x € B, (%),
we have x € X N B,(x), which shows that X N B,(x) is nonempty. The triangle
inequality implies that

(2.3) [ = x| < fIx = x| + [lx = x| <2r = p.

Since both x and X € B,(X), f is twice continuously Fréchet differentiable in B, (%),
and f'[x] = 0, we have

(2.4) fx) = =f(x) = f(%) = 5 {x =%, f[X](x = %)) + R2(x,%),

1
2
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PROXIMAL POINT METHODS 1687
where Ry is the remainder term. The bound (2.2) gives
_ « _
[Ra(x, %)| < 2 [x — x|

whenever x and X € B,(%). In this case, (2.4) and the local error bound condition
(1.3) give

(25)  aD(x,X)* < f(x) = f* < Slx = x|[If K (x - %) + %IIX - x|

N =

Again, since f is twice continuously Fréchet differentiable in B,(%x) and f'[x] = 0,
we have

(2.6) f'ix = fx] = f'[x] = f'[%](x = %) + Ra(x, %),

where R is the remainder term. The bound (2.2) gives
_ « _
(2.7) 1R (e, ) < 3l — x|
whenever x and X € B,(x). Combining (2.5)—(2.7) yields
1 _ _
2. aD(x )7 < g (Ix = =175 + allx - 7).

Since X N B,.(x) is nonempty, we have

D(x,X) = jn§( Ix — x| = inf{||x —%x|| : x € XN B, (x)}.
PSS
Minimizing the right-hand side of (2.8) over x € X N B,.(x) gives

aD(x,X)? < <D(x, X ]| + aD(x, X)2>.

N |

Rearranging this yields
I = aD(x, X).

Hence, 8f = f’ provides a local error bound at x with constants o and r.

Conversely, suppose f’ provides a local error bound at x € X with positive scalars
a and p satisfying (2.1). Let p be as in the first half of the proof. Choose p smaller,
if necessary, so that

012
(29 19700 = "W < iy forall x.y € By (),
where
(2.10) A = sup{l (x5 x € B,()}

Let r = p/2, let x € B,.(%), and let X € X N B,.(X).
Since f achieves a minimum at X € X, f”[X] is positive. Thus, there exists
a unique, positive self-adjoint bounded linear operator B, the square root of f”[X],
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1688 WILLIAM W. HAGER AND HONGCHAO ZHANG

satisfying f”[x] = B? [23, Thm. 13.31]. By (2.6), (2.7), and the local error bound
condition (2.1), we have

aD(x,X) < [|f'[x]]|
_ _ « _
< W=l + Sl -
_ « _
= |B*(x = %)l + 3 |x = x|
_ « _
< IBIIIB(x = =) + 5 lx - x|
Squaring both sides yields
2 2 2 =\ (12 20° 12
a”D(x, X)" < 2| BIF| B(x = R)[|" + =5~ [|x — ||
e _ i 202 _12
=20 = %, f1[R](x = DI R + =5~ llx = %]

202
<2(x = x, fU[X](x = %))\ + —5 =~ x||?,

where X is defined in (2.10). It follows that

a?[9D(x, X)? — 2||x — x||?]
18(A+1) '

(x =%, ["[x](x = %)) >

(1 is added to the denominator to allow for the possibility that A = 0.) Using this in
(2.4) yields

1
FO0) = 7 = S{(x = %), f[K](x = %)) + Rz (x,%)

a?[9D(x, X)? — 2|jx — x|]?] .
(2.11) > BT 1) + Ra(x,X).
By the choice of p in (2.9), we have

_ B 2 T

|R2(x,%)| < EHX*X” , B= m7
whenever x and x € B,(x). By (2.11),
oo PODxX)? - 2x =% B,
F) - > S ~ Dl =P,

Minimizing ||x — X|| over X € X N B,.(x) gives

. p
1o - = (§) Dx 0%
which completes the proof. 1]

3. Convergence analysis for almost exact minimization. We first show
that (CO) can always be satisfied.

LEMMA 3.1. If ux > 0, then there exists xp41 € H satisfying (C0); moreover,
for any xp41 satisfying (C0), we have

(31) ||X}€+1 — XkH < W/ 1+ ,uk:D(le X)
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Proof. If xj, € X, then the lemma holds trivially since x;41 = x;. Hence, assume
that D(xj,X) > 0. Since py > 0, we have

2 2
. Mo 2| px 0 N U B
ing {70+ =l = 7 (B ) g )
2
:f*+ <Mk;—uk) D(Xk7X)

> %D(xk,X)

. it F
A2 TG = J i)

Since one of these inequalities is strict, there exists x;+1 € H satisfying (C0). More-

over, for all x € X, (CO0) yields

Hi

2
.y Mt

— 4 wnx _

Fu(xiern) = f () + 5o lxen =%l < Filx) + [l — x|

Xk||2.

Since f* < f(Xg+1), we conclude that

(3:2) 1 = Xp ]l < V14 prlx = x|

for all x € X. Taking the infimum over x € X gives (3.1). 0
Iterates which satisfy the criterion (CO0) are now analyzed.
THEOREM 3.2. Assume the following conditions are satisfied:
(EO0) f provides a local error bound at X € X with positive scalars « and p satisfying
(1.3).
(E1) 8> 0 is small enough that the following inequalities hold:

B3+ B)(3+4a)
V= 20

6+ 2432
2

and < 1.

<

wle

(E2) M € (075]
(E3) xq is close enough to X that

\/W)Sp

x| (1
o = (1+ 4=

Then any prozimal iterates {xi} satisfying (CO) have the property that xj € B,(X)
for each k, and they approach a minimizer x* € X; moreover, for each k, we have

(3.3) I —x*|| < e17"D(x0,X) and  D(xp41,X) < eappD(xp, X),
where

1
(3.4) 1= —+'yﬂ and co =7/0.

Proof. For j =0, (E3) implies that

(3.5) [x; —%|| <p and D(x;,X) <~7D(x0,X).
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1690 WILLIAM W. HAGER AND HONGCHAO ZHANG

Proceeding by induction, suppose that (3.5) holds for all j € [0, k] and for some k > 0.
We show that (3.5) also holds for j = k£ 4+ 1. By the triangle inequality, Lemma 3.1,
(E2), and the induction hypothesis, it follows that

k

k
ks = xoll <D Ixj1 — x40l < > v/ T+ 1 D(x;, X
7=0

7=0

\/1 ivat
<147 ZWJDXO, < viFD D(x0,X) < _+f||xo—>z||.

— -1

Again, by the triangle inequality and (E3),

. . Vv1I+0 .
(3.6)  lxktr = X[ < [Ixhg1 — X0l + [Jx0 — X[ < (1 Mg l[xo = x| < p.
For any x € H, observe that
¢ — i |1* = [I¢41 — x|
= (X + X1 — 2Xp, X — Xp1)
(3.7) < (% = Xpepa |+ 20%h41 = %k [ lIx = Xpga ||
Rearranging (C0) and utilizing (3.7) gives, for all x € X
fXhy1) =
2
< %(Hx = 3k ]2 = i —xel?) + BE 1 —
ke
< E(HX = Xk |l + 2lxe1 = XelDIx = Xppa |l + *||X x|
Lk 2
< *(HX = Xk |l + 2lxe1 = XelDIx = Xppa || + *(HX = X || + %1 — x]])?
< EHX = Xpep |2 4 [ %nr = X[[x = g1 ]

i (|1 = X[ + lxciss — xi]?).

Utilizing the inequalities

2
[0
prl[Xer1 — Xe[ll[x = X1 || < §||X — x|+ 2B |1 — 2

da
and pg < (3, we obtain
. (B+2p? 3+ da
38 Jo) - 1< (D25 5 ) Il () il -l

Taking the infimum over x € X on the right-hand side of (3.8) gives

ﬂ+2ﬂ2+a 3+ 4a
2

) Dok X024 (S5 ) il - il

39 S -5 < (
By (3.6), x41 € B,(%). Since f provides a local error bound at %,

(3.10) aD(xp41,X)? < f(xpi1) = f*

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



PROXIMAL POINT METHODS 1691

Combining this with (3.9) gives

20+ 252 3+ 4a
(3 — 5 ) D(xp41,X)? < < 1o > gl kg — %k

(3.11)

By (E1), the coefficient of D in (3.11) is bounded from below by a/3. Hence, (3.11),
Lemma 3.1, and (3.5), with j = k, yield

3(3+ 4a)
2a

v/ 3(3 + 4a
< ppy/1 +Mk:%D(Xk7X)

D(xp41,X) < p IXk+1 — k||

(3.12) <30 ff’ 1Y D%, X)
(3.13) < yD(xx, X) < 4" D(x0, X).

Relations (3.6) and (3.13) complete the proof of the induction step. Relations (3.12)
and (3.13) give the estimate (3.3).

By Lemma 3.1 and (3.5), the proximal iterates x;, form a Cauchy sequence in H,
which has a limit denoted x*. By (3.5), Lemma 3.1, and the bound px < 3, we have

e = x| < D lIxje1 = x50 < D VI + D, X)
j=k j=k

(3.14) < «/1+ﬁi7jD(xo,X) =yﬂ'7vlljfp(xo,x).

j=k
By (3.5) and (3.14), for any k > 0 we have

V;_*f) D(x0, X).

DO X) < Dl X) + = x] < (7 5"
Thus D(x*,X) = 0. Since X is closed, the limit x* € X. O
We now give a choice for p; which leads to a quadratic convergence rate for the
proximal point iteration.
COROLLARY 3.3. Assume that conditions (E0), (E1), and (E3) of Theorem 3.2
are satisfied. In addition, let e : H — R be any nonnegative function with the property
that

(3.15) e(x) <8 and e(x)< LD(x,X)

for all x € B,(X) and for some L € R. Then for the choice u, = e(xy), any prozimal
iterates {xy} satisfying (CO) have the property that xi, € B,(x) for each k, the iterates
approach a minimizer x* € X, and for each k, we have

(3.16) D(xp11,X) < coLD(x, X)?,

where co 1s given in (3.4).
Proof. This follows directly from the proof of Theorem 3.2; simply append the
condition p; < 3 for each j € [0, k] to the induction hypothesis (3.5):

(3.17) ”Xj —Xx[ < p, D(XjﬂX) < VjD(x07X)7 and p; <.
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1692 WILLIAM W. HAGER AND HONGCHAO ZHANG

Since x¢ € B,(X), (3.15) implies that o = e(x¢) < 8. Hence, (3.17) is satisfied for
j = 0. In the proof of Theorem 3.2, we show that if u; < § for j € [0, k], then the
first two conditions in (3.17) hold for j = k+ 1. In (3.6), we show that xz41 € B,(X).
Consequently, pg+1 = e(xp+1) < B, and (3.17) holds for j = k + 1. Replacing ux by
e(xx) < LD(xy,X) in (3.3) gives (3.16). 0O

If f is Lipschitz continuously differentiable, then the function e(x) = || f/[x]||
satisfies the hypotheses of Corollary 3.3 when p is sufficiently small since f/'[x] = 0
for all x € X.

4. Convergence analysis for approximate minimization. We now analyze
the situation where the proximal point iteration (1.2) need only satisfy (C1) or (C2).
The following property of a convex function is used in the analysis.

PROPOSITION 4.1. If x* is a local minimizer of Fj, and f is convex in B,(x*)
for some p > 0, then

| 1OR1:

(4.1) Fi(x) < Fr(x*) ” inf

for all x € B,(x*).
Proof. If 0F(x) is empty, then ||0F(x)||inf = 00, and there is nothing to prove.
Hence, we assume that 0Fj(x) # 0. Since f is convex in B,(x*), we have

(4.2) Fi(x*) > Fr(x) + (y,x" —x) for all y € 0F(x).

For a convex functional, the subdifferentials satisfy the monotonicity condition [17,
Thm. 3.56]

(4.3) (y—y"x—x")>0 forallyedf(x) and y*edf(x").
Given y € 0f(x), define
(4.4) Yy =Y + pr(x —xi) € 0F(x).

Since x* is a local minimizer of F), 0 € 0F(x*), or equivalently, there exists y* €

df (x*) such that
(4.5) 0=y" + ur(x* —xp).
By (4.3), (4.4), and (4.5), we have
(¥, (x =x)) = (¥ + pr(x = xp) = (v + pe(x" = x5)), x = X7)

— (3 — ¥ x = x") + llx — x|
(4.6) > uulx — x|

for any y € 0F)(x). The Schwarz inequality yields

(47) e — ) < 20

22
Thus, it follows from (4.2) and (4.7) that for any y € 0Fy(x),

223
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Minimizing over y € 0F(x) gives (4.1). O

In our first convergence result, we focus on the case where f is convex over the
level set defined by the starting guess. We also employ a subdifferential generalization
of the gradient-based local error bound condition (2.1): For some x € X, there exist
positive constant o and p such that

(4.8) 10f(%)|lint > aD(x,X)  whenever ||x — x| < p.

If (4.8) is satisfied, then we say that 0f provides a local error bound at x € X.
THEOREM 4.2. Assume that the following conditions are satisfied:
(A0) Of provides a local error bound at x € X with positive scalars a and p satis-

fying (4.8).

(A1) If L is the level set {x € H : f(x) < f(xo)}, then f is convex and lower
semicontinuous on L, and there exists a constant L such that ||0f(x)|int <
LD(x,X) for all x € L.

(A2) Define the parameters

A=L+7 and 7°=1+2L* if acceptance criterion (C1) is used,
while

1
A=71(1+0) and 7%= ——— if acceptance criterion (C2) is used.

B > 0 is small enough that the following inequality holds:
A
L

(07

(4.9) v 1.

(A3) py € (0,0] and 6 < 1/+/2.
(A4) xq is close enough to x that

N T
[[x0 — || (1 + 1) < p.
-

If the approzimate proximal iterates xy, satisfy either (C1) or (C2), then the iterates
are all contained in B,(X), and they approach a minimizer x* € X; moreover, for
each k, we have

(4.10) xx — x*|| < e17*D(x0,X) and D(xpy1,X) < copnD (x5, X),
where

c1 = ﬁ and co=/p.

Proof. For j =0, we have
(4.11) |x; —%|| <p, x;€L, and D(x;,X) <4?D(x9,X).

Proceeding by induction, suppose that (4.11) holds for all j € [0,k] and for some
k > 0. We show that (4.11) also holds for j = k + 1.

Due to the convexity and lower semicontinuity of f on L, this level set is closed
and convex. Suppose j € [0,k]. By (C1) or (C2), we have

(4.12) F(xj41) < Fj(xj41) < f(x5)-
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We conclude that f(x;) < f(xo) for each j. Since F;(x;) = f(x;) < f(x0), minimizing
F}; over 'H is equivalent to minimizing F; over £. Since Fj is strongly convex and lower
semicontinuous on £, Fj is weakly lower semicontinuous on £, and there exists an
exact proximal point iterate x; defined by

x; € arg min {Fj(x) : x € H}.

Moreover, f(x}) < f(x;) < f(%o). Combining this with (4.12), both x;1 and x} lie
in £. By (A2) and Proposition 4.1, we have

Fj(xj41) = Fj(x5) + (Fj(xj1+1) — Fj(x}))

s )12
< FJ(X;) + HaFJ(X]Jrl)”inf
Hj
. OF.: (x.: 2
S f* + %D(XJ,X)Q 4 H J(Xﬂv‘i’l)”lnf.
Hj
Since f* < f(x;41), it follows that
j j OF}(x; 2
(413) By — 3,7 < 1 Doy, 302 4 10T 60 e,
Hj
By (C1) and (A1),
(4.14) |0F;(xj+1)lint < psl|0f (%) [line < p; LD (x5, X).
Combining this with (4.13), we have
(4.15) 11 = x4]* < (1+2L2) D(x;, X)*.

Similarly, if criterion (C2) is used, then [|[0F;(x;+1)|lint < 0p4]%j41 — %, and by
(4.13), we have

1
(4.16) 11— %4|* < ?WD(XJAXﬂ
Together, (4.15) and (4.16) yield
(4.17) %541 = %5 < 7D(x5,X),

where 7 is defined in (A2); this holds for any j € [0, k].
By (4.11), we have

k

k
k1 —%oll < Y Ixj1 — x50l <> 7D(x;,X)
=0 =0

k
; T T ~
S TZ'Y]D<XO’X) S ﬁD(XO,X) S ﬁHXQ - XH

7=0

Again, by the triangle inequality and (A4),

~ ~ T ~
s = %1 < e =0l + o = %1 < (14 17 ) o =1 <.
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Hence, x;41 € B,(%), which establishes the first relation in (4.11).
By (A0), we have

(4.18) aD(xg+1,X) < 0f (Xkt1) lint < NOFk (k1) linf + e[ Xk41 — X[

If (C1) is used, then ||OFk(Xg+1)|lint < px||0f (Xk)|ins; hence, (A1) and (4.18) imply
that

aD(Xp41, X) < pe([[0f (a6 ) lint + [Xe+1 — Xx])
(4.19) < p(LD(xp, X) + [[Xk41 — Xk][)-

If (C2) is used, then [|[0Fk(Xg+1)lint < Our||Xp+1 — Xk||, and by (4.18), we have
(4.20) aD(xp41,X) < pe(1+ 0) [ xp41 — i

Inserting the bound (4.17) into (4.19) or (4.20) yields the second half of (4.10). By
the second half of (4.10) and (A3), we have

A
D(xp41,X) < (Sk) D(x4, X) < vD(xp, X) < 7"+ D(x0, X).

This establishes the last relation in (4.11) for j = k+1, and the proof of the induction
step is complete. The proof that the x; form a Cauchy sequence converging to a limit
x* € X and the first part of (4.10) are exactly as in Theorem 3.2. a

Suppose that x* is a local minimizer of Fy, f is convex in B,(x*) for some p > 0,
and the following inequality holds:

(4.21) f(x1) > f(x2) + %<Y1 + y2,X1 — X2)

whenever y; € 9f(x;), i = 1,2. For example, when f is a quadratic, (4.21) is satisfied
with equality. When (4.21) holds, Proposition 4.1 can be strengthened to

CZXCOT

(422) Fk (X) < Fk (X*) 2/,Lk

for all x € B,(x*). In Theorem 4.2, we require that 6 < 1/4/2 in (A3); this requirement
arises at inequality (4.16) since we need to ensure that 1—262 > 0. If f satisfies (4.21),
then by exploiting the stronger inequality (4.22), the restriction on 6 for stopping
criterion (C2) can be relaxed to 6 < 1.

We now relax the convexity requirement for f while strengthening the smoothness
condition. We require only that X is locally convex, while f is locally, twice continu-
ously differentiable. If the set B,(%) N X is convex for some p > 0, then the projection
x of x onto B,(x) N X exists. For x € B,/5(X), it follows that ||x —y| > p/2 when
y € B,(x)¢, where ¢ denotes complement. Hence, the distance from x € B,/3(X) to
X is the same as the distance from x to X N B,(x):

% = x| = min{[x —y[| : y € B,(%) N X} = min {[x -yl :y € X} = D(x, X).

The following lemma plays the role of Proposition 4.1 when we remove the convexity
requirement for f.

LEMMA 4.3. Suppose f provides a local error bound at X € X with positive scalars
a and p satisfying (1.3), X N B,(X) is convex, and f is twice Lipschitz continuously
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Fréchet differentiable on By(X). If i = B f'[xx]||", where n > 0 and § > 0, then
there exist r € (0, p/2] and positive constants C1 and Cy with the following property:
For each xj, € B,(X), we have

(4.23) Fu(x) - Fu(x) < R0
223

whenever x € B.(x) and ||x — X|| < Co||xi — X"

Proof. If x;, = X, then (4.23) is trivial. Hence, we assume that x; # X;. By
Lemma 2.1, f’ provides a local error bound with constants « and r € (0, p/2]. Hence,
for any xj € B,(X), we have

allxi — K|l = aD(xp, X) < ||/ [xk]l-
Raising this inequality to the 1 power and utilizing the definition of uj gives
(4.24) p = Balllxg — X",

By the second-order necessary optimality condition, the second derivative operator
f"[x] is positive for any x € X. Hence, given any x € B,.(X) and y € H, we deduce
from (4.24) that

(v, F (x)y) = (y, (f"[%] + e + f[x] = f"[x])y)
> wellyll® + Gy, (f7[x] — fX])y)

> (wnxk 7 Lofx - x||) Iyl

where Ly is a Lipschitz constant for f” on B,(x). Hence, if x € B,.(X) satisfies

_ _ ol
(4.25) Ix — %] < Collxn — %a|[7, o = 02
5L,
then we have
Ba’ _
(4.26) (v, F/(x)y) > N Ik — %]l y|1%

Let A be the collection of x € B,.(X) which satisfies (4.25):
A={x e B.(%X):||x — x| < Cq|xi —xx||"}.

We now show that A is closed and convex. Since r < p/2, it follows from the discussion
preceding the lemma that for each y and z € B,.(X), the projections y and z onto X
exist in B,(%X). By the convexity of B,(x) N X, the line segment [y, z] is contained in
B,(x) N X. Thus, if y and z € A, then each x € [y, z] lies in A. A is closed since the
projection onto a convex set is Lipschitz continuous.

By (4.26), Fy is strongly convex over the closed, convex set A. Consequently,
there exists a unique minimizer xj:

(4.27) x5 = argmin{Fy(x) : x € A}.

Given x € A and t € [0,1], we define x(t) = x} + t(x — x}). Since A is convex
and both x and x; € A, it follows that x(t) € A for all ¢ € [0,1]. Since x(0) = xj,
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achieves the minimum in (4.27), we have Fy(x}) < Fj(x(¢)) for all t € [0,1]. Thus for
¢(t) := Fr(x(t)), we have ¢'(0) > 0, and by (4.26),

L)% = x| = Fr(x)(x = x3) = ¢/(1) = ¢'(1) = ¢'(0) = ¢"(s)
= (FY (x(s)) (x = x3), x — x})

for some s € [0,1]. Hence, we have

2

4.28 x—-xl<—
(4:2%) A

IF7G)]I-

By (4.26), Fy,(x(t)) is convex as a function of ¢ € [0,1]. This implies that ¢'(¢) is an
increasing function of ¢ € [0,1]. We combine this observation with (4.27) and (4.28)
to obtain

Fi(x) = Fi.(Xx) < Fr(x) — Fr(x})
= Fi.(x(1)) — Fi.(x(0))

/’¢ )t < ¢/(1) = Fl(x)(x — x)

(4.29) 1 Fx ()12

ﬁa”HXk — Xg "

whenever x € A and x;, € B,(X).
If L, is a Lipschitz constant for f’ over B,(x), then we have

£ Bkl = 11 k] = £/ Rl < Lallxn — %l

whenever x; € B,.(X). By the definition of py, it follows that
%k — X | > pur/(BLY).

Combining this with (4.29) gives (4.23) with C; = 2L7/a". a0
THEOREM 4.4. Assume that the following conditions are satisfied:
(B0O) f provides a local error bound at X € X with positive scalars o and p satisfying
(1.3).
(B1) The set B,(x) N X is convex.
(B2) f is twice Lipschitz continuously Fréchet differentiable in B,(X)
(B3) The proximal iterates x;, satisfy either (C1) or (C2) with ux = B f [xi]||",
where n € (0,2) and [ is positive. If (C2) is used, then 0 is small enough
that 2C10% < 1, where Cy is the constant in (4.23).
Then for e sufficiently small and for each xo € B.(X), the proxzimal iterates xj are
all contained in B,(X), and they approach a minimizer x* € X; moreover, for each
k, we have

% — x*|| < e17*D(x0,X) and
(4.30) D(xp11,X) < coupD(xp, X) < Bea LT D(x, X)),

where v < 1, ¢1, and co are constants independent of k.
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Proof. We start by explaining how to choose € so that the theorem holds. Define
the parameters

A=L;+7 and 7%=1+2C,L? if acceptance criterion (C1) is used,

while

1
A=7(14+6) and 7%= T 2002 if acceptance criterion (C2) is used,
where C is the constant in (4.23) and L; is a Lipschitz constant for f’ over B,(X).
Notice that the hypotheses of the theorem are satisfied if p is decreased. Choose p
small enough that
BILF A

(4.31) v:= sup <1

x€B, (%) «

By Lemma 2.1, we can choose p smaller, if necessary, so that f’ provides a local
error bound with constants a and p/2. By Lemma 4.3, we can choose p smaller, if
necessary, so that (4.23) holds whenever x € B,(x) and ||x — x| < Cs||xr — X"
Choose € > 0 small enough that

Eel—n/2 p Ly
(4.32) (e + T2 7171/2) < > where FE = ar’
and
L7
(4.33)  €(Ly + Ee"?) (’81) < (O, if stopping criterion (C1) is used,
o
L"
(4.34)  Ee2(140) (ﬁl) < (Cy if stopping criterion (C2) is used.
a

Since n € (0,2), (4.33) and (4.34) are satisfied for e sufficiently small.
We now prove the theorem. Again, let X be the projection of x onto X. For
7 =0, we have

(435) b — % < pf2 and [x; — %] < 47 %0 — %ol
since Xo € Be(x) C B,,/2(%). Proceeding by induction, suppose that (4.35) holds for
all j € [0, k] and for some k > 0.

For any j € [0, k], the condition Fj(x,+1) < f(x;) in (C1) or (C2) implies that
(4.36) pillxjen = x51° < fxg) = flxje1) < fx5) = f(%g)-
By the induction hypothesis, x; € B,/2(X), and by the triangle inequality, we have

- A - A _ 14
(4.37) %5 = %I < 1% = 511+ s = % < %0 — x0ll + £ < p.

Hence, x; € B,(x). We expand f in (4.36) in a Taylor series around X; and use the
fact that f'[X;] = 0 to obtain

Ly _
(4.38) %1 — x5 < ?ij - %%,
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where L is a Lipschitz constant for f’. Since f’ provides a local error bound with
constants « and p/2 and x; € B,/3(X), it follows that

g = Bl Ix1" > Ba|lx; — x;]|".
Combining this with (4.38) gives
(4.39) %41 — %51 < Ellx; — %577/

for j € [0, k], where E is defined in (4.32). By the triangle inequality, (4.32), (4.35),
and (4.39), we have

k
k1 — X[ < [lxo = X[ + > %541 — x|
=0
k
<lxo = %[+ EY % — %'~
=0

k
< llxo — %[ + Eljxo — %' /2 > (' /%))
§=0
< o Ellxo —%|*="/2
< [lxo — x| + BT

Eel-n/2
Set T e <02

This establishes the first half of (4.35) for j = k + 1.

To establish the second half of (4.35), we will apply Lemma 4.3 to x = Xg1.
Since xx41 € B,/2(X), we need only show that x = x;; satisfies the qualification
Ix — x| < Cq||xk — Xi||” for (4.23). Since ||xx+1 — X|| < p/2 and since f’ provides a
local error bound at x with constants « and p/2,

(4.40) allxpsr = Kepr | < I Bl < IFE )|+ pelxe1 = Xl

Since f’ is Lipschitz continuous over B,(x), it follows from (4.39), (4.40), and the
definition of yuy that for stopping criterion (C1),

IN

- HE
¢rr1 = Kea [l < =2V F el + 141 = xl])

BL" _ _
(al(Llﬂxk = Xpe ||+ I1xp1 = xk]) ) lIxe — %k ||”

IN

LW
< (Kgal(/llIIXo — %ol + Ellxx — Xklln/2)> ([ — x|
L7 N Al— -
< (ﬁal (L1l[xo — X|| + El|xo — %]|" 77/2)) ([ — x|
(4.41) < Collxi — %"

The first inequality is due to (4.40) and (C1); the second inequality is based on the
definition of p and the Lipschitz continuity of f’; the third inequality utilizes the
induction hypothesis (4.35), the bound (4.39) for j = k, and the fact that x; and
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Xi € By(X) (see (4.37)); and the fourth inequality is a consequence of the induction
hypothesis and the fact that e satisfies (4.33).
If stopping criterion (C2) is used, then in the same fashion, (4.34) gives

Ikt — Regr | < B+ 0)||xpp1 — x|
0]
L -
) (14 0)[1xk41 — Xk || ) [|xr — X ]|

L7 o1 _
< (P opia -zl 72 I -

BLY . .
- (al<1+9>EIIXO = X[ ) e = )
(4.42) < Cao|xr — Xk ||"-
Thus, if either stopping criterion (C1) or (C2) is used, then x = xj41 satisfies the
qualifications of Lemma 4.3.

We now give another bound for the change ||xx11 — xi||. Lemma 4.3 yields

C
(4.43) Fr(xp41) < Fi(X) + ?;||F12(Xk+1)||2~

Since f(xx) < f(Xk+1), we conclude that

2.

_ C
(4.44) BE i = xill® < EEl=p — xall? + 2| Ff (xa11)
2 2 ko
If (C1) is used, then we have

[xp+1 — xi)l® < (1% — xx]1? + 201 || £/ [x4] 12
< ||ik — XkH2 + QClL?Hf{k — Xk||2.

If (C2) is used, then (4.44) gives
2 S
[xp1 — xi|” < m”xk — X"
In either case,

(4.45) [n41 = xi ]l < 7llxn = %]l

where 7 is defined at the start of the proof.
If (C1) is used, then

1F% i) < L/ Il = gl (ee] = ' Rkl < o Ll — Xl

By (4.40) and (4.45), we have
_ i _
(4.46) k1 = Kia | < 7= (L + 7)1 — K|
If (C2) is used, then || F} (xp+1)|| < Opgl|xk+1 —xxl|, and by (4.40) and (4.45), we have

(4.47) 1Xp+1 — Xpgr || <

Tk (1 +6) _
ol Lo Y
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In either case, since x; € B,/3(xX), it follows from the definition of v and yy that

X1 — Xngl| < llxp — Xk

This establishes the second half of (4.35) for j = k + 1. Hence, the proof of the
induction step is complete. The proof that the x; form a Cauchy sequence converging
to a limit x* € X is exactly as in Theorem 3.2. The first half of (4.30) follows from
(4.46) and (4.47). In the second half of (4.30), we replace ux by B f/[xx]||" and exploit
the Lipschitz continuity of f'. d

Remark. During the proof of Theorem 4.4, in (4.41) and (4.42), we show that
each iterate xjy; lies in the region where Fy, is convex (4.26).

When 1 = 0, we can drop the requirement of Theorem 4.4 that X is locally
convex. This convexity requirement arose since we use Lemma 4.3, which assumes
that X is locally convex. We now show that Lemma 4.3 can be established without
local convexity when g is bounded away from 0.

LEMMA 4.5. Let 8 > 0 and suppose that ui > B for each k. Given X € X and
6 € (0,1), suppose f is twice Lipschitz continuously Fréchet differentiable on B,(x),
let Ly be a Lipschitz constant for f” on B,(x), and let r = min{p,63/Ls}. Then we

have
(4.48) Fu(x) — Ff ((1_1(%) T

IN

for all x € B.(x), where

Fi = min Fp(x).
e

Proof. Suppose x € B,.(X). We start with the identity
(F [Xly,y) = (F{[Xly,y) + {(F{[x] = F{'[*])y.y)-
By the second-order optimality condition, f”[X] is positive. Consequently, we have
(FY Xy, y) = pelly |-

Since F}'[x] — FJ/[x] = f"[x] — f"[%], it follows from the Lipschitz continuity of f”
that

(Fy ] = F{[X))y,y) < Lalx = x|l lylI* < 68llylI* < 6plly]”
since r < §3/Ly. Hence, if x € B,(X), we have
(4.49) (F{IXly,y) = (1= 8)uxlly|*.

By (4.49), F}) is convex on B,(x). Consequently, the minimizer x} over B, (%)
exists:

x; = arg min{ Fj(x) : x € B,.(%)}.
Since B,.(x) is a convex set, the first-order optimality condition

(Filxil, x —x}) 2 0
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holds for all x € B,.(%x). It follows that
(Fi[x],x — xi) > (Fi[x] = Fy[xg), x — xj).
We utilize the strong convexity property (4.49) to obtain
(Filxl x = x3) 2 (1= &)pllx — xi %,

which gives

1

(4.50) [[x —x3 | < m”FIQ[X]”

The convexity of Fj on B,(X) implies that
Fi(x") = Fi(x) + Fi[x](x}, — x).

Combining this with (4.50) completes the proof. 0
Theorem 4.4 holds with the following modifications: (i) The assumption (BO)
that B,(x) N X is convex is dropped; and (ii) pur € [Bo, 81), where (3; is chosen small
enough that the constant v = BaA/« is less than 1. For completeness, we state the
modified result.
THEOREM 4.6. Assume that the following conditions are satisfied:
(b0) f provides a local error bound at X € X with positive scalars a and p satisfying
(1.3).
(bl) f is twice Lipschitz continuously Fréchet differentiable in B,(X).
(b2) The prozimal iterates xy, satisfy either (C1) or (C2) with py € [Bo, B1], where
Bo > 0. If (C2) is used, then 6 < 1/v/2. 6 € (0,1) is chosen small enough
that 02 < (1 —6)/2.
(b3) Define the parameters

A=Li+7 and 7% =1+2L7/(1-6) if acceptance criterion (C1) is used,

while
1
A=7(14+0) and 7°= Ty s if acceptance criterion (C2) is used,
where L1 is a Lipschitz constant for f' over B,(X). 81 is small enough that
A
!

1.

Then for e sufficiently small and for each xo € B.(X), the proxzimal iterates xj are
all contained in B,(X), and they approach a minimizer x* € X; moreover, for each
k, we have

I — x*|| < 17" D(x0, X),

where ¢y 1s a constant independent of k.

The proof of Theorem 4.6 is the same as the proof of Theorem 4.4, except that
we use Lemma 4.5 instead of Lemma 4.3 and we replace expressions like ||x — x|| by
D(x,X).
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5. Final discussion. The local convergence results obtained in [7] for a new
class of self-adaptive proximal point methods have been extended from a finite di-
mensional setting to a Hilbert space setting. In particular the local convergence
estimates obtained for exact iterates in [7] are now established for approximate it-
erates satisfying (C0). Our analysis, which permits multiple minimizers, employs a
local error bound condition (1.3) relating the growth in f to the distance from the
set of minimizers. The gradient-based acceptance criteria in [7] have been replaced
by subdifferential-based criteria (C1) and (C2). The local convergence results for
the subdifferential-based stopping criteria are similar to the convergence results for
iterates satisfying (C0). Three types of assumptions were considered in our analysis
connected with (C1) and (C2): (a) f is convex and lower semicontinuous on a level
set; (b) the set X N B,(x) is convex for some p > 0, and f is twice continuously
differentiable on B,(%X); and (c) pux € [Bo, f1], with 8; sufficiently small, 5y > 0, and
f twice continuously differentiable on B,(%x). The conditions (b) and (c) are weaker
than the local convexity requirement for f in [7].

The analysis in this paper has focused on local convergence. Global convergence
issues are studied in section 6 of [7], where we also present computational results which
show that for a class of ill-conditioned nonlinear optimization problem, a proximal
point approach could reduce the computing time.

REFERENCES

[1] A. AUSLENDER AND M. TEBOULLE, Lagrangian duality and related multiplier methods for vari-
ational inequality problems, STAM J. Optim., 10 (2000), pp. 1097-1115.
[2] P. L. CoMBETTES AND T. PENNANEN, Prozimal methods for cohypomonotone operators, STAM
J. Control Optim., 43 (2004), pp. 731-742.
[3] J. ECKSTEIN, Nonlinear prozimal point algorithms using Bregman functions, with applications
to convexr programming, Math. Oper. Res., 18 (1993), pp. 203—226.
[4] J. ECKSTEIN, Approzimate iterations in Bregman-function-based prozimal algorithms, Math.
Programming, 83 (1998), pp. 113-123.
[5] J. FAN AND Y. YUAN, On the convergence of the Levenberg-Marquardt method without nonsin-
gularity assumption, Computing, 74 (2005), pp. 23-39.
[6] C.D. HaA, A generalization of the prozimal point algorithm, SIAM J. Control Optim., 28 (1990),
pp. 503-512.
[7] W. W. HAGER AND H. ZHANG, Self-adaptive inezact prozimal point methods, Comput. Optim.
Appl., to appear.
[8] C. HUMES AND P. SILVA, Inezact prozimal point algorithms and descent methods in optimiza-
tion, Optim. Eng., 6 (2005), pp. 257-271.
[9] A. IusEM, B. SVAITER, AND M. TEBOULLE, Entropy-like prozimal methods in convex program-
ming, Math. Oper. Res., 19 (1994), pp. 790-814.
[10] A. N. IuseM, T. PENNANEN, AND B. F. SVAITER, Inezact variants of the proximal point algo-
rithm without monotonicity, SIAM J. Optim., 13 (2003), pp. 1080-1097.
[11] A. KAPLAN AND R. TICHATSCHKE, Stable Methods for Ill-Posed Variational Problems,
Akademie Verlag, Berlin, 1994.
[12] A. KAPLAN AND R. TICHATSCHKE, Prozimal point methods and monconvezr optimization, J.
Global Optim., 13 (1998), pp. 389-406.

D. L1, M. FukusHIMA, L. QI, AND N. YAMASHITA, Regularized Newton methods for convex
minimization problems with singular solutions, Comput. Optim. Appl., 28 (2004), pp.
131-147.

. J. LUQUE, Asymptotic convergence analysis of the proximal point algorithm, STAM J. Control
Optim., 22 (1984), pp. 277-293.

. MARTINET, Régularisation d’inéquations variationnelles par approzimations successives,
Rev. Frangaise Informat. Recherche Opérationnelle, 4 (1970), pp. 154-158.

. MARTINET, Determination approachée d’un point fixe d’une application pseudo-contractante,
C. R. Acad. Sci. Paris Sér. A-B, 274 (1972), pp. 163-165.

. S. MORDUKHOVICH, Variational Analysis and Generalized Differentiation I, Springer-Verlag,

=
=
&

=
=2
os) [os] [os]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1704 WILLIAM W. HAGER AND HONGCHAO ZHANG

18]

Berlin, 2006.

J. MOREAU, Prozimité et dualité dans un espace hilbertien, Bull. Soc. Math. France, 93 (1965),
pp. 273-299.

T. PENNANEN, Local convergence of the prorimal point algorithm and multiplier methods with-
out monotonicity, Math. Oper. Res., 27 (2002), pp. 170-191.

R. T. ROCKAFELLAR, Augmented Lagrangians and applications of the proximal point algorithm
in convex programming, Math. Oper. Res., 2 (1976), pp. 97-116.

R. T. ROCKAFELLAR, Monotone operators and the prozimal point algorithm, SIAM J. Control
Optim., 14 (1976), pp. 877-898.

R. T. ROCKAFELLAR AND R. J.-B. WETSs, Variational Analysis, Springer-Verlag, Berlin, 1998.

W. RUDIN, Functional Analysis, McGraw—Hill, New York, 1973.

M. V. SorLopov AND B. F. SVAITER, A hybrid extragradient-proximal point algorithm using the
enlargement of a mazimal monotone operator, Set-Valued Anal., 7 (1999), pp. 323-345.

M. V. SoLopov AND B. F. SVAITER, A hybrid projection-prozimal point algorithm, J. Convex
Anal., 6 (1999), pp. 59-70.

M. V. SorLobov AND B. F. SVAITER, A unified framework for some inexact proximal point
algorithms, Numer. Funct. Anal. Optim., 22 (2001), pp. 1013-1035.

J. E. SPINGARN, Submonotone mappings and the prozimal point algorithm, Numer. Funct.
Anal. Optim., 4 (1981), pp. 123-150.

P. TSENG, Error bounds and superlinear convergence analysis of some Newton-type methods in
optimization, in Nonlinear Optimization and Related Topics, G. Di Pillo and F. Giannessi,
eds., Kluwer Academic Publishers, Dordrecht, The Netherlands, 2000, pp. 445-462.

N. YAMASHITA AND M. FUKUSHIMA, The prozimal point algorithm with genuine superlinear
convergence for the monotone complementarity problem, SIAM J. Optim., 11 (2000), pp.
364-379.

N. YAMASHITA AND M. FUKUSHIMA, On the rate of convergence of the Levenberg-Marquardt
method, in Topics in Numerical Analysis, Comput. Suppl. 15, Springer-Verlag, Vienna,
2001, pp. 239-249.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



