GEOMETRIC DEFORMATIONS OF ORTHOGONAL AND SYMPLECTIC
GALOIS REPRESENTATIONS

JEREMY BOOHER

ABSTRACT. For a representation over a finite field of characteristic p of the absolute Galois group
of the rationals, we study the existence of a lift to characteristic zero that is geometric in the sense
of the Fontaine-Mazur conjecture. For two-dimensional representations, Ramakrishna proved that
under technical assumptions odd representations admit geometric lifts. We generalize this to higher
dimensional orthogonal and symplectic representations. The key innovation is the definition and
study of a deformation condition at primes where the representation is ramified generalizing the
minimally ramified deformation introduced for GL, by Clozel, Harris, and Taylor. This requires
an understanding of nilpotent orbits and centralizers of nilpotent elements in the relative situation,
not just over fields.
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1. INTRODUCTION

Before the proof by Khare and Winterberger [KW09a] [KW09b] that irreducible odd represen-
tations

p: Gal(Q/Q) — GLy(F,)

are modular, the lifting result of together with the Fontaine-Mazur conjecture provided
evidence for Serre’s conjecture. Ramakrishna’s result shows that under technical hypotheses all
odd residual representations admit lifts to characteristic zero that are geometric in the sense of
the Fontaine-Mazur conjecture. Assuming that conjecture, the resulting lifts would be modular as
predicted by Serre’s conjecture. Generalizations of Serre’s conjecture to groups other than GLo
have been proposed, most recently by Gee, Herzig, and Savitt , which naturally leads to
the problem of producing geometric lifts of Galois representations for groups other than GLo.

Let K be a finite extension of Q with absolute Galois group I'x. Suppose k is a finite field of
characteristic p, O the ring of integers in a p-adic field with residue field k, and G is a reductive
group defined over O. For a continuous representation p : I'x — G(k), in light of these conjectures
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it is important to study when there exists a continuous representation p : I'x — G(O) lifting p
that is geometric (using G — GL,,).

When G = GSp,,, or G = GO,,,, we produce geometric lifts in favorable conditions. The exact
hypotheses needed are somewhat complicated. We will state a simple version now, and defer a
more detailed statement to Theorem It is essential that p is odd (as discussed in Remark
forcing K to be totally real) and that p restricted to the decomposition group at p “looks like
the reduction of a crystalline representation with distinct Hodge-Tate weights”. More precisely,
we assume p is unramified in K and that at places v above p, the representation ﬁ\rKU is torsion
crystalline with Hodge-Tate weights in an interval of length 1%2, so it is Fontaine-Laffaille. 1t is
crucial that for each Z,-embedding of Ok, in O, the Fontaine-Laffaille weights for p|r, ~with
respect to that embedding are pairwise distinct (these notions will be reviewed in .

For Ramakrishna’s method to apply, it is also essential that the image of p is “large”: here we use
that G'(k) C p(T'x) where G’ is the derived group. Ramakrishna’s method requires certain technical
conditions which follow from this assumption on the image provided that p > max(17,2(m — 1))
(this restriction on p is not optimized: see Remark [3.9]) Let p : G — Gy, be the similitude
character, and define 7 = pop : 'y — k*. Suppose there is a lift v : 'y — W(k)* that is

Fontaine-Laffaille at all places above p.

Theorem 1.1. Let G = GSp,, or G = GO,, and p : T'x — G(k) be an odd representation
(which forces K to be totally real and that m # 2 (mod 4) when G = GO,,). Suppose that p is
unramified in K and that at places v above p, the representation ﬁ|pKv is Fontaine-Laffaille with
pairwise distinct weights with respect to each Zy,-embedding of Ok, in OE' Furthermore, suppose
that G'(k) C p(T'k) and that p > max(17,2(m — 1)). Fiz a lift v : T — W (k)™ of U that is
Fontaine-Laffaille at all places above p. Then there exists a geometric lift p : T — G(O) of p
where O is the ring of integers in a finite extension of Q, with residue field containing k such that
wop=v. More precisely, p is ramified at finitely many places of K, and for every place v of K
above p the representation plr,. is Fontaine-Laffaille and hence crystalline.

This provides evidence for generalizations of Serre’s conjecture. In contrast, when G = GL,, with
n > 2, the representation p cannot be odd, and the method does not apply. In such cases, there is
no expectation that such lifts exist.

To produce lifts, we use a generalization of Ramakrishna’s method also used in [Pat15|. It works
by establishing a local-to-global result for lifting Galois representations subject to local constraints
(Proposition . Let p be a lift of p to O/m™ where m is the maximal ideal of O. Provided a
cohomological obstruction vanishes, it is possible to lift p to O/m"*! subject to local constraints if
(and only if) it possible to lift p|r, to O/m™*! for all v in a fixed set of places of K containing the
places above p and the places where p is ramified. Allowing controlled ramification at additional
primes Kkills this obstruction for odd representations.

It remains to pick local deformation conditions above p and at places where p is ramified which
are liftable and have large enough tangent space. At p, we define a Fontaine-Laffaille deformation
condition in §9 by using deformations arising from Fontaine-Laffaille modules that carry extra data
corresponding to a symmetric or alternating pairing.

At a prime ¢ # p where p is ramified, we generalize the minimally ramified deformation con-
dition defined for GL,, in [CHTO0S8, §2.4.4]. In simple cases, this deformation condition controls
the ramification of p by controlling deformations of a unipotent element g of GL,,(k). There is a
natural parabolic k-subgroup containing g, and the deformation condition is analyzed by deform-
ing this parabolic subgroup and then lifting g inside this subgroup. This idea does not work for
other algebraic groups. In Example and we discuss an explicit example in GSp, where
the analogous deformation based on parabolics is provably not liftable. In §6] and §7 we define a
minimally ramified deformation condition by instead requiring that g deform so that “it lies in the
same unipotent orbit as g,” and explain that the problems with the deformation condition based
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on parabolics are a general phenomenon. The discovery and study of this deformation condition at
ramified places ¢ # p is the main contribution of this work. For GL,,, our notion agrees with mini-
mally ramified deformation condition of [CHTO0S|, but for other groups it is a genuinely different,
liftable deformation condition.

In the remainder of the introduction, we discuss some additional background and give a more
detailed overview of the proof.

1.1. Serre’s Conjecture and Geometric Lifts. We are interested in generalizations of Ramakr-
ishna’s lifting result to split reductive groups beyond GLs, in particular symplectic and orthogonal
groups. Generalizations of Serre’s conjecture have been proposed in this setting, and most of the
effort has been to find the correct generalization of the oddness condition and the weight (see for
example the discussion in |[GHS15|, especially §2.1). The general flavor of these generalizations is
that an odd irreducible Galois representation will be automorphic in the sense that it appears in
the cohomology of an F,-local system on a Shimura variety. For a general split reductive group,
there is no expectation that such representations will lift geometrically to characteristic zero. For
example, as discussed in [CHTO8| §1] the classical Taylor-Wiles method would work only if

(1.1) K : Q] (dim G — dim B) =) dim H(Gal(K,/K.,),ad’(p))

v]oo

where B is a Borel subgroup of G and ad’ (p) is the adjoint representation of Ik on the Lie algebra
of the derived group of G. Only under such a “numerical coincidence” do we expect to obtain
automorphy lifting theorems, and hence expect geometric lifts. This coincidence cannot hold for
GL,, when n > 2, but can hold for G = GSp,,, and G = GO,,, when m # 2 (mod 4), and for the
group G, related to GL,, considered in [CHTO08|. This coincidence is also essential to generalizing
Ramakrishna’s method.

Remark 1.2. Following |Gro|, we say that p : I'x — G(k) is odd if for each archimedean place
v and complex conjugation ¢, € I', (well-defined up to conjugacy), ad(p(c,)) is a split Cartan
involution for g’ := Lie G®. Recall that for any involution 7 of ¢/,
dim (g')" > dim G — dim B

A split Cartan involution is an involution for which this is an equality. If K is totally real and p is
odd, (1.1)) holds. There are odd representations for symplectic and orthogonal groups, but no odd
representations for GL,, when n > 2 (for more details, see [Pat15, §4.5]). These are cases in which
we expect geometric lifts, and where Ramakrishna’s method generalizes.

There is a less restrictive notion of oddness introduced in [BV13, §6], and the automorphy lifting
theorems in [CG17] apply beyond the regime where (1.1)) holds.

Ramakrishna developed his lifting technique when K = Q and G = GLg in [Ram99] and [Ram02],
and produced geometric lifts. There have been various reformulations and generalizations that our
results build on. In particular, the formalism developed in [Tay03| (still in the case of GLa)
suggested that it should be possible to generalize the technique to algebraic groups beyonds GLs.
Attempts were made in [HamO8| and [Man09] to generalize the technique to GL,, but ran into
the obstruction that there were no odd representations for n > 2. The results in [Ham0§|] simply
assume the existence of liftable local deformation conditions which probably do not exist, but do
provide a nice model for generalizing Ramakrishna’s method. In contrast, [Man09] constructs local
deformation conditions but does not aim to produce geometric lifts.

For groups beyond GL,,, [CHT08| gave a lifting result for a group G, related to GL, which
admits odd representations. Studying the local deformation conditions for G,, reduced to studying
representations valued in GL,,. At primes above p, [CHT08|] studied a deformation condition based
on Fontaine-Laffaille theory which is generalized in The idea of doing so goes back to [Ram93|.
(They also discussed a deformation condition based on the notion of ordinary representations which
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is not used in their lifting result). At primes not above p but where p is ramified, they defined a
minimally ramified deformation condition, which we generalize in 6] and this generalization is
non-obvious and is our main innovation.

Building on this, Patrikis’ unpublished undergraduate thesis |[Pat06] explored Ramakrishna’s
method for symplectic groups. In particular, it generalized Ramakrishna’s method to the group
GSp,,, and generalized the Fontaine-Laffaille deformation condition at p. It did not generalize
the minimally ramified deformation condition, so can only be applied to residual representations
I'q — GSp,, (k) which are unramified away from p, a stringent condition. Our results at p in §9|are
a generalization of Patrikis’ study of the Fontaine-Laffaille deformation condition.

More recently, Patrikis used Ramakrishna’s method to produce geometric representations with
exceptional monodromy [Patl5]. This involves generalizing Ramakrishna’s method to any con-
nected reductive group G and then modifying the technique to deform a representation valued in
the principal SLs C G (coming from a modular form) to produce a geometric lift with Zariski-dense
image. The generalization of Ramakrishna’s method to apply to reductive groups is independently
carried out in the author’s thesis with only minor technical differences, so in §3| we refer the reader
to [Pat15] for proofs. Our extensive study of local deformations conditions is not needed in [Pat15|:
as the goal there is just to produce examples of geometric representations with exceptional mon-
odromy, he could avoid generalizing the minimally ramified deformation condition.

Remark 1.3. There is also a completely different technique to produce lifts based on automorphy
lifting theorems. For example, Khare and Winterberger use it in their proof of Serre’s conjecture:
see [KWO09b, §4] especially the proof of Corollary 4.7. The key ingredients are the computations of
the dimension of components of local deformation rings and the fact that a suitable global defor-
mation ring is a finite O-algebra. The finiteness of the global deformation ring can be established
by relating the Galois deformation ring to a Hecke algebra using a suitable automorphy lifting
theorem or potential automorphy theorem. Then given the dimension of the local deformation
rings (or their generic fibers), for an odd representation one can deduce that the dimension of the
global deformation ring is at least one. This implies the existence of geometric lifts. This approach
avoids a detailed analysis of the local deformation rings, and also allows more control of the local
properties of the lift. In particular, it is not necessary to allow the lift to ramify at places beyond
the places where p is ramified.

1.2. Generalizing Ramakrishna’s Method. We now outline the generalization of Ramakr-
ishna’s method. This part of the argument, with only minor technical variation, has also been
carried out in [Pat15|, and provides a framework for producing lifts if we can construct appropriate
local deformation conditions. Fix a prime p and finite field k of characteristic p. Let S be a finite
set of places of a number field containing the places above p and the archimedean places, and
define I'g to be the Galois group of the maximal extension of K unramified outside of S. Consider
a continuous representation p : I's — G(k) where G is a smooth affine group scheme over the ring
of integers O in a p-adic field such that the identity components of the fibers are reductive. We
are mainly interested in the case that G = GSp,,, or G = GO,,; the latter may have disconnected
fibers. (In the relative setting, by definition reductive groups have connected fibers, so we must
work in slightly greater generality as discussed as the start of )

We assume that p is very good for G (Definition [2.2)), so the Lie algebra of the derived group of
G° is a direct summand of the Lie algebra of G: we denote this summand with adjoint action of
I'x by ad’(5). The cohomology of this Galois module controls the deformation theory of 5. The
hope would be to use deformation theory to produce p,, : I's = G(O/m") such that p; = p, p,, lifts
pn—1 for n > 2, and such that p, satisfies a deformation condition at places above p for which the
inverse limit

ﬂzlgﬂpnifsﬁG(O)
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restricted to the decomposition group I';, would be a lattice in a de Rham (or crystalline) represen-
tation for places v of K above p. This inverse limit would then be the desired geometric lift of p.
Only after a careful choice of local deformation conditions and enlarging the set S will this work.
Furthermore, defining these deformation conditions may require making an extension of k£, which
is harmless for our applications and is why we only require that the residue field of O contains k.

Proposition shows that a lifts exist subject to a global deformation condition Dg provided
the dual Selmer group H% . (I's,ad’(p)*) vanishes. This Galois cohomology group is defined in

, and encodes information about all of the local deformation conditions imposed. When it
vanishes, there exists a lift of p, to p,+1 satisfying local deformation conditions for v € S provided
there exist lifts of (py,)|r, satisfying the deformation condition for all v € S. This can be expressed
as a local-to-global principle for lifting Galois representations with an obstruction lying in the
cohomology group H. 11) L (Ts,ad’(p)*).

Proposition giveg a way to enlarge S and Dg, allowing ramification subject to Ramakrishna’s
deformation condition at the new places that forces H;) . (I's,ad’(p)*) to be zero. We review

Ramakrishna’s deformation condition in The places of K at which we define this condition
are found using the Chebotarev density theorem: each additional place where we allow ramification
subject to Ramakrishna’s deformation condition decreases the dimension of the dual Selmer group.
For such places to exist, we need non-zero classes in certain cohomology groups, whose existence
relies on the local deformation conditions satisfying the inequality

> dimL, > dim H(T,,ad’(p)),
veS veS

where L, is the tangent space of the local deformation condition at v. Furthermore, p needs to a
“big” representation in the sense of Definition in order to define Ramakrishna’s deformation
condition. Being a big representation is a more precise set of technical conditions that are implied
for large enough p by the condition G'(k) C p(I'x) appearing in Theorem

For the tangent space inequality to hold, it is crucial that p be an odd representation. The
minimally ramified deformation conditions we will use at places v where p is ramified satisfy
dim H(T',,ad’(p)) = dim L,. Using the Fontaine-Laffaille deformation condition at places above
p, the tangent space inequality becomes

K : Q)(dim G — dim B) > > h°(T,,ad"(p))

v]oo

where B is a Borel subgroup of G this can only be satisfied if K is totally real and p is odd.
In conclusion, to use the local-to-global principle, the residual representation must be odd and
the deformation conditions we use at places above p and places where p ramifies must be liftable.

1.3. Minimally Ramified Deformation Condition. Let £ # p be primes, L be a finite extension
of Qu, and k a finite field of characteristic p. For a residual representation p : I' — G(k),
Ramakrishna’s method requires a “nice” deformation condition for p. If p were unramified, the
unramified deformation condition would work. The interesting case is when p is ramified: we
would like to define a deformation condition of lifts which are “ramified no worse that p,” such that
the resulting deformation condition is liftable despite the fact that the unrestricted deformation
condition for p may not be liftable. To be precise, we require a deformation condition that is liftable
and whose tangent space has dimension (at least) dimy, H°(I'z,ad’(p)).

In the case that G = GL,, the minimally ramified deformation condition defined in |[CHTO08),
§2.4.4] works. We will generalize this to a minimally ramified deformation condition for symplectic
and orthogonal groups when p > n. Attempting to generalize the argument of [CHTO8| §2.4.4]
to groups besides GL,, leads to a deformation condition based on parabolics which is not liftable.
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Instead, inspired by the arguments of [Tay08|, §3] we define a deformation condition for symplectic
and orthogonal groups based on deformations of a nilpotent element of g; = Lie Gj.

Let us first review the minimally ramified deformation condition introduced for GL,, in [CHT08|
§2.4.4]. The first step is to reduce to studying certain tamely ramified representations. Recall
that Ty, the Galois group of the maximal tamely ramified extension of L, is isomorphic to the

semi-direct product
Z x H Zp’

p'#L
where Z is generated by a Frobenius ¢ for L and the conjugation action by ¢ on each Z,, is given by
the p’-adic cyclotomic character. We consider tamely ramified representations which factor through
the quotient Z x Z,, (recall p # (). Picking a topological generator 7 for Z,, the action is explicitly
given by
¢ro " =qr

where ¢ is the size of the residue field of L. Note ¢ is a power of ¢, so it is relatively prime to
p. Arguments in [CHTO8| reduce the lifting problem to studying representations of the group
Ty = 7 x Z,. This reduction generalizes without surprises to symplectic and orthogonal groups in
Q?] (but the argument is genuinely restricted to orthogonal and symplectic groups as it relies heavily
on the pairing).

The second step is to specify when a lift of p : T, = GL, (k) is “ramified no worse than p”. For
a coefficient ring R, a deformation p : T, — GL,(R) is minimally ramified according to [CHTO0S]
when the natural k-linear map

(1.2) ker ((p(7) — 1,)") ®g k — ker ((p(7) — 1,,)")
is an isomorphism for all 7. The deformation condition is analyzed as follows:
e defining V; = ker ((p(1) — 1,)") gives a flag
ocV,CcViyC...CcViCk™

This flag determines a parabolic k-subgroup P C GL,, (points which preserve the flag) such
that (1) € (R, P)(k) and p(6) € P(k)

e lift P to a parabolic subgroup P of GL,. The deformation functor of such lifts is formally
smooth, and for any minimally ramified deformation p over R there is a choice of such
P for which p(7) € (RuP)(R) and p(¢) € P(R). Conversely, any p with this property is
minimally ramified;

e Finally, for the standard block-upper-triangular choice of P, one shows the deformation
functor

{(T,®): T € R,P,® € P,OT® " =TT =p(7),® = p(¢)}

is formally smooth by building the universal lift over a power series ring: this uses explicit
calculations with block-upper-triangular matrices.
To generalize beyond GL,,, we need to replace with a more group-theoretic criterion. The
naive generalization is to associate a parabolic P to p and then use the following definition.

Definition 1.4. For a coefficient ring R, say a lift p : T, — G(R) is ramified with respect to P
provided that there exists a parabolic R-subgroup P C Gp lifting P such that p(7) € (R.P)(R)
and p(¢) € P(R).

This idea does not work. Let us focus on the symplectic case to illustrate what goes wrong.

The first problem is to associate a parabolic subgroup to p. Recall that parabolic subgroups of
a symplectic group correspond to isotropic flags 0 C Vi C ... C V, c VX ... C Vi* C k*". There
is no reason that the flag determined by is isotropic, so we would need some other method of
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producing a parabolic P such that p(7) € (R, P)(k). In [BT71], Borel and Tits give a natural way
to associate to the unipotent p(7) a smooth connected unipotent k-subgroup of G. The normalizer
of this subgroup is always parabolic and so gives a candidate for P. However, working out examples
in GL,, for small n shows that this produces a different parabolic than the one determined by .
This raises the natural question of how sensitive the smoothness of the deformation condition is to
the choice of parabolic.

This leads to the second, larger problem: there are examples such that for every parabolic P
satisfying p(7) € (R.P)(k), not all deformations ramified with respect to P are liftable.

Example 1.5. Take L = Qg9 and k = F7. Consider the representation p : Thg =~ 7 x Z; —
GSp,(F7) defined by

1010 1 =100
_ 010 0 _ 0 1 0 0
=10 01 of 2d P@=1y ¢ 1 o

000 1 0 0 1 1

The deformation condition of lifts ramified relative to a parabolic P of GSp, whose unipotent
radical contains p(7) is not liftable for any choice of P: there are lifts to the dual numbers that do
not lift to F7[e]/(e3). This is easy to check with a computer algebra system such as |[Dev15|, since
the existence of lifts can be reduced to a problem in linear algebra.

This latter problem is a general phenomenon, which we will explain conceptually in terms of
Richardson orbits in

The correct approach is to define a lift p : T, — G(R) to be minimally ramified if p(7) has “the
same unipotent structure” as p(7). It is more convenient to work with nilpotent elements, using
the exponential and logarithm maps (defined for nilpotent and unipotent elements since p > n).
We wish to study lifts of the nilpotent N = log(p(7)) to N € g that “remain nilpotent of the same
nilpotent type as N”.

In §6.1] we make this notion of “same nilpotent type” rigorous. There are combinatorial
parametrization of nilpotent orbits of algebraic groups over an algebraically closed field, for ex-
ample in terms of partitions or root data, which make precise the notion that the values of N € go
in the special and generic fiber lie in nilpotent orbits with the same combinatorial data. For each
nilpotent orbit o, we use the results of §4| to choose particular elements N, € go with this prop-
erty lifting N € gj. For a coefficient ring R, we define the “pure nilpotents” lifting N to be the
G(R)-conjugates of N,.

Example 1.6. For example, let G = GL3 and

Consider the lifts

OO =

0
Pl Eg.
0

Both are nilpotent under the embedding of O into its fraction field K. The images of N; in gx and
g both lie in the nilpotent orbit corresponding to the partition 241, so N7 is an example of the type
of nilpotent lift we want to consider. On the other hand, the image of N» in gx lies in the nilpotent
orbit corresponding to the partition 3, while the image on g; lies in the orbit corresponding to
2 + 1, so we do not want to use it. The pure nilpotents lifting N are G (R)-conjugates of Nj.
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We then define a lift p : T, = G(R) to be minimally ramified provided p(r) is the exponential
of a pure nilpotent lifting log p(7) = N. Proposition shows that this deformation condition is
liftable. The main technical fact needed to analyze this deformation condition is that the scheme-
theoretic centralizer Zg (N, ) is smooth over O for N, as above. The smoothness of such centralizers
over algebraically closed fields is well-understood, and in §5| we study Z¢ (N, ) and show that Zg(N,)
is flat over O and hence smooth. Lemma gives a criterion for flatness that is easy to verify
for classical groups which suffices for our applications. We can reduce checking O-flatness to
the problem of finding elements g € Zg(N,)(O) such that g lies in any specified component of
Zc,(N)/Zg,(N)°. There are difficulties beyond the classical case due to the varied structure of

mo(Zg(N)z) in general.

Remark 1.7. It is a fortuitous coincidence (for [CHTO08]) that for GL,, the lifts minimally ramified
in the preceding sense are exactly the lifts ramified with respect to a parabolic subgroup of G. This
rests on the fact that all nilpotent orbits of GL,, are Richardson orbits (see for details).

1.4. Fontaine-Laffaille Deformation Condition. Let K be a finite unramified extension of
Qp, and let O be the ring of integers of a p-adic field L with residue field k such that L splits K
over Qp. (The latter is always possible after extending k.) To produce geometric deformations,
Ramakrishna’s method requires a deformation condition D5 for the residual representation p :
'k — G(k) such that:

e Dy is liftable;

e Dy is large enough, in the precise sense that its tangent space has dimension

(K : Qy)(dim G — dim B) + dimy, H'(T'x, ad’(p))

where B is a Borel subgroup of G;
e D5(0O) consists of certain lattices in crystalline representations.

We construct such a condition using Fontaine-Laffaille theory.

Fontaine-Laffaille theory, introduced in [FL82], provides a way to describe torsion-crystalline
representations with Hodge-Tate weights in an interval of length p — 2 in terms of semi-linear
algebra when p is unramified in K. In particular, it provides an exact, fully faithful functor
Teis from the category of filtered Dieudonné modules to the category of O[I'k]|-modules with
continuous action, and describes the image (Fact [8.10). In [CHTO08, §2.4.1], it is used to define a
deformation condition for GL,,, where the allowable deformations of p are exactly the deformations
of the corresponding Fontaine-Laffaille module. This requires the technical assumption that the
representation p is torsion-crystalline with Hodge-Tate weights in an interval of length p — 2, and
the important assumption that the Fontaine-Laffaille weights of p under each embedding of K into
L are distinct (see Remark .

We will adapt these ideas to symplectic and orthogonal groups under the assumption that the
Fontaine-Laffaille weights lie in an interval of length %. For symplectic groups and K = Q,, this
was addressed in Patrikis’s undergraduate thesis [Pat06]: we generalize this, and record proofs as
the thesis is not readily available. The key idea is to introduce a symmetric or alternating pairing
into the semi-linear algebra data. To do so, it is necessary to use (at least implicitly via statements
about duality) the fact that the functor Tis is compatible with tensor products. This requires
the stronger assumption that the Fontaine-Laffaille weights lie in an interval of length %, which
guarantees that the Fontaine-Laffaille weights of the tensor product lie in an interval of length
p — 2. Furthermore, it is crucial to use the covariant version of the Fontaine-Laffaille functor used
in [BK90] instead of the contravariant version studied in [FL82| in order for the compatibility with
tensor products to hold. For more details, see Given this, it is then reasonably straightforward
to check that Tgs is compatible with duality and hence to translate the (perfect) alternating or
symmetric pairing of Galois representations into a (perfect) symmetric or alternating pairing of
Fontaine-Laffaille modules.
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For a coefficient ring R, define DgL(R) to be all representations p : 'y — G(R) lifting p and
lying in the essential image of T¢is. To study this Fontaine-Laffaille deformation condition, it suf-
fices to study Fontaine-Laffaille modules. In particular, to show that the deformation condition is
liftable (i.e. that it is always possible to lift a deformation satisfying the condition through a square-
zero extension), it suffices to show that a Fontaine-Laffaille module with distinct Fontaine-Laffaille
weights together with a perfect symmetric or skew-symmetric pairing can always be lifted through
a square zero extension. This is a complicated but tractable problem in semi-linear algebra: Propo-
sition shows this is always possible. It is relatively simple to lift the underlying filtered module
and the pairing, and requires more care to lift the semi-linear maps ¢4, : M* — M. Likewise, to
understand the tangent space of the deformation condition it suffices to study deformations of the
Fontaine-Laffaille module corresponding to p to the dual numbers. Again, the most involved step
is understanding possible lifts of the semi-linear maps after choosing a lift of the filtration and the
pairing.

Remark 1.8. The proof that DEL is liftable and the computation of the dimension of its tangent
space both use in an essential way the hypothesis that for each embedding of K into L the Fontaine-
Laffaille weights are pairwise distinct.

Remark 1.9. An alternative deformation condition to use at primes above p is a deformation
condition based on the concept of an ordinary representation. This is studied for any connected
reductive group in [Pat15, §4.1]. It is suitable for use in Ramakrishna’s method, and can give lifting
results for a different class of torsion-crystalline representations.
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2. DEFORMATIONS OF GALOIS REPRESENTATIONS

2.1. Algebraic Groups and Very Good Primes. Let O be a discrete valuation ring with
residue field k of characteristic p. Let G be smooth separated group scheme over O such that the
identity components of the fibers are reductiveE] Then G° is a reductive O-subgroup scheme of G
and G/G° is a separated étale O-group scheme of finite presentation |[Conl4, Proposition 3.1.3 and
Theorem 5.3.5]. Furthermore, by a result of Raynaud G is affine as it is a flat, separated, and of
finite type with affine generic fiber over the discrete valuation ring O [PY06, Proposition 3.1]. Call
such G almost-reductive group schemes over O. We say G is split if G° is split.

Remark 2.1. A reductive group scheme has connected fibers by definition: see [Conl4], Definition
3.1.1], going back to [sga70, XIX, 2.7]). Connectedness is important as in general the component
group may jump across fibers. We wish to be able to work with GO,,, which may have two connected
components, so we work in this generality.

Let @ a reduced and irreducible root system, and P the weight lattice for ®. We recall the notion
of a very good prime.

Definition 2.2. The prime p is good for ® provided that Z®/Z®’ is p-torsion free for all subsets
®’ C ®. A good prime is very good provided that P/Z®’ is p-torsion free for all subsets ® C ®. A
prime is bad if it is not good.

LFor results about reductive group schemes, we refer to |[Conl4] which gives a self-contained development, using
more recent methods, of results from [sga70].
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Likewise, we say a prime p is good (or very good) for a general reduced root system if it is good
(or very good) for each irreducible component. A prime p is good (or very good) for G provided
it is good (or very good) for the root system of G% For example, if G = GSp,,, or G = GO,
every prime except 2 is very good. The prime p being very good for a split almost-reductive group
scheme G for example implies that:

e the center of Lie G}, is the Lie algebra of Zg,, and Lie G}, is a direct sum of Lie G}, and
Lie Zg, , where G’ is the derived group of G° and Zg, is the center of GY;
* Zg and mi(Gy) have order prime to p.

These facts are well-known.

2.2. Deformation Functors. Next we recall some facts about the deformation theory for Galois
representations: a basic reference is [Maz97], with the extension to algebraic groups beyond GL,,
discussed in [T1196].

Let I" be a pro-finite group satisfying the following finiteness property: for every open subgroup
I’y C T, there are only finitely many continuous homomorphisms from I'y to Z/pZ. This is true for
the absolute Galois group of a local field and for the Galois group of the maximal extension of a
number field unramified outside a finite set of places.

Let 5@ be the category of coefficient O-algebras: complete local Noetherian rings with residue
field k, with morphisms local homomorphisms inducing the identity map on k and with the structure
morphism a map of coefficient rings. Let Co denote the full subcategory of Artinian coefficient O-
algebras. Recall that a small surjection of coefficient O-algebras f : A1 — Ag is a surjection such
that ker(f)-mga, =0.

For A € 5@, define

G(A) := ker(G(A) — G(k))
We are interested in deforming a fixed p: I' = G(k). Let g = Lie G.

e Let f: A; — Ag be a morphism in CAO and po : I' = G(Ap) a continuous homomorphism.
A lift of pg to A; is a continuous homomorphism p; : I' = G(A;) such that the following
diagram commutes:

r—2G(A)

N
G(Ay)

Define the functor Dgo : CAO — Sets by sending a coefficient O-algebra A to the set of lifts
of p to A.

e With the notation above, two lifts p and p’ of p to A1 € Cop are strictly equivalent if they
are conjugate by an element of @(Al). A deformation of pg to Ay is a strict equivalence
class of lifts. Define the functor D50 : CAO — Sets by sending a coefficient O-algebra A to
the set of deformations of p to A.

We will drop the subscript O when it is clear from context.

Fact 2.3. The functor D%O 18 representable. When gg = Lie(Zg)k, the functor D5 o is repre-
sentable.

The first part is simple, the second is a reformulation of [Til96, Theorem 3.3].

The representing objects are denoted RD(9 and (when it exists) R; 0. The former is called the
universal lifting ring, while the latter is the universal deformation ring. While we usually care
about deformations, it is technically easier to work with lifts.

This deformation theory is controlled by Galois cohomology. Let ad(p) denote the representation
of I' on g via the adjoint representation. Letting G’ be the derived subgroup of G° with Lie
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algebra g/, we also consider the representation ado(ﬁ) of I" on g). As p is very good, we have
gk = g}, D3g where 34 is the Lie algebra of Z¢. The condition in Fact [2.3]is just that H(T', ad(p)) =
3g, or equivalently that HO(I',ad’(p)) = 0. In general, since p is very good the natural map
HY(T,ad’(p)) — HY(T,ad(p)) is injective for all i; we often use this without comment.

We can use the first order exponential map [Ti196] §3.5] to understand the tangent space. Recall
that for a smooth O-group scheme G, and a small surjection f : A — A/I of coefficient rings
(I-my =0), smoothness gives an isomorphism

exp : g @ I ~ ker(G(A) — G(A/I)) = ker(G(A) — G(A/)).

The tangent space D5 o(k[e]/€?) is identified with H'(T,ad(p)): Under this isomorphism, the
cohomology class of a 1-cocycle T corresponds to the lift p(g) = exp(e7(g))p(g). For the universal
lifting ring R% o, the tangent space is identified with the k-vector space Z!(I",ad(p)) of (continuous)
1-cocycles of T valued in ad(p).

Remark 2.4. We also observe that
dimy, Z1(T, ad(p)) — dimy, H'(T, ad(p)) = dimy, BY(I', ad(p)) = dimy, g — dimy, H°(I', ad(p))

since the space of coboundaries admits a surjection from ad(p) with kernel ad(p)". This will be
useful when comparing dimensions of lifting rings and deformation rings that are smooth.

We will want to studying special classes of deformations.

Definition 2.5. A lifting condition is a sub-functor PP C D%’O : Co — Sets such that:

(1) For any coefficient ring A, D”(A) is closed under strict equivalence.
(2) Given a Cartesian diagram in Co

T
A1 XAOAQ*Q>A2

o
A1 _— AO

and p € DgO(Al X 4, A2), we have p € DY(A; x 4, Ag) if and only if D™ (1) 0 p € DV(A;)
and D"(m3) o p € DY (Ay).

As it is closed under strict equivalence, we naturally obtain a deformation condition, a sub-functor

By Schlessinger’s criterion [Sch68, Theorem 2.11] being a lifting condition is equivalent to the
functor D™ being pro-representable. Likewise, the deformation condition D associated to a lifting
condition D" is pro-representable provided that D; o is.

The tangent space of a deformation condition D is a k-subspace of H!(T',ad(p)), and will be
denoted by HA(I',ad(p)). For a small surjection 4; — A and p € D(Ay), the set of deformations
of p to A; subject to D is a H3 (", ad(p))-torsor. This torsor-structure is compatible with the action
of the unrestricted tangent space to D5 on the space of all deformations of p to A;.

Example 2.6. Let G’ be the derived group of G°. The most basic examples of deformation
conditions are the conditions imposed by fixing the lift of the homomorphism I' — (G/G")(k). To
be precise, for the quotient map p: G — G/G' =: S, afixed v : T' — S(O) lifting pop, and A € Co
with structure morphism 2 : O — A, we define a deformation condition Dy C D; by

D,(A) ={p € Ds(A))I' = G(A) : paop=10va}.

One checks this is a deformation condition. Its tangent space is H(T', ad’()) since p is very good.
We define DﬁD similarly.
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Another important easy example is the unramified deformation condition for a non-archimedean
place v where p is unramified: this consists of lifts that are unramified (possibly with a specified
choice of v). The tangent space is HL (T, ad(p)) (respectively HL (T, ad"(p))).

Definition 2.7. A deformation condition D is locally liftable (over O) if for all small surjections
f A1 — Ap of coefficient O-algebras the natural map

D(f): D(A1) — D(Ao)
is surjective.

A geometric way to check local liftability is to show that the corresponding deformation ring
(when it exists) is smooth. Obviously it suffices to check liftability for lifts instead of deformations,
so we can work with the lifting deformation ring and avoid representability issues for Dj.

Example 2.8. The unramified deformation condition is liftable: an unramified lift is completely
determined by the image of Frobenius in G(Ap), and G is smooth over O.

When attempting to lift with a fixed lift v of ' — (G/G’)(k), the obstruction to lifting is
measured by a 2-cocycle ob(pp) that lies in H?(T',ad"(5)). To see this, recall that the obstruction
cocycle is defined by picking a set theoretic lift p; of a given pg : 'k — G(Ap): the 2-cocycle records
the failure of p; to be a homomorphism. By choosing the continuous set-theoretic lift 'y — G(A41)
so that 'y — (G/G")(Ay) agrees with v (as we may easily do since ker py is open in I'g), the
obstruction cocycle takes values in ad’(p).

2.3. Global Deformations. We now study global deformation conditions. Let K be a number
field, S a finite set of places of K that contains all the places of K at which p are ramified and all
archimedean places. Let I'g be the Galois group of the maximal extension of K unramified outside
of S and 'k be the absolute Galois group of K.

Definition 2.9. A global deformation condition Dg for p : I's — G(k) is a collection of local
deformation conditions {Dy},es for p|r,. We say it is locally liftable (over O) if each D, is locally
liftable (over O). A global deformation of p : I's — G(k) subject to Dg is a deformation p : I's —
G(A) such that p|r, € D,(A) for all v e S.

For v € S, let L, denote the tangent space of the local deformation condition D,. A global
deformation condition gives a generalized Selmer group. We will be mainly interested in the dual
Selmer group

(2.1) Héé(FS,ad(ﬁ)*) = {z € H'(I'g,ad(p)*) : res,(z) € L for allv € S}.

For Ramakrishna’s method to work, it is crucial that the local tangent spaces be large enough
relative to the local invariants. We say that a global deformation condition satisfies the tangent
space inequality if

(2.2) > dimL, > dim H(T,,ad’(p)).
veS veS

Let Ds = {D,} be a global deformation condition, and G’ be the derived group of G° with
quotient p : G — G/G’. We assume that the deformation condition includes the condition of fixing
alift v : T — (G/G")(O) of the character pop : I'x — (G/G')(k). This means that all of
the local deformation conditions have tangent spaces lying in H!(I',,,ad’(5)), and the obstruction
cocycles automatically land in H?(T',,ad’(p)) (see Example and Example , with similar
statements for global deformation conditions. In favorable circumstances, we can use the following
local-to-global principle to produce lifts.

Proposition 2.10. Let A1 — Ay be a small extension of coefficient O-algebras with kernel I, and
consider a lift po : I's — G(Ao) of p subject to Dg. Provided Hzle (T's,ad’(p)*) = 0, lifting po to
S

Ay subject to Dg is equivalent to lifting po|r, to Ay subject to D, for allv € S.
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Proof. One direction is obvious. Conversely, suppose we have local lifts. The key input is the
Poitou-Tate exact sequence:

H'(Ts,ad’(p)) = P H' (T, ad(p)) /Ly — Hp, (Ts,ad’(p))" — H(T's,ad"(p)) — P H*(Lv,ad’(p))-
vES vES

The vanishing of H% L (Gg,ad’(p)*) implies that the first map is a surjection and the last an
injection. ’

As po|r, is liftable for all v € S, the local obstructions to lifting vanish. The global obstruction
to lifting po to A1, ob(pg) € H*(I's,ad’(p)) @ I, therefore maps to 0 in @, g H*(I'y,ad"(p)) ® I.
As this latter restriction map is injective, there is a lift p; of pg to A1 on I's. We wish to show it
can be chosen subject to Dg.

The set of all lifts of po|r, is an H'(T',,ad’(p)) ® I-torsor. The existence of local lifts means
that there exist ¢, € H'(I',,ad’(p)) ® I such that ¢, - po|r, € Dy(A1). By the surjectivity of the
first map in the sequence, there exists ¢ € H'(T's,ad’(p)) ® I such that ¢|, agrees with ¢, up to
an element of L, ® I for all v € S. As the set of lifts of pg|r, subject to D, is a L, ® I-torsor, this
implies that (¢ - p1)|r, € Dy(A1). In other words, ¢ - p1 is a lift of py to A; satisfying Dg. O

Remark 2.11. This is a variant of [Pat15, Corollary 3.11].

3. GENERALIZING RAMAKRISHNA’S METHOD

The key to generalizing Ramakrishna’s method is the ability to choose local conditions so that
Proposition will apply. This generalization is carried for split reductive group schemes with
connected fibers in [Pat15] and in the author’s thesis with only minor technical differences between
them. Here we refer to |[Pat15| for proofs and only point out the modifications necessary to deal
with split almost-reductive groups like GO,,. So let O be the ring of integers in a p-adic field with
residue field k, and let ¢ = #k. Consider a split almost-reductive group scheme G over O with Lie
algebra g. Let K be a number field and denote the p-adic cyclotomic character by x : ' — Z;,
with reduction X : I'x — F. Fix a split maximal torus T' C G°.

3.1. Ramakrishna’s Deformation Condition. We start by assuming:
(A1) there is v € ' such that p(y) € G°(k) is regular semisimple, and Zg, (p(7))° = Tk;
(A2) there is a unique root o € ®(G,T) such that a(p(y)) = x(7);
(A3) there is a place v of K lying over a rational prime ¢ such that p is unramified at v,
p(I'y) € G°(k), and p(Frob,) is regular semisimple element. The identity component of
Za, (p(Froby)) is Ty, and a(p(Frob,)) = x(Frob,) = X(v) # 1.
Under these assumptions, we can define Ramakrishna’s deformation condition D™ for p, : I'y —
G°(k) as in [Pat15] §4.2]. We form the root group U, C G° associated to .

Definition 3.1. For a coefficient O-algebra A, consider a lift p : T — G°(A). The lift p satisfies
Ramakrishna’s condition relative to T provided that p(Frob,) € T(A), a(p(Frob,)) = x(Frob,),
and p(Gal(K[/KM)) C Uy(A) C G°(A).

Define Ramakrishna’s deformation condition D™ (A) to be lifts which are @(A)—conjugate to
one which satisfies Ramakrishna’s condition relative to 7.

Letting S be the quotient of G° by its derived group with quotient map u, we can also study
lifts p: ', — G°(A) such that pop is a fixed unramified lift v of pop. As the condition pop =v
cuts out a closed subscheme of the universal lifting ring for D™, this is a deformation condition
we will denote by D™

Fact 3.2. The deformation conditions D™ and D™ are liftable. The dimension of their tangent
spaces are dim HO(T',,, ad(p)) and dim HO(T',,,ad’(p)) respectively.
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Remark 3.3. In order to apply the results of [Patlb, §4.2] (or the analogous results in [Bool6)
§2.4]), it is important to work with a connected reductive group. This is why we assume that
p(T'y) € G°(k). Similarly, when analyzing disconnected L-groups [Pat15] §9.2] reduces to situations
where the Galois-representation on the (constant) component group scheme is trivial in order to
use this deformation condition.

3.2. Big Representations. Let K (ad’(p)) and K (ad’(5)*) denote the fixed field of the kernel
of the actions of I'x on ad’(5) and ad’(p)* respectively, and F be the compositum. Let Dg be
a global deformation condition satisfying the tangent space inequality . The natural class of
representations p : 'y — G(k) to which Ramakrishna’s method will apply are those which satisfy
the following conditions:

Definition 3.4. A representation p: I'x — G(k) is big relative to Dg provided that

(i) we have H(I'g,ad"(p)) = H(I'k, ad’(p)*) = 0;
(ii) we have H'(Gal(K (ad’(p))/K),ad’(p)) = 0 and H'(Gal(K (ad’(p)*)/K),ad’(p)*) = 0;
(iii) for any non-zero 1) € H%S (I's,ad’(p)) and ¢ € H£§ (T's,ad’(p)*), the fields Fy, and F, are

linearly disjoint over F, where Fy, (respectively Fy) is the fixed field of the kernel of the
homomorphism obtained by restricting 1 (respectively ¢) to I'p;
(iv) for any non-zero ¢ € H%S (T's,ad’(p)) and ¢ € H%)L (T's,ad’(p)*), there is an element
S

v € ' such that p(y) € G°(k) is regular semisimple with Zg, (5(7))° = Tk, and for which
there is a unique root a € ®(G,T) satisfying a(p(y)) = X(v) # 1, for which k[¢(I'k)]
has an element with non-zero t,-component, and for which k[¢(I'k)] has an element with
non-zero g_,-component.

Remark 3.5. In note that a(p(vy)) makes sense because p(y) € T'(k), as any semisimple
element g € G°(k) satisfies g € Zg, (9)°. Also, t, is the span of the a-coroot vector and g_ is the
—a root space.

Remark 3.6. Observe that these conditions are insensitive to extension of k.

Let S be a finite set of places of K containing the archimedean places, the places over p, and the
places where p is ramified.

Proposition 3.7. Let Dg be a global deformation condition that satisfies the tangent space in-
equality, and suppose p is big relative to Dg. There is a finite set of places T D S such that the
deformation condition Dr obtained by extending Dg allowing deformations according to D™ for
v eT\S satisfies
Hp,, (Tic,ad(p)") = 0.

Proof. This is almost [Pat15|, Proposition 5.2]. There, we find places v of K satisfying the hypothe-
ses necessary to define Ramakrishna’s deformation condition using the Chebotarev density theorem
on the extension FyFyK (p)/K, where K(p) is the fixed field of the kernel of p, using as input the
element 7 in the definition of bigness. The only difference here is that we have the additional
requirement that p(I",) C G°(k), or equivalently p(Frob,) € G°(k) as p is unramified at v.

Let K’ denote the fixed field of the kernel of the composition of p with the map to the component
group of Gj. We apply the Chebotarev density theorem to the extension Fy,Fy K (p)/K’, using that
p(v) € G°(k), obtaining a place v" with p(Frob,) € G°(k) as well as the original conditions. As
the primes of K’ which are split over K have density 1, we may freely add the condition that the
place v' of K’ is split over the place v of K. As K|, = K,, we conclude that p(Frob,) C G°(k).
The original argument then shows that adding Ramakrishna’s deformation condition at v to the
global deformation condition decreases the size of the dual Selmer group. 0
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There is an easy case in which we can check that p is big relative to a global deformation Dg
satisfying the tangent space inequality. Let G’ be the derived group of G°, and h the Coxeter
number of G.

Proposition 3.8. Suppose that K N Q(up) = Q, that p is relatively prime to the order of the
component group of Gy, and that the root system of G° is irreducible and of rank greater than 1.
If G'(k) C p(T's), and p — 1 is greater than the mazimum of 8#Z¢ and

(h—1)#Zc if #Z¢ is even
(2h —2)#Zq  if #Z¢ is odd

then p is big relative to Dg.

Proof. This is part of the proof of [Pat15, Theorem 6.4]. Small modifications are needed to deal with
almost-reductive G. In particular, when deducing it is necessary to use inflation-restriction to
pass from the statement that H'(G’(k),ad’(5)) = 0 to the statement that H'(5(I's),ad’(p)) = 0
using that the index of G'(k) C G°(k) C G(k) is prime to p. The arguments for and{(iv)| are
unchanged: both rely on constructing elements in the image of p using root data, so the argument
can take place inside G°. O

Remark 3.9. The argument is not optimized to produce the weakest restriction on p. The approach
works uniformly for any irreducible root system: in any specific case improvements should be
possible.

Remark 3.10. The formulation in [Bool6, §2.3] is very similar (only treating the case that G has
connected fibers). Conditions and are replaced by the simpler but stronger conditions
that ad’(p) is an absolutely irreducible representation of I'x and the condition that

(iii) there exists v € I'x such that p(7) is regular semisimple with associated maximal torus
Za,(p(7))° equal to the split maximal torus T}, and for which there is a unique root
a € ®(G,T) satistying a(p(vy)) = x(v) # 1. (If dimT = 1, we furthermore require that
X(v)* # 1)
This condition holds in the situation of Proposition The analysis follows analogous lines. The
conditions that the root system of G° is irreducible and that G’ is not of rank 1 are removed by
additional bookkeeping and imposing a stronger bound on p when the rank of G’ is 1.

3.3. Choosing Deformation Conditions. Let G’ be the derived group of G°® and v : G — G/G’
be the quotient map. For a fixed lift v of

wop: T — (G/G)(K),

the heart of the matter is to choose deformations conditions so that we may apply Proposition |2.10
and Proposition to produce a geometric lift of p with yop = . We need:

(1) Locally liftable deformation conditions at finite places away from p where p is ramified.

(2) Locally liftable deformation conditions at places above p whose characteristic-zero points
are lattices in crystalline (or semistable representations).

(3) The tangent space inequality to hold, which will require p to be odd.

It is necessary to extend O and k in order to define some of these deformation conditions: the
condition that p is big is unaffected (Remark , so we are free to do so. We will find such
deformation conditions when G = GSp,,, with even m > 4 or G = GO,,, with m > 5. In order to
have the necessary oddness assumption on p, in the latter case m # 2 (mod 4).

At the places where p is ramified, in §6]and 7], we will construct a minimally ramified deformation
condition by studying deformations of nilpotent (or equivalently unipotent) elements provided p >
m . For each place, this will potentially require a finite extension of k. After such a further extension,
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this will be a liftable deformation condition at v with tangent space of dimension h%(T,,ad’(p))
(see Corollary [7.16]). This generalizes the results for GL,, obtained in [CHTOS, §2.4.4].

At the places above p, when G = GO,,, or GSp,,, after extending k we will construct a Fontaine-
Laffaille deformation condition using Fontaine-Laffaille theory in This requires the assumption
that V®O[%] is crystalline, p is unramified in K, p is torsion-crystalline with Hodge-Tate weights in

an interval of length %, and that the Fontaine-Laffaille weights for each Z,-embedding of O into
O are pairwise distinct. The deformation condition is liftable, and the dimension of the tangent
space will be h(Ty,,ad"(p)) + [K, : Q)(dim G — dim By,), where B is a Borel subgroup of G. This
generalizes the results for GL,, obtained in [CHTO08, §2.4.2].

Remark 3.11. The restriction that p is unramified in K and that the Hodge-Tate weights of
p are in an interval of length % is required to use Fontaine-Laffaille theory. Approaches using
different flavors of integral p-adic Hodge theory should be able to remove it (for example, the
deformation condition based on ordinary representations worked out by Patrikis [Pat15] §4.1] does
so for a special class of representations). However, most previous work on studying deformation
rings using integral p-adic Hodge theory only gives results about the crystalline deformation ring
with p inverted, which does not suffice for our method.

The assumption that the Hodge-Tate weights are pairwise distinct is crucial, as otherwise the
expected dimensions of the local crystalline deformation rings are too small to use in Ramakrishna’s
method.

We also need to specify a deformation condition at the archimedean places v: we just require lifts
for which pop|r, = v|r,. This condition is very simple to arrange, as #I', < 2. At a complex place,
the dimension of the tangent space is zero and the dimension of the invariants is dimy, ad®(p). At
a real place, the tangent space is zero when p > 2 and the invariants are the invariants of complex
conjugation on ad’(p).

Now we study the tangent space inequality . Let S be a set of places consisting of primes
above p, places where p is ramified, and the archimedean places. When using the local deformation
conditions as above at v € S, the inequality says exactly that
(3.1)

K : Q(dim Gy, — dim By) = Y [K, : Qp)(dim Gy, — dim By) > Y kT, ad’(p)) = > ad’(p)™
v|p v|oo v]oo
This is very strong: it is always true that dimad®(p)’ > [K, : R](dim G} — dim By,), so holds
if and only if K is totally real and p is odd at all real places of K.

Assuming K is totally real and p is odd at all real places, we use Ramakrishna’s deformation
condition D;*™ at a collection of new places as in Proposition (again possibly extending k). This
gives a new deformation condition Dy for which Hzl) %(FT, ad’(p)*) = 0. Using Proposition [2.10]

we obtain the desired geometric lift.
Let us collect together all of our assumptions and record the result.

Theorem 3.12. Let G = GSp,,, with even m > 4, or G = GO, with m > 5. For a big rep-
resentation p : T — G(k) with p < m, fix a lift v : Tx — (G/G")(k) to O of pop such that
Ve (’)[%] is Fontaine-Laffaille. We furthermore assume that K is totally real and that p is odd at
all real places (which requires m #Z 2 (mod 4)). Assume that p is unramified in K and that p is
Fontaine-Laffaille at all places above p with Fontaine-Laffaille weights in an interval of length %,
patrwise distinct for each Q, embedding of K into O[%]. Extend O (and k) so that all of the required
local deformation conditions may be defined. Then there is a finite set T of places containing the
archimedean places, the places above p, and the places where p is ramified such that there exists a
lift p: T — G(O) such that

® [lop=U.
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e p is ramified only at places in T
e p is Fontaine-Laffaille at all places above p, and hence crystalline.

In particular, p is geometric. If we combine this with Proposition we obtain Theorem

Remark 3.13. Using the local deformation conditions for GL,, in |[CHTO0S8, §2.4.1] and [CHTO8,
§2.4.4], the same argument gives an identical result with G = GL,,. But for n > 2 it is impossible
to satisfy the oddness hypothesis. For GLg, this is a variant of [Ram02, Theorem 1b].

Remark 3.14. For other groups, the method will produce lifts provided appropriate local condi-
tions exist. The deformation conditions we used are only available in full strength for symplectic
and orthogonal groups. An alternative deformation condition above p is the ordinary deformation
condition [Patl5, §4.1], available for any G. For ramified primes not above p, §6 provides a defor-
mation condition assuming a certain nilpotent centralizer is smooth and p|r, is tamely ramified of
the special type considered in

4. REPRESENTATIVES FOR NILPOTENT ORBITS

As a first step on the road to defining the minimally ramified deformation condition, we study
integral representatives of nilpotent orbits. Useful background about nilpotent orbits is collected
in [Jan04]. We focus on classical groups, so consider G = GL,,, G = Sp,,,, or G = O,, over a
discrete valuation ring O with residue field k of characteristic p > 0. Assume p is very good for
G- Let g = LieG and K be the field of fractions of O.

The nilpotent orbits for G over an algebraically closed field of good characteristicﬂ can be classified
by combinatorial data C that is independent of the characteristic. For classical groups, nilpotent
orbits can be classified by their Jordan canonical form in terms of partitions . For a partition o € C,
let Op, C gr denote the corresponding orbit over the algebraically closed field F'. For o € C, we
seek elements

(4.1) No € g such that (No)x € Oy, and (No)k € O,
This makes precise the statement that Nx and Nj “lie in the same nilpotent orbit.”

Remark 4.1. For a general reductive group scheme G, the Bala-Carter classification can be in-
terpreted as giving a characteristic-free classification of nilpotent orbits, allowing a generalization
of the condition in (4.1). One can obtain such N, in terms of root data following [SS70| III.4.29].
We need the additional information provided by the concrete description in the symplectic and
orthogonal cases to analyze the centralizer Zg (V) as an O-scheme, so do not use this.

Example 4.2. Nilpotent orbits for GL,, correspond to partitions n = ni +ng + ...+ n,. For a
partition o of n, Let N, € g be the nilpotent matrix in Jordan canonical form whose blocks (in
order) are of sizes nq,na,...,n,. Clearly N, has entries in O and satisfies (4.1)).

For symplectic and orthogonal groups, we can produce the desired N, using a minor extension of
the classical results known over algebraically closed fields [Jan04, §1]. Let G = Sp,,, with m = 2n,
or G = Oy, with m = 2n or m = 2n + 1. We assume n > 2. Recall that Sp,,, and O,, are defined
using standard pairings on a free O-module M of rank m. For m = 2n, the standard alternating
pairing psq on O™ is the one given by the block matrix

o I
-1, 0)’

where I] denotes the anti-diagonal matrix with 1’s on the diagonal. The standard symmetric pairing
©sta on O™ is the one given by the matrix I},.

2By convention, characteristic zero is good for any group.
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Remark 4.3. We chose to work with O,, instead of SO,,, as the classification is cleaner for O,,.
The nilpotent orbits are almost the same for SO,,, except that certain nilpotent orbits of O,, (the
ones where the partition contains only even parts) split into two SO,,-orbits [Jan04, Proposition
1.12] (conjugation by an element of O,,, with determinant —1 carries one such orbit into the other).

Definition 4.4. Let o denote a partition m = my + mo + ... + m, of m. It is admissible if

e every even m; appears an even number of times when G = O, ;
e every odd m; appears an even number of times when G = Sp,,.

The admissible partitions of m are in bijection with nilpotent orbits of Sp,, or O,, over an
algebraically closed field [Jan04, Theorem 1.6]. The corresponding orbit is the intersection of g C
gl,,, with the GL,,-orbit corresponding to that partition of m. Note that GL,,-orbit representatives
in Jordan canonical form need not lie in g.

We will construct nilpotents together with a pairing, and then show how to relate the constructed
pairing to the standard pairings used to define G. Let ¢ = 1 in the case of O,,, and ¢ = —1 in the
case of Sp,,.

Definition 4.5. Let d > 2 be an integer. Define M(d) = 0%, with basis v1,...v4 and a perfect
pairing (4 such that
(=1 i+j=d+1
Vi, V) = .
#alvi, vj) {O, otherwise

(alternating for even d, symmetric for odd d). Define a nilpotent Ny € End(M(d)) by Ngv; = vi—1
for 1 <i<dand Nguv; = 0.

Similarly, define M (d,d) = O?? with basis vy, ...vg, v}, . .. , v/, and a perfect e-symmetric pairing
4,4 by extending

(-1, i+j=d+1

/ / /
Vi, Vi) = v;,v;) =0 and Vi, V) =
®d,d(vi, vj) = @d,a(v;, v;) ©d,d(vi, ;) {07 otherwise

Define a nilpotent Ng4 € End(M(d,d)) by Ngqv; = vi—1 and Nggqvi = vi_; for 1 < ¢ < d, and
Ng qv1 = Ngqvi = 0.

It is straightforward to verify the pairings are perfect and that Ny and Ny 4 are skew with respect
to the corresponding pairing. The pairing ¢g4 4 can be symmetric or alternating.

Given an admissible partition o : m = mq1 +ms + ...+ m,, we will construct a free O-module of
rank m with an e-symmetric perfect pairing and a nilpotent endomorphism respecting that pairing
such that the Jordan block structure of nilpotent endomorphism in geometric fibers is given by o.
Let ni(0) = #{j : m; = i}.

e If G = O,, then n;(0) is even for even i, so we can define

M, = @ M(i)@ni(g) ® EB M(i,i)@”i(a)/Q.

iodd i even

e If G = Sp,,, then n;(0) is even for odd 7, so we can define

M, = @ M(i,0)* 2 o @ M@EE).

iodd ieven

Let ¢, and N, denote the pairing and nilpotent endomorphism defined by the pairing and nilpotent
endomorphism on each piece using Definition In all cases, M, is a free O-module of rank m.
For each o, let G, be the automorphism scheme Aut(M,, p,), so for an algebraically closed field
F over O we have an isomorphism (G,)p ~ Gp well-defined up to G(F)-conjugation by using
F-linear isomorphisms (My, ©5)r =~ (F™, ¢std)-
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Lemma 4.6. For all admissible partitions of m, the specializations of the N, at geometric points
€ of Spec O constitute a set of representatives for the nilpotent orbits of G¢, and the specializations
lve in the orbit corresponding to o.

Proof. The set of admissible partitions of m is in bijection with the set of nilpotent orbits over
any algebraically closed field. The N, we constructed are integral versions of the representatives
constructed in [Jan04, §1.7]. O

Let eq,e9,...epy be the standard basis for O™. The elements e; and e,,+1—; pair non-trivially
under the standard pairing. When m = 2n + 1, e,4+1 pairs non-trivially with itself under the
standard pairing. We now relate the standard pairings to the pairings ¢, .

Proposition 4.7. Suppose that \/—1,v/2 € O*. Then ¢, is equivalent to the standard pairing
over O. There exists an O-basis {v;} of O™ with respect to which the pairing is given by ¢, and
N, satisfies the condition in (4.1)) for G = Sp,,, or G = Oy,.

Proof. The standard pairings are very similar to ¢,. In the case of Sp,,, each basis vector pairs
trivially against all but one other basis vector, with which it pairs as 1. So after reordering the
basis, ¢, is the standard pairing. The case of O,, is slightly more complicated. Let ¢ : m =
m1+ma+ ...+ m, be an admissible partition. The construction of M, and ¢, gives a basis {v; ;}
where 1 <7 <7 and 1 < j < m,;. From the construction of ¢,, we see that v;; pairs trivially
against all basis vectors except for v; ,;+1—j. So as long as 2j # m; + 1, we obtain a pair of basis
vectors which are orthogonal to all others and which pair to +1. For each odd m;, the vector
Vi (my+1)/2 Pairs non-trivially with itself. The standard pairing with respect to the basis e; has such
a vector only when m = 2n 4 1 and then only for one e;.

We must change the basis over O so that ¢, becomes the standard symmetric pairing. Let
U = Vj (m,;4+1)/2 and v = Vj (m;+1)/2 be two distinct vectors which pair non-trivially with themselves.

In particular, ¢, (v,v) = (=1)™*+D/2 .=y and @, (v',v') = (—=1)"+1)/2 .= /. Define

wo VIO TNy VIV
V2 V2

Then we see that ¢, (w, w) = 0 = @, (w',w') and p,(w,w’) = 1. Making this change of variable over
O (which requires v/—1,v/2 € O*), we have reduced the number of basis vectors which pair non-
trivially with themselves by two, and produced a new pair of basis vectors orthogonal to the others
and which pair to 1. By induction, we may therefore pick a basis v1, ..., v}, for which at most one
basis vector pairs non-trivially with itself under ¢,. After re-ordering, we may further assume that
¢o(vj,v;) = 0 unless i + j = m+ 1, in which case py(v,v}) = £1. Suppose j =m +1—1. If i # j,
by scaling v; we may assume that ¢, (vj,v;) = 1. If i = j, we already know that ¢, (v;,v}) = 1.
With respect to this basis, ¢, is the standard pairing.

The last statement immediately follows from Lemma O

5. SMOOTHNESS OF CENTRALIZERS OF PURE NILPOTENTS

Let G be a split reductive group scheme over a discrete valuation ring O with g = LieG. Let k
be the residue field of characteristic p > 0, and assume p is very good for Gi. For N € g, denote
the scheme-theoretic centralizer of N by Zg(INV); it represents the functor

R~ {g S G(R) : Adg(g)NR = NR}

for O-algebras R. We will study the centralizer Z;(N,) in more detail where N, € g is an element
satisfying . In particular, this centralizer will be shown to be smooth when G is symplectic or
orthogonal. We first review the known theory over fields, and then develop and apply a technique
to deduce smoothness over O (i.e. O-flatness) from the known smoothness in the field case.
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5.1. Centralizers over Fields. In this section, let k be an algebraically closed field, G be a
connected reductive group over k, and N a nilpotent element of g = Lie G. As the formation of the
scheme-theoretic centralizer commutes with base change, smoothness results for Zg (V) over k will
imply such results over general fields (not necessarily algebraically closed).

The group scheme Zg(NN) is the fiber over 0 € g of the composition

G298 aL(g) TR g

Hence Lie Zg(N) is the kernel of

g ™% End(g) =5 g

which is the Lie algebra centralizer 34(IV).

Remark 5.1. In references using the language of varieties rather than schemes (such as [Jan04]),
Zc(N) is usually defined via its geometric points and hence is reduced and smooth, so the condition
that the scheme Zg(N) is smooth becomes the condition that the variety Zg (V) has Lie algebra

3g(IV).
In a wide range of situations, all nilpotent centralizers are smooth. A direct calculation shows

that this holds for G = GL,, (see |Jan04, §2.3]), and a criterion of Richardson [Jan04, Theorem 2.5]
can be applied to show:

Fact 5.2. If G is an orthogonal or symplectic (similitude) group, any nilpotent centralizer is smooth
over k.

Remark 5.3. Suppose Zg (V) is smooth over k and p is good for G. The classification of nilpotent
orbits is independent of p, as are their dimensions, so the dimension of Z;(NV) is independent of p
as well.

5.2. Checking Flatness over a Dedekind Base. We want to analyze smoothness of centralizers
in the relative setting (especially over Spec O). If Zg(N,) — SpecO is flat and the special and
generic fibers are smooth then Zg (V) is smooth over O. The following lemma gives a way to check
that a morphism to a Dedekind scheme is flat.

Lemma 5.4. Let f : X — S be finite type for a connected Dedekind scheme S. Then f is flat
provided the following all hold:

(1) for each s € S, X is reduced and non-empty;

(2) for each s € S, X is equidimensional with dimension independent of s;

(3) there are sections {o; € X(S)} to f such that for every irreducible component of a fiber
above a closed point, there is a section o; which meets the fiber only in that component.

Remark 5.5. This lemma is a modification of [GY03, Proposition 6.1] to allow multiple irreducible
components in the fibers.

Proof. It suffices to prove the result when S = Spec(A) for A a discrete valuation ring with uni-
formizer w. Let X, be the generic fiber and X, the special fiber. Consider the schematic closure
1: X" — X of the generic fiber. The scheme X’ is flat over Spec(A) since flatness is equivalent to
being torsion-free over a discrete valuation ring, and there is an exact sequence

(5.1) 0—-J—=0x —1.0x —0

where J is a coherent sheaf killed by a power of 7. We will show that 2 is an isomorphism by
analyzing the special fiber.

First, we claim that the dimension of each irreducible component on the special fiber of X’ is
the same as the dimension of the equidimensional X,. We will get this from flatness of X’. The
generic fiber of X’ is X, which is equidimensional and non-empty by hypothesis. Furthermore, X’
is the union of the closures Z; of the reduced irreducible components X, ; of X,, and each Z; is
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A-flat with integral n-fiber, hence integral. We just need to analyze the dimension of irreducible
components of (Z;)s when (Z;)s # (). Since Z; is integral, we can apply [Mat89, Theorem 15.1,
15.5] to such Z; to conclude that the dimension of each irreducible component of the special fiber
of X’ is the same as the dimension of the generic fiber.

Observe that the sections o; factor through the closed subscheme X’ C X, as we can check this
on the generic fiber since X’ is A-flat. Thus X’ meets every irreducible component of X away from
the other irreducible components of Xs. We would have that | X| = | X,| if X/ is equidimensional
of the same dimension as the equidimensional Xg. We have shown the dimension of any irreducible
component in X/ is the same dimension as the common dimension of irreducible components of the
generic fiber X, of X'. By hypothesis, the dimension of any irreducible component of the generic
fiber of X is the same as the dimension of any irreducible component of the special fiber of X. Thus
the dimension of any irreducible component of X! is the same as the dimension of each irreducible
component of X, giving that |X}| = |X;|. As X is reduced, this forces 15 : X, < X to be an
isomorphism.

Now tensoring with the residue field of A gives an exact sequence

0— J/WJ—) OX,s —>Z*OX/7S =0

because Ox is A-flat. But J/7J = 0 as 1, is an isomorphism. Hence J = 7J = 72J = ... = 7"J =
0 for n large, so X = X’ is flat over A. O

Corollary 5.6. In the situation of the lemma, if the fibers are also smooth then X is smooth.

Proof. For a flat morphism of finite type between Noetherian schemes, smoothness of all fibers is
equivalent to smoothness of the morphism. O

5.3. Centralizers for Orthogonal and Symplectic Groups. To apply Corollary we need
information about the component group of centralizers of nilpotents. For GL,, over a field, all such
centralizers are connected. For symplectic and orthogonal groups, there is an explicit description
of Z(N,) where N, is the nilpotent constructed in 4 We continue the notation of that section:
G is Sp,, or Oy, (with m > 4) over a discrete valuation ring O with a residue field k& of good
characteristic p # 2.

Let 0 : m1 4+ ... 4+ m, be an admissible partition of m. We assume that O is large enough so
that Proposition holds, and take N := N,. Then there exists elements v1,...,v, € M := O™
such that

mi—1 my—1
v, Nvy, ..., N v, v, Nug, ..., N ",

is a basis for M. Furthermore, N™iv; = 0 for ¢ = 1,...7, and the pairing between basis elements
is given by ¢ := ¢,. In particular, each v; pairs non-trivially with only one other basis element
X %=Ly, for some i* € {1,...,r}.

To understand the G-centralizer of N, we construct an associated grading of M as in [Jan04),
§3.3,3.4]. This is motivated by the Jacobson-Morosov theory of sly-triples over a field of suffi-
ciently large characteristic, but for symplectic and orthogonal groups it is constructed by hand in
characteristic p # 2 below.

Remark 5.7. Let My = M ®p k = k™. Every nilpotent X € End(M}) gives a filtration (and
grading) of M}, defined by Fil° = ker(X?). For GL,, this is a nice filtration and is used in [CHTO08]
to define the minimally ramified deformation condition for GL,,. However, this filtration need not
be isotropic with respect to the pairing, so we will construct a nicer grading associated to X.

Definition 5.8. Let M(s) be the span of NJv; for all i and j such that s = 2j + 1 — m;. We set
M) = @D;>; M(t), and also define L(s) to be the span of {v; : v; € M (s)}.
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We now record some elementary properties of the preceding construction; all are routine to check,
and the analogous proofs over a field may be found in [Jan04, §3.4]. We have that M = @, M(s),
and

v; € M(—(d; — 1)), Nv; € M(—(d; —1) 4+ 2),...,N% Ly, € M(d, — 1).
Furthermore, we know N - M(s) C M(s+2) and M(s) =N -M(s—2) @ L(s) for s <0.

The dimension of M(s) is mg(o) := #{j : d; —1 > |s|}. The dimension of L(s) equals l;(c) :=
ms41(0) —ms(o). Furthermore, the pairing ¢ interacts well with the grading: a computation with
basis elements gives that (M (s), M(t)) # 0 implies s + ¢ = 0.

The above grading on M corresponds to the one-parameter subgroup A : Gy, — G for which
the action of t € G, on M (s) is given by scaling by ¢*. The dynamic method (see [CGP15, §2.1])
associates to A a parabolic subgroup Pg(A) with Levi Zg(A). Define Cn and Uy to be the scheme-
theoretic intersections

Cn=Zg(N)NZg(A\) ={g9 € Zg(N) : gM(i) = M (i) for all i}
Uy = Za(N)NUg(\) = {g € Zg(N) : (9 — 1)MD < MY for all 4}.
Fact 5.9. The group-scheme Zg(N )k is a semi-direct product of (Cn )i and the smooth connected

unipotent subgroup (Un)k. In particular, the connected components of Za(N )y are the same as the
connected components of (Cn)y.

Remark 5.10. This is [Jan04, Proposition 3.12]. The existence of A and this decomposition is not
specific to symplectic and orthogonal groups [Jan04, Proposition 5.10].

We finally give a concrete description of Cn. We first define a pairing on L(s). Recall that the
space L(s) of “lowest weight vectors” in M (s) has basis {v; : 1 — d; = s}. We define a pairing on
L(s) by

Ys(v,w) = (v, N"*w).
A direct calculation shows that v is non-degenerate and that s is symmetric if (—1)° = € and is
alternating if (—1)® = —e [Jan04} §3.7].

A point of C'y preserves the grading on M, and since it commutes with the “raising operator” N
its action on M is determined by its action on the space L(s) of “lowest weight vectors” in M(s).
So the following fact is no surprise.

Proposition 5.11. There is an isomorphism of algebraic groups
Cn ~ [ ] Aut(L(s), ¢s)
s<0
The corresponding statement over a field is [Jan04) §3.8 Proposition 2, 3]: the proof is the same.

Example 5.12. Let G = Sp,,,. Unraveling when 1), is symmetric or alternating, we see that
Cn~ [ OW(s),s)x ][] Sp(L(s), ).
$<0;s0dd s<0;s even

The special fibers of the symplectic factors are connected, while the orthogonal factors have two
connected components in the special fiber. Thus there are 2! connected components, where ¢ is the
number of odd s for which L(s) # 0. For each component, there is a section g € Cy(QO) meeting
that component corresponding to a choice of +1d € O(L(s), 1) for each odd s with L(s) # 0. The
connected components of Zg(N) are the same as those for Cy by Fact

Example 5.13. Let G = O,,. We likewise see that
Cy= ] O@s)ws) x [I Sp(L(s), ).

s<0;s even s<0;s o0dd
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Again there are 2! connected components of Zg(IN), where t is the number of even s for which
L(s) # 0.

Now suppose that G = SO,,,. The elements IV we considered in this section are representatives for
some of the nilpotent orbits of SO,,. The group Cn has the same structure as for G = O,,, except
we require that the overall determinant be 1; this has 2/~! connected components. Though SO,,
has more nilpotent orbits than O,,, according to Remark their representatives are conjugate
by an element O,,(k) with determinant —1 to the representatives constructed in Proposition
This shows that there are sections g € C'y(Q) meeting each component.

Remark 5.14. Suppose ¢ is a square in O*. For use in the proof of Proposition we need the
existence of an element ® € G(O) such that adg(®)N, = gN,. If a® = ¢, taking ® = \(a) would
work: ® would scale Njv; € M(s) by af, and N, increases the degree by 2.

This @ is a version for symplectic and orthogonal groups of the diagonal matrix denoted ®(o, a, q)
whose diagonal entries are increasing powers of ¢ used in |Tay08| §2.3]. There it is checked that
adg(®(0,a,q))Ne = gN, where N, is the nilpotent representative in Jordan canonical form con-
sidered in Example for the partition o of m.

5.4. Smoothness of Centralizers. We now return the case when G is a split reductive group
scheme with connected fibers over a discrete valuation ring O with residue field k& of very good
characteristic p > 0. We assume that /—1,v/2 € O. Suppose we are given an integral representative
N = N, € g := LieG for the nilpotent orbit on geometric fibers corresponding to ¢ € C as in (4.1):
that is, an element such that

Ny € OE,O‘ and N € Of,a'

Proposition provides such N in symplectic and orthogonal cases as v/—1,v2 € O*. We wish
to check that the Zg(N) is smooth over O. This N satisfies

(5.2) Za, (Nk) and Zg, (Ni) are smooth of the same dimension.

Remark 5.15. Some assumption on N is essential. Otherwise Nz and Ny can lie in different
nilpotent orbits (in terms of the combinatorial characteristic-free classification of geometric orbits),
and so Zg, (Nk) and Zg, (Nj) could have different dimensions, in which case Zg(N) cannot be
O-flat. An example of this is the element Ny in Example

Now we wish to check the conditions necessary to apply Corollary We define
A(N) = Zg,(Ni)(k)/ Ze, (Ni)° (k).
and study when the following holds:
(5.3) each element of A(N) arises from some s € Zg(N)(O).
Note that this checks the criterion in Corollary as

Za, (Ni)(K)/Za, (Nk)° (k) = (Ze,, (Nk) /26, (Nk)®) (F)

by Lang’s theorem, and since the irreducible components of Zg, (Nk) are the same as connected
components by smoothness.

We are free to make a local flat extension of O, as it suffices to check flatness after such an
extension. In particular, it suffices to check when O is Henselian and k is algebraically closed.
Examples and give such sections when G = Sp,,, or G = SO,,. We will use these cases to
get a result for similitude groups.

Let m: G' — G’ be the simply connected central cover of the derived group G’ over O. As p
is very good, G’ and G’ have isomorphic Lie algebras via m and Lie G’ is a direct factor of Lie G
with complement Lie(Zg), so we may abuse notation and view N as an element of all of these Lie
algebras over O.
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Let S be a (split) maximal central torus in G. Consider the isogeny S X G' = G. As S acts
trivially on N, we see that S x Z=; (V) is the preimage of Zg/(N) under this isogeny. As p is very
good for G, we obtain finite étale surjections

over O.

Lemma 5.16. The condition (5.3) holds for G if and only if (5.3)) holds for G.

Proof. Assume G’ satisfies (5.3). Pick a connected component C' of Zg, (Ni). The preimage of C

under S x Zz(N) = Zg(N) is a union of k-fiber components of the form Sj, x C’ where C' is a

connected component of Z; (Ni). By assumption, there exists s € Z5(IV)(O) meeting any such
k

C’. The image of (1, s) is a point of Zz(N)(O) meeting C.
Conversely, assume G satisfies (5.3). Pick a connected component C” of Z5; (Ng). Under S x
k

Z7(N) = Zg(N), Sk x C' maps onto a connected component C' of Zg, (Ny). By assumption, there
exists s € Zg(N)(O) such that s, € C. As k is algebraically closed, there is s} € (S x ZZ(N))(k)
lifting sx, and lying in C’. As S x Z5(N) — Zg(N) is a finite étale cover and O is Henselian, there

exists s’ € (S x Zz(N))(O) lifting s and reducing to s;. O

For example, this lets us pass between Spy, and GSp,, by way of the projective symplectic
group.

Proposition 5.17. For G a symplectic or orthogonal similitude group, and N = N, € g the
element satisfying (4.1) given by Proposition for an admissible partition o, the centralizer
Zc(N) is smooth over O.

Proof. By Fact Za,(Ni) and Zg, (Nk) are smooth. By the classification of nilpotent or-
bits over algebraically closed fields, the dimension of the orbit only depends on the combinatorial
classification for the orbit in very good characteristic and in characteristic 0, so these fibers are
equidimensional of the same dimension. By Corollary it suffices to find s € Zg(N)(O) meeting
any connected component of Zg, (Ng).

Using Lemma we reduce checking to the cases of Sp,,, and SO,,, covered by Examples
(.12 and 513l O

Remark 5.18. Consider a nilpotent orbit of GL,, with representative N given in Example As
Za, (Ng) is connected [Jan04), Proposition 3.10], the identity section shows (5.3]) holds. This shows
Zc(N) is smooth.

Remark 5.19. It is not hard to extend the above argument to work for groups such that all the
irreducible factors of the root system are of classical type. For the exceptional groups, one could
find N as in Remark and attempt to check holds by hand (there are finitely many cases).
A conceptual approach would be preferable.

Remark 5.20. McNinch analyzes the centralizer of an “equidimensional nilpotent” in [McNO§].
An equidimensional nilpotent is an element N € g such that N is nilpotent and the dimension
of the special and generic fibers of Zg(N) are the same. |[McNO8, §5.2] claims that such Zg(N)
are O-smooth because the fibers are smooth of the same dimension. This deduction is incorrect:
it relies on [McNO8, 2.3.2] which uses the wrong definition of an equidimensional morphism and
thereby incorrectly applies [sga03, Exp. II, Prop 2.3].

According to [sga03, Exp. II, Prop 2.3] (or |Gro66, §13.3, 14.4.6, 15.2.3]), for a Noetherian
scheme Y, a morphism f : X — Y locally of finite type, and points x € X and y = f(z) with 0,
normal, f is smooth at z if and only if f is equidimensional at 2 and f~!(y) is smooth over k(y) at
x. But by definition in |Gro66, 13.3.2], an equidimensional morphism is more than just a morphism
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all of whose fibers are of the same dimension (the condition checked in [McNO§| 2.3.2]): a locally
finite type morphism f is called equidimensional of dimension d at x € X when there exists an
open neighborhood U of x such that for every irreducible component Z of U through z, f(Z) is
dense in some irreducible component of Y containing y and for all ' € U the fiber f~1(f(z"))NU
has all irreducible components of dimension d.

This is much stronger than the fibers simply being of the same dimension. To see the importance
of the extra conditions, consider a discrete valuation ring O with field of fractions K and residue
field k, and the morphism from X, the disjoint union of Spec K and Speck, to Y = SpecO. The
fibers are of the same dimension (zero) and smooth but the morphism is not flat. This morphism
is also not equidimensional at Spec k: the only irreducible component of X containing Spec k is the
point itself, with image the closed point of Spec O. This is not dense in Spec O, the only irreducible
component of the only open set containing the closed point of Spec O.

The smoothness of centralizers of an equidimensional pure nilpotent is important to proving
the main results of [McNO8|. In particular, the results in §6 and §7 in [McNOS8| crucially rely on
the smoothness of the centralizers of such nilpotents, leaving a gap in the proof of Theorem B
in [McNO8| concerning the component group of centralizers. The method we have discussed here
reverses this, understanding the geometric component group well enough to produce sufficiently
many O-valued points in order to deduce smoothness of the centralizer in classical cases in very
good characteristic via Lemma [5.4]

6. MINIMALLY RAMIFIED DEFORMATIONS: TAME CASE

In this section, we will generalize the tamely ramified case of the minimally ramified deforma-
tion condition introduced in [CHTO08, §2.4.4] for GL,, to symplectic and orthogonal groups. We
also explain why another more immediate notion based on parabolic subgroups, giving the same
deformation condition for GL,,, is not liftable in general (even for GSp,). We begin by defining the
notion of a pure nilpotent lift and then define and study the deformation condition.

6.1. Pure Nilpotent Lifts. As before, let O be a discrete valuation ring with residue field & of
characteristic p > 0, and let G be a split reductive group scheme over O (with connected fibers)
such that p is very good for G. Let g = LieG. For a nilpotent element N € g, of type o € C, we
will define the notion of a pure nilpotent lift of N in g and study the space of such lifts, assuming
there exists N, € g lifting N such that (N,)% € Oz, and such that Zg(Ny) is smooth over O.

Remark 6.1. For GL,, and for orthogonal and symplectic (similitude) groups, Remark and
Proposition show that for any nilpotent N € gy, there exists N/ € g such that (NZ,)E € OE,O—’
Zg(NL) is O-smooth, and such that (N.), and N are G(k)-conjugate. Thus (N/)z and N are
conjugate by g € G(k’) for some finite extension k’/k. Lift g to an element g € G(O’) for a Henselian
discrete valuation ring local over O and having residue field &'. The element N, := gN.g~! € gor
reduces to N and has the required properties. So the above hypothesis is satisfied after a finite
flat local extension of O.

Definition 6.2. Define the functor Nilg : Co — Sets by
Nily(R) = {N € gr| Adg(g)(N,) = N for someg € G(R)}.
Call these N € Nilg(R) the pure nilpotents lifting N.

This is obviously a subfunctor of the formal neighborhood of N in the affine space g over O
attached to g. The key to analyzing Nily is that Zg,(N) is smooth over R since Zg(N,) is O-
smooth and N is in the G-orbit of (N,)g. To ease notation below, we shall write gNg~! rather
than Adg(g)(N) for g € G(R).

Lemma 6.3. Under the assumption that Zg(N,) is O-smooth, the functor Nily is pro-representable.
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Proof. We will use Schlessinger’s criterion to check pro-representability. As Nilg is a subfunctor

of the formal neighborhood of the scheme g at N, the only condition to check is the analogue of
Definition : given a Cartesian diagram in Co

s
R1 XRORQQRQ

]
R1 _— Ro
and N; € Nilg(R;) such that Ny and Ny reduce to Ny, we want to check that Ny x No € Nilg (R xR,

R3). By definition, there exists g1 € a(Rl) and go € @(Rg) such that Ni = glNagl_1 and
Ny = ggNaggl. Consider the element glggl € G(Ry). Observe that

9192_1N09291_1 = g1N()gl_1 = No € gR,-

In particular, glggl € Za(Ny)(Rp). The extension Re — Ry has nilpotent kernel, so as Zg(N,) is
smooth over O there exists h € Zg(N,)(R2) lifting g1g5 ' The element

(91, hg2) € R1 xR, R2
conjugates N1 x N to Ny. Hence N1 x Na € Nilg(R1 xRg, R2). O

Lemma 6.4. The functor Nilg is formally smooth, in the sense that for a small surjection Ry — Ry
of coefficient O-algebras the map

Nily(R2) — Nilx(Ry)
is surjective. Moreover, when Zg(Ny) is O-smooth and Nily is representable, it has relative di-
mension dim Gy, — dim Zg, (Nj) over O.

Proof. Given N € Nilg(Ry), there exists g € G’(Rl) such that gNg=! = N,. As G is smooth over

O, we may find ¢’ € G(Ry) lifting g. Then (¢’) "' N,g¢ is a lift of N to Ry. From its definition, the
tangent space to Nily is gr/34(/Vk), so the formally smooth Nily has relative dimension dim G, —
dim Zg, (N) since Zg(N) is O-smooth. O

Lemma 6.5. Suppose that A is a complete local Noetherian O-algebra with residue field k. Under
the assumption that Zg(Ny) is O-smooth, the inverse limit l'&lNilﬁ(A/mZ) equals {N € ga: N =
gN,g~ ! for some g € G(A)}.

Proof. 1t is immediate that the second is a subset of the first. On the other hand, suppose we had
compatible elements N; € Nilg(A/m’)) such that N; is @(A/miA)—conjugate to Ng.

By induction, we will show there exists g; € G (A/m) such that N; = 9iNsg; Land g¢; reduces to
gi—1- The base case i = 1 is just the assertion that (N, ) equals Ny. Given g; € é(A/mi‘), we know
there is some element g;_ | € @(A/mf;rl) such that N; = g/,1Ny(g/1)"". The element (g}, ) g
lies in Zg(Ny)(A/mYy). As Zg(N,) is smooth over O, we may lift to produce an element g €
Z6(Ny)(A/m4) for which N; = 95:19N+(g.,19) " and such that g}, ;g reduces to g; € é(A/me‘).
This completes the induction.

Finally let g € @(A) be the limit of the g; and observe gN,g~! is the limit of the N;. O

Remark 6.6. If we had defined Nil5 on the larger category é\o in the obvious way, Lemma
would say that Nilg is continuous.

Remark 6.7. One can define a scheme-theoretic “nilpotent cone” over O as the vanishing locus
of the ideal of non-constant homogeneous G-invariant polynomials on g. The arguments in this
section could be rephrased as constructing a formal scheme of pure nilpotents inside the formal
neighborhood of N in g. A natural question is whether there is a broader notion of pure nilpotents
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that gives a locally closed subscheme of the scheme-theoretic nilpotent cone. For instance, for
N,N’' € g, if their images in gx and g are nilpotent in orbits with the same combinatorial
parameters, are N and N’ conjugate under G over a discrete valuation ring local over 07

When G = GL,,, this has been explored by Taylor in the course of constructing local deformation
conditions [Tay08, Lemma 2.5]. The method uses the explicit description of the orbit closures given
by specifying the Jordan canonical form to define an analogue of the orbit closures over O. It would
be interesting to find a way to do the same for a general split connected reductive group.

6.2. Passing between Unipotents and Nilpotents. We now specialize to the case that G is
either GSp,,, or GO,, (or GL,, to recover the results of [CHTO08, §2.4.4]) over the ring of integers
O in a p-adic field with residue field k£ of characteristic p > 0 with m > 4. As always, we assume
that p is very good for Gi, (i.e. p # 2). Let g = Lie(G).

Asin we work with a pure nilpotent N, € g for which Zg(N,) is O-smooth, (N,)% € OKJ’
and (Ng)g € Oy . Define N := (N,)i. We studied deformations of N in but will ultimately
want to analyze deformations of Galois representations which take on unipotent values at certain
elements of a local Galois group. Thus, we need a way to pass between unipotent and nilpotent
elements. For classical groups, we can use a truncated version of the exponential and logarithm
maps:

Fact 6.8. Suppose that p > m and that R is an O-algebra. If A € Mat,,(R) has characteristic
polynomial =™ then

exp(A) =14+ A+ A%/24+ ... + A" /(m —1)!
has characteristic polynomial (xz — 1)™. If B € Mat,,(R) has characteristic polynomial (x — 1)™
then
log(B) :=(B—1)— (B—1)?/2+ ...+ (-1)™B-1)""1/(m 1)

has characteristic polynomial ™. Furthermore for C € GL,,(R) and an integer q, we have

e exp(CAC™!) = Cexp(A)C! e exp(log(B)) =B
e log(CBC~1') = Clog(B)C~! e exp(qA) = exp(A)?
e log(exp(4)) = A e log(B?) = qlog(B)

This is [Tay08, Lemma 2.4]. The key idea is that because all the higher powers of A and B — 1
vanish and all of the denominators appearing are invertible as p > m, we can deduce these facts
from results about the exponential and logarithm in characteristic zero.

Suppose J is the matrix for a perfect symmetric or alternating pairing over R.

Corollary 6.9. For A and B as in Fact with exp(A) = B, ATJ + JA = 0 if and only if
BTJB = J.

Proof. Directly from the definitions we see that exp(A”) = exp(A)T. Observe that exp(JAJ!) =
JBJ! and exp(—AT) = (BT)~!. Thus JAJ ! = — AT if and only if (BT)~! = JBJ L. O

We shall use this exponential map to convert pure nilpotents into unipotent elements. Let R be
a coefficient ring over O. By Definition any pure nilpotent N € Nily(R) is G(R)-conjugate to
Ny, so it has characteristic polynomial ™. Denoting the derived group of G by G’, any nilpotent
element of g lies in (g’') = (Lie G’), so NJ+JN = 0 (and not just NJ+ JN = \J for some A € O).
Thus, Corollary [6.9| shows that exp(/N) € G(R). This gives an exponential map

(6.1) exp : Nily = G

such that for g € G(R), N € Nil5(R), and ¢ € Z we have exp(¢N) = exp(N)? and gexp(N)g~! =
exp(Adg(g)N).
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Remark 6.10. This is a realization over O of a special case of the Springer isomorphism identifying
the nilpotent and unipotent varieties in very good characteristic. For later purposes, we will need
that the identification is compatible with the multiplication in the sense that exp(qA) = exp(A)9.
In the case of GL,,, a Springer isomorphism that works in any characteristic is given by X — 1+ X
for nilpotent X, but this is not compatible with multiplication.

6.3. Minimally Ramified Deformations. As before, G is GSp,,,, GO,,, or GL,, over the ring of
integers O of a p-adic field with residue field k£ with p > m. Let L be a finite extension of Q, (with
¢ # p), and denote its absolute Galois group by I'z,. Consider a representation p : I'r, — G(k). We
wish to define a (large) smooth deformation condition for p generalizing the minimally ramified
deformation condition for GL,, defined in [CHTO08, §2.4.4]. In this section we do so for a special
class of tamely ramified representations. This requires making an étale local extension of O, which
will be harmless for our purposes.

Recall that I't | the Galois group of the maximal tamely ramified extension of L, is isomorphic
to the semi-direct product

2 X H Zp’

p'#L

where Z is generated by a Frobenius ¢ and the conjugation action by ¢ on the direct product is
given by the cyclotomic character. We consider representations of I'Y which factor through the

quotient Z x Z,. Picking a topological generator 7 for Z,, the action is explicitly given by

¢ro "t =qr

where ¢ is the size of the residue field of L. Note ¢ is a power of ¢, so it is relatively prime to p.
This leads us to study representations of the group T := Z x Z,.

Let p : T, — G(k) be such a representation. We first claim that p(7) € G(k) is unipotent. This
element decomposes as a commuting product of semisimple and unipotent elements of G(k). The
order of a semisimple element in G(k) is prime to p, while by continuity there is an r > 0 such that
7" € ker(p). Thus p(7) is unipotent.

Informally, a deformation p : T, — G(R) will be minimally ramified if p(7) lies in the “same”
unipotent orbit as p(7). To make this meaningful over an infinitesimal thickening of k, we shall
use the notion of pure nilpotents as in Definition [6.2] since unipotence and unipotent orbits are not
good notions when not over a field. As N := log(p(7)) is nilpotent, by Remark after making an
étale local extension of @ we may assume that there exists a pure nilpotent N, € g lifting N for
which Zg(Ny) is smooth. Making a further extension if necessary, we may also assume that the
unit ¢ € O* is a square. We obtain an exponential map exp : Nili — G as in (6.1]).

For clarity, we collect all of the assumptions we have made:

(1) G is GSp,,, GOy, or GLj;

(2) p>m;

(3) there exists a pure nilpotent N, € g lifting N for which Zg(N,) is smooth;
(4) g € O* is a square.

Definition 6.11. Under these assumptions, for a coefficient ring R over O, a continuous lift
p: T, — G(R) of p is minimally ramified if p(T) = exp(NN) for some N € Nily(R).

Example 6.12. Take G = GL,. Then X — 1, + X gives an identification of nilpotents and
unipotents. Up to conjugacy, over algebraically closed fields parabolic subgroups correspond to
partitions of n and every nilpotent orbit is the Richardson orbit of such a parabolic. Let p(7)—1,, =:
N correspond to the partition ¢ = ny +no+...+n,. By Example the lift N, of N is conjugate
to a block nilpotent matrix with blocks of size ni,ng,...,n,. The points N € Nilg(R) are the
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~

G(R)-conjugates of N,. It is clear (since p > n) that if p(7) € Nilg(R) then

(6.2) ker(p(T) — 1,)" ®@p k — ker(p(1) — 1,,)"

is an isomorphism for all 7. Conversely, repeated applications of [CHTO08, Lemma 2.4.15] show that
any p(7) satisfying this collection of isomorphism conditions is G(R)-conjugate to N,. Thus the
minimally ramified deformation condition for GL,, defined in [CHTO§| agrees with our definition.
Note that the identification X ~— 1, + X does not satisfy ¢X — (1 + X)9, so it will not work

in our argument. The proof of [CHTO08, Lemma 2.4.19] uses a different method for which this
non-homomorphic identification suffices.

The functor of minimally ramified lifts is pro-representable by a ring R%”'D as it suffices to
specify images of 7 and ¢ subject to constraints that p(7) = exp(N) and p(¢)p(7)p(¢) ™! = p(7)4.

Proposition 6.13. Under our assumptions, the lifting ring Rrﬁn'r'm is formally smooth over O of
relative dimension dim Gy,.

Proof. Let ® = p(¢) € G(k) and let @5 be the formal completion of G at ®. Using the relation
p(0)p(r)p(¢) ™" = (1),
we deduce that DN &+ = gN. Therefore we study the functor Mz on CAO defined by
Mx(R) = {(®,N) : N € Nily(R), ® € Gz(R), ®N®~! = ¢N} C Nilo(R) x Gg(R).
Any such lift (&, N) to a coefficient ring R determines a homomorphism T, — G(R) lifting p via

¢ — ® and 7 — exp(N): it is continuous because exp(N) is unipotent. We will analyze Mz
through the composition

First, observe that Mz — Nily is relatively representable as “®@N = gN®” is a formal closed

~

condition on points ® of (Gg)g for each N € Nily(R).
From Lemma we know that Nily is formally smooth over O, and the universal nilpotent is

gNyg~ ! for some g € G (Nily). To check formal smoothness of the map My — Nily;, it therefore
suffices to check the formal smoothness of the fiber of M5 over the O-point N, of Nilg.
We have written down ®, € G(O) satisfying ®,N,®,! = ¢N, in Remark Observe that

65;1 € Za(Ny)(k). By smoothness, we may lift 56;1 to an element s € Z5(Ny)(O). Then s®,

reduces to ® and satisfies (s®,)N,(s®,)~! = ¢N,, so the fiber of M= over N, has an O-point.
The relative dimension of the formally smooth Nils; is dim G — dim Z¢, (N) by Lemma and

o —

My — Nily is a Zg(Ng)-torsor since it has an O-point over N,. As Zg(N,) is smooth it follows
that M7 is formally smooth over Spf O of relative dimension dim Gj,. U

Example 6.14. This recovers [CHT08, Lemma 2.4.19] in the case G = GL,,.

Let S be the (torus) quotient of G by its derived group G’, and p : G — S the quotient map.
For use later, we now study a variant where we fix a lift v : T, — S(O) of pop: T, — S(k):

Corollary 6.15. Under assumptions to , the deformation condition of minimally ramified

lifts p : T, — G(R) satisfying prop = v is a liftable deformation condition. The lifting ring R%“"”’D

1s of relative dimension dim G —1, and the tangent space to the deformation functor has dimension
dimy H%(T,,ad(p)) — 1.

Proof. The last claim about the dimension of the tangent space to the deformation functor follows
from the claim about the dimension of the lifting ring and Remark

The quotient torus S = G/G’ is split of rank 1, so the subscheme Rrpn'r"’/’D C R%”'D is the
vanishing of locus of a single function. As R 5 is formally smooth over O with relative dimension
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dim Gy, it suffices to check that the tangent space of Rgl'r"”’m over k (in the sense of [Maz97, §15])

is a proper subspace of the tangent space of Rrﬁn'r' U. this will establish formal smoothness and the
dimension claim.

Let Z be the maximal central torus of G. On the level of Lie algebras, we know that Lie G splits
over O as a direct sum of Lie G’ and Lie S ~ Lie Z as p is very good for G. We can modify a lift
po over R = k[e]/(€?) by multiplying against an unramified non-trivial character T, — Z(R) with

trivial reduction, changing p o pg. Thus the tangent space of R? T g a proper subspace of that

ofR%LD. O

6.4. Deformation Conditions Based on Parabolic Subgroups. The use of nilpotent orbits
is not the only approach to defining a deformation condition at ramified places not above p. As
discussed in the method used to prove [CHTO08, Lemma 2.4.19] suggests a generalization from
GL,, to other groups G based on deformations lying in certain parabolic subgroups of G. This
deformation condition is not smooth for algebraic groups beyond GL,, so it does not work in
Ramakrishna’s method. In this section we give a conceptual explanation for this phenomenon.

Let P C G be a parabolic O-subgroup. The Richardson orbit for Py intersects (Lie R, P)y in a
dense open set which is a single geometric orbit under Py. Suppose that p(7) is the exponential of
a k-point N in the Richardson orbit, and consider deformations p : T, — G(O) of p ramified with
respect to P in the sense that p(7) € P (compare with Definition . This requires specifying a
lift of N that lies in Lie P. One could hope that such lifts would automatically be G(O)-conjugate
to the fixed lift N, defined in Proposition reminiscent of the definition we gave for Nilg, a
situation in which the associated deformation (or lifting) ring is smooth.

We now show that often smoothness fails if N does not lie in the Richardson orbit of Pj. Lifts
of N can “change nilpotent type” yet still lie in a parabolic lifting P, such as the example of the
standard Borel subgroup in GL3 with

01 0 (o100
N={0 0 p| liftmg N=(0 0 0
00 0 00 0

In particular, we easily obtain non-pure nilpotents. This is very bad: the nilpotent orbits over a
field are smooth but the nilpotent cone is not smooth, so the deformation problem of deforming
with respect to P should not be smooth because “it sees multiple orbits”. Furthermore, even if we
could lift p(7) appropriately, there would still be problems lifting 5(¢) because the centralizer of
a non-pure nilpotent is not smooth over O (the special and generic fiber typically have different
dimensions). So it is crucial to choose a parabolic such that N lies in the Richardson orbit of Pj.

For GL,,, all nilpotent orbits are Richardson orbits. This is not true in general. In particular,
we should not expect the deformation condition of being ramified with respect to a parabolic to
be liftable. Example illustrates this phenomenon for GSp,, which we now revisit in a more
conceptual manner.

Example 6.16. Take G = GSp,. Parabolic subgroups correspond to isotropic flags. Up to
conjugacy, these subgroups are stabilizers of the flags

0 C Span(v1) C Span(vy, vp) C Span(vy,va,v3) C k* 0 C k*
0 C Span(v1) C Span(vy,ve,v3) Ck*, 0 C Span(vy,v3) C k*
where {v,v2,v2,v4} is a basis of k*. Their Richardson orbits correspond to the nilpotent orbits
indexed respectively by the partitions 1+1+1+41, 4, 4, and 24 2. In particular, the same nilpotent
orbit is associated with two flags, and the nilpotent orbit corresponding to the partition 2 4+ 1 + 1

does not appear. This corresponds to a nilpotent orbit that is not a Richardson orbit; for the
representation in Example log(p(7)) is in this nilpotent orbit.
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7. MINIMALLY RAMIFIED DEFORMATIONS OF SYMPLECTIC AND ORTHOGONAL GROUPS

We continue the notation of the previous section. We have defined the minimally ramified
deformation condition for representations factoring through the quotient 7, = 7 x Z,, of the tame
Galois group I'Y at a place away from p. In this section, we will adapt the matrix-theoretic
methods in [CHTOS8, §2.4.4], making use of more conceptual module-theoretic arguments, to define
the minimally ramified deformation condition for any representation when G = GSp,,, or G = GO,,.
(Minor variants of this method work for Sp,,, and SO,,, and the original method of [CHTO08, §2.4.4]
works for GL,,.) We naturally embed G into GL(M) for a free O-module M of rank m, and let V'
denote the reduction of M, a vector space over the residue field k.

We consider a representation p: I'r, — G(k) C GL(V)(k) which may be wildly ramified (with L
an (-adic field for ¢ # p). We will define a deformation condition for p in terms of the minimally
ramified deformation condition for certain associated tamely ramified representations, after possibly
extending O. In we analyze p as being built out of two pieces of data: representations of a
closed normal subgroup Ay, of I';, whose pro-order is prime to p, and tamely ramified representations
of I'r/Ar. The representation theory of Az is manageable since its pro-order is prime to p, and
representations of I'r, /Ay, can be understood using the results of the previous section.

7.1. Decomposing Representations. We begin with a few preliminaries about representations
over rings. Let A’ be a profinite group and R be an Artinian coefficient ring with residue field k. If
A’ has pro-order prime to p, the representation theory of A’ over k is nice: every finite-dimensional
continuous representation is a direct sum of irreducibles, and every such representation is projective
over k[A] for any finite discrete quotient A of A’ through which the representation factors. We are
also interested in corresponding statements over an Artinian coefficient ring R.

Fact 7.1. Let R be an Artinian coefficient ring with residue field k. Suppose the pro-order of A
is prime to p. Let P and P’ be R[A']-modules that are finitely generated over R with continuous
action of ', and F be a k[A']-module that is finite dimensional over k with continuous action of
N'. Let A be a finite discrete quotient of A’ through which the A’ -actions on P, P', and F factor.

(1) If P is free as an R-module, it is projective as a R[A]-module.

(2) If P and P' are projective over R[A], they are isomorphic if and only if P and P’ are

isomorphic.
(8) There ezists a projective R[A]-module (unique up to isomorphism) whose reduction is F'.

These statements are special cases of results in [Ser77, §14.4]. We now record two lemmas which
do not need the assumption that the pro-order of A’ is prime to p. Here and elsewhere, we use
Homy: to denote homomorphisms as representations of A’ (equivalently as R[A’]-modules).

Lemma 7.2. Let P and P’ be R[A']-modules, finitely generated over R with continuous action of
A’ factoring through a finite discrete quotient A of A'. Assume P and P’ are R[A]-projective. The
natural map gives an isomorphism

HomA'(P, Pl) QR k— I’IOII]A/(F7 ﬁ)

Proof. We may replace Homy, with Homp. Note that mP’ = m ®g P’, so Homp(P,mP’) =
Homy (P, P")®gm as P and P’ are R[A]-projective. Then apply Homy (P, —) to the exact sequence
00— mP — P — P'/mP’ — 0. O

Lemma 7.3. Let A be a finite group and let M and M’ be finite R[A]-modules whose reductions
M and M’ are non-isomorphic irreducible k[A]-modules. Then Hompp) (M, M') = 0.

Proof. Filter M’ by the composition series {m’M’}, and consider the surjection

mi/mi+1 ® M miM’/mHlM’.
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The action of A on m!/m*1® M is solely on the irreducible M, so as a k[A]-module m¢ M’ /m*+1 M’
is isomorphic to a direct sum of copies of M'. Thus

Hom pia) (M, m' M’ /m* ' M") = Homy (M, m* M’ /m*T ' M') = 0

as M and M are non-isomorphic k[A]-modules.
By descending induction on ¢, we shall show that

Hom i (M, m"M’) = 0.
For large i, m* M’ = 0. Consider the exact sequence
0— m M — m'M — w' M /m M — 0.
Applying Hom g (M, —), we obtain a left exact sequence
0 — Hompa (M, m"t'M") — Hompa (M, m*M") — Hom gy (M, m* M’ /m™1 M)

The left term is 0 by induction, and the right term is 0 by the above calculation. This completes
the induction. OJ

Given p : I', — G(k) € GL(V)(k) and a lift p : T, — G(R) € GL(M)(R) for some R € Cp,
we now turn to decomposing the R[I';]-module M. Let I, C I';, be the inertia group, and pick
a surjection I;, — Z,. Define Aj to be the kernel of this surjection (normal in I';). This is a
pro-finite group with pro-order prime to p, and is independent of the choice of surjection. Define
the quotient

T, =Ty / A L,

which is a quotient of the tamely ramified Galois group I'Y and of the form T, = Z x Z, as in
We wish to compatibly decompose V and M as Aj-modules and then understand the action of I'y,
on the decomposition.

We first make a finite extension of k (and of O) so that all of the (finitely many) irreducible
representations of Ay, over k occurring in V' are absolutely irreducible over k.

Because A, has order prime to p, Resii (V) is completely reducible and we can write

Res,“ (V) = EP V-

where 7 runs through the set of isomorphism classes of irreducible representations of Ay over k
occurring in V', and each V- is the 7-isotypic component. We will obtain an analogous decomposition
for M.

Let I be a finite discrete quotient of I'y, through which p factors, and let A be the image of A,
in I'. Using Fact we can lift 7 to a projective R[A]-module 7 unique up to isomorphism. We
will eventually want this lift to have additional properties (see , but this is not yet necessary.
We set W, := Homp, (7, M) and consider the natural morphism

@?@RWTﬁM.

Note that M is R[A]-projective by Fact [7.1|(T).
Lemma 7.4. This map is an isomorphism of R[Ar]-modules.

Proof. 1t suffices to check it is an isomorphism of R[A]-modules. When R = k, Enda(7) = k as we
extended k so that all of the irreducible representations of A over k occurring inside V' are absolutely
irreducible. Splitting up V as a direct sum of irreducibles, we obtain the desired isomorphism.

In the general case, the map is an isomorphism after reducing modulo m (use Lemma .
Thus by Nakayama’s lemma it is surjective. Since M is R-projective, the formation of the kernel
commutes with reduction modulo m. Thus, again using Nakayama’s lemma the kernel is zero. [J
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We define M; to be the image of T® gHomy, (7, M) in M. It is the largest R[Af]-direct summand
whose reduction is a direct sum of copies of 7.

We next seek to understand the action of I';, on this canonical decomposition of M. For g € I'r,
consider the R[A]-module gM;: it is a direct summand of M over R whose reduction is a direct
sum of copies of the representation 79 defined by 79(h) = 7(g~'hg) for h € Ay. Thus we see that
gM, = M, inside M, and I';, permutes the M,’s. The orbits corresponds to sets of conjugate
representations.

Consider the stabilizer of V:

Tp,={g€lL:gV,=V,inside V}={gel,:m9~7}CTy
with corresponding image

Then the k-span of the I'z-orbit of V; is exactly the representation Ind?i B V. = Indll:T V.. Letting

[7] denote the set of R[A]-isomorphism classes of A-representations I'-conjugate to 7, by taking into
account the action of I'; the isomorphism in Lemma [7.4] becomes an isomorphism of R[I'z]-modules

(7.1) Pmdir M, 5 M
7]

using one representative 7 per I'z-conjugacy class [7].

For orthogonal or symplectic representations, we will make precise the notion that this decompo-
sition is “compatible with duality”. Denote the similitude character by u, and let 7 := pop: I'f, —
k*. Let N be a free O-module of rank 1 on which I';, acts by a specified continuous O*-valued lift v
of 7, and let N be its reduction modulo m. For an R-module M, define M = Hompg (M, Ng) with
the evident I'z-action. The perfect pairing gives an isomorphism of R[I'z]-modules ¢ : M ~ MV.
In particular, using Lemma [7.4] we see that

P =ML MY = Py,

T

To simplify notation, we will write MY for (M;)Y. Note that the right side is also an isotypic

decomposition, with MY the maximal direct whose direct sum is a direct sum of copies of 7V. By
comparing isotypic pieces, we obtain a natural isomorphism (of R[Af]-modules)

Gy MY ~ M,

for some irreducible representation 7* of Ay, occurring in V. Note that 7* ~ 7V as k[Ay]-modules.
There are three cases:

e Case 1: 7 is not conjugate to 7;
e Case 2: 7 is isomorphic to 7;
e Case 3: 7 is conjugate to 7* but not isomorphic.

In the second case, we claim that the isomorphism of k[Az]-modules 2 : 7 ~ 7V gives a sign-

symmetric (for some fixed sign €, ) perfect pairing on 7. Note that W, = Homy (7, V) by Lemma
and that

W, = Homy (1,V) £ Homp (7, V) ~ Homy (7Y, V) ~ W)

T

Denote this isomorphism by ¢;: it defines a pairing (, >WT on W, via

(wi, wa)yp, = pr(w1)(w2).
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We can also define (vi,v2); = 2(v1)(ve) for vi,v2 € 7. We have a commutative diagram of
isomorphisms

id @ 1®id

TOW, —— T @W, v QW

Jeval J( evalV

N ¥r yv

The commutativity says that for elementary tensors m; = v; ® w; € V> = 7 ® W, we have
(m1,ma)pr = (ma1)(mz) = (1(v1) © pr(wr)) (Vg © wy)
= 1(v1)(v2) - pr(w1)(w2) = (v1,v2)r (W1, W2)37. -

Remember that the pairing on V is e-symmetric.

(7.2)

Lemma 7.5. The pairing {, ), is a sign-symmetric (for a fixed sign €;).
Proof. Suppose there exists v € 7 such that 2(v)(v) # 0. For wy,we € W, (7.2)) gives

1(0) (V) pr (w1) (w2) = (V@ w1, v @ W)y = €(v @ wa, v @ wi)y = eu(v)(v)r(w2)(wr).
Canceling 1(v)(v), we conclude that (w1, wa)yr = €{wsz, w1)yr . Using (7.2), we conclude that

er(v2)(v1)-@r(w2)(w1) = €{ma, ma)v = (ma, ma)y = 1(v1)(v2) o7 (w1)(w2) = er(v1)(v2)-@r(w2)(wr).
Choosing w; and we with (wz,wl)WT # 0 (possible as (,)y is perfect), we then conclude that

(v1,v2)7 = (v2, v1)7.
Otherwise (v)(v) = 0 for all v € 7, in which case (, ) is alternating. O

In §7.2] we will see that the action of A; on the module underlying 7 can be extended to an

action of I'y, » factoring through I'z. Therefore, W, = Homy, (7, M) is naturally a representation
of T :=Tp+/Ap, and of T :==T'x /A (a finite quotient of 77, ;). In we will use the minimally
ramified deformation condition of §6|to specify which deformations W are allowed. Together with
the decomposition

b Indgij FoW,) = M

(7]
this defines a deformation condition for p. Some care is needed to ensure compatibility of the lifts
with the pairing on M, which will require breaking into cases in the next sections based on the
relationship between 7 and 7%.

7.2. Extension of Representations. We continue the notation of the previous section, where 7
is an absolutely irreducible representation of Ay over k. We need to lift this to a representation
over O and extend it to a representation of I'y, -. We will have to do something extra for the
representation to be compatible with a pairing, depending on how 7 and 7* are related.

In Case 1, we ignore the pairing. Lemma 2.4.11 of [CHTO08] let us pick a O[I'f, ;]-module 7 that
is a free O-module and reduces to 7. In this case, 7" is a free O-module reducing to 7*.

In Case 2, from Lemmal[7.5]it follows that 7 is a symplectic or orthogonal representation. We will
adapt the GL,-technique of [CHTO0S8| to produce a symplectic or orthogonal extension 7. Letting
n = dim 7, the representation 7 gives a homomorphism 7 : A — G(k) where G is GSp,, or GO,,.

First, we claim that there is a continuous lift 7 : Ay — G(W(k)): without the pairing, this
would be Fact . To also take into account the pairing, consider deformation theory for the
residual representation 7. This is a smooth deformation condition as H?(Az,ad7) = 0: Ay has
pro-order prime to p and ad 7 has order a power of p. Therefore the desired lift exists. It is
unique (up to conjugation by an element of G (O)) because the tangent space is zero dimensional as
H'(Ap,ad7) = 0. By considering representations of the group A/ ker(7), we may and do assume
that ker(7) = ker(7) as subgroups of Ap.
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Remark 7.6. For g € T'r, ;, the k[Ar]-modules 79 ~ 7 are isomorphic. By uniqueness of the lift,
this means that there is A € G(O) such that 79(y) = AT(y)A~! for all v € T';. Furthermore,
FL,T = {g el :79 ~ 7~'}

We will now show how to continuously extend 7 to I'y, .. The first step in constructing the

extension is to understand the structure of I'z, - and Iy, N I'g, -, where Iy, is the inertia group.

Recall that Ty, = ', /A is the semi-direct product of Z and Z,, where 7 is generated by a lift
of Frobenius ¢ and Z, is generated by an element o, with ¢po¢~! = ¢ where ¢ = £¢ is the size of
the residue field of L.

Lemma 7.7. The exact sequence
1AL, -1, =T, —1
18 topologically split, so I'y, is a semi-direct product.
Proof. This is [CHTO08, 2.4.10]. O
For Ty, ; :=T'p /Ay, this gives a topological splitting of
1—=Ap =T, =T, — 1

As I'p ; is an open subgroup of I';,, we observe that 77, ; is an open subgroup of 7T7,. Note that
Ty, » is normal and topologically generated by some powers of ¢ and o which will be denoted by ¢,
and o, (since any open subgroup of a semidirect product C' x C’ for pro-cyclic C' and C” is of the
form Cy x C{ for open subgroups Cp C C' and C{; C C’). In particular, using the notation of
Tr,,; is itself isomorphic to Ty for some ¢’. The element o, and Ay, together topologically generate

Tr Lr N I,
Before extending 7, we need several technical lemmas.

Lemma 7.8. We have that Endy, (T) = O.

Proof. As T is absolutely irreducible, Endy, (1) = k. By Lemma we see that the reduction
of Endy, (7) modulo the maximal ideal of O is k, so the map O — End,, (7) is surjective by
Nakayama’s lemma. 0

Lemma 7.9. The dimension of T is not divisible by p.

Proof. As 7 is continuous and Ay, has pro-order prime to p, the representation 7 factors through a
finite discrete quotient A of A;, whose order is prime to p. Such a representation is the reduction of a
projective O[A]-module by Fact . Inverting p, we obtain a representation of A in characteristic
zero that is absolutely irreducible since the “reduction” 7 is absolutely irreducible over k. By [Ser77,
§6.5 Corollary 2], the dimension of this representation (equal to the dimension of 7) divides the
order of A. O

We will now extend 7 from Az, C Iy, to I'z, » by defining it on the topological generators o, and
¢-. We say that such an extension has tame determinant if det(7(c;)) has finite order which is
prime to p. Lemmas and adapt [CHTO08, Lemma 2.4.11] and fill in some details.

Lemma 7.10. There is a unique continuous extension 7 : I'r, NI, — G(O) with tame determinant.

Proof. A continuous extension of 7 to I'z, » N I, is determined by its value on 0. As o, € I'r, 7, in
light of Remark 7.6 there is an A € G(O) such that for g € A7, we have
7~'(0'7—90';1) = A7(g)A~L.

We would like to send o, to the element A. For an appropriate modification of A (still lying in
G(0)), this will produce a continuous extension with tame determinant. As o, is a topological
generator for a group isomorphic to Z,, the continuity of the extension with o, — A is equivalent
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to some p-power of A having trivial reduction. We wish to show that there is a unique choice of
such A that also makes the extension have tame determinant.

We will first show that some power AP’ lies in the centralizer of the image 7(Ar). Consider
the conjugation action of (o) on Ap. As ker7 = ker 7 is a normal subgroup of I'y - (if g € I' -
and 7(h) = 1, then 79(h) is conjugate to 7(h) = 1 by Remark we get an action of (o) on
Ar/kerT ~ 7(Ar). The action is continuous, so there is a power p® such that for all g € Ay we
have \ \

T(0f go 7)) =7(g).
As ker T = ker 7, we see that

AP F() AT = F (o go7 ") = F(g).

Therefore AP” lies in the centralizer of 7(Ar) in G(O).

By Lemma this centralizer is isomorphic to O*. We claim that by multiplying A by some
unit in O, we can arrange for the continuous extension 7T to exist and have tame determinant. We
will use the fact that an element of O* is the product of a l-unit and a Teichmuller lift of an
element of k%. As AP" € O* and the pth power map is an automorphism of £, we may multiply
A by a unit scalar so that AP" reduces to the identity matrix. By Lemma the dimension n of 7
is prime to p so we may multiply A by a 1-unit so that det(A) has finite order prime to p. Sending
o, to this particular A gives a continuous extension with tame determinant.

Let’s show this extension is unique. Any extension must send o, to an element of the form wA
for w € O (the centralizer of the image 7(Ar)). By continuity, there is a power p® such that
(wA)pb reduces to the identity. This means that wP” reduces to the identity, and hence that w
reduces to the identity. On the other hand, det(wA) det(A)~! = w™. The left side has finite order
that is relatively prime to p, so w™ does too. This forces w™ = 1 since its reduction is 1. But as
n is prime to p (Lemma , the only nth roots of unity in O* are Teichmuller lifts. Therefore
w = 1. ]

Lemma 7.11. There is a continuous extension 7 : I'r, » = G(O).

Proof. We extend 7 in Lemma continuously to I'z » by defining it on ¢,. As ¢, € I'z -, by
Remark there is an element A € G(O) conjugating 7 : Ay — G(O) to 77 : A, — G(O). Each
has a unique extension to a continuous morphism from I;, NI'z, ; to G(O) with tame determinant.
Therefore for g € Ir, NI'f, - we have

F(orgr ) = AF(g)A™!
since the right side has the same (tame) determinant as 7 on I, NT. We can continuously extend
7:I,NT'L . — G(O) by sending ¢, to A since A has reduction with finite order. O

This gives the desired lift and extension of 7 in the case that 7 ~ 7.

In Case 3, 7 is conjugate to 7* but not isomorphic. The argument follows the same structure as
the previous case, but we make a few modifications to treat 7 @ 7* together. In particular, we can
pick a copy of the k[Ar]-module 7 inside V and a copy of 7* ~ 7V inside V such that the pairing
restricted to 7 @ 7* is perfect. It is sign-symmetric with sign e;gr=.

Define I'z, ;qr+ = {g € I'p : (1 ® 7)Y ~ 7@ 7*}. It contains I'z, ; with index 2, as conjugation
either preserves 7 and 7" or swaps them. Arguing as in the paragraph after Lemma we obtain
a split exact sequence

0— AL — FL,T@T* — TL,T@T* -1
where T}, ¢+ is an open normal subgroup of 77, topologically generated by some powers of ¢ and
o which we denote by ¢,q+ and orq.«. We may arrange that either

e Case 3a: qﬁ@T* = ¢ and org+ = 0, O
e Case 3b: ¢,q¢+ = ¢, and 072.@7.* =0, .
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In Case 3a, we begin by lifting 7 to O as a representation of Ay: as before, we do this using
the fact that the pro-order of A is prime to p, and obtain a lift 7 unique up to isomorphism.
We extend T to be a representation of I'y » N I, by defining it on o, using the GL,-version of
Lemma [CHTO08, Lemma 2.4.11]. There it is shown all such extensions are unique up to
equivalence. In particular, 7 and (7977 ) are isomorphic O['z , N I1]-modules. We can use this
to define a sign-symmetric perfect pairing on 7 @ 7%re~* that is compatible with the action of
I'r-N1Ip and ¢rgr+, hence of I'f, rqr«.

In Case 3b, as 7" and 797" are isomorphic k[Ar]-modules it follows that 7V and 77re* are
isomorphic O[Ar]-modules. In particular, this isomorphism gives a natural way to define a sign-
symmetric perfect pairing on M = 7 @ 7°7e7* lifting the residual one. This pairing is compatible
with the action of I'z, rq-+ NI, (which is generated by Ay, and o,g.+). Finally, we claim that M and
M?7 are isomorphic. As ¢, € T L preserves T, acting by ¢, gives an isomorphism 1 : M ~ M of
k[Az]-modules such that 1 (1) = 7¢7. By uniqueness of the lift of 7 as a O[Az]-module, we obtain
an isomorphism ¢, of 7 and 7% and hence an isomorphism v : M ~ M%" via the identifications

FOrerr o 7V vy ! (;qﬁ?l)v ~ (FV)or o (7Orert )or,

This isomorphism is compatible with the pairing. The key observation is that for m € 7 and
f €7Y ~ 7% we have that

(W(m), v (f))ar = (Wo(m), f oy Hhar = F(0; (Yo(m))) = f(m) = (m, fur.

Then we proceed as in the proof of Lemma defining an image of ¢, using this isomorphism.
In conclusion, we have shown:

Lemma 7.12. In case 3, there exists an O[I'f rq.+|-module O with pairing lifting T & 7*
together with its pairing.

7.3. Lifts with Pairings. We continue the notation of and analyze how the duality pairing
interacts with the decomposition . Recall that we obtained an isomorphism M ~ MV of
R|I'z]-modules which gave isomorphisms M, ~ M}, of R[T's -]-modules. The key point is that for
any lift and extension 7/ of 7, the isomorphism of R[Ar]-modules

7 @ Homy, (7', M) — M,

is compatible with the I'j, ~-action.

To do this, it is convenient to break into the cases introduced at the end of §7.1] For an irreducible
k[A]-module T occurring in V', note that (79)¥ = (7V)9 for any g € 'z, so if 7 ~ 7* then 79 ~ (79)*.
We let

e Y, denote the set of I'z-conjugacy classes of such 7 for which 7 is not conjugate to 7*;
e Y. denote the set of I'r-conjugacy classes of such 7 for which 7 ~ 7*;
e Y. denote the set of I'r-conjugacy classes of such 7 for which 7* is conjugate to 7 but
T AT
From ([7.1]), we obtain a decomposition

(73) M= dir (FeW,) e P hdt (FeoW,)e @ hdt (FeW,)
TEY, TEY, TEX

where 7/ is any lift and extension of 7 to I'; and W, = Homp (7', M) is a representation of 17, ;.
Note that W is free as an R-module (since M and 7" are, with 7/ # 0 and R local), and hence that
W is tamely ramified of the type considered in

We may rewrite this to make use of the special extensions constructed in In particular, for
T € X, We rewrite

dpr (F@W,) =Indit (767 ® Wrer ).

oT*
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This uses the notation and results from Case 3 in §7.2| in particular the fact that 7 ® 7* is an
irreducible representation of the group A, generated by Ay and a g € 'z, with 7 ~ 79, and the

definition Wyg,« 1= HomA/L (T/é;;k, M). Note that Wrg,« is a representation of Ty rq,+, which is
a subgroup of Ty, = I', /A, hence of the form T, as considered in Using the extensions 7 and

7@ 7* from Cases 1 and 2 from we obtain a decomposition
M= @ mdit Few,)e @ md!: FeW,)od nd: (F@?k ® WT@T*> .
TEYR TEYe TEY,:
Now let M’ be another R[['z]-module that is finite free over R such that the irreducible repre-
sentations of Ay occurring in V' := M’ /mM’ are among the same 7’s, so
= P umar (Fow)o @ndl Few)o @ ndr (o0 Wg,. ).
TEXR TEYe TEY,
Lemma 7.13. The natural map
@ Homy, (Wr, W)) ® @ Homy, (W, W)) @ @ Homr, . .(Wrgre, Wy, «) — Homr, (M, M)
TEY, TEY, TEY:

18 an isomorphism.

Proof. We may immediately pass to working with representations of the finite discrete groups I
and A. Notice that

Homp (Ind} (M, ),Ind} (M.)) ~ Homr, (Ind} (M), M) ~ Homr, (M, M)

where the second isomorphism uses that Homp_ (Mg, M.) = 0 by Lemma when 7 and 79 are
non-isomorphic. Furthermore, if 7 and 7 are not I'-conjugate then

Homr(Indp-_ (M), Indy_(M;,)) =~ Homr, (Indy_ (M, ), My,) =0
using Lemma [7.3|as 77 1s not 1somorphic to 7 for an cl. en usin .1) we see that
ing L { is not isomorphi for any g € I'. Then using (7.1) h
Homp (M, M') = € Homp(Indf_ (M,),Indf_(M;,)) = @5 Homr, (M., M;).
[T1],[72] (7]

All the irreducible finite-dimensional representations of A occurring in V and V' are absolutely
irreducible over k by design. For 7 € 3, U X, consider the natural inclusion

(7.5) Hompg(W,, W) < Homp (T @ W,, 7 ® W) = Homy (7, 7) @ g Hompg(W,, W)),
using that W, and W. are R-free of finite rank and A acts trivially. But R < Homn (7,7) is
an isomorphism because Endp(7) = k and because surjectivity can be checked modulo mp using
Lemma, As M, ~ 7 ® W, this implies that
Homr_ (M, M.) = Homp (M,, M.)"* = Homy (7 @ W,,7 @ W,
= Homg(W,, W;)T* = Homp_ (W, W)

where T’ is the image of T, - in I';. An analogous computation in the case 7 € X, completes the
proof. O

We can now consider the duality isomorphism M ~ M. By Lemma this is equivalent to a
collection of isomorphisms of R[T}, ;]-modules ¢, : W, ~ WY for 7 € ¥, UX, and an isomorphism
of R[T, rar+]-modules ¢ : Wrg+ o~ erear* for 7 € ¥.. We analyze the cases separately.

In Case 1 (when 7 is not conjugate to 7*), note that Indll:i _ M is an isotropic subspace of M.

In particular, the perfect sign-symmetric pairing on Ind% Mo Ind% . M« is equivalent to an
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isomorphism of R[I'f]-modules
I'r I'r v
Indp> M, ~ (Indpw MT*) ,

which is equivalent to the isomorphism of R[T7, -]-modules ¢, : W, ~ W.. (Note that the similitude
character v is present in the use of the dual.)

In Case 2 (when 7 is isomorphic to 7*), the perfect sign-symmetric pairing on Ind% M s
equivalent to an isomorphism W, ~ W of R[Ty, ;]-modules. Thus it gives a pairing (, ), on W;
via

(w1, wo)w, = @r(w1)(ws).
We claim this pairing is sign-symmetric.

From we have an isomorphism ¢ : 7 ~ 7" of R|I' ;]-modules. As at the end of
let v : M — MY be the isomorphism of R[[';]-modules given by m ~ (m,—)y, and define
(v1,v2)7 :=1(v1)(v2). We have a commutative diagram

~ .d T ~ o~
FRQW, — L FRWY oWy

J |

M, MY

1®id

The commutativity says that for elementary tensors m; = v; ® w; € M, =7 ® W, we have

(ma,ma) = p(m1)(m2) = (1(v1) ® pr(w1)) (v2 @ wa)

(7.6) =1(v1)(v2) - pr(w1)(we) = (v1, V) (W1, W), .

The pairings are perfect and (-, ), is e;-symmetric, so the pairing on W is ey, -symmetric if and
only if the pairing on M, is e-symmetric. We have that € = ey _€,.

In Case 3 (7 € X.), an analogous argument using the isomorphism Tfébg?k o~ TEB/\?*V of
R[l'L, 7¢7+]-modules (which define the €y .-symmetric pairing on T/EE?") shows that the pair-
ing induced by @; : Wrgr >~ W . is €r@r+-symmetric if and only if the pairing on

T

'y
Iner o

(7’ eT*® W;.@T*>
induced from the pairing on M is sign-symmetric with sign € = e;grew, .-

7.4. Minimally Ramified Deformations. We can now define the minimally ramified deforma-
tion condition for p: I', — G(k), under the continuing assumption that we have extended & so all
irreducible representations of Ay occurring in V' are absolutely irreducible over k. From , we
obtain a decomposition

(17) V=P mdr FeW.)e @ nd FoW.)e @ nd: (7@3? ®WT@T*) .
TEY, TEYe TEY,
where W, is a representation of T - over k and W ;@-+ is a representation of T rar-

If 7 € X, define G, := Aut(W,). If 7 € X, there is a sign-symmetric perfect pairing (-, )W
on W: in that case define G, := GAut(W, (-, ), ) (The notation GAut means automorphisms
preserving the pairing up to scalar.) If 7 € 3, there is a sign-symmetric perfect pairing on W g+:
in that case define G, := GAwW(W g+, (-, '>WT@T*)' Make a finite extension of k so that all the

pairings are split. Lift G, to a split reductive group G, over O by lifting the split linear algebra
data.
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Definition 7.14. Let p : I';, — G(R) be a continuous Galois representation lifting p as above, with
associated R[I']-module

M= @ mdit Faw,)e @ mnd: FoWw,)e @ ndt (T g WT@T*) .
TEY, TEYe TEY,
We say that p is minimally ramified with similitude character v if each W, and W g+ is minimally
ramified in the sense of Definition as a representation of 717, » or 17, ro.+ valued in the group
G, with specified similitude character. (Note that defining the minimally ramified deformation
condition as in §6| may require an additional étale local extension of O, which as always is harmless
for applications.)

Let D" denote the deformation functor for p with specified similitude character v, and Dg™

(respectively D) denote the deformation functor for W, or Wi« viewed as a representation

valued in G (respectively with specified similitude character v). In particular, letting r = dim W,
(or dim W,g,+ when 7 € %), we have that the adjoint representation ad W, is the Lie algebra of
G, which is the Lie algebra of GSp, or GO, when 7 € ¥, or ¥, and the Lie algebra of GL, when
7 € X,. Let X! consist of one representative for each pair of representations 7,7* € 3,,.

Proposition 7.15. There is a natural isomorphism of functors

m.r. v m.r. m.r. v m.r. v
prrv — T[ par = [ perv < [ par-.

TEX! TEXe TEY,

Proof. This expresses the decomposition obtained in this section: given a lift p of p, we obtain a
decomposition of M as in Definition Our analysis with pairings shows that when 7 € ¥, W
is a deformation of W, together with its ey -symmetric perfect pairing. Likewise, when 7 € X we
know that W,q,« is a deformation of W g+ together with its €W, - -Symmetric pairing. When
T € 3, we know W, ~ W.Y.. This gives the natural map: to p € Dz Y(R) associate the collection
of the W, forr € X, UX. UX.

Conversely, given W, for 7 € 3. U X, U, and defining W« := W) for 7 € ¥/, we can define a
lift

M=@nd: Fow,)e @nd Fow,)o @ mdr (T/GE_;* ® WT@T*> .
TEY, TEY, TEX,

as in . (Note that the groups I'z, » depend only on the fixed residual representation V.) For 7 €
Ye, the perfect pairing on the lift W, gives an isomorphism ¢, : W, ~ W, of R[T}, ]-modules, which
gives a sign-symmetric pairing (with sign ey, e; = €) on Ind?’;ﬁ (7 ® W;) (using (7.6)). Likewise,
for 7 € ¥, the sign-symmetric pairing on W, g+ gives one on Indgi o <T/é§_7j‘ ® WT@T*). For
T € 3, we obtain an isomorphism ¢, : W, ~ WY of R[Ty, -]-modules and hence an e-symmetric
perfect pairing on (7@ W,.) & (7¥ ® W,+) which gives one on Indgi (TeW,e Indgi (T @ W),
Putting these together, we obtain a sign-symmetric pairing on M , the action of I'y, ﬁreserves it up
to scalar, giving a continuous homomorphism p : I'y, — G(R).

Finally, we claim that these constructions are compatible with strict equivalence of lifts, giv-
ing an identification of the deformation functors. For g € @(R), decompose the g-conjugate
I'-representation MY according to . As g reduces to the identity, it must respect the de-
composition into 7T-isotypic pieces, so gives automorphisms g, € Aut(W,) and g, € Aut(Wrgr+).
If 7 € 3¢ or X, as g is compatible with the pairing on M we see ¢, is compatible with the pairing
as well. For 7 € %, the g,-conjugate T}, ,-representation W™ is minimally ramified as minimally
ramified lifts of W, for the group Ty, are a deformation condition, and likewise for 7 € ¥, and
TEX,.
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Conversely, given g, € Aut(WW;) reducing to the identity (compatible with the pairing on W or
W.g-+ if there is one), using ([7.1) and acting on each piece we obtain a lift of the form MY for
g € G(R). Thus the identification is compatible with strict equivalence. ]

Corollary 7.16. The minimally ramified deformation condition with fized similitude character is
liftable. The dimension of the tangent space is h°(T'r,ad’(p)).

Proof. Liftability is a consequence of Proposition [7.15 and the smoothness of the minimally ramified
lifting ring for representations of T, . (Proposition and Corollary . By Corollary
for 7 € X, the dimension of the tangent space of Dg;r"” is hO(TLJ7 adW,)—1= hO(TLJ, ad’ W),
and for 7 € ¥, the dimension is h%(Tp rqgr+,ad Wrgr+) — 1 = hO(TLJ@T*,adO Wrars). For 7€ X!
by Proposition the dimension of the tangent space of D" is RO(T, L, ad W,). Using Propo-
sition [7.15] we see that the dimension of the tangent space of the minimally ramified deformation
condition is

> Ty ad® We) + Y (T rere, ad” Wegre) + > hO(Tp -, ad W),
TEY, TEY, TEY!,

It remains to identify this quantity with h°(I'z,ad"(5)). Using Lemma
HY (T, End(V)) = Homyr,)(V, V)
= @ HOmTL’T (WT,WT) @ @ HomTL,T@T* (WTGBT*aWTGBT*)

TEX U TEY,:
= P H'(TL-End(W,) & @ H (T o0, End(Weer)).
TEX UXn TEY

We are interested in H°(I'z,ad’(5)): the elements ¢» € H(T', End(V)) compatible with the pairing
on V in the sense that for v,v' € V
(o, 90 = (0, 0),

The pairing on V, = 7 ® W is induced by the pairings on W, and 7 when 7 € ¥, and is induced
by the pairings on W g, and 7 ® 7* when 7 € ¥.. When 7 € ¥/, the pairing on V, @ V,+ comes
from the I'z, -isomorphism V; ~ V. which in turn comes from the 77, -isomorphism W, o~ WX*
So v is compatible with the pairing if and only if

e when 7 € Y., the associated ¢, € HO(TL,T,End(WT)) is compatible with the pairing on

Wz

e when 7 € 3, the associated 1, € H(Ty rar+, End(W .+) is compatible with the pairing
on Wrgr;

e when 7 € X/ the associated v, and .« are identified by duality and the isomorphism
HEE—
We~=W ..

In the first two cases, ad’ W, and ad® W g+ are the symplectic or orthogonal Lie algebra, consisting
exactly of endomorphisms compatible with the pairing on W .. In the third, we just choose one of
1 and 1.~ without restriction, which determines the other. Thus we see

HTy,,ad’(p)) = @ H(T1r,ad Wo)o @D HY(TLror,ad’ Wegr)o @ HY(TLr,adW,). O
TEXe TEY TEX!

8. FONTAINE-LAFFAILLE THEORY WITH PAIRINGS

We begin by establishing some notation and reviewing the key results of Fontaine-Laffaille theory.
It was first studied by Fontaine and Laffaille [FL82], who introduced a contravariant functor relat-
ing torsion-crystalline representations and Fontaine-Laffaille modules. For deformation theory, in
particular compatibility with tensor products, it is necessary to use a covariant version, introduced
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in [BK90]. The details of relating this covariant functor to the functor studied by Fontaine and
Laffaille that are omitted in [BK90| are written down in [Con94]. We then study Fontaine-Laffaille
modules with the extra data of a pairing by analyzing tensor products and duals, in preparation for
studying the Fontaine-Laffaille deformation condition in This analysis generalizes unpublished
results in [Pat06].

8.1. Covariant Fontaine-Laffaille Theory. Let K = W (k/ )[%] for a perfect field k" of character-
istic p. Let W = W (k') and o : W — W denote the Frobenius map. Recall that a torsion-crystalline
representation with Hodge-Tate weights in [a, b] is a Zp[I'x]-module T' for which there exists a crys-
talline representation V with Hodge-Tate weights in [a, b] and I'k-stable lattices A C A’ in V such
that A’/A is isomorphic to T. Our convention will be that the Hodge-Tate weight of the cyclotomic
character is —1, which will work well with covariant functors. The analogue of torsion-crystalline

representations on the semilinear algebra side are certain classes of Fontaine-Laffaille modules:
Definition 8.1. A Fontaine-Laffaille module is a W-module M together with a decreasing filtration
{M"}icz of M by W-submodules and a family of o-semilinear maps {¢4, : M* — M} such that:
e The ﬁltratiqn is separated and Qxhaustive: M = Ujez M* and NjezM* = 0.
e For m € M p. o4t (m) = ¢4, (m).
Morphisms of Fontaine-Laffaille modules f : M — N are W-linear maps such that f(M*) C N*
and f o ¢, = ¢ o f for all i. The category of Fontaine-Laffaille modules is denoted MFy.
Let MF{:V’tor denote the full subcategory consisting of M for which M is of finite length (as a
W-module) and for which Y, , ¢'(M*) = M, and MF{;V[(ZO@ to be the full subcategory with the
additional condition that M® = M and M1 = 0.

Maps in MF&/’Wr are strict for the filtration, and MF{:Wor is an abelian category.

Remark 8.2. Jumps in the filtration will turn out to correspond Hodge-Tate weights, so the
condition M* = M and M®*! = 0 with a < b corresponds to Hodge-Tate weights lying in [a, b].
We call the set of jumps in the filtration the Fontaine-Laffaille weights.

We are also interested in a variant that allows non-torsion modules.

Definition 8.3. A filtered Dieudonné module M is a Fontaine-Laffaille module (that is finite over
W) for which the M" are direct summands of M as W-modules and for which

> (M) = M.

i€Z
Let Dk denote the full subcategory of MFy consisting of filtered Dieudonné modules M for which
M® = M and M"t! =0 for some 0 < b—a <p—2.

Note that Dk is also an abelian category. For M € MF{;[’,[‘;(’)I)T}, it is automatic that M? is a direct

summand of M. There are natural notions of tensor products and duality.

Definition 8.4. For Fontaine-Laffaille modules M; and Ms, define My ®w Mj to have underlying
W-module M; ®W Mo, ﬁltration given by (M) @w My)" = ziﬂ.:n M @w M, and maps OV @ Ma
induced by the ¢}, and ¢} .

Definition 8.5. For M ¢ MF€V7tor, define M* to be Homyy (M, K/W') with the dual filtration

(M*)" := Homy, (M /M~ K /W)

and with ¢ ;. characterized for f € (M*)" and m € M7 by . (f)(¢’(m)) = 0 when j > 1—i and
by @4« (f)(¢?(m)) = f(p~""Im) when j < 1 —i (in which case —i —j > 0).
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Lemma 8.6. There is a unique (cp?vj) satisfying these constraints. Using it, M* is an object of
MF{V,tor. Then M — M* is a contravariant functor from MF{:WOIr to itself, and M ~ M** naturally
mn M.

Proof. Uniqueness is immediate, while existence is checked in [Con94, §7.5]. We will use a similar
argument in Lemma [8.20| and Lemma [8.21 ([l

To connect Fontaine-Laffaille modules and torsion-crystalline representations, we use the period
ring Acis. For our purposes, what is important is that Ags is a W-algebra that has an action of
I'k, a o-semilinear endomorphism ¢ (coming from the pth power map) and a filtration {Fil’ A }.
In particular, it carries both an action of 'k and the structure of a Fontaine-Laffaille module.
A convenient reference is |[Hat, §2.2], which reviews A.s for the purposes of constructing the
contravariant Fontaine-Laffaille functor. We use it to define an analogue of Viys:

Definition 8.7. For M € MF§;> P!, define
Teris(M) == ker (1 — go%cris(@M t Fil? (Acris ® M) = Agris @ M) .
Remark 8.8. A small argument (see |[Hat, §2.2]) also shows that
Acris po 1= Acris @ K/W = i Acris /p" Acris € MFR2Y.
n

This allows us define a contravariant functor from MF];[}{gﬁ_l] to Repz (I'x) by

c*ris(M) = HomMFW (M7 Acris,oo)'

This functor agrees with the functor Ug considered by Fontaine and Laffaille [Hat, Remark 2.7].
If M e MF;2-P1 s killed by p, then

(j,kris(M*) = HomMFW (M*, Acris/pAcris)
~ ker (1 — (p%criS@)M : FﬂO(AcriS QM) = Auis ® M)
= Tcris(M)

which is how Fontaine and Laffaille’s results about T*

s imply results about Tys.

We can extend T¢,is to D by defining an analogue of Tate-twisting:

Definition 8.9. For M ¢ MF/ " and an integer s, define M (s) to have the same underlying
Wior 2 . |
W-module with filtration M(s)* = M*~® and maps Chi(s) = o

Tate-twisting allows us to shift the weights and extend results in the range [2 — p,1] to any
interval [a,b] where b —a < p—2. For M € MF{;’,[Z;)I?, we define

TcriS(M) = TcriS(M(_(b - 1)))(b - 1)

Fact 8.10. We have:

1) The covariant functor Tes : Dk — Repy Ui is well-defined, and is exact and fully faith-
Zp
fully.
(2) For M € D, Teis(M) = @Tcris(M/p"M).
3) The essential image of Teyis : MEL@Y Repy [['k] is stable under formation of sub-objects
WJZOI‘ Zp
and quotients.
4) For M € MFf’[a’b], the length of M as a W-module is equal to the length of Tes(M) as a
W,tor
Z,-module.
(5) For M € D, the Tk -representation Tcris(M)[%] is crystalline.
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(6) Any torsion-crystalline Fp[[ k]-module V' whose Hodge-Tate weights lie in an interval of
length p — 2 is in the essential image of Teris-

This is a modified version of [BK90, Theorem 4.3]. Additional details of the proof of that
theorem are recorded in |Con94, §7]. The first, fourth, and fifth statements are stated explicitly
in [BK90, Theorem 4.3]. The second is proven in [Con94, §7.2]. The claim about the essential
image follows from the results of [Con94, §8.3-9.6]: a formal argument shows that if 77, takes
simple objects to simple objects, the essential image is stable under formation of sub-objects and
quotients. The content is that T} ;, takes simple objects to simple objects. The formal argument
adapts to Teris, and Remark allows us to deduce that T takes simple objects to simple objects
as all simple objects are automatically killed by p. The last statement follows from relating T¢yis

to T*.. on p-torsion objects and the fact that for » € {0,1,...,p — 2}, the functor 7). induces

cris cris
an anti-equivalence between MF%?O:] and the full subcategory of Repgz (I'x) consisting of torsion-

crystalline 'k representations with Hodge-Tate weights in [—r, 0].

Remark 8.11. Our convention that the Hodge-Tate weight of the cyclotomic character is —1
makes the Fontaine-Laffaille weights and Hodge-Tate weights match under Tes.

8.2. Tensor Products and Freeness. We now address two properties of T¢.is where it is crucial
to be using the covariant functor. Definition defined a tensor product for Fontaine-Laffaille

modules. If M; € MFIJ:{,[(:;M and M € MFIJ:I’,[C;(Z);bQ , it is straightforward to verify that My ® My is

an object of MF%E? azbitbz] ppe functor T wris 1S compatible with tensor products in the following
sense:

Fact 8.12. Suppose that My, My, and M1 ® My each has Fontaine-Laffaille weights in an interval
of length at most p — 2. Then Teyis(M1) @z, Teris(Ma) =~ Teis(M1 @ Ma).

There is a natural from the left to the right coming from the multiplication of Ag;s. To check
this map is an isomorphism, one first checks on simple M; and Ms using Fontaine and Laffaille’s
classification of simple Fontaine-Laffaille modules when the residue field &’ is algebraically closed.
This is explained in [Con94, §10.6]. Then one uses a dévissage argument to reduce to the general
case, as explained in [Con94, §7.11].

Remark 8.13. An analogue of this compatibility is stated in [FL82, Remarques 6.13(b)] for the

contravariant functor 77, but is missing a p-torsion hypothesis. In that case, we have

c*ris(Ml) = HomMFW (M].a 5 Acris,oo) = HomMFW (Mb Acris/pAcris)
and likewise for My. Then multiplication on Acyis/pAcris gives a natural map
T:ris(Ml) X c*ris<M2) — c*ris(]\f1 ® MQ)

which can be checked to be an isomorphism by dévissage. But Acis,oc is not a ring, so there is no
natural map without a p-torsion hypothesis on M; and M». This explains why it is crucial to work
with the covariant functor Tes.

For M € MF{EV[?O?, if V= Teis(M) has “extra structure” then so does M. For example, if V' were
a deformation of a residual representation over a finite field k£, V' would be an O = W (k)-module.
As Tepis is covariant and fully faithful, it is immediate that M is naturally an O-module. The
actions of Z, on M via the embeddings into O and W = W/(k’) are obviously compatible. We
denote the Frobenius on O by o.

Recall that a Galois representations of I' defined over a finite extension L of Q, can be viewed as
Q,-vector spaces with the additional action of L. Assume there exists an embedding of K into L over
Qy, so L splits K over Q. Such a Galois representations are modules over L ®q, K ~ [] ., L+
via a ®@ b — (a7 (b)). For each Qp-embedding 7, there is a collection of Hodge-Tate weights. We
will generalize this structure to the setting of Fontaine-Laffaille modules.
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Assume k' is finite, and more specifically that &’ embeds in k, so O[%] splits the finite unramified
K over Q,. Hence
Owgz, W~ [ ©-
T W—0O

as O-algebras, where 7 varies over Z,-embeddings of W into O and W acts on O, := O via 7. We
likewise obtain a decomposition of the O ®z, W-module M as

Note that
H0m0®sz(M>M/): @ Homo (M, MY).
T W—=0O

Lemma 8.14. 'If V = Teis(M) is equipped with a T i-equivariant O-module structure then for
M = M, N M" we have
M= § M

T:W—0O

and furthermore the o-semilinear map ‘P§\4|M;' : MY — M factors through My.. The length of M
as an O-module equals the length of V' as an O-module multiplied by [K : Q).

Proof. The first statement is straightforward, and the second is bookkeeping using Fact . O
We also have a result about freeness.

Lemma 8.15. Let V and M be R-modules for an artinian coefficient O-algebra R with residue field
k. Then V is a free R-module if and only if M is a free R-module. When M is a free R-module,
all of the M" are free R-direct summands. All of the M, have the same rank.

Proof. Let N be a finitely generated R-module with n = dimy N/mgrN. Then N is free if and only
if lgn(N) = nlgn(R) , as we see via Nakayama’s lemma applied to a map R” — N inducing an
isomorphism modulo mg. From the exact sequence of Fontaine-Laffaille modules

0—mpM — M — M/mrpM — 0

and the fact that Tt is covariant and exact, we see that Tes(M/mpM) = V/mgrV. Using
Lemma if dimy, V/mpV =n then M/mgrM is a k-vector space of dimension [K : Qp]n. Thus
to relate R-freeness of M and V' we just need to show that lgn(M) = [K : Qp]lgn(V'), which again
follows from Lemma [8.14]

Now suppose M is a free R-module. By functoriality, the Z,-module direct summands M, of
M are each R-submodules, so each M, is an R-module direct summand of M. Hence each M. is
R-free when M is free. To deduce the same for each M, we just need that each M is an R-module
summand. By R-freeness of M, it suffices to show that each M!/mrM: — M/mrM is injective.
Since M is the “r-component” of M* by Lemma it is an R-module summand of M*. Thus it
suffices to show that

M /mpM" — M/mpM

is injective for all 7. But this follows from the fact that MF{:V[ZO@ is abelian.

To check that all of the M- have the same rank, by freeness it suffices to check that dimy, M, is
independent of 7. As all Z,-embeddings of the unramified W into O are of the form o'r for some
fixed Z,-embedding 7 and o has finite order, it suffices to show that

dimy, M, > dimy M 4.
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As each m is a k-module direct summand of M, M, is isomorphic to gr® M. But cpiM(MHl) =0,
So we obtain a map
Z(p’MT cgr* M, — My,
i
As Fontaine-Laffaille modules satisfy
M=) ()
i
the map ), cpém is surjective. This completes the proof. U

Remark 8.16. We get a set of Fontaine-Laffaille weights for each Z,-embedding 7: W — O. We
can also define the multiplicity of a weight w, to be the rank of the R-module M¥~ /MY 1. The
number of Fontaine-Laffaille weights (counted with multiplicity) is the same for each embedding.
We say the Fontaine-Laffaille weights with respect to an embedding are distinct if each has mul-
tiplicity 1. This is analogous to the way a Hodge-Tate representation of 'k over a p-adic field
splitting K over Q,, has a set of Hodge-Tate weights for each Qp-embedding of K into that field.

We can now define a notion of a tensor product for Fontaine-Laffaille modules that are also
R-modules for a coefficient ring R over O.

Definition 8.17. Define M; ®W®sz M5 to be the module M; ®W®sz Ms together with filtration
defined by (M; ®OWez, R My)™ = Ziﬂ-:n Mi ®OWez, R Mg and with 30716/11®W®Z 01, defined in the
4

obvious way on the pieces.

Lemma 8.18. Suppose that My, Ms, and M; OWez, R My are all in MFJI;’,[(Z(’)I;] with 0 < b—a <

p — 2, and that My and My are R-modules for a coefficient ring R over O. The natural map
Teris(M1) @R Teris(Ma) — Teyis (M Wz, R My) is an isomorphism of R[I k]-modules.
Proof. We have an exact sequence

0—>J—>M1®WM2—>M1®W®ZPRM2—>O
where J is generated by the extra relations imposed by R-bilinearity (beyond W-bilinearity). For
reR, define I My Qw Moy — My Q@w Ms by

pr(my @ ma) = (rmq) @ ma — mq ® (rma).

Then J = > .pIm(p,); this is an object in the abelian category MFQ/[ZO? We will show that
Tcris(J) is the kernel of Tcris(Ml Rw MQ) — Tcris(M1> KRR Tcris(M2)-

It suffices to show that Tins(N1 + Na) = Teris(N1) + Teris(N2) for subobjects N; and Ny of
My @w Ms. Indeed, granting this we would know that

Tcris(J) = Z Tcris(,“r)-
reR
But by functoriality Teyis(pr) is the map Teris(M1) @w Teris(M2) — Teris(M1) @w Teris(Ma) given by
V] ® Vg > U] @ Vg — U] @ TV2, SO Teyis(J) is the kernel of Teyis (M) @w Ma) — Teris(M1) @ g Teris(Ma)
as desired.
To prove that Tiyis(N1 + N2) = Teris(N1) + Teris(N2), consider the exact sequence

00— NitNNy— Ny & Ny — Ny + Ny — 0.

As T, preserves direct sums, it suffices to show that
Tcris(Nl) N Tcris(N2) - Tcris(Nl N NQ)
But this follows from the exactness of T¢,is and the left exact sequence
0— NiN Ny — N1 B Ny — My Quw Mo
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where the second map is (n1,n2) — n; — na. O

8.3. Duality. Let R be a coefficient ring over O and M € MF{;Vt o be a free R-module compatible
with the Fontaine-Laffaille structure in the sense that the the action of R is given by morphisms
of Fontaine-Laffaille modules. Fix L € MF{,CKtor with an R-structure compatible with the Fontaine-

Laffaille structure so that for each 7, L, is a free R-module of rank 1 with L3" = L, and LT =0
for some s, (the analogue of a character taking values in R*). We will define a dual relative to L
akin to Cartier duality. This will be useful for studying pairings.

Definition 8.19. For an M as above, define MV = Hompg, w(M, L) with a filtration given by
Fil' MY = {¢) € Hompg, w(M, L) : (M?) C L'* for all j € Z}.
For ¢ € Fil' MV, define ¢, (¢) to be the unique function in HomR®ZpW(M, L) such that

P (V) (@ (m)) = o (p(m)).
for all m € M7 and j.

If ¢%,, exists, it is unique since the images of the (pgw’s span M additiyely. Likewise, if ¢,y
exists for all ¢ they are automatically o-semilinear and satisfy pcpﬁ\}% = ©hyv g+t v We check
©h v (1) is well-defined in the following lemma. The key fact is that all of the M! are free R-module
direct summands of M, (by Lemma [8.15)).

Lemma 8.20. The function QOZMV (v) is well-defined, and the filtration can equivalently be described
as
Fil MY = @ Homp(M./M}** " L,).
TW—0O

Proof. We first establish the alternate description of Fil* M. Because

Hompg, w(M,L)= € Homp(M;,L,),
T:-W—QO

and L¥ = L, while L1 = 0, an element ¢, € Hompg(M,, L,) satisfies (M) ¢ LI if and
only if 1, (M1) = 0 whenever i + j > s,. This says exactly that 1, factors through M, /M Ts7=%
Because M1*57~% is an R-module direct summand, hence free with free complement, a morphism
M, /M=% — [ is equivalent to a morphism 1, : M, — L, such that 1, (M!T57=%) = 0. Thus
Fil' MY = Hompg (M, /M *57=% L.) as desired.

We will construct ', : Fil' MY — M" using the exact sequence

b b
(8.1) 0—>@M’"—>@M’”—>M—>O

r=a+1 r=a

of [FL82, Lemme 1.7]. The first map sends (m,)"'=".; to (pm, — m,41)"=5 (with the convention

that m, = 0 and mp,1 = 0), and the second map is Z?: o Py For € Fil' MV, consider the map

b
o:PM - L

r=a
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b
induced by the @it o1p: M — L. For (m,)/=t,, in @ M", we compute that
r=a+1

¢((mr r= a+1 Z(:D’L+J pmj - mj+1)))

= Zpd*’ Z o ((mj)).

But gpL |L1+J+1 = p(plLﬂH so this difference is
b+1
ZW”] = > pei ((my))
j=a+1
which vanishes as mp;1 =0 and mg = 0. Hence ¢ factors through the quotient M of (8.1)), giving
the desired well-defined map ¢, . ([l

Lemma 8.21. The Fontaine-Laffaille module MV is an object of MFWtor
Proof. 1t suffices to show that the inclusion
> iy (Fill MY) — MY
i
is an equality. By Nakayama’s lemma, it suffices to show that the reduction modulo mp is surjective.

For an R-module N, let N denote the reduction modulo mp. We may pick free R-modules N such
that M? = NI @ M*! as each M! is a (free) direct summand of the R-free M- that is an R-free

i+l _ 903\4\Mi+1= we see ‘Pﬁu(m) = @M(WZT), SO
Ma‘r = Zsoﬁ\/l(ﬁl
i

By Lemma M, and M, have the same dimension so g0§\/1| i is injective and the sum is direct.
We also know that ‘:OZL|K = 0 for ¢ < s, because p - goi“ = Qp‘}'/’LJ#l.

As M, and L, are free R-module summands of M and L for all 7, MV = Y by Lemma
We can describe an element 1 € Fil' MV as a collection of Yrj € EB HomR(NJ L Jr]). But

f?_j is one-dimensional over k if i + j < s;, and is zero otherwise. Then for f = ¢t v () and

direct summand of M. Because p - ¢,

m=> gog\/[(nm') with n, ; € NJT, by construction we have
+
Z 5 J ¥(nr;))

But go’ﬂ (1(nrj)) is forced to be zero unless i + j = s7, in which case it can take on any non-zero
value in L, (depending on the choice of ). Thus

b v (Fil M @Hom( SN Z),ZUT).

T

Z @in (Fil’ Mv) = Hom(M, L).

Summing over i, and using the sum decomposition M = Dori oy (Wl) gives that

This shows the desired surjectivity. O
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Remark 8.22. For fixed Z,-embedding 7 : W < O, if the Fontaine-Laffaille weights (Remark|8.16)
of M with respect to 7 are {w;;}; then the Fontaine-Laffaille weights of MY with respect to T are

{37 - wT,i}i-

Now assume we have a Galois representation v on the free rank-1 R-module corresponding to
L; we define the dual V¥ = Hompgp,(V, R(v)) for a discrete T'g-representation on a finite free
R-module V.

Lemma 8.23. For a morphism f : M — N 1in MF‘C[’,[%;} with b —a < %, there is a natural
isomorphism Teris(MY) =~ Teris (M) and Teis(fY) = Teris(f)V.

Proof. We prove this by studying the evaluation pairing M @ MY — L. It is straightforward
to verify that this pairing is a morphism of Fontaine-Laffaille modules. Because b — a < %,
Lemma [8.18] gives a pairing of Galois-modules

(82) Tcris(M) QR Tcris(Mv) = Tcris(M KR MV) — Tcris(L) = VR.

We will now prove that this pairing is perfect when R = k. We will do so by inducting on the
dimension of the k-vector space M. The case of dimension 0 is clear. Also, if M # 0 the pairing
of Fontaine-Laffaille modules is non-zero (look at the pairing M, x Hom(M;, L;) — L, of vector
spaces). Thus the pairing of Galois-modules is non-zero if M # 0 as Tgs is faithful.

Now we use induction, so we can assume M # 0. The annihilator of Teys(MY) is Tenis(My) for
some f : My — M because the essential image of Ti,is is closed under taking sub-objects. We
know M is a proper sub-object as the pairing is non-zero. Observe that we may define the dual
fY i MY — M) by precomposition: it is surjective as we are over a field. For vy € Teys(Mq) and
v9 € Teyis(MY), we must have

0= (v1, fYv2) = (f(v1),v2).

But the pairing Ttyis(M1) ® Tepis(My') — Teris(L) is non-degenerate by induction, and fV is sur-
jective, so this means that v; = 0. Thus T'(M;) and hence M are trivial. Over the field k, this
ensures the pairing is perfect.

For the general case, we use the basic fact that for a coefficient ring R, if N; and Ny are free
R-modules of the same rank with an R-bilinear pairing N1 x Ny — R, the pairing is perfect if the
reduction (modulo mg) Ny X Ny — k is perfect. Apply this to Teris(M) X Teris(MY) — Teris(L).

The statement Teis(fY) = Teris(f)" is just functoriality. O

9. FONTAINE-LAFFAILLE DEFORMATIONS

Let G = GSp,. or GO,, and consider a representation p : I'x — G(k) with similitude character

v, where K = W[%] for W = W (k') with finite k. Let V be the underlying vector space for p
using the standard representation of G. Take O to be the Witt vectors of k, and assume (9[%] splits
K over Q. Fix a lift v : 'y — O of ¥ that is crystalline with Hodge-Tate weights {s;}, in an
interval of length p — 2, and let L = T¢,is(v).

We suppose that p is torsion-crystalline with Hodge-Tate weights in an interval [a,b] where
0<b—a< % so we can use Fontaine-Laffaille theory. Let M be the corresponding Fontaine-
Laffaille module (using Fact [8.10|(6)), with Fontaine-Laffaille weights {wr;}r;. In this section we
define and study the Fontaine-Laffaille deformation condition assuming that for each Z,-embedding
7 : W — O the Fontaine-Laffaille weights are multiplicity-free as in Remark (the jumps in the
filtration are of rank 1). This section is a generalization of unpublished results in [Pat06], which

treat the symplectic case when K = Q,,.
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9.1. Definitions and Basic Properties. As V is a k-linear representation of 'y, M becomes a
K ®F, k-module and in particular a k-vector space.

Definition 9.1. For an Artinian coefficient ring R over O = W (k), define DgL(R) to be the
collection of lifts p : 'k — G(R) of p with similitude character vg that lie in the essential image
of Tiyis (after composing with G — GL,,) restricted to the full subcategory MFI{V[ZOI;] Such a
deformation is called a Fontaine-Laffaille deformation. ’

We will analyze this deformation condition when for each fixed embedding 7 : W — O the
Fontaine-Laffaille weights of p are multiplicity-free (when the jumps in the filtration of each M,
are 1-dimensional over k). Note that the Fontaine-Laffaille weights of M are the same as the
Fontaine-Laffaille weights of M as each M. is a direct summand.

Theorem 9.2. If the Fontaine-Laffaille weights are multiplicity-free, DgL 1s liftable. If B is a
Borel subgroup of G, the dimension of the tangent space of DgL 18

(K : Q] (dim Gy, — dim By,) + H(T'k, ad"(p)).

If p: T — G(O) is an inverse limit of Fontaine-Laffaille deformations of p to O/p"O for all
n > 1, it is a lattice in a crystalline representation with the same Fontaine-Laffaille weights as p.

The proof of this theorem will occur over the remainder of this section. The key pieces are
Proposition [9.7], Proposition and Proposition [9.20

To understand DgL, we must express the orthogonal or symplectic pairing in the language of
Fontaine-Laffaille modules. For a Galois module V which is a free R-module, recall we defined
VY = Hompgp,)(V, vr). For a deformation of 7 to a coefficient ring R, we obtain an R[I'g]-module
V together with an isomorphism 7 : V ~ V'V coming from the pairing. Let ¢ = 1 for G = GO, and
e = —1 for G = GSp,. The fact that (v, w) = e(w, v) is equivalent to n* = en, where n* is the map
V ~ VVYY — VV induced by double duality.

Lemma 9.3. For a coefficient ring R, suppose V is a lift of V as an R[I k|-module that is finite free
over R, corresponding to a Fontaine-Laffaille module M that is finite free over R. An isomorphism
of R[I'k]-modules
n:Ve~VvY
such that n(v)(w) = en(w)(v) is equivalent to an R-linear isomorphism of Fontaine-Laffaille modules
v M~ MY
such that y(m)(n) = ey(n)(m).

Proof. As the Hodge-Tate weights of p lie in an interval of length %, Lemma and Lemma
hold. In particular, Tepis(MY) = Teris(M)V. As Teys is fully faithful in this range, we see that a map
7 is equivalent to a map -, and one is an isomorphism if and only if the other one is. It remains to
check that v is symmetric or alternating if and only if  is. Let n* and +* denote the isomorphisms
respectively given by

\2 Vv
VeVvWhLvY o oand Mo~MYY L MY

A straightforward check shows that Tt carries n* to v*, and hence n = en* if and only if v =
ey, 0
Lemma 9.4. An R-linear isomorphism of Fontaine-Laffaille modules v : M ~ MY for which
v(m)(n) = ey(n)(m) is equivalent to a perfect e-symmetric W @z, R-bilinear pairing (-, -) : M xM —
Lp satisfying

o (M* M7y C L,

o (Dh(m), p1s(n)) = @y (m,m).
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Proof. This is just writing out what v : M — M" being a morphism of Fontaine-Laffaille modules
means for the pairing (m,n) = vy(m)(n).
For « to preserve the filtration says exactly that

y(MY) CFil' MY = {¢ € Homwg, r(M,L) : W(M7) C LIt}
This is equivalent to (M, M7) C L+ for all 4,5. The compatibility of v with the ¢’s says exactly
that for m € M*
v (v(m)) = v(phr(m)).

Evaluating on any 4,0?\4(71) € M and using the definition of M we see

e (m) (@3 (n) = @ (1 (m) (M) = 7 ((m, m)).
Evaluating v(¢%,(m)), we see that

(s (m)) (93 (n) = (Pl (m), 93 ().
Thus, v being compatible with the ¢’s is equivalent to (%, (m), gof\/[(n» = goiLJrj((m, ny). O
In particular, the pairing V x V — ¥ gives a perfect pairing (-, )57: M x M — L .

Corollary 9.5. For a coefficient ring R, Teis gives a bijection between deformations p € DgL(R)

and isomorphism classes of Fontaine-Laffaille modules M € MF&’,{?& that are free as R-modules

and for which there exists a perfect e-symmetric W ®z, R-bilinear pairing (-,-) : M x M — Lpg
satisfying

o (M, M’y C Ltt;

o (@hy(m), ph(n)) = 1 (m,n).
together with an isomorphism of the reduction of (M, (-,-)) with (M, (-,)57)-

Proof. This follows by combining the two previous lemmas. Note that the pairing (-, -) is automat-
ically perfect as it lifts the perfect pairing (-, )7 O

Corollary 9.6. DgL is a deformation condition.

Proof. This argument goes back to Ramakrishna [Ram93|, and uses exactness properties of T¢is on
MF{,V’tor7 Corollary and the fact that for a morphism of coefficient rings R — R/,

R/ XR Tcris(M) = Tcris(R/ RRrR M)

For example, to check that DgL is a sub-functor of D5, let R be a coefficient ring and M be the
Fontaine-Laffaille module corresponding to p € DﬁFL(R). Then R’ @pg Teris(M) lies in the essential

image of Teis, and R’ @ g M admits a perfect e-symmetric R'-bilinear pairing as in Corollary
given by extending the pairing on M. This shows that pgr € DgL(R’ ). A similar argument checks

Definition . O

Using Proposition [8.10] it is simple to understand characteristic-zero points of the deformation
functor.

Proposition 9.7. Suppose we are given a compatible collection of Fontaine-Laffaille deformations
pi i T — G(R;), where {R;} is a co-final system of artinian quotients of the valuation ring R of
a finite extension of (9[;1)] with the same residue field as O. Then p = lim p; is crystalline (more
precisely, a lattice in a crystalline representation) with indexed tuple of Hodge-Tate weights equal
to the corresponding indexed-tuple of Fontaine-Laffaille weights of p.
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Proof. 1t is straightforward to verify that the inverse limit of the Fontaine-Laffaille modules cor-
responding to p; is in Dg. Then the result follows from combining Fact and . Our
convention that the cyclotomic character has Hodge-Tate weight —1 makes the Hodge-Tate weights
and Fontaine-Laffaille weights match (Remark [8.11]). O

9.2. Liftability. In this section, we analyze liftability by constructing lifts of Fontaine-Laffaille
modules. Lifting the underlying module, filtration, and pairing will be relatively easy. Constructing
lifts of the cpZM compatible with these choices requires substantial work. Let Wkgy, » denote the
Fontaine-Laffaille weights of p with respect to a Z,-embedding 7 : W — O, corresponding to the
jumps in the filtration of M.

Proposition 9.8. Under the assumption that the Fontaine-Laffaille weights lie in an interval of
length 1%2 and are multiplicity-free for each 7 : W — O, the deformation condition DEL is liftable.

Let p: Tk — G(R) be a Fontaine-Laffaille deformation of p. Let M and M be the corresponding
Fontaine-Laffaille modules for p and p, which decompose as

M:@MT and M:@MT.
T T

Each M; is a free R-module by Lemma Furthermore, the filtration {M:} on M, is given by
R-module direct summands and ¢, (M!) C M,,. In particular, there exist free rank-1 R-modules
NS ¢ M;y™ such that My ™ = N ™ @ M;U”H. As the pairing is O-bilinear, the pairings
M, x M, — L, are collectively equivalent to the pairing M x M — L, so to lift the pairing and
check compatibility it suffices to do so on M. We also fix a basis for each L., so we may talk about
the value of the pairings. Thus to analyze liftability of M, we will work with each M, separately
using R ®z, W =[], R, with 7 varying through Z,-embeddings W — O — R.

By a basis for M;, we mean a basis for it as an R-module. By Lemma [8.15] the rank of M is 7.
For G = GSp, with r even, the standard alternating pairing with respect to a chosen basis is the

one given by the block matrix
0 I /2
!/
_Ir/2 0

where I/, denotes the anti-diagonal matrix with 1’s on the diagonal. For G = GO, the standard
symmetric pairing with respect to the basis is the one given by the matrix I/.

Example 9.9. Take R = k and fix an embedding 7 : W — O. Let wy,...,w, be the Fontaine-
Laffaille weights of M, and recall that w; +-w,11-; = s, because M ~ M. Pick v; € M}"" — MYt
Since @l lu,., =Py =0,
Myr = Z (pl(Mﬂl') = Spang @?\UJZ (Uz)
i
Note that {¢};(v;)} is a k-basis for M, as the left side has k-dimension r and there are r Fontaine-
Laffaille weights for 7. Furthermore, compatibility with the pairing means that

(oni(vi), g () = o ({vi, v5)).

But ¢}L‘|LT = 0 unless h = s;: for h > s, this is because L’; = 0, while for h < s; this is because
Lh = L+ = L. and SOIJZJL’;“ = p(szrl = 0. Thus (¢} (vi), @7 (v;)) = 0 unless w; + w; = s, in
which case the pairing must be non-zero as it is perfect. If i # j, by rescaling v; we may arrange for
(Vi (v:), o1 (v7)) to be an arbitrary unit. For G = GSp, or G = GO, with r even this means after
rescaling the pairing may be taken to be standard with respect to the basis n; = ¢"i(v;) of My,
(and with respect to the fixed basis of L;). For G = GO, with r odd and i = [r/2] + 1, defining
wr = (" (v;), " (v;)) € k* and rescaling vy, ...,v;—1 then brings us to the case that the pairing
is w; times the standard pairing with respect to the basis n; = ¢"i(v;) of My,.
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Remark 9.10. The constant w, depends on the choice of basis {v;} for M, so in particular is not
independent of 7. This will not cause problems in later arguments.

Remark 9.11. There is a lot of notation in the following arguments. With 7 fixed, we will use v;
to denote elements of M, and m; to denote elements of M,,. Usually we will have ¢} (v;) = m;.
If we want to index by Fontaine-Laffaille weights instead of the integers {1,2,...,7}, we will use

! = p; and méul := m;. For a weight w € Wgr, 7, let w* € Wgr, » denote the unique weight for

Uy,
K2
which w + w* = s;.

Lemma 9.12. Let w; < wy < ... < w, denote the Fontaine-Laffaille weights of M with respect to
7. There exists an R-basis my ..., m, of My, such that m; = goqf\)/}(vi) where v; is an R-basis for
a complement to MYt in MY and such that the pairing {-,-) on My, is an R*-multiple of the
standard pairing with respect to the basis {m;} (and the previously fized basis of L ).

Proof. Example shows that such a basis 7; exists over R/mp: pick a lift v; € Ni of 7;, and
define m; = ¢} (v;). We know that

(hivin o) = or " (vi,vj).
If w; + w; > s, this is zero because L& = 0. If w; + w; < s;, since gplLUﬁwj lpsr =p —Wi s
this is not a unit. If w; +w; = s, (equivalently, i + j = r + 1), it is a unit of R as the pairing is
perfect.
We will modify the lifts v; and then take m; = ¢ (v;). For 0 < j <r/2 (so j <r+1—j), we

will inductively arrange that:

(1) for i < j, (my,mp) =0 for h #£r+1—7;

(2) v; is an R-basis for a complement to M¥it1 in M¥i;

(3) (mi,myi1-4) is a unit for all 1 <7 <r.

Sr—W;

For j = 0, the first condition is vacuous and the other two conditions hold by our choice of lift.
Given that these conditions hold for j — 1 with 1 < j < 5, we will show how to modify the v; so
that these conditions hold for j. Let ¢ = (m;,my41—;) € R*. For j <h <r+1— j, define
’6h = Vp — <mj, mh>c_lvT+1_j.
As j#r+1—h, (m;,my) € mpg so vy, lifts T,. We compute that
(myj, @atOn) = (mg,mu) — (mg,mp)e™ (mg, myp1-j) = 0.
Fori < j,asr+1—4# h,r+1— h we know m; is orthogonal to both m; and m,1_; by the
inductive hypothesis and hence (m;, ¢yrvs) = 0. Thus holds for the R-basis
U1y ey V5 Uiy e e vy Up iy Up— it 1y -+ 5 Upee

As T, — vy, € M7 "7, %y is still an R-basis for a complement to M¥»*+1 in MYk (since wy41—; >

wp as h <r+1-—7j),so holds for this new R-basis of M. Furthermore, we see that
(O Thy ar T Vi) — (Mpy My1-p) € Mp.

As (mp,myq1-p) is a unit, (PyrOn, @y " Urr1-p) is a unit and holds. Thus we may modify
the lifts v; and then accordingly modify m; to satisfy the inductive hypothesis.
Take such a basis for j = [r/2]. By (),

(mi,mir) =0
if i +4' # r+ 1 and one of 7 or 7 is at most r/2. Otherwise ' > r + 1 — 7 so w; + wy > s; and
hence the pairing is zero automatically. If r is even, rescale vy, ..., v, /5 so that (m;, m,11-) =1
for i < r/2 using (3). If 7 is odd (so G = GO,), let w, = (Vpr /2141, Vjr/21+1) € R and rescale
V1, ..., Upjg SO that (mg,myi1-i) = wy for 1 < < [r/2]. In these cases, the pairing with respect
to the basis vq,..., v, is a multiple of the standard pairing. O
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Remark 9.13. When r is odd (so G = GO,), to choose a basis where the pairing is standard we
would need to rescale v, /941 by a square root of the unit (my,. /941, M /2141). This might not exist
in R. But note that the orthogonal similitude group GO, is unaffected by a unit scaling of the
quadratic form.

Now we begin the proof of Proposition Let R' — R be a small surjection with kernel I. To
lift p to p' : Tk — G(R'), we can reduce to the case when I is killed by mg and dimy I = 1. Lift
the R-module M, together with its pairing (-, -) over R’ as follows. Choose the basis {m;} provided
by Lemma with respect to which (-,-) is w, times the standard pairing for some w, € R*.
We take M/ _ to be a free R'-module with basis {n;} reducing to the basis {m;} of M,,. Lift w,
to some w. € (R')* and define a pairing on M, to be w! times the standard pairing on M. with
respect to {n;}. Pick a lift u; € M. of v;, and define a filtration on M. by

(M!)7 = spanp (u; : w; > 7).

We define the module M’ = @, ML over W ®z, R with filtration (M')" = @,y 0 (ML)
It is clear the filtration reduces to the filtration on M. Furthermore, the pairing M. x M. — L,
with respect to {n;} is a multiple of the standard one.

It remains to produce ¢, hftmg ot . As always, it suffices to lift all of the ¢ M : ME— M,

separately. We note that the @ My My — M/ are determined by the values @% i (uq) for w; €

WL, and the relation py’ M, =’ M |M/wj+1 We Wlll define ¢}, (u;) for each w; € Wy~ to obtain

the desired set of maps (pM, s M7 — M.
It will now be more convenient to index via weights, so let n;,, = n; and uy,, = u;. Let us consider
defining

QDIJ\UJ;(“fw) = Z Ciw”;' = T
1EWFL, o7
for ¢;y to be determined with the obvious restriction that c;,, must lift the corresponding coefficient
for ¥ (v},). We will study for which choices of {¢;y,} these maps are compatible with the pairing.

Lemma 9.14. For any choice of {ciy}, the elements x, form a basis for M. _
Proof. Note that the Fontaine-Laffaille weights of M, M, and M’ are the same. Consider the map
Z 905\/17’_ : M‘ll'z - MC/TT'
7:GVVFL,T
Quotienting by the maximal ideal of R', as ¢4 is a lift of gpwﬁ we obtain a surjection
> @i My Mo
1EWFL,+

as My, = > . . ( ) By Nakayama’s lemma, the original map is also a surjection. Thus {z}
spans the free R-module M/ _. But #{x,} = rkg/(M',;) =, so {x,} is a basis for M . O
The compatibility condition with the pairing is that
. A i
(Phr (@), Dhp () = 77 ((,0))
Let e = 1 for GO, and € = —1 for GSp, with even r. For a Fontaine-Laffaille weight i € Wgy, 7, 1
and nl. pair non-trivially as i +i* = s;. By linearity and the relation (x,y) = €(y, z), it suffices
to check compatibility with the pairing only when 4,j € WrL -, # = nj and y = n; and i < j or

w+1

i =j =1* (provided we have arranged that pey,," = @i|ppwt1).

Remark 9.15. The case ¢ = j = ¢* only occurs when the pairing is orthogonal and r is odd, for
the weight of the unique basis vector which pairs with itself giving a unit.
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Of course, there is no reason to expect our initial arbitrary choice of {cj} to work. Any other
choice is of the form {c¢;y, + diy} Where 6;, € I. The compatibility condition on M’ becomes

Z (Ciw + 5iw)(cjw/ + 5jw’)<n2m n;,/> = SO’LLtJ (<7”L;, ’I’L;>) ’

w,w/GVVFI_“-r

Expanding and using the fact that I? = 0, we see that we wish to choose {d;,} so that

Z (ciw(;jw/ + cjw/éiw) (nl,, niﬂ/> = w'TCZ-j

w,’w/GWFLJ

where the constant Cj; == (w})™? (ngLt](n;,n;) — 2w €W, CiwCiw! (n@,nb)) lies in I as ¢f; is
compatible with the pairing.
Now we can simplify based on the explicit form of the pairing with respect to the basis {n! }.

As n), only pairs non-trivially with n/ ., we obtain the relation (for i < j or i = j = i*)
(91) Z (Ciw5jw* + Cjw* 5110) + € Z (Ciw(sjw* + Cjw* (Sw,) = Czy
w<w* w>w*

To show that this system of linear equations has a solution, we shall interpret it as a linear trans-
formation.

It is now convenient to index the weights using {1,2,3...,r}. Recall that the Fontaine-Laffaille
weights of M, are denoted wy < wy < ... < w,. Let U = 1@7"27 and decompose U as @’;:1 Ui,
r(r—1)

where the coordinates of U; = I" are denoted{d., v, Ty Let U = I~ =219 where o, = 1 if
there is a w € Wy, for which w = w* and 0 otherwise. (So o, is zero unless G = GO, and r is
odd.) We may write U’ = @:;11 U!, where the coordinates of U] = I®"~* are denoted {Cuwiw; Yiziv1s
except if o, = 1 and w; = w}. In that case, instead take U] = I®"~*! with coordinates denoted
{Cwiwj ;zl

Consider the function T : U — U’ given by

(5wiwh)ih — Cw,-wj = Z (Cwiwhéijz + ijw;iéwiwh> + € Z (Cwiwh(sij;; + ijw’;b(swiwh)
wp <wy wp>wy ij
where the ¢, € R’ matter only through their images in k since mp/I = 0. It suffices to show that
T is surjective. As we arranged for I to be 1-dimensional over R'/mpg = k, this is a question of
linear algebra over k upon fixing a k-basis of I.
We will study particular k-linear maps U; — U]. To simplify notation, let ¢; = 1 except when
w; > w; and the pairing is alternating (e = —1), in which case ¢; = —1.

Lemma 9.16. Suppose w; # w}. The linear transformation T; : U; — U/ defined on

r
(5wiwh)h = (Cwiwj = Z Ehcijzdwiwh>
J

h=1

is surjective. It is the composition Uy — U Lu - U;.

Proof. As I is one-dimensional over R/mp = k, it suffices to study the matrix for this linear
transformation with respect to a fixed k-basis of I. Fix wyp € Wer . If we take 6y, = 0 for

wp, # Wy and Gy, = 1, the image of {6u,w, fr € U; under T; has coordinates Cy,uw; = €w, Cwjw?,
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Thus the matrix for T; is

Elcwzdrlwik 620w¢+1w§ e Eeri+1w,’i
€1Cw;ow}  €2Cwipowl -+ ErCwiw}
€1erwT EQCwTw; e Ercwrw:

Multiplying the ith column by €;, the columns of this matrix are exactly the coordinates of
with respect to the basis {n;, }wewg, ,, as in Lemma except that the first ¢ rows are removed.
As the {x,,} form a basis, the columns of this matrix span U].

The last statement follows from the definition. O

Remark 9.17. The statement for w; = wj is similar. In that case, we must have e = 1, and we
have

Cwiwi =2 5 cwiw;éwiwj-
J

Extending the definition of 7; in Lemma we again see that the columns of the matrix repre-
senting this transformation are truncated versions of the coordinates of x,,; with some signs changed
and one coordinate multiplied by 2. The image of a basis under the transformation multiplying
one coordinate by 2 is still a basis, so again T; is surjective.

Lemma 9.18. The composition T;; : Uy — U Ly Uj’~ is zero whenever i < j.
Informally, this is saying that T is block lower-triangular with diagonal blocks that are surjective.

Proof. The coordinates of U; are d,,4,. The coordinates of UJ’- are C’w].wh for j < h (or j < hif
wj = w;‘) Looking at the formulas for Cy;y, in the definition of T, they depend only on certain
dww With w # w;: this uses that i < 7 < h to rule out any d,,,,s from appearing. These are all zero

on the image of the inclusion U; — U, so the composition is zero. [l
Corollary 9.19. T is surjective.

Proof. The composition of U; — U — U’ — U] is exactly T;, hence surjective. For v € U’, by
descending induction on i, we will construct u; € U; so that

Tui+...+u)—velU®...aU_,

(meaning T'(u; + ...+ u,) = v when i = 1). For i = r, take u, be a preimage under 7, of the
component of v in U/.. Now suppose we have selected w;;1,...u,. Pick a preimage u; € U; of the
projection of T'(ujy1 + ...u,) — v to U] using the surjectivity of T;. We know that Tj;(u;) = 0 for
j>1,s0

T(ui+...+u)—velU &...eU_;.
For i =1, we have T'(u; + ...+ u,) = v as desired. O

Corollary lets us choose the {d;;,} so that the compatibility relations (9.1]) are satisfied. This
defines ¢, (n),), and hence we can extend to a map ¢',, : M’ — M’ compatible with the pairing.

We then finish the proof of Proposition [9.8 as follows.
Given the deformation p to a coefficient ring R with associated Fontaine-Laffaille module

M = @ M,,
T:-W—0O
and a small surjection R — R whose kernel I is 1-dimensional over the field R'/mpg/, we have
constructed a free R'-module M’ together with a filtration {(M’)’} and maps ¢, by lifting the
M. The filtration and {¢',} make M’ into a Fontaine-Laffaille module. There is an obvious
R’ ®z, W-module structure. The condition M’ = Y, o', (M’ ") follows from Lemma We also
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constructed a pairing M’ x M’ — L, and the filtration and %, are compatible with it (in the
sense of Corollary by our choice of (§;3);,. By Corollary and Lemma Teris(M') gives
a representation p’ : I'x — G(R') lifting p.

9.3. Tangent Space. The final step in the proof of Theorem is to analyze the tangent space of
DEL. It is a subspace LEL of the tangent space H' (I'x, ad’(5)) of deformations with fixed similitude
character v. We are mainly interested in its dimension as a vector space over k, and will analyze
it by considering deformations p of p to the dual numbers k[t]/(¢?). Recall that G = GSp, (with
even r) or G = GO,; let B be a Borel subgroup of G.

Proposition 9.20. Under the standing assumption that p is torsion-crystalline with pairwise dis-
tinct Fontaine-Laffaille weights for each 7 : W — O contained in an interval of length %,

dimy LE" — dimy H (T, ad”(p)) = [K : Qp)(dim G — dim By,).

Let V be the Galois module given by 7, and for a lift p of 5 to ) k[t]/ (t?) let V be the corresponding
Galois module. The submodule ¢V is naturally isomorphic to V', and we have an exact sequence

0=tV -V -V =0

Let M be the Fontaine-Laffaille module corresponding to p, with pairing (-,-) : M x M — L.
We know M is a k-vector space of dimension r[K : Q,]. Let M be the Fontaine-Laffaille module
corresponding to p. It is a free k[t]/(t?)-module, and fits in an exact sequence

0>tM —>M —>M—0

of Fontaine-Laffaille modules. The map M C M — tM induced by multiplication by ¢ is an
isomorphism of Fontaine-Laffaille modules since it is so on underlying k-vector spaces using the
k[t]/(t?)-freeness of M. As before, we have decompositions

M= @ M, and M= P M,
T W—0O 7 W—QO

from Lemma [R.141

Using Lemma pick a basis {v;;}7_; of the k[t]/(t?)-module M, such that v,; is a basis
for a k[t]/(t?)-complement to M¥i™! in M®i and such that the pairing M,, x My, — L, with
respect to the m,; 1= @1](’/}(1)7,2-) is w,-times the standard pairing. As 1-units admit square roots,
we may assume that w, € k*. Note that {m,;} U {tm,;} is a basis for M,, as a k-vector space,
and {m;;},; is a basis for M as a k[t]/(t*) module.

Let My be the subspace of M spanned by the {v,;},; as a k-vector space. We have that
tMo = tM ~ M as vector spaces, and have an obvious decomposition

My= € M.
T W—0O

We obtain a pairing on My by restriction and a filtration by intersection: Mi,o =M'N M.
Lemma 9.21. We have that M = M;o ® k[t]/(t?), and hence M' = M¢ @ k[t]/(t?).

Proof. We know that the k[t]/(t*)-span of v; is a k[t]/(t?)-complement to M in M. Hence
MYi /M¥i+1 is isomorphic to the k-span of v; and tv;. As the filtration is automatically split (M7
is a direct summand of M,, and hence M! is a direct summand of M~1), this suffices. O

Observe that the surjection of Fontaine-Laffaille modules M — M carries My isomorphically
onto M. Under the isomorphism of k-vector spaces My — M, the pairing on My and the pairing
on M are identified because by choice of basis the pairing on My is a k*-multiple of the standard
pairing. Furthermore, extending the pairing Mo x My — L by k[t]/(t?)-bilinearity recovers the
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pairing on M. Using My ~ M, we can also define cleo : Mé — My to bg the lift of gpiM to Mé. It
is compatible with the pairing on M. Note that it is not the same as 50§\/I|M8'

Our goal is to describe the set of strict equivalence classes of deformations M of M, so by making
these identifications it remains to study ways to lift @ZM to a map

903\40®k[t}/(t2) : Mg @ k[t]/(t%) — Mo ® k[t]/(t*).
For n,n’ € M{§ we may write
Phi(n+tn') = P, (n) + Ly (0') + 6i(n))
for some o-semilinear &; : M — My which completely determines . It is clear that for n € M8+1
we have ;(n) = 0 due to the relation <p§\40 (n) = p«plﬁol (n) = 0. Thus, §; factors through M¢/MiH,
and together the ¢; define a o-semilinear
0: gr'(Mo) — Mo.

Compatibility with the pairing says exactly that

(Phr(n+tn), @4 (m+tm')) = 77 ((n + tn',m + tm))
for n,n’ € Mé and m,m’ € Mg and all ¢ and j. Expanding and using the compatibility of the cp?%
with the pairing, we see that it is necessary and sufficient that

(9-2) (3:(n)s hpy (M) + (s (1), 35 (m)) = 0

for n € M{ and m € Mé and all iand j. As M =), @’M(ﬁ) and we defined cp’MO to lift cpiﬁ, it
follows that My =}, 3 (Mg). Furthermore, we have an isomorphism ¢ : gr®(Mp) — Mp. This
allows us to rewrite (9.2)) as the requirement that for m,n € gr®(M),

(0" (n), p(m)) + {p(n),8"p(m)) = 0

1

where ¢’ is the k-linear composition of ¢+ with ¢. In other words,

(0'z,y) + (z,8'y) =0
for all z,y € My. Note that ¢’ is compatible with the filtration, the pairing, and the k£ ® W-module

structure. Denote the collection of all such &' by Endggw (Mo, (-, -)): it is isomorphic to sp, (k®@ W)
or s0,(k ® W), which have dimension [K : Qp](dim G\ — 1) over k.

Lemma 9.22. For such a choice of &', we obtain a Fontaine-Laffaille module M & MF{WOI together
with a pairing M x M — L as in Corollary[9.5

Proof. This is just bookkeeping. First, observe that Y, %,(M?) is a k[t]/(t?)-module containing
golMo (M{}) = My. Thus it is M. It is immediate that the pairing is compatible with the filtration.
We chose 0’ so that the pairing is compatible with the goﬁw. O

Of course, different 6’ may give isomorphic deformations of M. Suppose that we are given § and
such that the Fontaine-Laffaille modules they create are strictly equivalent as deformations of M (in
the sense that they are isomorphic Fontaine-Laffaille modules and their reductions are identified
with M compatibly with the isomorphism, or equivalently that they give the same element of
DgL(k[t] /(t?))). We have shown that the underlying module, pairing, and filtration can be identified
with the fixed data M = Mo®k[t]/(t?), (-, Y®Kk[t]/(t?), and M}®Kk[t]/(t?). The isomorphism reduces
to the identity modulo ¢ (by strictness). This means there exists an isomorphism « : My — M)
compatible with the pairing, filtration, and module structure such that

(1 +ta) (g, (n) + tPhyy () + 85(n))) = @iy, () + Py (@(n) + 1) +75(n)).
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Simplifying, this is the condition that

Yi(n) = 6i(n) = alply, (1)) — i, (a(n)).
In other words, ¢,y € End(Mp, (-,-)) define the same deformation if and only if ~; — d; is of the form
ao @l — @y oaforall i and some « € Fil® Endggw (Mo, (-,-)). This means that « is a k @ W-
linear endomorphism of My that is compatible with the filtration and pairing. We can identify
Endggw (M, (-,-)) with the Lie algebra of a symplectic or orthogonal group valued in k @ W.
The filtration defines a Borel subgroup of this symplectic or orthogonal group, whose Lie algebra is
Fil® Endggw (Mo, (-,-)). (The assumption that the Fontaine-Laffaille weights for each 7 are pairwise
distinct is what makes it a Borel subgroup.) Hence the dimension of Fil° Endggw (Mo, (-,-)) as a
k®W-module space is the dimension of this Borel in the symplectic orthogonal group. We conclude
that
dimy, Fil° Endgew (Mo, (-, -)) = [K : Qp(dim By — 1)

where B is a Borel in the symplectic or orthogonal similitude group.
Finally, we must understand when « and (3 satisfy

@0 @l — Pty © @ = B0 hy, — Py, © B
This happens exactly when o — 8 commutes with the QOZMO (as well as being compatible with the
filtration, pairing, and module structure). In other words, a — 5 € Endyr,, (Mo, (-,-)). But under
Teris, this is identified with endomorphisms of 7 preserving the pairing (not just up to a similitude

factor), and in particular has dimension dimy, H°(I'x,ad’(p)).
We can express this analysis as the exact sequence

0 — Endur,, (Mo, (,-)) = Fil° (Endgew (Mo, (-, -))) = Endegw (Mo, (-,-)) — DE"(k[t]/(t*)) — 0.
We finish the proof of Proposition by taking dimensions:
dimy, Ly" — dimy H* (T, ad’(p)) = [K : Qp)(dim Gy, — 1) — [K : Qp](dim By — 1)
= [K : Q,)(dim G}, — dim By,).
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