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Chapter 1

Introduction

Galois representations are central in modern number theory, perhaps most famously in the proof of Fermat’s
Last Theorem. There are natural sources of Galois representations in algebraic geometry, and the Langlands
program conjecturally connects them with automorphic forms. For example, given a classical modular
eigenform there is an associated two-dimensional Galois representation which we say is modular. Another
example comes from an elliptic curve defined over Q: the absolute Galois group of the rationals acts on the
p-adic Tate module, giving a two-dimensional Galois representation over the p-adic integers. Fermat’s Last
Theorem follows from the fact that the Galois representations arising from elliptic curves are modular.

More generally, Galois representations arise from algebraic geometry through the action of the Galois
group on the p-adic étale cohomology of a variety defined over a number field. Such representations are
ramified at finitely many primes and are potentially semistable above p. An absolutely irreducible p-adic
Galois representation satisfying these latter properties is said to be geometric. The Fontaine-Mazur conjecture
asserts that all geometric Galois representations arise as subsets of Tate twists of p-adic étale cohomology.
A more refined version has been proven in the two-dimensional case: two-dimensional geometric Galois
representations of Gal(Q/Q) are modular.

A key technique in answering these questions is the deformation theory of a residual Galois representation
7: Gal(Q/Q) — GL,(F,). Understanding the universal deformation ring (the ring RﬁD which parametrizes
lifts of p to complete Noetherian local rings with residue field F) gives results about Galois representations.
Residual representations are also interesting in their own right. In the two-dimensional case, Serre’s con-
jecture states that every odd irreducible representation is the reduction of a modular Galois representation.
This was proven by Khare and Winterberger. Generalizations of Serre’s conjecture to groups other than
GLs have been proposed, most recently by Gee, Herzig, and Savitt [GHS15]. The combination of Serre’s
conjecture and the Fontaine-Mazur conjecture motivates the study of when a residual representation admits
a geometric lift to characteristic zero.

In particular, we are interested in the following situation. Let K be a finite extension of Q with absolute
Galois group I'. Suppose k is a finite field of characteristic p, O the ring of integers in a p-adic field
with residue field O/m = k, and G is a connected reductive group defined over O. For a continuous
representation p : I'x — G(k), in light of these conjectures it is important to study when there exists a
continuous representation p : I'x — G(O) lifting p that is geometric in a suitable sense over (’)[%] (using
G — GL,).

Suppose K = Q. When G = GLy, Ramakrishna developed a technique to produce geometric lifts
[Ram02]. His results provided evidence for Serre’s conjecture. In the symplectic and orthogonal cases,
we generalize this method and prove the existence of geometric lifts in favorable conditions. Two essential
hypotheses are that 7 is odd (as defined in and that p restricted to the decomposition group at p looks
like the reduction of a crystalline representation with distinct Hodge-Tate weights. For precise statements,
see Theorem [1.1.2.2) and Theorem This provides evidence for generalizations of Serre’s conjecture.
In contrast, when G = GL,, with n > 2, the representation p cannot be odd, and the method does not apply.
In such cases, there is no expectation that such lifts exist.

Ramakrishna’s method works by establishing a local-to-global result for lifting Galois representations
subject to local constraints. Let p be a lift of p to O/m™. Provided a cohomological obstruction vanishes,



it is possible to lift p over O/m"*! subject to local constraints if (and only if) it possible to lift p|r, over
O/m"* for all v in a fixed set of places of Q containing p and the places where p is ramified. In Chapter
we generalize Ramakrishna’s argument so it can be applied to any connected reductive group and show that
the cohomological obstruction vanishes if we allow controlled ramification at additional places at which p is
unramified.

It remains to pick local deformation conditions at p and at places where p is ramified which are liftable
in the sense that it is always possible to suitably lift p|r,. At p, we define a Fontaine-Laffaille deformation
condition in Chapter [3| by using deformations arising from Fontaine-Laffaille modules that carry extra data
corresponding to a symmetric or alternating pairing.

At a prime £ # p where p is ramified, we generalize the minimally ramified deformation condition defined
for GL,, in [CHTO8| §2.4.4]. In simple cases, this deformation condition controls the ramification of p
by controlling deformations of a unipotent element @ of GL, (k). There is a natural parabolic k-subgroup
containing @, and the deformation condition is analyzed by deforming this parabolic subgroup and then lifting
% inside this subgroup. This idea does not work for other algebraic groups. In Example [1.2.3.2] and §4.4.3]
we discuss an explicit example in GSp, where the analogous deformation based on parabolics is provably
not liftable. In Chapter [4] we define a minimally ramified deformation condition by instead requiring that @
deform so that “it lies in the same unipotent orbit as w,” and explain that this is a general phenomenon. The
discovery and study of this deformation condition at ramified places £ # p (see is the key innovation
in this thesis. For GL,,, our notion agrees with minimally ramified deformation of [CHTOS§|, but for other
groups it is a genuinely different (liftable) deformation condition.

1.1 Motivation and Results

We will now review the background and state the results in more detail.

1.1.1 Background about Galois Representations

Let p be a prime.

Definition 1.1.1.1. A Galois representation p : I'q — GL2(Q,) is modular if there exists a modular
eigenform f such that the Galois representation associated to f at the prime p is isomorphic to p. A residual
Galois representation p : I'q — GL2(F)) is modular if it is the reduction of a modular representation p.

Serre’s conjecture is one of the ingredients which motivated Ramakrishna’s lifting result for two dimen-
sional representations.

Fact 1.1.1.2 (Serre’s Conjecture). Let p: I'q — GLa(F,) be an odd irreducible representation. Then p is
modular.

Remark 1.1.1.3. More precise versions give the weight and level of an associated modular form. This
conjecture was proven by Khare and Winterberger [KW09a] [KW09b).

Let K be a number field with absolute Galois group I'x. Next we define two notions necessary to state
the Fontaine-Mazur conjecture.

Definition 1.1.1.4. An irreducible representation of I' over Qp comes from geometry if it is isomorphic
to a sub-quotient of H (X7, Q,(r)) for some variety X over K and some r € Z.

Definition 1.1.1.5. A Galois representation p : I'x — G(Q,,) is geometric if it is unramified outside of a
finite set of places and is potentially semi-stable (equivalently, de Rham) at all places of K above p.

Conjecture 1.1.1.6 (Fontaine-Mazur Conjecture). Letp: 'y — GL,(Q,) be an irreducible representation.
It is geometric if and only if it comes from geometry.

When n = 2 and K = Q, any irreducible geometric representation that is not the Tate-twist of an even
representation factoring through a finite quotient of I'q is modular up to a Tate twist.



The full Fontaine-Mazur conjecture is an open problem, but the statement in the case that n = 2 and
K = Q follows from work of Kisin and Emerton [Kis09] [Emel1l].

Motivated by these conjectures, Ramakrishna developed a lifting technique that produces geometric
deformations.

Fact 1.1.1.7. Under certain technical conditions, if p: T'q — GL2(F,) is an odd irreducible representation
for which inertia at p acts as a fundamental character of level two, then there exists a geometric lift that is
crystalline at p.

This is the main theorem of [Ram02|, which further develops the lifting technique of [Ram99|. Given
this result, Serre’s conjecture is a consequence of the two-dimensional version of the Fontaine-Mazur conjec-
ture. Ramakrishna’s result was seen as good evidence for Serre’s conjecture before its proof by Khare and
Winterberger.

1.1.2 Geometric Lifts

We are interested in generalizations of Ramakrishna’s lifting result to reductive groups beyond GLo, in
particular symplectic and orthogonal groups. Generalizations of Serre’s conjecture have been proposed in
this setting, and most of the effort has been to find the correct generalization of the oddness condition
and the weight (see for example the discussion in [GHS15|, especially §2.1). The general flavor of these
generalizations is that an odd irreducible Galois representation will be automorphic in the sense that it
appears in the cohomology of an F,-local system on a Shimura variety. For a general reductive group,
there is no expectation that such representations will lift to characteristic zero. For example, as discussed
in [CHTO8, §1] the Taylor-Wiles method would work only if

K : Q] (dim G — dim B) = ¥ dim H(Gal(K, /K,), ad’(p)) (1.1.2.1)

v|oo

where B is a Borel subgroup of G and ad’ (p) is the adjoint representation of I'x on the Lie algebra of the
derived group of G. Only under such a “numerical coincidence” do we expect to obtain automorphy lifting
theorems, and hence expect geometric lifts. This coincidence cannot hold for GL,, when n > 2, but can hold
for G = GSp,,, and G = GO,,,, and for the group G, related to GL,, considered in [CHTOS].

We will define the notion of an odd Galois representations in for which holds. This will
imply that K is totally real and for each archimedean place v of K and any complex conjugation c¢,, the
invariant subspace of the action of 5(c,) on ad”(5) has “minimal” possible dimension (equal to dim G—dim B).
There are odd representations for symplectic and orthogonal groups, but no odd representations for GL,
when n > 2. Thus we can hope to construct geometric lifts of odd representations valued in GO,, or GSp,,.

Remark 1.1.2.1. Our argument naturally uses connected reductive groups, so there are issues when GO,
is disconnected. In the orthogonal case we work with representations valued in GO,, to avoid this issue,
although as discussed in Remark it is also possible to modify the argument to apply to some discon-
nected reductive groups.

Counsider the reductive O-group scheme G = GO, or G = GSp,, and a (continuous) residual representa-

tion p: 'k — G(k). In favorable circumstances, we will produce geometric lifts of p. The exact hypotheses
needed are somewhat complicated. We will state a simple version now, and defer a more detailed statement
to Theorem 2.5.3.41

Suppose that p is unramified in K and p > 16m. Let G’ be the derived group of G, and assume that
G'(k) C p(T'k). Furthermore suppose that p is odd as defined in At places v above p, assume that
Plry, is torsion crystalline with Hodge-Tate weights in an interval of length ”2;2, so it is Fontaine-Laffaille
(these notions will be reviewed in . Furthermore, suppose that for each Z,-embedding of O, in O,
the Fontaine-Laffaille weights for p|r . ~with respect to that embedding are pairwise distinct.

Let p : G — Gy, be the similitude character, and define v = pop : 'y — k*. Suppose there is a lift
v:T'g — W(k)* that is Fontaine-Laffaille at all places above p.

Theorem 1.1.2.2. Under these assumptions, there exists a geometric lift p : T — G(O) of p where O
is the ring of integers in a finite extension of Q, with residue field containing k such that pop = v. In



particular, p is ramified at finitely many places of K, and for every place v of K above p the representation
plry, is Fontaine-Laffaille and hence crystalline.

1.1.3 Relation to Previous Work

Ramakrishna developed his lifting technique when K = Q and G = GLy in [Ram99] and |[Ram02], and
produced geometric lifts. There have been various reformulations and generalizations of this that our results
build on. In particular, the formalism developed in |Tay03] (still in the case of GLg) suggested that it
should be possible to generalize the technique to algebraic groups beyonds GLo. Attempts were made
in [HamO08] and [Man09] to generalize the result to GL,, but ran into the obstruction that there were
no odd representations for n > 2. The results in [Ham08| simply assume the existence of liftable local
deformation conditions which probably do not exist, but do provide a nice model for the arguments in
Chapter [2] generalizing Ramakrishna’s method. In contrast, [Man09] constructs local deformation conditions
but does not aim to produce geometric lifts.

For groups beyond GL,,, [CHTO08| gave a lifting result for a group G, related to GL,, but which admits
odd representations. Studying the local deformation conditions for G,, reduced to studying representations
valued in GL,. At primes above p, [CHTO08] studied a deformation condition based on Fontaine-Laffaille
theory which is generalized in Chapter [3] The idea of doing so goes back to [Ram93]. (They also discussed
a deformation condition based on the notion of ordinary representations which is not used in their lifting
result). At primes not above p but where p is ramified, they defined a minimally ramified deformation
condition, which we generalize in Chapter |4} this generalization is non-obvious and is our main innovation.

Building on this, Patrikis’ unpublished undergraduate thesis [Pat06|] explored Ramakrishna’s method for
symplectic groups. In particular, it generalized Ramakrishna’s method to the group GSp,,, and generalized
the Fontaine-Laffaille deformation condition at p. It did not generalize the minimally ramified deformation
condition, so can only be applied to residual representations I'q — GSp,, (k) which are unramified away from
p, a stringent condition. Our results at p in Chapter [3] are a mild generalization of Patrikis’ study of the
Fontaine-Laffaille deformation condition.

More recently, Patrikis used Ramakrishna’s method to produce geometric representations with excep-
tional monodromy [Patl5]. This involves generalizing Ramakrishna’s method to any connected reductive
group G and then modifying the technique to deform a representation valued in the principal SLy C G
(coming from a modular form) to produce a geometric lift with Zariski-dense image. Chapter [2|is similar but
independent of Patrikis’ generalization of Ramakrishna’s method. Our extensive study of local deformations
conditions is not needed in [Pat15]: as the goal there is just to produce examples of geometric representations
with exceptional monodromy, he could avoid generalizing the minimally ramified deformation condition.

Remark 1.1.3.1. There is also a completely different technique to produce lifts based on automorphy lifting
theorems. For example, Khare and Winterberger use it in their proof of Serre’s conjecture: see [KW09b, §4]
especially the proof of Corollary 4.7. The finite generation needed in that argument comes from relating the
Galois deformation ring to a Hecke algebra.

1.2 Overview of the Proof

There are three main steps in the proof Theorem In Chapter [2] we generalize Ramakrishna’s method
to split connected reductive groups beyond GLs; this reduces the problem to defining appropriate liftable
local deformation conditions. The second step is carried out in Chapter [3] where at places above p we use
Fontaine-Laffaille theory to produce a liftable deformation condition. Finally in Chapter {4] we reformulate
and generalize a deformation condition at places above p studied in [CHTO8| §2.4.4] for GL,, to obtain a
liftable deformation condition for GSp,,, and GO,,.

1.2.1 Generalizing Ramakrishna’s Method

Looking at the reformulation of Ramakrishna’s method in [Tay03], it is not surprising that the method
generalizes to algebraic groups beyond GL5. It was generalized in [CHTO§| to the group

Gn = (GLn x GLy) % {1,j} where j(g,p)i " = (u(g™")", ).



We generalize the method to apply to any connected reductive group, although the method can only pro-
duce geometric lifts for groups for which there exist odd representations and for which we have nice local
deformation conditions. Stefan Patrikis independently carried out this generalization |[Pat15]. His results
on the formalism are similar, with some minor variation in the technical hypotheses, but don’t address local
deformation conditions we require in Chapter

Fix a prime p and finite field k of characteristic p. Let S be a finite set of places of a number field
containing the places above p and the archimedean places, and define I's to be the Galois group of the
maximal extension of K unramified outside of S. Consider a continuous representation p : I's — G(k) where
G is a split connected reductive group scheme over the ring of integers O in a p-adic field with maximal ideal
m whose residue field contains k. We assume that p is very good for G (Definition , so according to
Lemma the Lie algebra of the derived group of G is a direct summand of the Lie algebra of G: we
denote this summand with adjoint action of I'x by ad’ (p). The cohomology of this Galois module controls
the deformation theory of p.

The hope would be to use deformation theory of produce p,, : I's — G(O/m™) such that p; = p, p, lifts
pn—1 for n > 2, and such that p,, satisfies a deformation condition at places above p for which the inverse
limit

p=limp,: s — G(0)
restricted to the decomposition group I', would be a lattice in a de Rham (or crystalline) representation for
places v of K above p. This inverse limit would then be the desired geometric lift of p. Only after a careful
choice of local deformation conditions and enlarging the set S will this work. Furthermore, defining these
deformation conditions may require making an extension of k, which is harmless for our applications and is
why we only require that the residue field of O merely contains k.

Proposition shows a lifts exist subject to a global deformation condition Dg provided the dual
Selmer group H713 " (I's,ad’(p)*) vanishes. This Galois cohomology group is defined in , and encodes

information about all of the local deformation conditions imposed. When it vanishes, there exists a lift of
P 10 pry1 satisfying local deformation conditions for v € S provided there exists lifts of (p,,)|r, satisfying
the deformation condition for all v € S. This can be expressed as a local-to-global principle for lifting Galois
representations with an obstruction lying in the cohomology group H713 . (Tg,ad’(p)*).

Corollary [2.4.2.6] gives a deformation condition at places where p is unramified such that allowing p to
deform subject to this condition (i.e. enlarging S to contain such places and defining a new Dg) forces
H] (s, ad®(p)*) to be zero. We call this new deformation condition Ramakrishna’s deformation condition,

S

and study it in §2.4] The places of K at which we define this condition are found using the Chebotarev
density theorem: each additional place where we allow ramification subject to Ramakrishna’s deformation
condition decreases the dimension of the dual Selmer group. For such places to exist, we need non-zero
classes in certain cohomology groups, whose existence relies on the local deformation conditions satisfying

the tangent space inequality (2.2.2.2])

> dimL, > Y dim H(T',,ad’(p)),
vES veS

where L, is the tangent space of the local deformation condition at v. Furthermore, p needs to a “big”
representation in the sense of Definition [2:3.1.1] in order to define Ramakrishna’s deformation condition.

Being a big representation is a more precise set of technical conditions that are implied for large enough p
by the condition that G’(k) C p(T' k) appearing in Theorem [2.5.3.4L We discuss big representations in

Remark 1.2.1.1. Patrikis uses a different set of technical conditions on 5. He does not require that ad” ()
be an absolutely irreducible representation of 'k, but instead imposes several weaker conditions (conditions
(1), (5), and (6) of [Patl5, §5]).

For the tangent space inequality to hold, it is crucial that p be an odd representation. The deformation
conditions we will use at places v where 7 is ramified satisfy dim H%(T',,ad’(p)) = dim L,. Using the
Fontaine-Laffaille deformation condition at places above p, the tangent space inequality becomes

[K : Q)(dim G — dim B) > > h°(T,, ad’(p))

v|oo



where B is a Borel subgroup of G; this can only be satisfied if K is totally real and p is odd. Thus in order
to use the local-to-global principle, the residual representation must be odd and the deformation conditions
we use at places above p and places where p is ramified must be liftable.

Remark 1.2.1.2. In general, references for results about reductive group schemes over rings are to [Conl4],
which gives a self-contained development using more recent methods, even though the results are usually
also found in the earlier [SGA3|.

1.2.2 Fontaine-Laffaille Deformation Condition

Let K be a finite extension of Q,, and O be the ring of integers of a p-adic field L with residue field k£ such
that L splits K over Q,. (The latter is always possible after extending k.) Ramakrishna’s method requires
a deformation condition Dj for the residual representation p: I'x — G(k) such that:

o D5 is liftable;
e D; is large enough, in the precise sense that its tangent space has dimension
[K : Q,)(dim G — dim B) + dimy, H°(T' g, ad"(p))
where B is a Borel subgroup of G;
e D;(O) consists of certain lattices in crystalline representations.

We will construct such a condition using Fontaine-Laffaille theory.

Fontaine-Laffaille theory, introduced in |[FL82|, provides a way to describe torsion-crystalline represen-
tations in terms of semi-linear algebra when p is unramified in K. In particular, it provides an exact, fully
faithful functor T, from the category of filtered Dieudonné modules to the category of O[I'k]-modules
with continuous action (Fact , and describes the image. In [CHTO08, §2.4.1], it is used to define a
deformation condition for n-dimensional representations, where the allowable deformations of p are exactly
the deformations of the corresponding Fontaine-Laffaille module. This requires the technical assumption
that the representation p is torsion-crystalline with Hodge-Tate weights in an interval of length p — 2 and
furthermore that the Fontaine-Laffaille weights of » under each embedding of K into L are distinct (see
Remark [3.1.2.6)).

We will adapt these ideas to symplectic and orthogonal groups under the stronger assumption that the
Fontaine-Laffaille weights lie in an interval of length %. For symplectic groups and K = Q,, this was
addressed in Patrikis’s undergraduate thesis [Pat06]: Chapter |3|is a mild generalization. The key idea is
to introduce a symmetric or alternating pairing into the semi-linear algebra data. To do so, it is necessary
to use (at least implicitly via statements about duality) the fact that the functor Ti,s is compatible with
tensor products. This requires the stronger assumption that the Fontaine-Laffaille weights lie in an interval
of length %, which guarantees that the Fontaine-Laffaille weights of the tensor product lie in an interval
of length p — 2. Furthermore, it is crucial to use the covariant version of the Fontaine-Laffaille functor used
in [BK90| instead of the contravariant version studied in [FL82| in order for this compatibility with tensor
products to hold. For more details, see Given this, it is then reasonably straightforward to check
that Tiyis is compatible with duality and hence to translate the (perfect) alternating or symmetric pairing of
Galois representations into a (perfect) symmetric or alternating pairing of Fontaine-Laffaille modules.

For a coefficient ring R, define DE"(R) to be all representations p : I'x — G(R) lifting p and lying in the
essential image of T¢,is. To study this Fontaine-Laffaille deformation condition, it suffices to study Fontaine-
Laffaille modules. In particular, to show that the deformation condition is liftable (i.e. that it is always
possible to lift a deformation satisfying the condition through a square-zero extension), it suffices to show
that a Fontaine-Laffaille module with distinct Fontaine-Laffaille weights together with a perfect (symmetric
or skew-symmetric) pairing can always be lifted through a square zero extension. This is a complicated but
tractable problem in semi-linear algebra: Proposition [3.:2.2.1] shows this is always possible. It is relatively
simple to lift the underlying filtered module and the pairing, and requires more care to lift the semi-linear
maps ¢4, : M* — M. Likewise, to understand the tangent space of the deformation condition it suffices
to study deformations of the Fontaine-Laffaille module corresponding to p to the dual numbers. Again, the
most involved step is understanding possible lifts of the semi-linear maps after choosing a lift of the filtration
and the pairing.



Remark 1.2.2.1. The proof that DEL is liftable and the computation of the dimension of its tangent space
both use in an essential way the hypothesis that for each embedding of K into L the Fontaine-Laffaille
weights are pairwise distinct.

Remark 1.2.2.2. An alternative deformation condition to use at primes above p is a deformation condition
based on the concept of an ordinary representation. This is studied for any connected reductive group
in |Patl5| §4.1]. It is suitable for use in Ramakrishna’s method, and can give lifting results for a different
class of torsion-crystalline representations.

1.2.3 Minimally Ramified Deformation Condition

Let £ # p be primes, L be a finite extension of Qp, and k a finite field of characteristic p. For a split
connected reductive group G over the valuation ring O of a p-adic field K with residue field k, consider a
residual representation p : I'y, — G(k). Ramakrishna’s method requires a “nice” deformation condition for
p. If p were unramified, the unramified deformation condition would work. The interesting case is when p
is ramified: we would like to define a deformation condition of lifts which are “ramified no worse that p,” so
the resulting deformation condition is liftable despite the fact that the unrestricted deformation condition
for p may not be liftable. To be precise, we require a deformation condition D5 such that D5 is liftable and
whose tangent space has dimension (at least) dimy H(I'z, ad’(p)).

In the case that G = GL,, the minimally ramified deformation condition defined in [CHTO08, §2.4.4]
works. We will generalize this to a minimally ramified deformation condition for symplectic and orthogonal
groups when p > n. Attempting to generalize the argument of [CHTO8| §2.4.4] to groups besides GL,, leads
to a deformation condition based on parabolics which is not liftable. Instead, inspired by the arguments
of [Tay08, §3] we define a deformation condition for symplectic and orthogonal groups based on deformations
of a nilpotent element of g, = Lie Gj.

Let us first review the minimally ramified deformation condition introduced for GL,, in [CHTO08| §2.4.4].
The first step is to reduce to studying certain tamely ramified representations. Recall that '}, the Galois
group of the maximal tamely ramified extension of L, is isomorphic to the semi-direct product

7 x H Z,
p'#L

where Z is generated by a Frobenius ¢ for L and the conjugation action by ¢ on each Z, is given by the
Q’ -adic cyclotomic character. We consider tamely ramified representations which factor through the quotient
Z x Z, (recall p # ¢). Picking a topological generator 7 for Z,, the action is explicitly given by

¢To~! =qr

where ¢ is the size of the residue field of L. Note ¢ is a power of £, so it is relatively prime to p. Arguments
in [CHTO08] reduce the lifting problem to studying representations of the group T, := Z x Z,,. This reduction
generalizes without surprises to symplectic and orthogonal groups.

The second step is to specify when a lift of p: T, — GL,, (k) is “ramified no worse than p”. For suitable
“coefficient rings” R, a deformation p : T, — GL,(R) is minimally ramified according to [CHT08] when the
natural k-linear map

ker ((p(1) — 1,)") ®g k — ker ((p(1) — 1,)") (1.2.3.1)
is an isomorphism for all 7. The deformation condition is analyzed as follows:
e defining V; = ker ((p(7) — 1,)") gives a flag
ocVv,cV,_ycC...cViCk™

This flag determines a parabolic k-subgroup P C GL, (points which preserve the flag) such that
p(7) € (RuP)(k) and p() € P(k);



e lift P to a parabolic subgroup P of GL,,. The deformation functor of such lifts is formally smooth, and
for any minimally ramified deformation p over R there is a choice of such P for which p(7) € (R, P)(R)
and p(¢) € P(R). Conversely, any p with this property is minimally ramified;

e Finally, for the standard block-upper-triangular choice of P, one shows the deformation functor
{(T,®): T € R,P,® € P,OTd " =TT = p(7), & = p(6))}

is formally smooth by building the universal lift over a power series ring: this uses explicit calculations
with block-upper-triangular matrices.

To generalize beyond GL;,, we need to replace (1.2.3.1) with a more group-theoretic criterion. The naive
generalization is to associate a parabolic P to p and then use the following definition.

Definition 1.2.3.1. For a “coefficient ring” R, say alift p : T, — G(R) is ramified with respect to P provided
that there exists a parabolic R-subgroup P C G lifting P such that p(7) € (R, P)(R) and p(¢) € P(R).

This idea does not work. Let us focus on the symplectic case to illustrate what goes wrong.

The first problem is to associate a parabolic subgroup to p. Recall that parabolic subgroups of a symplectic
group correspond to isotropic flags 0 C V; C ... C V., C V.t C ... C V& C k?". There is no reason that the
flag determined by is isotropic, so we would need some other method of producing a parabolic P
such that p(7) € (R,P)(k). In [BT71], Borel and Tits give a natural way to associate to the unipotent 5(7)
a smooth connected unipotent k-subgroup of G. The normalizer of this subgroup is always parabolic and
so gives a candidate for P. However, working out examples in GL,, for small n shows that this produces a
different parabolic than the one determined by . This raises the natural question of how sensitive
the smoothness of the deformation condition is to the choice of parabolic.

This leads to the second, larger problem: there are examples such that for every parabolic P satisfying
p(1) € (RuP)(k), not all deformations ramified with respect to P are liftable.

Example 1.2.3.2. Take L = Qa9 and k = F,. Consider the representation p : Thy =~ 7 x Z; — GSp,(F7)
defined by

1010 1 -1 .0 0
_ 010 0 _ 0 1 00
P=10 01 of 2 P@=1y o 1 ¢

000 1 0 0 1 1

The deformation condition of lifts ramified relative to any parabolic of GSp, whose unipotent radical contains
p(7) is not liftable: there are lifts to the dual numbers that do not lift to F7[e]/(e?). This is easy to check
with a computer algebra system such as [SAGE], since the existence of lifts can be reduced to a problem in
linear algebra.

This latter problem is a general phenomenon, which we will explain conceptually in terms of algebraic
geometry in §4.4.3]

The correct approach is to define a lift p : T; = G(R) to be minimally ramified if p(7) has “the same
unipotent structure” as p(7). It is more convenient to work with nilpotent elements, using the exponential
and logarithm maps (defined for nilpotent and unipotent elements since p > n). We wish to study lifts of
the nilpotent N = log(p(7)) to N € g that “remain nilpotent of the same nilpotent type as N”.

In Chapter [l we make this notion of “same nilpotent type” rigorous for classical groups. There are
combinatorial parametrization of nilpotent orbits of algebraic groups over an algebraically closed field, for
example in terms of partitions or root data, which make precise the notion that the values of N € go in the
special and generic fiber lie in the “same” nilpotent orbit. For each nilpotent orbit o (classified by purely
combinatorial data, without reference to the field), pick an element N, € go with this property lifting
N € gp. For a coefficient ring R, we define the “pure nilpotents” lifting N to be the @(R)—conjugates of N,.

Example 1.2.3.3. For example, let G = GL3 and
0 10
N=1]0 0 0
0 00
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Consider the lifts
01 0 01 0
Ni=|0 0 0)Je€g and No=1[0 0 p| €g.
0 0O 0 0 O

Both are nilpotent under the embedding of O into its fraction field K. The images of Ny in gx and gx both
lie in the nilpotent orbit corresponding to the partition 2 + 1, so N; is an example of the type of nilpotent
lift we want to consider. On the other hand, the image of Nz in gk lies in the nilpotent orbit corresponding
to the partition 3, so we do not want to use it. The pure nilpotents lifting N are G(R)-conjugates of Nj.

We then define a lift p : T, — G(R) to be minimally ramified provided p(7) is the exponential of a
pure nilpotent lifting logp(7) = N. In we show that this deformation condition is liftable. The main
technical fact needed to analyze this deformation condition is that the scheme-theoretic centralizer Zg(Ny)
is smooth over O for N, as above. The smoothness of such centralizers over algebraically closed fields is
well-understood, and in we study Zg(N,) and show that Zg(N,) is flat over O and hence smooth:
Lemma gives a criterion for flatness that is easy to verify for classical groups which suffices for our
applications; there are difficulties beyond the classical case due the structure of mo(Zg(N,)z) in general.

Remark 1.2.3.4. Tt is a fortuitous coincidence (for [CHTO§|) that for GL,, the lifts minimally ramified in
the preceding sense are exactly the lifts ramified with respect to a parabolic subgroup of G. This rests on
the fact that all nilpotent orbits of GL,, are Richardson orbits (see §4.4.3|for details).
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Chapter 2

Producing Geometric Deformations

In this chapter, we prove a generalization of Ramakrishna’s lifting technique that applies to a wide class
of reductive Chevalley groups G (Theorem [2.5.3.4). The key result is Proposition a local-to-global
principle for lifting Galois representations: under appropriate conditions, for a finite field £ and a number
field K with absolute Galois group I'k it is possible to lift a global representation p : I'x — G(R/I) through
a square zero extension R — R/I provided it is possible to lift the local representations p|r, for v in a
specific (finite) set of places. This reduces the problem to studying local Galois deformation rings, which we
do in subsequent chapters.

This technique was first used in |[Ram99] and [Ram02] to produce geometric deformations for two-
dimensional representations. The method for GLy, was axiomatized by Taylor [Tay03|, making it easier
to generalize to other groups. We will generalize the technique to apply to any split connected reductive
group, given as input local deformation conditions satisfying certain axioms; instances of such conditions
are defined and studied in later chapters for symplectic and orthogonal groups. Patrikis has independently
generalized this lifting technique |[Pat15, Theorem 6.4]. The approach is the same, but he relies on different
local deformation conditions.

Some background material about algebraic groups is reviewed in in particular the notion of a
very good prime and some facts about finite groups of Lie type. In we review background on Galois
cohomology and the deformation theory of Galois representations. Next in we discuss a technical
condition, bigness, on the residual representation necessary for the method to work, and show that if the
image of p contains the k-points of the derived group then these conditions hold provided the characteristic
of k is large enough relative to the Coxeter number of (the root system of) G. We construct an auxiliary local
condition that Ramakrishna’s method needs in Finally in we generalize Ramakrishna’s method,
providing a local to global principle after allowing the representation to ramify at finitely many additional
places of K subject to this auxiliary condition.

2.1 Preliminaries about Algebraic Groups

This section collects some results about algebraic groups. In particular, we review the notion of a very good
prime and we give a few results about finite groups of Lie type.

2.1.1 Good and Very Good Primes

Let p be a prime, ® a reduced and irreducible root system, and P = (Z®")* the weight lattice for . Suppose
G is a connected reductive group over a field k.

Definition 2.1.1.1. The prime p is good for ® provided that Z®/Zd’ is p-torsion free for all subsets &’ C P.
A good prime is very good provided that P/Z®’ is p-torsion free for all subsets ® C ®. A prime is bad if it
is not good.

Likewise, we say a prime p is good (or very good) for a general reduced root system if it is good (or very
good) for each irreducible component. A prime p is good (or very good) for G provided it is good (or very
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good) for the root system of Gy.
Let {a1,...,a,} be a basis of positive roots for ®. Let ). m;a; be the highest root.

Fact 2.1.1.2. The prime p is bad for ® if and only if there is an i with p|m;.
This is [SS70, §1.4.3].
Example 2.1.1.3. Using the characterization in terms of the highest root, we obtain:
e For type A,, (n > 1), all primes are good.
e For types B, (n >2), C, (n >2), or D, (n>4), pis good if and only if p # 2.
e For types Eg, Fr, Fy or Ga, p is good if and only if p # 2, 3.
e For type Fg, p is good if and only if p # 2,3, 5.
Furthermore, p is very good if and only if p is good and moreover p{n + 1 when & is of type A, due to:
Lemma 2.1.1.4. The prime p is very good for ® if and only if p is good for ® and p { #m1(P).
Proof. For a subset ® C ®, consider the exact sequence

Ze — b — b —0

VA Y A A '
The right term is the definition of 71 (®). The middle term is p-torsion free if the left and right terms are,
proving the “only if” statement. Conversely, if p is very good (the middle term is p-torsion free) by choosing
D' = & we get p 1t #m (D). O

0—

We record some consequences of p being a very good prime. Let G’ be the derived group of G, g = Lie G,
and g’ = Lie G’. Denote the center of G by Zg. Suppose that G is k-split.

Lemma 2.1.1.5. If p is very good for G, the order of the fundamental group of G' and the order of the center
of G' are prime to p. Furthermore, any central isogeny H — G’ or G’ — H for a connected semisimple
k-group H induces an isomorphism on Lie algebras.

Proof. As p is very good, the central isogeny from the simply connected cover of G’ to the adjoint quotient
of G’ has order prime to p: the degree is the size of the fundamental group of the root system. Thus the
kernel of a central isogeny between G’ and H has order to prime to p, so it is étale and its Lie algebra is
Z€ro. O

Lemma 2.1.1.6. Let p be very good for G. Then Lie(Z¢g) is the center 34 of g and moreover g =34 ® g'.

Proof. Consider the adjoint map Adg : G — GL(g). Its scheme theoretic kernel is Z¢g, so the kernel of
Lie(Ady) : g — gl(g) is Lie Zg. But Lie(Adg) = ady, the kernel of which is 4. As p is very good, the Lie
algebra g’ maps isomorphically to the Lie algebra of the adjoint quotient G/Zs by Lemma This
gives the decomposition. O

2.1.2 Finite Groups of Lie Type

Now suppose k is finite, with ¢ = #k. Continue to assume the characteristic p of k is very good for G. We
record a couple of classical facts from the theory of finite groups of Lie type.

Lemma 2.1.2.1. If G is a split, absolutely simple, connected semisimple group over k, g = LieG is an
absolutely irreducible G(k)-module provided that ¢ > 3.

Proof. The adjoint representation Adg : G, — GL(g) is an absolutely irreducible representation of algebraic
groups as p is very good [MT11, Theorem 15.20]. Its highest weight is the highest root A = >, m;a;. If
(A, @) < ¢ for all o, then the adjoint representation will be absolutely irreducible as a G(k)-module; this
was originally proven in [Ste63], with a modern proof in [Hum06) §2.12]. The value of (A, o)) can be read off
from the affine Dynkin diagram of the root system, as the additional node is the lowest root. In particular,
it is at most 3. O

13



Lemma 2.1.2.2. Suppose that q > 3. Let G be a split connected semsimple group over k with simply
connected central cover : G — G. Then [G(k),G(k)] = n(G(k)).

Proof. Consider the exact sequence
1 — (kerm)(k) — G'(k) — G'(k) — H"(k,ker )

(using fppf H'). We know that 67'7(16) is perfect: G is a product of absolutely simple semisimple simply
connected groups, and the k-points of all such groups, with a few exceptions ruled out by the assumption g >
3, are perfect [MT11, Theorem 24.11]. Thus n(G'(k)) C [G'(k),G'(k)]. As G'(k)/7(G'(k)) C H(k,kerT) is
abelian, we conclude that 7(G'(k)) = [G'(k), G’ (k)]. O
Remark 2.1.2.3. While G is always perfect as an algebraic group, G(k) need not be perfect. For example,

consider G = PGL,,, which is perfect as an algebraic group. One can calculate that [PGL,, (k), PGL, (k)] ~
SL,,(k)/pn (k) which has index ged(n,q — 1) in PGL,, (k).

Now we record and slightly generalize some results about the group cohomology from [CPST75| for G a
split connected semisimple group over k.

Proposition 2.1.2.4. If p # 2 is very good for G and q # 2,3,4,5,9 then H'(G(k),g) = 0.

Before we prove this result, we need some preparation. Let A be a set of positive simple roots corre-
sponding to a Borel B C G containing a split maximal torus 7. Denote the unipotent radical of B by U.
Consider V = g as a representation of G(k). Roots a € ®(G,T) give homomorphisms ay, : T'(k) — k. We
say that two roots a and 8 are equivalent over k if ker o, = ker ;.. We say that « is equivalent over k to 0
if A — 1.

Remark 2.1.2.5. This notion is called “Galois equivalence” in [CPS75]. When g # 2 (so k* # 1), such
equivalences occur only for roots in a common irreducible component of ®(G,T'), or between a root and zero,
and occur only over small fields [CPS75, Proposition 3.3]: none are possible when ¢ # 2,3,4,5,9.

For the rest of §2.1.2] we assume that p and ¢ = #k are as in Proposition [2.1.2.4
Lemma 2.1.2.6. We have VE®) =0,

Proof. As the characteristic is very good, it suffices to prove this for the simply connected central cover
7 : G — G: the Lie algebra is unchanged, and 7~!(B) is a Borel subgroup of G containing a split maximal
torus 7~ 1(T). As G is now simply connected, t := Lie T' decomposes as

t:@tav

aEA

where t,v is the coroot line associated to the simple coroot aV. As q # 2,3, oy, : T(k) — k> is non-trivial
for every root a by |CPST75, Proposition 3.1]. Hence VTH) ¢, s0 VBKR ¢
Let to = da¥ (27 10,|.—1) be the standard basis vector for t,v. Consider an element v € t fixed by B(k),
and decompose it as
v = Z Vata

aEA

with v, € k. For § € A, fix an isomorphism ug : G, ~ Ug 50 eg = dug(0y|y=0). For u=ug(1l) € Us(k), we

wish to calculate
Ad(u)(v) = Y vq ad(uw)ta.
a€EA

We calculate that for z € G,,,
ua’ (2)u™t = a¥(z) (¥ (2) tug(1)a¥ (2)) ug(1) ™

oY (2)ug (sz’o‘v> - 1) .
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Thus we obtain
Ad(u)ty =to — (B,aY) - ep.

Applying > oA va(-) to both sides gives

Ad(u)v =v — (Z Vo {0, av>’ua> eg.

aEA

If v is fixed by Ug(k), hence by u = ug(1), it follows that

Z va(B,aY) =0

acA

since ez € g is non-zero. If this holds for all 3 € A, then the A-tuple (v,) € k2 is in the kernel of the
Cartan matrix over k. But the Cartan matrix is invertible over k as the determinant is a unit in very good
characteristic. (This can be verified by inspecting tables of root systems.) Hence VE*) = 0. O

Now we prove Proposition|2.1.2.4] In the case that G is simply connected, we may apply [CPS75| Corollary
2.9]: for the adjoint representation V' = g of G(k), letting V]a] denote the weight space for ay, it states

dimy, HY(G(k),V) = (Z dimy, V[a]) — dimy, V[0],

a€A

as there are no equivalences between distinct roots, nor between roots and 0, because of the restrictions on
q. The weight space for « € A (as representations of T'(k)) is therefore the a-root line. Since #A = dimT
and Lie T = V[0], we obtain that H'(G(k),g) = 0.

For general G, let 7 : G — G be the simply connected central cover of G. The central k-subgroup scheme
ker 7 is finite, of order prime to p as p is very good, and dr : Lie G — g is an isomorphism. One instance of
the inflation-restriction sequence reads

0— HY(n(G(k)), g) — H'(G(k),g)

As the final term is 0, so is the middle term. Now 7(G(k)) has index prime to p in G(k) as the index divides
#H'(k,ker o), so the composition

corores : HY(G(k),g) — H*(G(k), g)

is an isomorphism. Since H(7(G(k)),g) = 0, it follows that H'(G(k),g) = 0 as desired. This completes the
proof of Proposition [2.1.2.4 O

2.2 Review of Galois Cohomology and Deformations

2.2.1 Results about Galois Cohomology

Let K, be a p-adic field with normalized valuation v and absolute Galois group I'k,, and let V' be a finite
discrete I'fr,-module.. Let jio, denote the Galois module of roots of unity in K,. Define the (Cartier) dual
of V to be
V* := Homz(V, pioo)-

As a Galois representation it is a Tate twist of the Q/Z dual of V. There is a natural evaluation pairing
VoV = s as I'k,-modules. We recall some standard facts about Galois cohomology for local and
global fields (found for example in [NSW08, Chapter VII, VII]). Let HY(K,,V) := H'('x,, V) be the ith
(continuous) Galois cohomology group.

Fact 2.2.1.1 (Local Tate Duality). Fori=0,1,2 the cup product gives a non-degenerate pairing

HY(K,,V) x H* 7 (K,,V*) = H*(K,, jiso) ~ Q/Z.
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Fact 2.2.1.2 (Local Euler-Poincaré Characteristic). Let N = ||[#V|, (the normalized absolute value, or
equivalently the index of (#V)Ok, in Ok, ). Then
SHOK, V) #HA(K, V) 1
#H'(Ky, V) N

Let I, be the inertia subgroup of I'k, .
Definition 2.2.1.3. The unramified ith cohomology of V is the group

H!(K,,V):=image (H' Tk, /Ix,, V'*) = H'(K,,V)).
Fact 2.2.1.4. We have H..(K,,V) =ker (H'(K,,V) — H'(Ig,,V)) and #H}.(K,,V) = #H°(K,,V).

Now let K be a number field with absolute Galois group 'k, and let S be a finite set of places of K
containing the archimedean places. Let Kg be the maximal extension of K unramified outside of S and
I's = Gal(Kg/K). If v is a place of K, denote the decomposition group at v in ' by T',, (well-defined up
to conjugation); here we allow v|oo. For a finite discrete I's-module W and v € S, there is a restriction map
res, : H{(I's, W) — H(K,,W) where H'(K,,W) := H (T,,, W).

Definition 2.2.1.5. For a place v € S (allowing v|oo), a local condition N for W at v is a subgroup of
HY(K,,W). A global condition Ng for W is a collection of local conditions N,, one for each v € S. The
generalized Selmer group for W with respect to Ng is

Hy (Ts,W) :={z € H'(I's, W)|res, (z) € N, for allv € S}.

Given a local condition N at non-archimedean v, one can define a dual local condition N* ¢ H'(K,, W*):
it is the exact annihilator of N via Tate local duality. There is also a version for achimedean places [NSWO08|,
Theorem 7.2.17]. Then one defines a dual global condition Nz to be the collection {N;-} for places v of S.

Remark 2.2.1.6. Let W be a finite discrete I'g-module that is unramified outside of S. We often think
of a global condition as being a collection of local conditions for every place of K, where for v ¢ S the
deformation condition is the unramified condition H} (K,, W). This allows us to work with I instead of
I's, which will be convenient when we want to enlarge S later. If the global condition Ng is the unramified
condition outside of S, we will write

Hy (K, W) :={z € H'(K,W)|res,(z) € N, for allv}.
Unwinding definitions, it follows from Fact 2:2.1.4] that
Hy, (Ts, W) = Hy (K, W).

This convention behaves well with respect to the notion of dual global conditions because when v { co
and #W is a v-unit (as holds for all but finitely many v), the groups H} (T, W) and H} (T',, W*) are exact
annihilators under the Tate-local duality pairing.

The generalized Selmer groups as in Definition fit into a long exact sequence, known as the
Poitou-Tate exact sequence. For us, the relevant part is the following five term sequence.

Fact 2.2.1.7 (Modified Poitou-Tate Exact Sequence). If #W is an S-unit, there is an exact sequence
H'(T's,W) — P H' (K,,, W)/N, — Hy (K,W*)Y — H*(Ts,W) = P H* (K, W).
veS vES
This gives the following equality due to Wiles [NSWO08|, Theorem 8.7.9]:

#Hy (K, W) #HO(
#HY (KW~ #H K W* H L HO KU,W)

(2.2.1.1)

Note that #N, = #H°(K,,W) for the unramified condition at v € S by Fact [2.2.1.4] so the product is
insensitive to enlarging S provided the additional local conditions are the unramified condition.
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2.2.2 Deformations of (Galois Representations

Next we recall some facts about the deformation theory for Galois representations: a basic reference is
[Maz97|, with the extension to algebraic groups beyond GL,, discussed in [Til96].

Let k be a finite field of characteristic p, and consider the category of complete local Noetherian rings
with residue field k, where morphisms are local homomorphisms that induce the identity map on k. Objects
of this category are called coefficient rings. For a coefficient ring O, a coefficient O-algebra is a coefficient
ring which is a O-algebra such that the structure morphism is a map of coefficient rings. Denote the category
of coefficient 0-algebras by Co, and the full subcategory of Artinian coefficient O-algebras by C». Note that
all coefficient rings are coefficient W (k)-algebras.

Definition 2.2.2.1. A small surjection of coefficient O-algebras f : A; — Ag is a surjection such that
ker(f) -my, =0.

Let I" be a pro-finite group satisfying the following finiteness property: for every open subgroup I'g C T,
there are only finitely many continuous homomorphisms from T’y to Z/pZ. This is true for the absolute
Galois group of a local field and for the Galois group of the maximal extension of a number field unramified
outside a finite set of places.

Consider a reductive group scheme G (with connected fibers) over a coefficient ring O with derived group
G’ whose center is smooth over . Assume that p is very good for Gy (in the sense of Definition .
For A € 5@, define

~

G(A) :=ker(G(A) — G(k))
We are interested in deforming a fixed p: I' — G(k). Let g = LieG and g’ = Lie G’.

e Let f: Ay — Ap be a morphism in CAO and pg : I' = G(Ap) a continuous homomorphism. A lift of pg
to A; is a continuous homomorphism p; : I' = G(A;) such that the following diagram commutes:

P1

N

G(Ao)

Define the functor Dgo : CAo — Sets by sending a coefficient O-algebra A to the set of lifts of p to A.

e With the notation as before, two lifts p and p’ of p to A; € Co are strictly equivalent if they are
conjugate by an element of G(A;). A deformation of py to A; is a strict equivalence class of lifts.
Define the functor D o : Co — Sets by sending a coefficient O-algebra A to the set of deformations
of p to A.

We will drop the subscript O when it is clear from context.
Fact 2.2.2.2. The functor Dgo is representable. When gt = Lie(Zg )k, the functor D; o is representable.
Remark 2.2.2.3. The first part is simple, the second is a reformulation of |Til96, Theorem 3.3].

The representing objects are denoted R%fo and (when it exists) Rz 0. While we usually care about
deformations, it is technically easier to work with lifts.

Example 2.2.2.4. For G = GL,,, a homomorphism p : I' = G(A) is the data of an A[[']-module which is a
free A-module of rank n (on which the I' action is continuous) together with a basis. Deformations forget
the basis. The deformation functor is representable, for example, when p is absolutely irreducible, as by
Schur’s lemma only scalar matrices commute with p.

This deformation theory is controlled by Galois cohomology. Let ad(p) denote the representation of ' on
g5, via the adjoint representation. We also consider the representation ad’ (p) of T on g},. By Corollary 2.1.1.6L
as p is very good g = g}, ® 34, Where 34 is the Lie algebra of Zg. The condition in Fact [2.2.2.2]is just that
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HO(T,ad(p)) = 34, or equivalently that H°(T',ad’(p)) = 0. In general, since p is very good the natural map
HY(T,ad’(p)) — HY(T,ad(p)) is injective for all i; we often use this without comment.

The degree-1 Galois cohomology groups are related to tangent spaces. When D5 o is representable, the
tangent space to R; o can be identified with D5 o(k[e]/€?). The latter makes sense even when D5 o is not
representable. The tangent spaces can be analyzed by the first order exponential map [Til96} §3.5]. For a
smooth O-group scheme G, and a small surjection f : A — A/I of coefficient rings (I - my = 0), smoothness
gives an isomorphism

exp: g @ I ~ ker(G(A) — G(A/I)) = ker(G(A) — G(A/I)).

Definition 2.2.2.5. For a smooth O-group scheme G, and a small surjection f : A — A/I of coefficient
rings (I - m4 = 0), the exponential map is the induced map

exp:g®r I — a(A)
This is functorial in the O-group G.

The tangent space of Dj ¢ is identified with H*(T',ad(p)). Under this isomorphism, the cohomology class
of a 1-cocycle 7 corresponds to the lift p(g) = exp(er(g))p(g)-

Remark 2.2.2.6. For the framed deformation ring REO, the tangent space is identified with the k-vector
space Z}(T',ad(p)) of (continuous) 1-cocycles of I' valued in ad(p). We also observe that

dimy Z*(T, ad(p)) — dimy HY(I",ad(p)) = dimy, B*(T, ad(p)) = dimy, g — dimy H°(T, ad(7))

since the space of coboundaries admits a surjection from ad(p) with kernel ad(p)'. This will be useful when
comparing dimensions of framed and unframed deformation rings that are smooth.

We will want to studying special classes of deformations. We work with the category Co of Artinian
coefficient rings.

Definition 2.2.2.7. A lifting condition is a sub-functor D= C D, : Co — Sets such that:

1. For any coefficient ring A, DY(A) is closed under strict equivalence.

2. Given a Cartesian diagram in Cp
A1 X Ao AQ L} AQ

[« ]
A —— A

and p € Dgo(Al X a4, A2), we have p € DY (A; x4, As) if and only if DY(m) o p € DY(A;) and
DD(’]TQ) opeE DD(AQ)

As it is closed under strict equivalence, we naturally obtain a deformation condition, a sub-functor D C D5 0.

By Schlessinger’s criterion [Sch68, Theorem 2.11] being a lifting condition is equivalent to the functor pUY
being pro-representable. (This is easy to check using that DY is a subfunctor of a representable functor.)
Likewise, the deformation condition D associated to a lifting condition DZ is pro-representable provided
that Dﬁ,o is.

Remark 2.2.2.8. To apply Schlessinger’s criterion, we use the category Co of Artinian coefficient rings.
Often the functor D could equally well be defined on the larger category Co. Alternately, we can try to
extend the functor D to Co by the definition D(A) = @D(A/mﬁ). It is sometimes subtle to check that this
latter definition has an “expected” concrete meaning. For example, consider the case of torsion-crystalline
representations: the fact that the inverse limit of torsion crystalline representations is actually a subquotient
of a lattice in a crystalline representation was a conjecture of Fontaine proved by Liu [Liu07].
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The tangent space of a deformation condition D is a k-subspace of H!(T',ad(p)), and will be denoted by
H3 (T, ad(p)). For a small surjection A; — Ay and p € D(Ay), the set of deformations of p to A; subject to
D is a H5 (T, ad(p))-torsor. This torsor-structure is compatible with the action of the unrestricted tangent
space to Dz on the space of all deformations of p to A;.

Example 2.2.2.9. Let G’ be the derived group of G. The most basic examples of deformation conditions
are the conditions imposed by fixing the lift of the homomorphism I' — (G/G’)(k). To be precise, for the
quotient map p: G = G/G' =: S, afixed v : T' = S(O) lifting pop, and A € Co with structure morphism
1: O — A, we define a deformation condition Dy C D5 by

D,(A) ={p e Ds(A)T = G(A) : paop=r1r0va}.

One checks this is a deformation condition. Its tangent space is H 1(1",ad0(ﬁ)) since p is very good. We
define D%’ similarly. We will use without comment that (G/G’)(A) = G(A)/G'(A) due to Lang’s theorem
since k is finite and G’ is smooth over O with G connected.

Another important easy example is the unramified deformation condition for any non-archimedean place
v where p is unramified: this consists of lifts that are unramified (respectively, also with a specified choice
of v). The tangent space is H} (T',,ad(p)) (respectively H} (T',,ad’(p))).

For a small surjection of coefficient O-algebras f : Ay — Ag with kernel I, by using continuous cocycles
we can define an obstruction ob py € H*(T',ad(p)) ® I to lifting.

Fact 2.2.2.10. The representation pg lifts to Ay if and only if obpy = 0. When a lift exists, the set of lifts
of po is naturally an H'(T,ad(p)) ® I-torsor.

Definition 2.2.2.11. A deformation condition D is locally liftable (over O) if for all small surjections
f: Ay — Ay of coefficient O-algebras the natural map

D(f) : D(A1) — D(Ao)
is surjective.

This holds, for example, if H?(T',ad(p)) = 0. A geometric way to check local liftability is to show that
the corresponding deformation ring (when it exists) is smooth. Obviously it suffices to check liftability for
lifts instead of deformations, so we can work with the framed deformation ring and avoid representability
issues for Dj.

Example 2.2.2.12. The unramified deformation condition is liftable: an unramified lift is completely
determined by the image of Frobenius in G(4p), and G is smooth over O.

When attempting to lift with a fixed lift v of I' — (G/G")(k), the obstruction cocycle will lie in the group
H?(T',ad’(p)). To see this, recall that the obstruction cocycle is defined by picking a set theoretic lift p;
of a given py : T'x — G(Ap): the 2-cocycle records the failure of p; to be a homomorphism. By choosing
the continuous set-theoretic lift 'y — G (A7) so that Tk — (G/G")(Ap) agrees with v (as we may easily do
since ker pp is open in '), the obstruction cocycle clearly takes values in ad” (p).

We now consider global deformation conditions. Let K be a number field, S a finite set of places of K
that contains all the places of K at which p are ramified and all archimedean places. As before, let I'g be the
Galois group of the maximal extension of K unramified outside of S and 'y be the absolute Galois group
of K.

Definition 2.2.2.13. A global deformation condition Dg for p : T's — G(k) is a collection of local deforma-
tion conditions {D, },es for p|r,. We say it is locally liftable (over O) if each D, is locally liftable (over O).
A global deformation of p: T's — G(k) subject to Dg is a deformation p : I's — G(A) such that p|p, € D,(A)
forallv e S.

Remark 2.2.2.14. Equivalently, a global deformation condition consists of a collection of local deformation
conditions for every place of K such that D, is the unramified condition for v ¢ S, in which case we may
work in terms of deformations of 5: I'x — G(k).
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For v € S, let L, denote the tangent space of the local deformation condition D,. A global deformation
condition gives a generalized Selmer group. We will be mainly interested in the dual Selmer group

Hé§ (Ts,ad(p)*) = {x € H'(T's,ad(p)*) : res,(z) € L} for allv € S}. (2.2.2.1)

For Ramakrishna’s method to work, it is crucial that the local tangent spaces be large enough relative
to the local invariants. We say that a global deformation condition satisfies the tangent space inequality if

> dimL, > dim H(T',,ad’(p)). (2.2.2.2)
veS veS

Remark 2.2.2.15. For later use, we define h! := dimy H*(T,,ad’(p)) and k" := dimy, H* (', ad’(5)*).

2.3 Big Representations

Let O be the ring of integers in a p-adic field with residue field k, and let ¢ = #k. Consider a split connected
reductive group scheme G over O, with derived group G’, and define g and g’ to be the Lie algebras of G
and G’ respectively. Fix a split maximal O-torus T of G. Let K be a number field and x denote the p-adic
cyclotomic character x : I'x — Z, with reduction X : ' — F.

2.3.1 Big Representations

The natural class of representations p : 'k — G(k) to which Ramakrishna’s method will apply are those
which satisfy the following conditions:

Definition 2.3.1.1. A big representation p : T'x — G(k) is a continuous homomorphism such that
(i) ad®(p) is an absolutely irreducible representation of I'x;

(ii) letting K (ado (p)) (respectively K (ad0 (P)*)) denote the fixed field of the kernel of the action of I'x on
ad’(p) (respectively on ad”(p)*), we have

H'(Gal(K (ad(9)) /K), ad’(p)) =0 and  H'(Gal(K (ad’(p)")/K), ad’(p)") = 0;

(iii) there exists v € I'k such that p(y) is regular semisimple with associated maximal torus Zg, (p(7))°
equal to the split maximal torus Ty, and for which there is a unique root o € ®(G,T) satistying
a(p(y)) = x(y) # 1. (If dim T = 1, we furthermore require that X(7)* # 1. This is used only in the
proof of Lemma [2.4.2.3]in cases with G of rank 1.)

Remark 2.3.1.2. In note that a(p(7y)) makes sense because p(7y) € T'(k), as any semisimple element
g € G(k) satisfies g € Zg, (9)°.

Remark 2.3.1.3. Note that if we extend k the representation remains big: extending the field does not
change the cohomological vanishing results in the second condition, and the first and third are unaffected
by the extension.

Our goal is to prove a sufficient, easy-to-check condition for a representation to be big. A version of this
argument goes back to [Ram99], and is similar to the independently-worked-out arguments in [Pat15] §6].
The main assumptions which will imply bigness are that the image of p contains G’ (k) and the representation
ad’(p) is absolutely irreducible. For this to work, we will need the following additional assumptions (easily
checkable in practice):

(L1) pis a very good prime for G, ¢ # 2,3,4,5,9, and Q({,) N K =Q (so [K(¢) : K] =p—1);
(L2) K(ad"(p)) does not contain ¢, (in particular, the cyclic group X(T'k (aaoz))) C F, has order d > 1);

(L3) there exists a regular semisimple element g € [G'(k), G'(k)] C G'(k) with Zg, (9) = Tk, and a non-
trivial element x € X(I' x(ad0(5))) C F, such that there is a unique root a € ®(G,T') for which a(g) = =.
(If dim T = 1, we furthermore require that x(g)3 # 1.)
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We will show these assumptions are automatic for large enough primes when the image of o contains
G'(k), and hold for many smaller primes as well. First, we will show these assumption imply bigness.

Proposition 2.3.1.4. Under assumptions|(L1) [(L2), and|(L3), 7 is a big representation provided the image
of p contains G'(k) and ad®(p) is an absolutely irreducible representation of T .

Remark 2.3.1.5. Patrikis instead uses the condition G'(k') C p(T'x) C Z(k)G(k') for some subfield k&’ C k.
His proof uses the same method.

We now assume |[(L1)] [(L2)| and [(L3)] that G'(k) € 5(I'k), and that ad’(p) is an absolutely irreducible
representation of I'k.

We will prove condition of Definition holds when G'(k) C p(T'k). According to Proposi-
tion HY(G'(k),g},) = 0. We will now relate this to Galois cohomology using the inflation-restriction
sequence. To do so, we need several lemmas.

Lemma 2.3.1.6. We have naturally 5(Tg)/(Za(k) Np(Cx)) = Gal(K (ad’(p))/K).

Proof. Lemma [2.1.1.6| gives a decomposition g = g’ @ 34. The kernel of Adg : G — GL(g) is Z¢, and the
action is trivial on 34. Thus the kernel of Adg op equals p~'(Zg(k)), and is also the kernel of the action of
I'x on ad’(5). The Galois group Gal(K (ad’(p))/K) is the quotient. O

Lemma 2.3.1.7. The indezx of G'(k) in G(k) is prime to p.
Proof. We have an exact sequence
1— G'(k) —» G(k) — (G/G")(k)
But G/G’ is a split k-torus, so the number of its k-points is relatively prime to p. O
Lemma 2.3.1.8. The index of Ik (aq05)+) 1 Ik (ad05)L K (ad0(5)+) @8 prime to p.

Proof. Elementary group theory shows that the index is equal to the index of Ik (aq07)) N 'k (aa0(5)+) 0
Ik (ado(5))- But this subgroup is the kernel of the cyclotomic character X : I'g (aq0(5)) — k. Thus the index
is relatively prime to p. O

Now consider the inflation-restriction sequence
0— H'(p(T'x)/G (k),ad’ ()7 M) = H' (p(I'k),ad’(p)) — H'(C' (k),ad’(p))

We know the third term is 0 by Proposition [2.1.2.4] The first term is zero as the index of G’ (k) in p(T'x) is
prime to p because of Lemma [2.3.1.7 and G’ (k) C p('x) C G(k). This implies that H'(5(T'x ), ad’(p)) = 0.
Using Lemma another application of the inflation-restriction sequence gives

0 — H'(Gal(K (ad’(p))/ K), ad” (p) ?WP(T)) — H(5(I'kc), ad" (p))
But the right term is zero and Zg(k) acts trivially on ad’(5), so we conclude that
HY(Gal(K (ad"())/K), ad (7)) = 0.
We also claim that H'(Gal(K (ad’(p)*)/K),ad’(5)*) = 0. To prove this, we will use the subgroup
"= Tk@aoE)  Tree@)/Treaee:) CTr/Tree - = T
The inflation-restriction sequence begins
0 H'(T/T, (ad°(3)")") = H Tk /T uao -2’ (3)°) = H (I, ad”(5)").

The action of I (aq0(5)) on ad’(p)* is via the cyclotomic character: by |(L2)| this character is non-trivial, so

(ad0 (ﬁ)*)r = 0. Thus the first term is 0. The third term is zero because I is a finite group of order prime
to p (Lemma [2.3.1.8)). This gives the desired vanishing, establishing in Definition [2.3.1.1
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We finally turn to producing v € FK as in Definition [2.3.1.1iii)} Let L = K(ad"(p)) N K (), and
K(ad®(p), () be the compositum of K (ad’(5)) and K(¢,). By Galois theory, there is a surjection

Iy — Gal(K (ad’(p), () /L) ~ Gal(K (ad’(5))/L) x Gal(K(¢,)/L). (2.3.1.1)

Furthermore, Gal(K((,)/L) ~ Gal(K(ad’(p),(,)/K (ad’(p))) = X'k (aa0z))) C Fy. We also note that
Gal(L/K) is an abelian quotient of Gal(K (ad’(p))/K) ~ p(T'x)/ (Za(k) N5(Tk)). This means that

P(Tk)/ (Za(k) N 8(Tk)), (Tx)/ (Za(k) Np(Tk))] € Gal(K (ad’(p))/L)
and as G'(k) C p(T'k) we conclude

G (k)/Ze (), G (k) ) Zer (k)] € Gal(K (ad’(p)) /L)

Given g € [G'(k),G'(k)] and © € X(I' g (aq0(5))) 8 in using we see there exists y € ', C Tk
such that Y (v) = z (so X(7)?® # 1 when dimT = 1) and p(y) = gz for some z € Zg(k) Np(T'x). We are
given that there is a unique root a € ®(G,T) such that a(g) = z. We see that Zg, (p(7)) = Zg, (9) = Tk
and a(p(7y)) = a(g) = x as desired. This completes the proof of Proposition O

2.3.2 Checking the Assumptions

Now assume that G’(k) C p(I'x) and |(L1)| holds. We wish to understand when ad®(p) is an absolutely
irreducible, and when |(L2)| and |(L3)| hold, in terms of the root datum ®(G,T). Let 7 : G’ — G’ be the
simply connected central cover.

Lemma 2.3.2.1. If ®(G,T) is irreducible, ad®(p) is an absolutely irreducible T g -representation.

Proof. By assumption G is absolutely simple. As ¢ > 3, Lemma implies that the adjoint represen-
tation of G’(k) on (Lie G')y is absolutely irreducible as p is very good for G. Again using that p is very
good, Lemma implies (Lie a;)k ~ gp. As W(av’(k)) C G'(k) € p(T'k), we conclude that ad”(p) is an
absolutely irreducible I' x-representation. O

Remark 2.3.2.2. Patrikis identifies some more precise conditions than absolute irreducibility that work in
Ramakrishna’s method [Pat15] (1), (5), (6bc) of §5]. He then checks that they hold when G is simple. We
have chosen to use absolute irreducibility for convenience.

The kernel of f : Zg x G — G, being a subgroup of Z;,
for G.

Lemma 2.3.2.3. If the image of p contains G'(k) then # CGal(K () N K (ad’(p))/K) divides #H" (k, ker f).
In particular, if H(k,ker f) does not contain any elements of order p — 1 then ¢, & K(ad’(p)).

Proof. The final assertion follows from the rest since [K((p) : K] = p—1by m We will show that the

abelianization of Gal(K (ad’(p))/K) is a subquotient of G(k)/Zg(k)-m(G' (k)), and that G(k)/Z¢ (k)-w(G' (k))
has order dividing #H ! (k, ker f).
As G'(k) € p(Tk), observe that

G'(k)/(G'(k) N Zg(k)) C p(Tk)/(p(Tk) N Za(k)) C G(k)/Za(k).
By Lemma [2.3.1.6]

has order prime to p as p is a very good prime

p(Cx)/(P(Lk) N Za(k)) = Gal(K (ad” (p))/ K).
)

Thus we see that Gal(K (ad’(p))/K)?" is a sub-quotient of G(k)/Zg(k)[G'(k), G’ (k)].
Now consider the map .
fi1ZagxG = Zgx G — G

By Lemma [2.1.2.2] [G/(k), G’ (k)] = (G’ (k)) as ¢ > 3. From the long exact sequence
Z(k) x G'(k) — G(k) — H"(k, ker f)
we conclude that Gal(K (ad’(5))/K)?" is a subquotient of H'(k, ker f). O
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In particular, the group H!(k,ker f) is finite and killed by # ker(f), so p — 1 > # ker(f) is sufficient for
If G}, has root system ®, we know that # ker(f)|#m1(®), so p > #m1(®) suffices. Thus holds
for sufficiently large p for a group G with fixed root datum. In any particular instance, this is easy to make
explicit.

Example 2.3.2.4. Take G = GSp,,,. Then G’ = Sp,,, is simply connected, and ker f = Zs,, = p2. Thus
any prime bigger than 3 is fine.

Finally, we give a sufficient condition for |(L3)|to hold. It is far from necessary.

Let g be a generator of F,, d the order of Xk aao@))), and e = pTll = [K(¢) N K(ad’(p)) : K].

Lemma [2.3.2.3| shows that for ﬁxed root system, e divides #H!(k, ker f) which is bounded independent of
p. To be precise, writing ker(f) = [] n,, we see

#H' (k,ker f) = chd n;i,q )|Hni:#kerf’#7r1(<1>)

Thus for large enough p we have that d > 4(h — 1), where h is the Coxeter number. Recall that upon picking
a basis A of the root system, the height ht(3) of a root 3 is the the sum of the coefficients when the root is
written in terms of A. The Coxeter number h is 1 more than the height of the highest root.

Lemma 2.3.2.5. Suppose dimT # 1. Condition holds when d > 4(h — 1).

Proof. We will work with the simply connected central cover 7 :@ — G, with T’ the split maximal torus
preimage of T NG’ C G'. Consider the root system ® = ®(G’,T") with chosen basis of positive roots A,
and the cocharacter § € X, (ﬁ) which is the sum of the positive coroots of ®. Take 8 to be an element of
order d in X(I' g (aq0())) C Fy Ck*, and let s =46(83) € 6?/(k) Recall that for a;; € A, (6, ;) = 2. Thus we
calculate that for any root «,

04(8) — ﬂ2ht(a)-

In particular, if « is the highest root then we obtain 82(*~1). For any other root o/, 0 < 2ht(a’) < 2(h — 1)
or —2(h —1) < 2ht(a’) < 0 and hence as d > 4(h — 1)

2ht(a) # 2ht(a’) (mod d) and 2ht(a’) #0 (mod d).

Thus o/(s) # «a(s) and o/(s) # 1. Therefore we conclude that that s is regular semisimple and « is the
unique root on which the adjoint action on (Lie G’)k is given by g2(P—1 ¢ X(PK(adO(p)))

As p is very good, dmy, : (Lie G');, — (Lie G')y, is an isomorphism. Thus 7(s) € 7(G'(k)) = [G'(k), G' (k)]
(using Lemma [2.1.2.2)) has the required properties. O

If dim 7T = 1, a minor modification shows that holds as long as d > 6. In particular, for fixed root
datum and sufficiently large primes p, |(L3)| holds.

Remark 2.3.2.6. The above condition is far from sharp. There is no reason that the highest root must be
the unique root « in where the adjoint action is given by the cyclotomic character.

Example 2.3.2.7. Let G = GL,,. Then the Coxeter number is n, and Zg = p,. Let e = (n,p — 1), so
HY(k,p,) = Z/eZ. Assumptions hold provided p > max(5,4(n — 1)e).

For G = Sp,,,, the Coxeter number is 2n, and Zg: = po. Then H!(k,pus) = Z/2Z and the assumptions
hold when p > max(5,8(2n — 1)). There is a similar bound for orthogonal groups.

2.4 Ramakrishna’s Deformation Condition

Let O be the ring of integers in a p-adic field with residue field k. Consider a split connected reductive
group scheme G over O. Let K be a number field and 7 : I'x — G(k) be a big representation. Recall that
X : I'x — Z, denotes the cyclotomic character.

In this section, we will generalize a deformation condition that Ramakrishna introduces for GLs, allowing
controlled ramification at certain unramified places. Allowing ramification subject to this condition is a
crucial tool to reduce the size of the dual Selmer group. A similar generalization is carried out in [Pat15] §4.2].
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2.4.1 Constructing the Deformation Condition

As p is big, there is a 7 € 'k such that p(7) is regular semisimple. The identity component of Zg, (p(7)) is
Ty, where T was a specified split maximal torus of G. By hypothesis, T is split and there is a unique root
a € (G, T) such that a(p(y)) = X(v). We start by assuming:

(A1) there is a place v of K lying over a rational prime ¢ such that 7 is unramified at v and p(Frob,) is
regular semisimple element. The identity component of Zg, (p(Frob,)) is Tk, and there is a unique
root a € ®(G, T) such that a(p(Frob,)) = X (Frob,) = X(v) # 1.

Under this assumption, we will define a deformation condition consisting of certain tamely ramified lifts.
Let K! be the maximal tamely ramified extension of K,, K* be the maximal unramified extension, and
I'Y = Gal(K!/K,). There is a split exact sequence

1 — Gal(K!{/K)) — Tt — Gal(K)'/K,) — 1.

Recall that Gal(K}*/K,) is topologically generated by Frob,, while Gal(Ky/K}") =~ [],,Zy(1). The
action of Gal(K?'/K,) on Gal(K}/K") is via the prime-to-¢ cyclotomic character. Concretely, the action
of Frob, is given by multiplication by an integer ¢ = ¢/(5+/Q¢)_ For a fixed splitting, we obtain a semidirect
product decomposition

It ~ Gal(K™/K,) x Gal(K!/K™). (2.4.1.1)

)

Fix a split maximal O-torus T' of G reducing to Tj: we identify o € ®(G,T) = ®(Gy,T)) and form the
usual smooth closed O-subgroups U, C G (root group for «) and H, =T x U, C G associated to « and to
{0, a} (see Theorem 5.1.13 and Proposition 5.1.16 of [Conl4]).

Definition 2.4.1.1. We assume For a coefficient O-algebra A, consider a lift p : Y, — G(A). The lift
p satisfies Ramakrishna’s condition relative to T provided that p(Frob,) € T(A), a(p(Frob,)) = x(Frob,),
and p(Gal(K[/K}")) C Us(A) C G(A).

Define Ramakrishna’s deformation condition D™ (A) to be lifts which are G(A)-conjugate to one which
satisfies Ramakrishna’s condition relative to T'. Denote the tangent space of the deformation functor by

Lram.
This condition generalizes the condition for GLs introduced by Ramakrishna [Ram99, §3]. Note that the

condition can be rephrased as p € Di*™(A) if and only if there exists a choice of split O-torus T lifting T

such that p satisfies Ramakrishna’s condition relative to T since G (O) acts transitively on the set of such T
by [Conl4, Theorem 3.2.6].

Example 2.4.1.2. Let G = GL,. We may assume that the residual representation, which is unramified,
sends Frob, to a diagonal element. Ramakrishna’s deformation condition consists of lifts such that after
conjugation p(Frob,) is diagonal and the the image of Gal(Kf/K2") consists of elements of the shape

1 = 0 ... 0
010 0
0 01 0
0 0 0 ... 1

Conjugation by Frob, is multiplication by ¢ = x(Frob,) on Gal(K!/K""). On the other hand, the action
of p(Frob,) on U, is given by a(p(Frob,)). Thus the assumption that a(p(Frob,)) = x(Frob,) is crucial to
allow the component * to be non-zero and produce lifts where p(Gal(K!/K!¥)) # 1.

Lemma 2.4.1.3. D is a deformation condition.

Proof. Dip™(A) is certainly closed under strict equivalence. Next, we will check it is subfunctor of the
deformation functor at p. Let f : Ay — Ay be a morphism of coefficient O-algebras, and choose p; €
Dia™(Ay). This means there is a split maximal torus T defined over O such that p(Frob,) € T(A4;),
a(p(Frob,)) = x(Frob,), and p(Gal(K!/KP2")) C Ua(A1). The same torus shows that f(p) € D™ (Ay).

)
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It remains to check condition of Definition Let T be a fixed split O-torus lifting T}, and
let Ay, Ao, and Ay be coefficient O-algebras with morphisms f; : A4 — Ag and fo : A5 — Ag. We can
reduce to the case that fy is small. It suffices to show that given deformations p; € DE(AZ-) such that
D%'(fl)(pl) = D%](fg)(pg) = po, if p1 and py satisfy Ramakrishna’s lifting condition then so does p1 x,, p2.
This means that there are g; € CA?(AZ-) such that p;’ satisfies Ramakrishna’s condition relative to 7. In
particular, the push-forwards of p{* and p$> to Ag both satisfy Ramakrishna’s condition relative to 7', and
letting h = g1g5 ' both pJ* and pggz = (p(gf)h satisfy Ramakrishna’s condition relative to T. We will show
that this implies h € ﬁa(Ao). Using the smoothness of this group, we can lift to an element b/ € H, (A2).
But then (g1, hgs) € G(A;) X & (Ao) G(Ag) = G(A; x4, As), and this element conjugates p; X p, P2 to satisfy
Ramakrishna’s condition relative to T

It remains to prove the following statement: if p : ', — G(R) satisfies Ramakrishna’s condition relative
to T', then R R

Co(R) :={g € G(R) : p?(I'y) C Ho(R)} C Ho(R).
If R =k, this is trivial. In general, argue by induction on the length of R. It suffices to consider a small
morphism R — R/I and assume the statement for R/I. For g € C,(R), induction shows that § € H,(R/I)
hence it suffices to check that exp(z) € Ho (R) for all z € g ®), I for which poP@) (Ty) C Huo(R). Rewriting,
we see that
exp(z)p(Frob,) exp(—z) € H,(R).

Multiplying on the right by p(Frob,)~! € H,(R), we conclude that
z — Adg(p(Froby,))z € (Lie Hy ), ®¢ 1.

As p(Frob,) is regular semisimple, it acts non-trivially on gg for all 5 € ®(G,T), forcing « € (Lie Hy), Qi I
as desired. 0

Now we will describe the tangent space to the deformation condition. Fix a choice of O-torus T' lifting
Ty, and let g := Lie Gy and t = LieTy. We have a decomposition

adp)=te P s (2.4.1.2)
BER(G.T)

Because ad(p) is unramified at v, the Galois action is completely determined by the action of Frob,,, which
acts on gg as B(p(Frob,)). This will allow us to compute Galois cohomology at v easily:

Lemma 2.4.1.4. We have dim H°(T,,, ad(p)) = dim t and dim H'(T,,ad(p)) = dimt + 1. Furthermore,
Hl(Fvv ad(p)) = Hl(rva t) @ Hl(Fva fa)-

Proof. Tt is straightforward to see that dim H°(T,,ad(p)) = dim H°(T',,t) = dimt using (2.4.1.2)): since
p(Frob,) is regular semisimple, its space of fixed vectors in g is t. We claim that dimy H?(T',,ad(p)) =

dim H%*(T',, go) = 1. This follows from Fact [2.2.1.1] as the only piece of the decomposition on which Frob,

acts as the cyclotomic character is g,. Then Fact [2.2.1.2] implies that dimy H*(T,,ad(p)) = dimt+ 1 and
gives the decomposition of H(T,,ad(p)). O

There are also some obvious deformations to k[e]/€? of the form p; = exp(efi)p where f; € Z1(T',,ad(p))
is defined as follows. Choose any non-zero homomorphism f} : Gal(K./K)") — Z/pZ — g, and define
fo: Ty = go via the composition

I, — I 5 Gal(K'/K™) % g,
where 7 is the projection determined by the splitting (2.4.1.1)). It is straightforward to check this is a cocycle
using that a(p(Frob,)) = X (Frob,). Now choose a basis t1,...,tqim¢ for t such that ¢1,...,tqme—1 € ta,

where t, is the Lie algebra of the codimension-1 subtorus ker(«)? ;. Define an unramified homomorphism
fi : Ty = T2 — t by sending Frob, to t;: it is clearly a cocycle since p(Frob,) € T'(k).

Lemma 2.4.1.5. We have dim L} = dimt = dim H°(T,,ad(p)). The cocycles fo, fi,-- ., faimt—1 form a
basis for L'*™ C HY (T, ad(p)).

v
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Proof. First, we check that the cocycles fo, f1, ..., fdim« form a basis for H(T',,ad(p)): by Lemma [2.4.1.4
it suffices to check they are linearly independent (modulo coboundaries). Note that for any 1-coboundary

¢ g ad(p)(g)(x) —

with « € g, ¢(Frob,) has vanishing t-component. This immediately gives that fi,... fqim¢ are linearly
independent modulo coboundaries. Furthermore, by inspection fj is a nonzero element of H(I',,gs). In
light of the decomposition from Lemma [2.4.1.4] we obtain linear independence of fy, f1,..., fdim ¢

Finally, we consider which of the lifts p; = exp(fie)p satisfy the deformation condition D*™. The re-
quirement is that a(p;(Frob,)) = X(Frob,) € kle]/(€?). Now ad(p)(Frob,) acts on g, via multiplication by
X (Frob,) by [(AT)} Furthermore, ad(exp(fi(Frob,)e)) = [fi(Frob,),—] on g, and on g, the action is multipli-
cation by Lie(«)(f;(Frob,)). So p; satisfies DF™ if and only if f;(Frob,) € t,. We see that fo, f1,..., fdimt-1
satisfy this requirement but f4in, ¢ does not. O

Lemma 2.4.1.6. D* s liftable.

Proof. To see it is liftable, consider trying to lift p : I'Y, — G(A/I) to A, where A — A/ is a small extension.
There is a split maximal torus T of G over O such that p factors through T(A/I) x U,(A/I). Write

p(g) = t(g) X ua(z(g))

where t € Hom(T%, T(A/1)), uq : G4 = Uy and @ € Z* (T, x 4/1) because a(Frob,)) = x 4,r(Frob,). (Note
that the Galois action on U, (R/I) = G4(R/I) = R/I is given by multiplication against the cyclotomic
character x4,7.) To lift p, it suffices to continuously lift ¢ and 2 as a homomorphism and tame 1-cocycle
respectively, as then the combined lift will determine a lift of p.

We can easily lift ¢: it is unramified, so just lift an image of Frob,, using the smoothness of the torus. To
lift x, we claim that H'(I', xa) — H*(T'S, x4,s) is surjective. To check this, it suffices to check that the
next piece of the long exact sequence, H2(T%, x;) — H?(I'Y, x4), is injective. Since v { p,

HQ(F'tquI):HZ(FvaXI) and H2<F'tuaXA):H2(Fv7XA>'

Using local duality, the claim about injectivity reduces to the evident surjectivity of Hom(A, Q/Z) —
Hom(I,Q/Z). Thus there is a cocycle 2’ € Z'(T'Y, x 4) which reduces to z up to a (tame) 1-coboundary. But
a tame coboundary valued in the unramified x 4 obviously lifts. Therefore we can lift both ¢t and z, hence
we can produce a homomorphism p’ : Tt — T'(A) x U,(A) lifting p. O

Putting this all together, we obtain:

Proposition 2.4.1.7. The deformation condition D™ is liftable. The dimension of its tangent space Li*™
equals dim H°(T,,ad(p)). Any f € L'a™ C HY(T,,ad(p)) satisfies f(Frob,) € tq.

Proof. Combine Lemma [2.4.1.4] [2.4.1.5] and [2.4.1.6] (The last assertion needs the additional fact, noted in
the proof of Lemma [2.4.1.5] that 1-coboundaries have vanishing t, component.) O

Denote the derived group of G by G’, and let S = G/G’ with quotient map u : G — S.. Suppose
we are given a lift v of pop : 'y, — S(k). Let DI*™" denote the sub-functor of D*™ consisting of lifts
p:T'x, — G(A) such that v4 = pop. This is a deformation condition (representable), as the condition
1o p=rv cuts out a closed subscheme of the universal lifting ring for D*™.

Corollary 2.4.1.8. Suppose that v is unramified. Then Di¥™" is liftable, and its tangent space has dimen-
sion dim HO(T,, ad’(p)).

Proof. By construction, all the deformations in D;*™ are tame. For a cocycle
f e zZ(T,,ad(p)) C Z'(Tv, ad(p))

remember that the associated tame lift is given by p(g) = expg(f(g)e)p(g) for g € TY. By functoriality of
exp, we see that

po p(g) = expg((duo f)(g)e) (1 op) (9).
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But pop =v, sov=puopprovided

exp(du(f(g))e) =1
for all g € Tt. In other words, f must factor through kerdy = Lie G’ = ad®(p). As the characteristic is
very good for G, the decomposition ad(p) = ad’(p) @ 3g gives a projection 7, : g — 34. The lift p satisfies
v =popifand only if m; o f = 0. A basis for HY(T,,t) N L™ is given by fi,... faim¢—1, all of which are
unramified 1-cocycles. All the coboundaries are unramified, so by considering the composition of projections

Hl(l—fnad(p)) - Hl(]_—‘f),t) = Hl(]_—‘r;r,t) - Hl(l—‘g}aﬁg)

we see it suffices to check that m; o f|rar = 0 (using the splitting )

Lemma gives an explicit description of Li*™. The cocycle fq certainly satisfies m; o f = 0 as its
image lies in go. The cocycles fi,..., faim:—1 give a basis for Hom(I')", t,). As 34 is a direct factor of t,, we
see a codimension-dim 34 subspace of L;*™ satisfies the deformation condition by projecting to 0 in 34. We
conclude the tangent space has dimension h%(T',,ad(5)) — dim 34 = h%(T,,ad’(p)).

Now consider a small surjection A; — Ag with Ag = A;/I (so ma,I = 0), and a lift py € D™ H(4y).
To check liftability, we may factor into a sequence of small surjections where I is a 1-dimensional k-vector
space, so it suffices to treat that case. By Lemma there exists a lift p; € D*™H(A;), and which
may be expressed as

p1(9) = expg(h(g) ®17)po(g)

for some i € I ~ k and h € Z*(T'Y,ad(p)). (The cocycle h factors through the tame quotient as all lifts in
D™ are tamely ramified.) We will modify A so that 7; o h = 0. To do so, pick a basis t1,...t, of 35, and
as in the proof of Lemma [2.4.1.5| consider unramified cocycles ¢; : T’y — I')" — ad(p) defined by

¢;(Frob,) = t;.

Let a; € k be such that 7; h(Frob,) = Zj a;t;. Then because we already know o pg = v on Ap-points, we
see

exp *Zajcj(g)@@i exp(h(g) ®1i)po(g) = exp h(g)*zajcj(g) ®1i | polg) € D™ H(Ay)

because we have remarked it suffices to check 7;_ (h(g) -2 ajcj(g)) =0 for g € T'2". Thus we may modify

p1 50 that it is an element of D'™¥*H(A;), and hence D™ is liftable. O

2.4.2 Shrinking the Dual Selmer Group

Finally, we will show we can find places of K where holds, as well as some additional cohomological
conditions that will allow us to shrink the dual Selmer group. Let p: I'x — G(k) be a big representation,
and S a finite set of places containing those above p, the archimedean places, and all places where p is
ramified. Let Dg be a global deformation condition satisfying the tangent space inequality and for
which Héé (T's,ad’(p)*) is non-zero.

Lemma 2.4.2.1. Under this assumption, the group H%S Tk, ado(ﬁ)) 18 nom-zero..

Proof. Let L, be the local deformation conditions for v € S. The tangent space inequality (2.2.2.2) states
that

> dimL, > Y dim HO(T,,ad’(p)).
veS veS

As 7 is big, HO(K,ad’(p)) and H°(K,ad’(p)*) are trivial. Then the product formula (2.2.1.1)) gives that

dim Hp, (T, ad’(p)) — dim Héé (Tk,ad’(p)*) =Y _ (dim L, — dim H(T',,ad’(p)) > 0
veES

As we have assumed H, . (T, ad’(p)*) is non-zero, it follows that H},_(T'x,ad’(p)) is non-zero as well. [
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Pick any non-zero element ¢ € HJ,, (T'k, ad’(p)*), and pick a non-zero ¢ € Hp (T, ad”(p)) using the
S

Lemma. Now let F' be the smallest field over K for which I'z is killed by ¥ and ad’(p); note that F'/K is finite
Galois. The absolute Galois group I'r acts trivially on ad®(p) and ad”(5)*, so the respective restrictions of
¢ and ¢ to HY (', ad’(p)) and H(T'r,ad"(p)*) are just homomorphisms, which we will respectively denote
by ¢ and ¢’'. Let Fe and Fys be the fixed fields of the kernel of ¢’ and ¢’ respectively.

Lemma 2.4.2.2. The elements & and ' lie in H' (', ad’ ()52 F/K) and HY(T p, ad®(p)) G2/ K) respec-
tively, and are non-zero. Furthermore Fgr and Fy: are Galois over K.

Proof. By the bigness assumption, H'(K (ad’(p))/K,ad’(p)) = 0. The extension F/K (ad’(p)) is Galois of
degree prime to p by Lemma [2.3.1.8] so the inflation-restriction sequence gives

0 - H'(Gal(K (ad(7))/K), ad" (7)) > H' (Gal(F/K), ad"(5)) — H" (Gal(F/K (ad (7)), ad"(7)) = 0
Therefore H'(Gal(F/K),ad’(5)) = 0. Another application of the inflation-restriction sequence gives
0 = HY(Gal(F/K),ad’(p)) — H\(T'c,ad’(p)) — H' (T’ ad" (p)) S/ 5)

The first term is zero, so image & € H'(I'r,ad’(p))%2(*/K) is non-zero. The same argument applies to the
field K (ad’(p)*) and the module ad’(5)*, showing that ¢/ € H'(T'r, ad’(p))**/%) is non-zero.

Finally, oberserve that Fyr and Fy are Galois over K as the natural I'g-actions on H'(I'p, ad’(p)) and
HY(T'r,ad"(p)*) leave ¢ and ¢ invariant. O

We will also need the following Lemma about the k[T x]-modules ad’(p) and ad®(p)*.

Lemma 2.4.2.3. There exist simple F, [T k]-modules W and W' such that ad’(p) = WO and ad’(p)* =
(W& as Fp[Cx]-modules. Furthermore, W and W' are not isomorphic.

Proof. Let W and W’ be simple F, [T g]-submodules of ad’(7) and ad’(p)*. The maps k ®F, W — ad®(p)
and k®@p, W' — ad’(p)* are surjective as ad’(p) and ad”(p)* are irreducible over k. Furthermore the sources
are direct sums of copies of W and W' respectively (as F,[I" k]-modules). Thus there exist  and ' for which
ad’(p) = W and ad’(p)* = (W/)®"". We will consider the eigenspaces of the action of v on W and W,
and deduce that W and W’ cannot be isomorphic.

The decomposition describes how 7 acts on ad”(p) and ad®(p)*. It acts trivially on t, and acts
as a(p(v)) = xX(y) on go. Furthermore, there is no other root space on which ~ acts by X (7). Now consider
how v acts on W: it must have an eigenspace with eigenvalue 1 of dimension at least %dimpp t, and an
eigenspace of eigenvalue X(\) of dimension %dime ga- (This uses that the eigenvalues lie in F,: in that
case the eigenspace with eigenvalue X on ad’ (p) is a direct sum of r copies of the eigenspace with eigenvalue
A on W.) On the other hand, by decomposing ad’(7)* we see that v acts as X(7) on t* and the identity
on gk, and there is no other root space on which 7 acts as the identity. This implies v acts on W’ with
an eigenspace of eigenvalue 1 with dimension %/ dimg, g}, and with an eigenspace of eigenvalue X(v) with
dimension at least % dimp,, t. As we know X(7) # 1, as long as dimg t > 1 = dimg, g4, this shows W and W’
cannot be isomorphic.

If the dimension of the maximal torus is 1, then g’ = sly. The eigenvalues of y acting on ad’ (p) are x(v), 1,
and X(y)~', while the eigenvalues of  acting on ad’(p)* are 1,%(7), and X(7)?. Since we assumed that
X(7)? # 1 when the maximal torus is one-dimensional (Definition , the eigenvalues are distinct
and a similar argument shows W and W' are not isomorphic. O

We can now find places v where we can define Ramakrishna’s deformation problem; the key tool is the
Chebotarev density theorem.

Proposition 2.4.2.4. There exists a place v & S such that:

(i) assumption|(A1) holds, so we obtain a liftable deformation condition DI*™ whose tangent space LE™
has dimension dim H°(T,,ad(p));

(ii) there exists & € Hp,, (Tx,ad’(p)) whose restriction to H'(T',,,ad"(p)) does not lie in L*™;
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(iii) there exists ¢ € HJ | (Tx,ad’(p)*) whose restriction to H(T',,/1,,ad"(p)*) is non-zero.
S

on v so that res, £ is not in L}*™. By Proposition 7) it suffices to check that £(Frob,) €& t,. We will
find an element g € I'r such that this holds whenever Frob, € gyT' Fer-

Let v € Tk be the element provided by Definition [2.3.1.1[iii)] We claim there exists g € Gal(F//F) such
that £(g7) € to. I £(7) € ta, take g to be the identity. Otherwise, consider the image of the homomorphism
¢ :Tp — ad’(p). By Lemma ¢’ is fixed by the action of Gal(F/K), so the span of the image is a
representation of I'x. But ad”(p) is irreducible (Definition , so the image of ¢’ cannot be contained
in t, (as then its span would be a proper sub-representation). Thus, there exists g € Gal(F¢//F') such that
£'(g) & to. As the adjoint action of § on ad’(p) is trivial, we compute that

§(97) = £(9) +ad(p(9))6(7) = £(9) +£(7) & ta-
Thus if Frob, € g7I'r,,, we see {(Frob,) & t, and hence res, { & L™,

v

Proof. We will always pick the place v so that holds. The first step is to find an additional condition

The second step is to find a condition on v so that the image of v in H*(T, /1., ad’ (p)*) is not zero. Note
that I, acts trivially on ad®(p)* since v does lie above p and p is unramified outside of S. By definition of
Dg:, the composite map

Hp, (T, ad(p)*) = H'(Ty,ad’(p)") — H' (I,,ad"(p)")

vanishes, so by inflation-restriction we obtain a natural map

Hp,y (T, ad’(p)*) — H'(Ty/Iy,ad°(p)").

Using Fact the dimension of H'(I',/I,,ad’(p)*) is the dimension of H(I',,ad"(5)*). But as we
are assuming [(A1)| holds, shows the space where Frob, acts trivially is the one-dimensional g.
We can write down a crossed homomorphism that generates it: the function sending Frob, to a non-zero
zt € gt C ad’(p)*. Tt is not a l-coboundary: as Frob, acts trivially on g, all 1-coboundaries are zero.
Any non-zero element f € HY(I',/I,,ad’(p)*) must be a multiple of this function, so f(Frob,)(z4) will be
non-zero for a fixed non-zero z,, € go C ad’(5). So we just need to arrange that (res, 1) (Frob, )(z4) # 0.
Now we can use the same technique as in the first step. Lemma shows that ¢’ is a non-zero
homomorphism fixed by I'x. We will find g’ € Gal(Fy /F) such that ¢(g'v)(za) # 0. If (7)(za) # 0, take
g’ to be the identity in Gal(Fy /F). Suppose instead that ¢(y)(zo) = 0. The span of the image of ¢’ is
a non-zero representation of ' contained in the irreducible ad’(7)*, so there must exist g’ € Gal(Fy /F)
such that 9/(g')(z4) # 0. Then as g’ acts trivially under the adjoint action (by definition of F), we compute

V(g7 (xa) = U@ ) (@a) + (ad’(0)* (@) $(1)(2a) = »(7)(za) # 0

In either case, there exists a g’ € Gal(Fy /F) such that ¢(g'v)(xza) # 0.

The final step is to pick the prime v so that all of these conditions hold (to be found via the Chebotarev
density theorem). Let g and g’ denote lifts of g and g’ to I'r. Consider the subset X of I's consisting of
elements v’ such that

1. assumption holds with 4/ in the role of Frob, there;
2. v € lr;
3.7 €gF,.

We must show 3 is non-empty. We claim the first condition follows from the second. As I'r acts trivially on
ad®(p), we know from Lemmathat p(Tr) C Zg(k)Np(Tk). In particular, p(y’) is regular semisimple
and Zg, (p(7))° = Zg, (p(7))°. We chose v as in Definition so this is the torus T}j. By assumption,
there is a unique root o € ®(Gy, T) for which
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using that Zg(k) C (ker(a))(k) and that 'y C ker(x). So it suffices to consider the second and third
conditions.

Note that ¥ is the preimage of its image under I's — Gal(L/K) for any finite Galois L/K containing
Fer and Fy. Taking L to be the compositum of F¢s and Fy., we obtain an injection

We claim that this is an equality, which is to say Fe N Fyy = F. We have injections ¢ and ¢’ from
Cal(Fe /F) and Gal(Fy /F) into ad”(p) and ad”(p)* respectively. For h € T'x and h' € Gal(Fy /F) we have
he' (R =) = ¢ (h') as ¢ is I' g-invariant. Furthermore, for a,b € Z and hy, he € Gal(Fg /F) we see that
ag'(hn) + b¢'(ha) = € (hh3).
Thus the image of ¢ is a non-zero F,[I'k]-submodule of ad’(5), and so is a direct sum of copies of W from
Lemma [2.4.2.3] As ¢ is injective, Gal(Fg//F) is isomorphic to a direct sum of copies of W as F,[T'k]-
modules. Likewise, Gal(F¢//(Fg N Fy)) is a possibly vanishing F,[I"k]-submodule. We conclude that the
I'g-invariant quotient
Gal(FEI/F)/Gal(FEI/(FEI n F¢/)) ~ Gal(F£/ n le/F)

is isomorphic to a direct sum of copies of W as a F,[I'x|-module. Similarly, we see that ¢’(Gal(Fy /F))
is an Fp[I'x]-module that is isomorphic to a direct sum of copies of W', so the quotient Gal(F¢r N Fy /F)
is also isomorphic to a direct sum of copies of W’. But as W and W' are not isomorphic (Lemma ,
Gal(Fgr N Fy/ /F) is trivial; i.e. F = Fg N Fy as desired. Thus is an isomorphism and ¥ is
non-empty.

Now the Chebotarev density theorem implies there exists a place v outside of S (actually infinitely many)
for which Frob, € X. The three conditions imply that

1. assumption holds, so we can define the condition D;*™;
2. res, & & LA™,
3. The image of 4 is non-zero in H'(T',/I,,,ad’(p)*).
This completes the proof. O

With p a big representation as before and Dg = {D,, }wes a deformation condition for p satisfying the

tangent space inequality ([2.2.2.2)), allowing p to ramify at a place v as in Proposition [2.4.2.4] according to
D™ will decrease the size of the dual Selmer group:

Proposition 2.4.2.5. For T = S U {v}, let Dy be the deformation condition whose local components are
Dy forw € S and D™ at v. Then

dim Hp, (T'x,ad’(p)) < dim Hp_(Tx, ad’(p)).
Furthermore, Dr satisfies the tangent space inequality (2.2.2.2)).

In the proof, the best perspective is that a deformation condition Dg is a collection of local deformation
conditions for all places of K such that it is the unramified deformation condition at those places not in S.
Then Hp (Tk, ad’(p)) consists of elements of H'(T'x,ad"(5)) whose restrictions at each place w lie in the
tangent space L., to the local deformation condition (and likewise for T" in place of S).

Proof. We will first analyze what happens if we weaken Dg to a condition D). where there is no restriction
on deformations at v. We wish to show that Hp,_(I'f, ad’(p)) = HIID,T (Tx,ad’(p)). The first is certainly a

subset of the second.
Recall that as 7 is big, H*(T's,ad’(5)) = 0 and H(I'x,ad’(5)*) = 0. Then applying (2:2.1.1) to D%,
and using that the calculation of k) and hY in Lemma [2.4.1.4] we see that
dim Hp, (T, ad’(p)) — dim Hy, . (T, ad’(p)*) = > (dim Ly, — dim H°(T',, ad’(p)))
weT
=1+ Y (dim L, — dim H(T',ad’(p))) -
weES
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Likewise, we see that

dim Hp,, (T, ad’(p)) — dim H}, 1 (T, ad’(p)*) = Y _ (dim Ly, — dim H®(T'y, ad’(p))) -
weS

To check Hp, (T'k, ad’(p)) = H} ,T(I‘K, ad’(p)), it suffices to show that the difference
dim Hpy, (Tx,ad"(p)) — dim Hp (Tx,ad"(p)) = 1 + dim Hp, . (Tk, ad’(p)*) — dim H}Jé (Tk,ad’(p)*)

is non-positive. The distinction between HL  (T'x, ad’(p)*) and Hl, Tk, ad”(p)*) is that the first uses the
S T

condition that the restriction at v lies in H! (I',,ad’(5)*) while the second uses the condition that it lies in
0= H'(T,,ad’(p))*. The inclusion

dim H;),% (Tk,ad’(p)*) C dim Hgé (Tk,ad"(p)*)

is strict because of the element 1 in Proposition [2.4.2.41 Thus H},_(I'x,ad’(p)) = H713'T (T'x,ad’(p)).
Now we study the deformation Dy we actually care about. In the left exact sequence

0~ Hp, (Px,ad’(p)) — Hp, (Tx,ad’(p)) — H' (T, ad’(p))/ Ly

the middle term coincides with Hz,_(T'k,ad(p)). The existence of the element & in Proposition [2.4.2.4|implies
that

dim Hp, (T, ad’(p)) > dim Hp, (T'x, ad’(p)).
Finally, the tangent space inequality (2.2.2.2) holds for Dr as dim L™ = h9. O

Corollary 2.4.2.6. There is a finite set of places T D S such that the deformation condition Dy obtained
by extending Dg allowing deformations according to D™ for v € T\S satisfies

H}, (Di,ad’()") = 0.

L

T

Proof. We may assume that H, (U, ad’(p)*) is non-zero, so Lemma [2.4.2.1| implies Hp (Tk, ad’(p)) is
S

non-zero. By Proposition [2.4.2.4| and Proposition [2.4.2.5] we can choose S; = S U {v} such that

dim Hp, (T, ad”(p)) < dim Hp, (T, ad” (p))

and Dg, satisfies the tangent space inequality (2.2.2.2)). Continuing in this way, we eventually reach T" D
S such that either H%L(FK,adO(ﬁ)*) = 0 (in which case we are done) or Hj, (Tk,ad(p)) = 0. By
T

Lemma [2.4.2.1} the latter implies H, (U, ad’(p)*) = 0 as well. O
T

2.5 Generalizing Ramakrishna’s Method

In this section, we generalize Ramakrishna’s lifting method to split connected reductive groups G defined
over the ring of integers O in a p-adic field with residue field k. We first recall the notion of odd Galois
representations, which are the class of representations to which the method applies. Then we discuss a local
to global principle for lifting Galois representations subject to a global deformation condition, and finally we
choose the local deformation conditions to make this possible.

2.5.1 0Odd Galois Representations

We first recall the notion of a split Cartan involution. Let H be a connected reductive group over an
algebraically closed field k, with Lie algebra h. Denote the Lie algebra of the unipotent radical of a fixed
Borel subgroup of H by u. The following result goes back to Cartan, and in this form is [Yunl14] Proposition
2.2].
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Fact 2.5.1.1. For any involution 7 € Aut(H), we have dimh™ > dimu. All involutions where equality holds
are conjugate under H*(k).

Such involutions 7 of H (or of h) are called split Cartan involutions for H.

Example 2.5.1.2. Let H = GL; with H* = PGLy with p # 2. A split Cartan involution for H?d is
. . . 1

given by conjugation by (0 _01
subalgebra, and hence is one-dimensional. On the other hand, dimu = 1, so it is indeed a split Cartan
involution for H®4. However, conjugation by an element of H (k) is never a split Cartan involution for H.
Indeed, conjugation must act trivially on the 1-dimensional Lie Zp, but conjugation would also induce an
automorphism of the derived group H' = SLs. But the fixed points of that automorphism on Lie H' are also
at least 1-dimensional since sl ~ psly as p # 2.

There are split Cartan involutions for H = GLg, but they are not inner automorphisms. For example,
the automorphism given by transpose-inverse is a split Cartan involution for GLs: it fixes

S OlC[
span { gly

Letting W denote the Weyl group, we have the following useful result about the existence of split Cartan
involutions [Pat15, Lemma 4.19].

): the fixed points of its action on Lie H2d = sl, is the standard Cartan

Fact 2.5.1.3. If —1 belongs to the Weyl group W of H and the co-character §¥ of H® given by half the
sum of the positive coroots lifts to a cocharacter of H, then H(k) contains an element ¢ such that Ad(c) is
a split Cartan involution of Lie H'. Moreover, such ¢ can be chosen to have order 2.

If =1 ¢ W, then H has no inner automorphism that is a Cartan involution.

Example 2.5.1.4. This shows for example that no element of PGL, (k) (or GL,(k)) can induce an inner
automorphism that is a split Cartan involution when n > 2, as in those cases —1 € W ~ S, inside GL,(Z).

On the other hand, for groups of type B,, or C, with n > 2 we have —1 € W. If n > 4 is even, we also
have —1 € W for type D,,. For symplectic and orthogonal similitude groups, the center is large enough there
are no problems lifting half the sum of the positive coroots. Thus we can produce a split Cartan involution
by conjugation.

For a real place v of K, let ¢, € T, be a complex conjugation (well-defined up to conjugacy). We
follow |Gro| and say that a Galois representation p : T'x — G(k) is odd at v when ad(p(c,)) is a split Cartan
involution for G* (with Lie G2 = ad®(p) since p is very good for G).

0 -1
split Cartan involution of sly. Any element of order 2 in GLy(k) with determinant —1 is conjugate to this
matrix (think of the Jordan canonical form), so we recover the usual definition that p : T'x — GLa(k) is odd
at v when det p(c,) = —1.

Example 2.5.1.5. Let G = GLy and assume char(k) # 2. Conjugation by the matrix (1 0 ) induces a

Example 2.5.1.6. There cannot exist odd representations for GL,, with n > 2 because of Example
There can exist odd representations for GSp,,, when n > 1 and for GO,,, when m > 5 and m # 2 (mod 4),

due to Example

2.5.2 Local Lifting Implies Global Lifting

Let Dg = {D,} be a global deformation condition and A; — Ay a small extension of coefficient O-algebras
with kernel I. Note that I is a k-vector space. Consider a lift py : I's — G(Ap) of p subject to Dg. In
favorable circumstances, we can use the following local-to-global principle to produce lifts to A;

Let G’ be the derived group of G and p : G — G/G’ the quotient. We assume that the deformation
condition includes the condition of fixing a lift v : T'x — (G/G’)(O) of the character pop: ' — (G/G")(k).
This means that all of the local deformation conditions have tangent spaces lying in H*(T,, ad’ and the
obstruction cocycles automatically land in H2(T,, ad’(p)) (see Example and Example , with

similar statements for global deformation conditions.
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Proposition 2.5.2.1. Provided H;L (Ts, ado(ﬁ)*) =0, lifting po to A1 subject to Dg is equivalent to lifting
S
polr, to Ay subject to D, for allv € S.

Proof. One direction is obvious. Conversely, suppose we have local lifts. The key input is the Poitou-Tate
exact sequence (Fact[2.2.1.7):

H'(I's,ad’(p)) — €D H'(T'y,ad’(p))/Ly — Hp, (Us,ad’(p)")” — H*(I's,ad’(p)) — P E* (T, ad’(p)).
veES veES

The vanishing of H11) 1 (Gs, ad® (p)*) implies that the first map is a surjection and the last an injection.
S

As polr, is liftable for all v € S, the local obstructions to lifting vanish. The global obstruction to lifting
po to A1, ob(pg) € H*(T's,ad’(p)) ® I, therefore maps to 0 in @, g H*(Ty,ad’(p)) ® I. As this latter
restriction map is injective, there is a lift p; of pg to A; on I's. We wish to show it can be chosen subject
to Ds.

The set of all lifts of po|r, is an H'(I',,ad’(p)) ® I-torsor. The existence of local lifts means that there
exist ¢, € HY(I'y,ad’(p)) ® I such that ¢, - po|r, € Dy(A1). By the surjectivity of the first map in the
sequence, there exists ¢ € H(I'g, ado(ﬁ)) ® I such that ¢|, agrees with ¢, up to an element of L, ® I for
all v € S. As the set of lifts of pg|r, subject to D, is a L, ® I-torsor, this implies that (¢ - p1)|r, € Dy (A1).
In other words, ¢ - p1 is a lift of pg to Ay satisfying Dg. O

2.5.3 Choosing Deformation Conditions

Let G’ be the derived group of G and p: G — G/G’ be the quotient map. For a fixed lift v of pop: T —
(G/G")(k), the heart of the matter is to choose deformations conditions so the results of §2.5.2| produce a
geometric lift of p with pop = v. We need:

1. Locally liftable deformation conditions at places above p whose characteristic-zero points are lattices
in crystalline (or semistable representations).

2. Locally liftable deformation conditions at finite places away from p where p is ramified.

3. The ability to choose Ramakrishna’s deformation condition (§2.4]) at additional finite places away from
p where 7 is unramified in order to find S so that Hp, (T, ad’(p)*) = 0.
S

Remark 2.5.3.1. The importance of the fixed v is discussed in §2.5.4] The technical consequence is that
deformation conditions that incorporate this fixed lift can be analyzed using the Galois cohomology of ad’ (P),
rather than of the larger ad(p).

It is necessary to extend O and k in order to define some of these deformation conditions: the condition
that p is big is unaffected (Remark, so we are free to do so. We will find such deformation conditions
when G = GSp,, with even m > 4 or G = GO;, with m > 5. In order to have the necessary oddness
assumption on p, in the latter case m # 2 (mod 4).

Remark 2.5.3.2. As our analysis in this chapter applies to connected reductive groups, we need to use the
connected group GO, . It is possible to modify the arguments to apply to some disconnected groups (see the
treatment of L-groups in [Pat15} §9]) but we do not do so here. Given p: 'y — GO, (k) C GO, (k), viewing
it as a representation for the group G = GO,, any deformation to a coefficient ring A will automatically
factor through GO, (A), so deformation conditions for the larger group GO,, naturally give deformation
conditions for GOy),.

At the places above p, when G = GO;,, or GSp,, after extending k we will construct a Fontaine-Laffaille
deformation condition using Fontaine-Laffaille theory in Chapter This requires the assumption that
Ve (’)[%] is crystalline, p is unramified in K, p is torsion-crystalline with Hodge-Tate weights in an interval
of length %, and that the Fontaine-Laffaille weights for each Z,-embedding of O into O are pairwise
distinct. The deformation condition will be proved to be liftable, and the dimension of the tangent space
will be h0(T,,ad"(p)) + [K, : Q) dimyu, where u is the Lie algebra of the unipotent radical of a Borel
subgroup of G. This generalizes the results for GL,, obtained in [CHTO0S8, §2.4.2].
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Remark 2.5.3.3. The restriction that p is unramified in K and that the Hodge-Tate weights of p are in
an interval of length %72 is required to use Fontaine-Laffaille theory. Approaches using different flavors of
integral p-adic Hodge theory should be able to remove it (for example, the deformation condition based on
ordinary representations worked out by Patrikis [Pat15] §4.1] does so for a special class of representations).
However, most previous work on studying deformation rings using integral p-adic Hodge theory only gives
results about the deformation ring with p inverted, which does not suffice for our method.

The assumption that the Hodge-Tate weights are pairwise distinct is crucial, as otherwise the expected

dimensions of the local crystalline deformation rings are too small to use in Ramakrishna’s method.

At the places where p is ramified, in Chapter 4] we will construct a minimally ramified deformation
condition by studying deformations of nilpotent (or equivalently unipotent) provided p > m . For each
place, this will potentially require a finite extension of k. After such a further extension, this will be a
liftable deformation condition at v with tangent space of dimension h°(T,,ad’(p)) (see Corollary .
This generalizes the results for GL,, obtained in [CHTO08, §2.4.4].

We also need to specify a deformation condition at the archimedean places v: we just require lifts for
which p o p|r, = v|r,. This condition is very simple to arrange, as #I', < 2. At a complex place, the
dimension of the tangent space is zero and the dimension of the invariants is dimy ad® (). At a real place,
the tangent space is zero when p > 2 and the invariants are the invariants of complex conjugation on ad’ ).

In order to construct Ramakrishna’s deformation condition, the tangent space inequality must
be satisfied. Let S be a set of places consisting of primes above p, places where p is ramified, and the
archimedean places. When using the local deformation conditions as above at s € S, the inequality
says exactly that

K : QJdimpu =Y [K,: Qdimyu> Y r'(I,,ad’(p) =Y ad’(p)"™ (2.5.3.1)

v|p v|oo v|oo

This is very strong: dimad®(p)’» > [K, : R]dimy u by Fact 2.5.1.1L so (2.5.3.1)) holds if and only if K is
totally real and p is odd at all real places of K.

Assuming K is totally real and p is odd and at all real places, we can allow ramification at additional
places to define a deformation condition to which we can apply Proposition In particular, using
Ramakrishna’s deformation condition D*™ at a collection of new places as in Corollary (again
possibly extending k), we obtain a new deformation condition Dy for which HL, (I'r, ad’(p)*) = 0. Using

Proposition we obtain the desired lifts. ’

Let us collect together all of our assumptions and record the result. For G = GSp,,, with even m > 1 or
G = GO,, with m > 5 and a big representation p : 'y — G(k), fix a lift v : ' — (G/G")(k) to O of pop
such that v ® O[%] is Fontaine-Laffaille. We furthermore assume that K is totally real and that p is odd
at all real places (which requires m # 2 (mod 4)). To use the Fontaine-Laffaille condition, we assume that
p is unramified in K and that p is Fontaine-Laffaille at all places above p with Fontaine-Laffaille weights
in an interval of length %72, pairwise distinct for each Q, embedding of K into (’)[%}. In order to use the
minimally ramified deformation condition of we require that p > m. We extend O (and k) so that all
of the required deformation conditions may be defined.

Theorem 2.5.3.4. Under these conditions, there is a finite set T of places containing the archimedean
places, the places above p, and the places where p is ramified such that there exists a lift p : T — G(O)
such that

e op=u.
e p is ramified only at places in T

e p is Fontaine-Laffaille at all places above p, and hence crystalline.

In particular, p is geometric. If we combine this with Proposition we obtain Theorem |1.1.2.2

Remark 2.5.3.5. Using the local deformation conditions for GL,, in [CHTO08| §2.4.1] and [CHTO08| §2.4.4],
the same argument gives an identical result with G = GL,,. But for n > 2 it is impossible to satisfy the
oddness hypothesis. For GLy, this is a variant of [Ram02, Theorem 1b].
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Remark 2.5.3.6. For other groups, the method will produce lifts provided appropriate local conditions
exist. The deformation conditions we used are only available in full strength for symplectic and orthogonal
groups. An alternative deformation condition above p is the ordinary deformation condition |[Patl5, §4.1],
available for any G. For ramified primes not above p, §4.4] provides a deformation condition assuming a
certain nilpotent centralizer is smooth and p|r, is tamely ramified of the special type considered in

2.5.4 Lifting Representations valued in Tori

We will briefly explain the importance of fixing a lift of 7 = pop : L' — (G/G’)(k). Pragmatically, we do so
in order to use ad’(p) instead of the larger ad(p) in Proposition and connect with Corollary
This really is necessary however, as the universal deformation ring for 7 need not be smooth. In particular,
if we have no control on the homomorphism 'y — G(R) — (G/G’)(R) induced by lifts of p, we might not
be able to lift at each step in Proposition because there would be an obstruction to lifting o p.

In [Ti196, §4], for a split O-torus 7" in place of G/G’ Tilouine proves that the universal deformation ring
for 7 is isomorphic to O[[X*(T") @ T%"]], where T4 is the maximal abelian pro-p quotient of I's. The idea
is as follows. Reduce to the case of 7" = G,,, and consider the Teichmuller lift. All other lifts to a coefficient
ring R differ from this fixed lift by a continuous homomorphism I's — 1 + mpg, which must factor through
the maximal abelian p-quotient of I's. So a lift gives a homomorphism

b,
oy’ — R.
Taking into account the topology on O[[ng’p ]], we see that it continuously extends. Conversely, a homo-
morphism from O [[sz’p ]] gives a continuous lift. Thus the universal deformation ring is O[[sz’p 1.

Next, we briefly recall what class field theory tells us about the structure of ng,p . As before, we assume
that S contains all primes above p and the archimedean places. Define

Upp ={z €0 :2=1 (mod v)for allv|p}

and denote the closure of its image in Hv‘p OF by Up1. The Zy,-rank of U, 1 is r1 +r;—1—4, and Leopoldt’s

conjecture is that § = 0. Class field theory shows (as sketched in [Til96, §4.2]) that the group F;b’p is the

product of a finite p-group and Z;2+1+5. In particular, the universal deformation ring is smooth (a power

series ring) when the finite part of ng,p is trivial. In that situation, we could use deformation conditions

without fixing a lift of 7, but in general we must fix a lift to avoid this issue.

Remark 2.5.4.1. There is always a lift of 7: as G/G’ is split, we can reduce to the case of G, and compose
with the Teichmuller character £* — O* to produce a lift. However, such a lift will not be crystalline above p
as it has finite (typically ramified) image: crystalline characters are algebraic on inertia [Conl4, Proposition
B.4], which means such characters are either unramified or have infinite image. It is not immediately obvious
that 7 will lift to characteristic zero in such a way that it is Fontaine-Laffaille at places above p, but such a
condition is an obviously necessary condition for Theorem to hold so we do not further explore this
question here.

It is worth explaining why there is no local obstruction to 7|r, having a Fontaine-Laffaille lift for v a
place above p. Let k be the residue field of K, and let L be a p-adic field with residue field k which splits K
over Q,. Consider a crystalline character 'y, — O : composing with the local reciprocity homomorphism
and using |[Conl4} Proposition B.4], on inertia this gives a map f : Ok — Of which is induced by a
Qp-homomorphism

RK’“/QP (Gm) - RL/QP (Gm)

between Weil restrictions.
By adjunction, such homomorphisms are equivalent to L-homomorphisms

RKU/QP(GM) ?q, L — Gy,.

As L splits K, over Q,, this is a homomorphism
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Thus the map f: Ox — OF is of the form

x = H T(x)". (2.5.4.1)

T:Ky—L

Fix a Qp-embedding 7 of K, into L and hence an embedding of « into k: any other embedding of « differs
by a power of the Frobenius (and recall that K,/Q, is unramified since we assume p is unramified in K).
By appropriate choice of the exponents n, € {0,1,...,p — 1}, it is clear that any map of the form

KX D xa0+17<11+.~+17r71ar71 c kX

with 7 = [k : k] and 0 < a; < p is the reduction of something of the form

As k* and k> are cyclic, any character x, : O &, — k* is the reduction of a Character vy : O — Of of
the form . Thus any 7, : 'k, — k™ agrees on inertia with the inertial restriction of the reductlon of
a crystalline character. The quotient is an unramified character, which may be lifted using a Teichmuller lift.
Combining these lifts, we obtain a character v, : T'x, — OF lifting 7|p, which is algebraic on inertia, hence
crystalline. The Hodge-Tate weights are the n,, which may be taken to be in an interval of length p — 1.
In particular, v, is Fontaine-Laffaille. (The statement of Fontaine-Laffaille theory in Chapter [3| require an
interval of length p — 2 to obtain a clean statement: in [FL82| an interval of length p — 1 is fine as long as
an additional technical condition holds: this is satisfied in our case as long as not all of the a; are p — 1.)
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Chapter 3

Fontaine-Laffaille Deformations with
Pairings

Let K be a finite extension of Q,, k a finite field of characteristic p, and G be a split connected reductive
group over the valuation ring O of a p-adic field L with residue field & such that L splits K over Q,. Consider
a residual representation p : I'x — G(k). The methods of Chapter [2| require a nice class of deformations of
p- In particular, we need a deformation condition D5 on the local Galois group I'x such that:

o D5 is liftable;
e D; is large enough, in the sense that its tangent space has dimension
[K : Qp]dimg u+ dimy, H°(T'x,ad"(p))
where u is the Lie algebra of the unipotent radical of a Borel of G;

e D;(O) consists of crystalline representations (more precisely, lattices in crystalline representations).

Fontaine-Laffaille theory provides a mechanism to study deformations when p is unramified in K (so
L splits K if and only if k contains the residue field of K) and the representation p is torsion-crystalline
with Hodge-Tate weights in an interval of length p — 2. For G = GL,,, such a deformation condition was
constructed in [CHTO8| §2.4.1] provided that the Fontaine-Laffaille weights for each Q,-embedding K — L
are pairwise distinct (see Remark . We need to adapt those ideas to symplectic and orthogonal
groups under the additional assumption that the Fontaine-Laffaille weights lie in an interval of length %_2.
For symplectic groups and K = Q,, this was addressed in Patrikis’ senior thesis [Pat06]: this chapter is a
mild generalization. Keeping track of the pairing requires knowledge about how Fontaine-Laffaille modules
interact with duality and tensor products, the details of which are recorded in [Pat06]. As this is not readily
available, we will record proofs.

In we will review Fontaine-Laffaille theory and how it interacts with tensor products and duality.
The Fontaine-Laffaille deformation condition DX will be defined in Theorem shows it satisfies
the three properties above needed in Chapter

3.1 Fontaine-Laffaille Theory with Pairings

We begin by establishing some notation and reviewing the key results of Fontaine-Laffaille theory. It pro-
vides a mechanism to relate torsion-crystalline representations to semi-linear algebra data (Fontaine-Laffaille
modules), just as p-adic Hodge theory relates crystalline representations to admissible filtered p-modules. It
was first studied by Fontaine and Laffaille [FL82|, who introduced a contravariant functor relating torsion-
crystalline representations and Fontaine-Laffaille modules. For deformation theory, in particular compati-
bility with tensor products, it is necessary to use a covariant version, introduced in [BK90]. The details of
relating this covariant functor to the functor studied by Fontaine and Laffaille that are omitted in [BK90]
are written down in [Con94]. We then studying Fontaine-Laffaille modules with the extra data of a pairing
by analyzing tensor products and duals.
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3.1.1 Covariant Fontaine-Laffaille Theory
Let K = W(K')[:] for a perfect field k' of characteristic p. Let W = W (k') and ¢ : W — W denote the

1
p .
Frobenius map. Recall that there is an equivalence of categories between Repgl:‘(F k) (crystalline repre-

sentations of ') and MF?ad (admissible filtered ¢-modules). For a crystalline representation V' and an
admissible filtered p-module M, quasi-inverse contravariant functors are given by

*
Dcris

(V) = Home[FK] (V, Bcris) and VI (M) = HOIHMF\«;; (M, Bcris)-

cris

Fontaine and Laffaille construct a generalization of this functor that applies to Z,[I'x]-modules that arise
as subquotients of lattices in crystalline representations, provided the analogue of the Hodge-Tate weights
of the representation lie in an interval of length p — 2. We want a generalization of the covariant functors

Dcris(v) == (Bcris ®Qp V)FK and ‘/cris(M) = Fllo (Bcris XK M)¢:1~

Our convention will be that the Hodge-Tate weight of the cyclotomic character is —1, which will work well
with these covariant functors.

Definition 3.1.1.1. A torsion-crystalline representation with Hodge-Tate weights in [a,b] is a Z,[[k]-
module T for which there exists a crystalline representation V with Hodge-Tate weights in [a, b] and I -stable
lattices A C A’ in V such that A’/A is isomorphic to 7.

The analogue of torsion-crystalline representations on the semilinear algebra side are certain classes of
Fontaine-Laffaille modules:

Definition 3.1.1.2. A Fontaine-Laffaille module is a W-module M together with a decreasing filtration
{M?%};cz of M by W-submodules and a family of o-semilinear maps {¢%, : M* — M} such that:

e The filtration is separated and exhaustive: M = UiezMi and ﬂiezMi =0.

e For m € M1, p- @it (m) = ¢, (m).
Morphisms of Fontaine-Laffaille modules f : M — N are W-linear maps such that f(M?) C N' and
fopl, =i o f forall i. The category is denoted MFyy.

Remark 3.1.1.3. Jumps in the filtration will turn out to correspond Hodge-Tate weights, so the condition
M® = M and M°*t! = 0 with a < b corresponds to restricting the Hodge-Tate weights to a certain range.
We call the set of jumps in the filtration the Fontaine-Laffaille weights. We will denote the full subcategory

of Fontaine-Laffaille modules with this additional condition by MF%’H.
We are interested in torsion Fontaine-Laffaille modules that satisfy a version of an admissibility condition.

Definition 3.1.1.4. Let MF{thOr denote the full subcategory of MFyy consisting of M for which M is of

finite length (as a W-module) and for which Y, , ¢*(M") = M. Let MF J‘:V[(tloli] denote the full subcategory
with the additional condition that M® = M and M**! = 0.

Fact 3.1.1.5. The category MF‘J;V['ZOZ;] 1s abelian, with kernel, cokernel, and image formed as in the underlying

category of W-modules. For an object M € MF&’,E‘Z[;;], each M? is a direct summand of M as a W -module.

The first statement is [FL82, Proposition 1.8], the second is [Win84, Proposition 1.4.1 (ii)].
We are also interested in a variant that allows non-torsion modules.

Definition 3.1.1.6. A filtered Dieudonné module M is a Fontaine-Laffaille module for which the M® are
direct summands of M as W-modules and for which

> et (M) = M.
i€Z

Let D denote the full subcategory of MFyy consisting of filtered Dieudonné modules M for which M* = M
and Mt =0 for some 0 < b—a <p—2.
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Note that MF&,[‘tIOI;] is a full subcategory of Dy . There are natural notions of tensor products and duality.

Definition 3.1.1.7. For Fontaine-Laffaille modules M; and M,, define M; ® M, to have underlying W-
module M; ® Mo, filtration given by (M; @ Ma)™ = > M{ ® M3, and maps @M, o1, induced by the

i J
O, and O,

i+j=n

Definition 3.1.1.8. For M € MF":V’tor, define M* to be Homy (M, K/W) with the dual filtration M} =
Homyy (M/M'~% K/W) and with ¢%,. characterized for f € M} and m € M7 by ¢%,. (f)(¢?(m)) = 0 when
j>1—iand by @ . (f)(p?(m)) = f(p~*/m) when j <1 —i (in which case —i — j > 0).

Lemma 3.1.1.9. There is a unique (p%,.) satisfying these constraints. Using it, M* is an object ofMF‘J;V’tor.
Then M +— M* is a contravariant functor from MF{;Ktor to itself, and M ~ M™** naturally in M.

Proof. Uniqueness is immediate, while existence is checked in [Con94, §7.5]. We will use a similar argument
in Lemma [3.1.3.2] and Lemma [3.1.3.3) O
Remark 3.1.1.10. The indexing of the dual filtration is that used in [Fon82, §3.2] and elsewhere. Note
that duality sends MF&,[ZOIL] to MF‘C[’,E;OIZ’fa].

To connect Fontaine-Laffaille modules and torsion-crystalline representations, we use the period ring
Acris- For our purposes, all that is important is that Ac;s is a period ring that has an action of I'¢, a ring
endomorphism ¢ (coming from the pth power map) and a filtration {Fil" Acis}. In particular, it carries
both an action of I' and the structure of a Fontaine-Laffaille module. A convenient reference is [Hat), §2.2],

which reviews Acis for the purposes of constructing the contravariant Fontaine-Laffaille functor. We use it
to define an analogue of Vs:

Definition 3.1.1.11. For M € MFJ;{,[i;p’l], define
Teris(M) ==ker (1 — % ot Fil’(Aeris ® M) — Aeis @ M) .

Remark 3.1.1.12. A small argument (see |[Hatl §2.2]) also shows that

Acris7oo = Acris Qw K/W = li_H}ACriS/pnACTiS € MFé[’/E(t)’opi"il] .

This allows us define a contravariant functor from MF{;{,[&)ITI] to Repz (I'r) by

*
Tcris

(M) = HOmMFW (M7 Acris,oo)-

This is well-defined as Homur,, (M, Acris,c0) 18 Zp-finite (for example, using a contravariant version of
Fact 3.1.1.14). This functor agrees with the functor Ug considered by Fontaine and Laffaille [Hat, Remark
2.7].

If M € MF}2 P! is killed by p, then

*
Tcris

(M*) = HomMFW (M*, Acris/pAcris)
~ker (1 — % onr t Fil’(Aeis ® M) — Agis © M)
= Tcris(M)

which is how Fontaine and Laffaille’s results about T

cris

imply results about Tis.
We can extend T¢,is to Dk by defining an analogue of Tate-twisting:

Definition 3.1.1.13. For M € MF&,[‘ZOI;] and an integer s, define M(s) to have the same underlying W-
module with filtration M (s)’ = M*~* and maps ¢}, = s

Tate-twisting allows us to shift Hodge-Tate weights and extend results in the range [2 — p,1] to any

interval [a, b] where b—a < p—2. For M € MF{;’,E?(’)I;], we define

TcriS(M) = TcriS(M(_(b - 1)))(b - 1)
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Fact 3.1.1.14. We have:
1. The covariant functor Teis : Dk — Repz, [Tk] is well-defined, and is exact and fully faithfully.
2. For M € Dk, Teyis(M) = @Tcris(M/p"M),

3. The essential image of Teys : MF{/V[ZOIZ] — Repgz, [Ck] is stable under formation of sub-objects and
quotients.

4. For M € MFéV[(:OI;], the length of M as a W-module is equal to the length of Teyis(M) as a Z,-module.
5. For M € Dy, the Tk -representation Tcris(M)[%] is crystalline.

6. Any torsion-crystalline F, [ k]-module V whose Hodge-Tate weights lie in an interval of length p — 2
is in the essential image of Tyis.

Remark 3.1.1.15. While a torsion representation does not have Hodge-Tate weights, according to Defini-
tion [3.1.1.1f the Hodge-Tate weights of a torsion-crystalline representation lie in an interval [a, b] provided
the representation is quotient of I'i-stable lattices in a crystalline representation with Hodge-Tate weights
in [a, b].

This is a modified version of [BK90, Theorem 4.3]. Additional details of the proof of that theorem are
recorded in [Con94, §7]. The first, fourth, and fifth statements are stated explicitly in [BK90, Theorem
4.3]. The second is proven in |[Con94l §7.2]. The claim about the essential image follows from the results
of [Con94], §8.3-9.6]: a formal argument shows that if T}, takes simple objects to simple objects, the essential
image is stable under formation of sub-objects and quotients. The content is that T}, takes simple objects
to simple objects. The formal argument adapts to Tc.s, and Remark allows us to deduce that T,
takes simple objects to simple objects as all simple objects are automatically killed by p.
For the last statement, we need a fact about T

cris*

Fact 3.1.1.16. For r € {0,1,...,p — 2}, the functor T2, induces an anti-equivalence between MF&,[?OZ]
and the full subcategory of Repz (Tk) consisting of torsion-crystalline T representations with Hodge-Tate

weights in [—r,0].

Dualizing V and Tate-twisting, we may assume that the Hodge-Tate weights of V" lie in [0,p —2]. Then

V' =1, (M) for some M € MF%?;’TQ]. Remark [3.1.1.12| shows that Tis(M*) = V using double duality
(Lemma [3.1.1.9).

Remark 3.1.1.17. Our convention that the Hodge-Tate weight of the cyclotomic character is —1 makes
the Fontaine-Laffaille weights and Hodge-Tate weights match under T¢,s.

3.1.2 Tensor Products and Freeness

We now address two properties of Ti.;s where it is crucial to be using the covariant functor. Definition m
defined a tensor product for Fontaine-Laffaille modules. If M; € MF&’,E‘Z;;M and My € MF&’,{E# , it is

straightforward to verify that M; ® My € MF{:V[‘:_J‘;;F a2:01%b2]  Ppe functor T.iis is compatible with tensor
products in the following sense:

Fact 3.1.2.1. Suppose that My, Ms, and M7 ® My each has Fontaine-Laffaille weights in an interval of
length at most p — 2. Then Teris(M1) ®@z, Teris(M2) ~ Teris(My @ My).

There is a natural from the left to the right coming from the multiplication of A¢.s. To check this map is
an isomorphism, one first checks on simple M; and M5 using Fontaine and Laffaille’s classification of simple
Fontaine-Laffaille modules when the residue field &’ is algebraically closed. This is explained in [Con94} §10.6].
Then one uses a dévissage argument to reduce to the general case, as explained in [Con94, §7.11].
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Remark 3.1.2.2. An analogue of this compatibility is stated in [FL82, Remarques 6.13(b)] for the con-
travariant functor T*. . For T*. . it only makes sense if M7 and Ms are killed by p; in that case

cris* cris?

C*ris(Ml) = HomMFW (Mla 5 Acris,oo) = HomMFW (Mla Acris/pAcris)

and likewise for My. Then multiplication on Aeis/pAcris gives a natural map T (M) @ T, (M) —
T% (M1 ® M) which can be checked to be an isomorphism by dévissage. But Acis, oo is n0t a ring, so there
is no natural map without a p-torsion hypothesis on M7 and Ms. This obstructs an analogue of dévissage
to the p-torsion case for T. , and explains why it is crucial to work with the covariant functor Tes.

cris?

For M € MF&’,E‘:&?, if V= Teis(M) has “extra structure” then so does M. For example, if V' were a
deformation of a residual representation over a finite field k, V would be an O = W (k)-module. As Tgs is
covariant and fully faithful, it is immediate that M is naturally an O-module. The actions of Z, on M via
the embeddings into O and W = W (k') are obviously compatible.

Representations of I'x defined over a finite extension L of Q, can be viewed as Q,-vector spaces with
the additional action of L. Assume there exists an embedding of K into L over Q,, so L splits K over Q.
These representations are modules over L®q, K ~ [] .k, L+ viaa®b > (a7(b)). For each Q,-embedding
7, there is a collection of Hodge-Tate weights.

We will generalize this structure to our setting. Now assume k' is finite, and more specifically that &’
embeds in k, so O[%] splits the finite unramified K over Q,. Hence

Owz, W=~ [[ o
TW—0O

as O-algebras, where 7 varies over Z,-embeddings of W into O and W acts on O, via 7. We likewise obtain
a decomposition of the O @z, W-module M as:

Note that
Homog,, w(M,M') = &5 Homo(M,,M,).
T7:W—0O

Lemma 3.1.2.3. If V is equipped with a T i -equivariant O-module structure then for M! := M, N M* we
have
M= M
T W—0O

and furthermore the o-semilinear map WM|M;: : M} — M factors through My,
Note that o7 = 70.

Proof. It is immediate that M? = i M}, as the induced action of O on M preserves the filtration. Let
ji + ML — M?® be the inclusion, so j;(wm) = 7(w)ji(m) for w € W and m € M:. The fact that ¢}, is
o-semilinear implies that for m € M? and w € W,

or(w)phy (ji(m) = iy (T(w)js(m)) = @iy (s (wm)). O
Lemma 3.1.2.4. The length of M as an O-module equals the length of V' as an O-module multiplied by
(K :Qp).

Proof. The length of M as a W-module equals the length of V' as a Z,-module by Fact 3.1.1.14. The rest is
bookkeeping. The F-dimension of O/pO ist = [O[+] : Q,], and the k’-dimension of O/pO is s = [(’)[%] : K.

1
It follows that ?

slgo (M) =lgyw (M) =lggz, (V) = tlgo(V).
Hence lgn (M) = [K : Qpllgn (V). O
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We can prove a result about freeness when V' and M are R-modules for an artinian coefficient O-algebra
R with residue field k:

Lemma 3.1.2.5. We have V is a free R-module if and only if M is a free R-module. When M is a free
R-module, all of the M are free R-direct summands. All of the M. has the same rank.

Proof. A finitely generated R-module N is free if and only if 1g,(N) = nlgn(R) for n = dimy N/mgN, as
we see via Nakayama’s lemma applied to a map R™ — N inducing an isomorphism modulo mg. From the
exact sequence of Fontaine-Laffaille modules

0—>mpM - M — M/mgM — 0

and the fact that Tt is covariant and exact, we see that Teis(M/mgM) = V/mgrV. By Lemma if
dimy, V/mgrV = n then M/mgpM is a k-vector space of dimension [K : Q,]n. Thus to relate R-freeness of M
and V we just need to show that lge, (M) = [K : Q]1go(V), which is Lemma [3.1.2.4]

Now suppose M is a free R-module. By functoriality, the Z,-module direct summands M, of M are each
R-submodules, so each M, is an R-module direct summand of M. Hence each M, is R-free when M is free.
To deduce the same for each M!, we just need that each M! is an R-module summand. By R-freeness of
M, it suffices to show that each M!/mgrM? — M/mrM is injective. Since M! is the “r-component” of M®
by Lemma it is an R-module summand of M?. Thus it suffices to show that

M /mpM" — M/mprM

is injective for all 4. But this follows from the abelianness in Fact

To check that all of the M, have the same rank, by freeness it suffices to check that dimy, M, is independent
of 7. As all Z,-embeddings of the unramified W into O are of the form o't for some fixed Z,-embedding 7
and o has finite order, it suffices to show that

dimk MT 2 dimk MUT.

As each 3. is a k-module direct summand of M, M, is isomorphic to gr® 3. Because @iﬁ(ﬂiﬂ) =0,
we obtain a map
Z <p§wT cgr* M, — Mg,.
i

As Fontaine-Laffaille modules satisfy 4

M=> o)

i

the map _, <p§'wT is surjective. This completes the proof. O

Remark 3.1.2.6. We get a set of Fontaine-Laffaille weights for each Z,-embedding 7 : W — O. We can
also define the multiplicity of a weight w, to be the rank of the R-module M¥7/M®~+1. The number of
Fontaine-Laffaille weights, counted with multiplicity, for each embedding is the same. We say the Fontaine-
Laffaille weights with respect to an embedding are distinct if each has multiplicity 1. This is analogous to
the way a Hodge-Tate representation of I' over a p-adic field splitting K over Q,, has a set of Hodge-Tate
weights for each Qp-embedding of K into that field.

We can now define a notion of a tensor product for Fontaine-Laffaille modules that are also R-modules
for a coefficient ring R over O.

Definition 3.1.2.7. Define M7 ®r M> to be the module M; ®r Ms together with filtration defined by

(Mi®@p M2)" =320 i M @ M and with O @, defined in the obvious way on the pieces.

Lemma 3.1.2.8. Suppose that My, My, and My @z My are all in MF{/V[L;OEL] with 0 < b—a < p—2. The
natural map Teris(M1) @ g Teris(M2) = Teris(M1 @ g M) is an isomorphism.

42



Proof. We have an exact sequence
0—>J—> M My — My Qr My — 0

where J is generated by the extra relations imposed by R-bilinearity (beyond W-bilinearity). For r € R,
define JIP M ® My — M7 ® M by

r(myp @ ma) = (rmy) @ me — my ® (rma).

Then J =} _pIm(u,); this is an object of MFJ;V[‘ZO? by Fact We will show that Tepis(J) is the
kernel of Tcris(Ml 02y M2) — Tcris(Ml) QR Tcris(M2>-

It suffices to show that if N1 and Ns are sub-objects of M1 ®Ms then Tiyis(N14+Na) = Teris(N1) +Teris(Na).
Indeed, granting this we would know that

Tcris(J) = Z Teris (Mr)-

reR

But by functoriality Teyis(pr) is the map Tepis(M1) @ Teris(Ma) = Teris(M1) ® Teris(Mz) given by v1 ® vg —
U] ® vy — V1 ® T2, 80 Teyis(J) is the kernel of Tepis (M1 @ My) — Teris(M1) Q@ Teris(Ms) as desired.
To prove that Teis(N1 4+ No) = Teris(N1) 4+ Teris(N2), consider the exact sequence

0— N1N Ny — Ny &Ny — Ny + Ny — 0.
As T,,is preserves direct sums, it suffices to show that
Teris(N1) N Teris (N2) = Teris (N1 N N3).
But this follows from the exactness of T¢,is and the left exact sequence
0— NiN Ny — Ny DNy — M ® M,

where the second map is (n1,n2) — ny — no. O

3.1.3 Duality

Let R be a coefficient ring over O and M € MF{:V)tor have the structure of a free R-module. Fix L € MF":V)tor
with an R-structure so that for each 7, L, is a free R-module of rank 1 with L~ = L, and L~ ! = 0 for
some s, (the analogue of a character taking values in R*). We will define a dual relative to L akin to Cartier
duality. This will be useful for studying pairings.

Definition 3.1.3.1. For an M as above, define M = HomR®ZPW(M, L) with a filtration given by
Fil' MY = {¢ € Hompg, w(M,L):$(M?) C L' for all j € Z}.
For ¢ € Fil' MV, define %, () to be the unique function in Hompg, w(M, L) such that
P () (2 (m)) = o1 (U (m)).
for all m € M7 and j.

If %, exists, it is unique since the images of the gag\/[’s span M additively. Likewise, if ¢%,, exists
for all ¢ they are automatically o-semilinear and satisfy p@}\'}& = 4 v i+ arv. We check ¢, (1) is well-
defined in the following lemma. The fact that all of the M? are free R-module direct summands of M, (by

Lemma [3.1.2.5)) is crucial.

Lemma 3.1.3.2. The function @', (1) is well-defined, and the filtration can equivalently be described as

Fil' MY = @ Homp (M, /M=% L,).
T W—=QO
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Proof. We first establish the alternate description of Fil* M. Because

Hompg, w(M,L)= @5 Homg(M,L,),
7 W—=0O

and LS = L, while L&t = 0, an element ¢, € Homg(M,, L,) satisfies ¢, (M7) C L7 if and only if
U, (M. ) = 0 whenever i+j > s,. This says exactly that 1; factors through M, /M 5~ Because M1+~ ~!
is an R-module direct summand, hence free with free complement, a morphism M, /M=% — [ is
equivalent to a ¥, : M, — L, such that ¢, (M'*5-=%) = 0. Thus Fil' MY = Homp (M, /M5 L.) as
desired.

We will construct ¢4, : Fil' MY — M" using the exact sequence

b b
0—- P M -EPM - M0 (3.1.3.1)
r=a+1 r=a

of [FL82, Lemme 1.7]. The first map sends (m,)7=5, | to (pm, —m,41)7=% (with the convention that m, = 0
and mpy1 = 0), and the second map is Zi:a @'y For ¢ € Fil* MV, consider the map

b
o:PM - L,

r=a

induced by the ¢4 ot : M" — L,. For (m,)I=%,, in [y MT™, we compute that

r=a+1

$((my)i=b 1) Zw*f (pmj —mjs1)))

= ZWW Z P77 (1h(mj41))-

But goL | i1 = p(pL+]+ so this difference is
b+1
Zpsol” = > pei I (w(my))
j=a-+1
which vanishes as mpy+1 = 0 and m, = 0. Hence ¢ factors through the quotient M of (3.1.3.1f), giving the
desired well-defined map % . O

Lemma 3.1.3.3. The Fontaine-Laffaille module M is an object of MF&Ctor'
Proof. We need to show that 3", ¢4, (Fil' M) = M". Tt suffices to show that the inclusion
> i (Fil' MY) — MY
is an equality. By Nakayama’s lemma, it suffices to show that the reduction modulo mpg is surjective.

For an R-module N, let N denote the reduction modulo mg. We may pick free R-modules N such that
M: = N! @ M as each M is a (free) direct summand of the R-free M, that is an R-free direct summand

of M. Because p - @4 = @b, |ari+1, we see @M(M) @M(NZ) S0
MO’T:Z@?‘W(NT)

By dimension reasons ¢%,|n: is injective and the sum is direct. We also know that ¢%|+— = 0 for i < s,
y PMINE ] PLIT;

1 .
because p- ¢} = @) |pi+1.
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As M; and L, are free R-module summands of M and L for all 7, M MYV = M by Lemma We can
describe an element ¢ € Fil' MV as a collection of ¢, ; € @, ; Hom r(N7, L 7). But L 7 is one- dlmensional

over k if i + j < s,, and is zero otherwise. Then for f = ¢}, (¢) and m = 3°_ @l (s ;) with n, ; € Wi,
by construction we have
2+j
= 2417 Wlnn)

But ¢ (1(n,;)) is forced to be zero unless i + j = s,, in which case it can take on any non-zero value in
L, (depending on the choice of ). Thus

ol (Rl I @ Hom (go?v} i Njf_i),f”) .
Summing over i, and using the sum decomposition M =Y _ . %, (NZT) gives that
> i (Fil' M) = Hom(M, L),

This shows the desired surjectivity. O

Remark 3.1.3.4. For fixed Z,-embedding 7 : W — O, if the Fontaine-Laffaille weights (Remark [3.1.2.6)) of
M with respect to 7 are {w,;}; then the Fontaine-Laffaille weights of M with respect to 7 are {s; —w;;};.
This is just bookkeeping.

Letting v be the Galois representation on the free rank-1 R-module corresponding to L, we define the
dual VYV = Hompgp,(V, R(v)) for a discrete I' g-representation on a finite free R-module V.

Lemma 3.1.3.5. For a morphism f : M — N in MF{/V[:;;] with b—a < pT_Q, there is a natural isomorphism
Tcris(Mv) =~ Tcris(M)\/ cmd Tcrls(fv) - crls(f)v'

Proof. We prove this by studying the evaluation pairing M ®pr MY — L. It is straightforward to verify
that this pairing is a morphism of Fontaine-Laffaille modules. Because b — a < %, we obtain a pairing of
Galois-modules

Tcris(M) QR Tcris(Mv) = Tcris(M QR Mv) — Tcris(L) = VR. (3132)

We will now prove that this pairing is perfect when R = k. We will do so by inducting on the dimension
of the k-vector space M. The case of dimension 0 is clear. Also, if M # 0 the pairing of Fontaine-Laffaille
modules is non-zero (look at the pairing of vector spaces M, x Hom(M,,L;) — L.). Thus the pairing of
Galois-modules is non-zero if M # 0 as Tes is faithful.

Now we use induction, so we can assume M # 0. The annihilator of Teys(MY) is Terig(M;) for some
f : M7 — M because the essential image of T¢.s is closed under taking sub-objects. We know M is a
proper sub-object as the pairing is non-zero. Observe that we may define the dual f¥ : MY — M) by
precomposition: it is obviously surjective since we are over a field. For v1 € Tes(M7) and vy € Teyis(MY),
we must have

0= (v1, fYva) = (f(v1),v2).

But the pairing Teris(M1) ® Teris(My') — Teris(L) is non-degenerate by induction, and fV is surjective, so
this means that v; = 0. Thus T (M;) and hence M; are trivial. Over the field k, this ensures the pairing is
perfect.

For the general case, we shall use the basic fact that for a coefficient ring R, if N7 and N, are free
R-modules of the same rank with an R-bilinear pairing N7 x Ny — R, the pairing is perfect if the reduction
(modulo mg) Ny x Ny — k is perfect. Apply this to Tepis(M) X Tepis(MY) — Tepis(L).

The statement Tipis(fY) = Teris(f)V is just functoriality. O
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3.2 Fontaine-Laffaille Deformation Condition

Let G = GSp,. or GO, and consider a representation p : I'x — G(k) with similitude character 7, where
K = W[%] for W = W (k') with finite k. Let V be the underlying vector space for p using the standard
representation of G. Take O to be the Witt vectors of kK, and assume O[%] splits K over Q,. Fix a
lift v : Tg — O of U that is crystalline with Hodge-Tate weights {s;}, in an interval of length p — 2,
corresponding to a filtered Dieudonné module L.

We suppose that p is torsion-crystalline with Hodge-Tate weights in an interval [a,b] with 0 < b —a <
%2 so we can use Fontaine-Laffaille theory. Let M be the corresponding Fontaine-Laffaille module (using
Fact [3.1.1.14Y(6) ), with Fontaine-Laffaille weights {w; ;}-,. In this section we define and study the Fontaine-
Laffaille deformation condition assuming that for each Z,-embedding 7 : W — O the Fontaine-Laffaille

weights are multiplicity-free as in Remark [3.1.2.6| (rank 1 jumps in the filtration).

3.2.1 Definitions and Basic Properties
As V is an k-linear representation of I'x, M becomes a k' @, k-module and in particular a k-vector space.

Definition 3.2.1.1. For a coefficient ring R over O = W (k), define DgL(R) to be the collection of lifts

p: Tk — G(R) of p with similitude character vi that lie in the essential image of T¢;s restricted to the full

subcategory MF’;V[‘:OI;] Such a deformation is called a Fontaine-Laffaille deformation.

We will analyze this deformation condition when the Fontaine-Laffaille weights of p are multiplicity-free
for each fixed embedding 7 : W < O (when the jumps in the filtration of each M, are 1-dimensional over

Theorem 3.2.1.2. Under the multiplicity-free assumption on Fontaine-Laffaille weights, DgL is liftable. If
u is the Lie algebra of the unipotent radical of a Borel subgroup of G, the dimension of the tangent space of
DIV s

(K : Qp)dimyu+ H°(Tk,ad’(p)).
If p: T — G(O) is an inverse limit of Fontaine-Laffaille deformations of p to O/p"O for alln > 1, it is a
lattice in a crystalline representation with the same Fontaine-Laffaille weights as p.

The proof of this theorem will occur over the remainder of §3.2] The key pieces are Proposition

Proposition [3.2:2.1] and Proposition [3.2:3.1]

To understand DgL, we must express the orthogonal or symplectic pairing in the language of Fontaine-
Laffaille modules. For a Galois module V which is a free R-module, recall we defined VV = Hom Rirx](V,VR).
For a deformation of p to a coefficient ring R, we obtain an R[I'k]-module V together with an isomorphism
n:V =~ VV coming from the pairing. Let ¢ = 1 for G = GO, and ¢ = —1 for G = GSp,.. The fact that
(v,w) = e(w,v) is equivalent to n* = en, where n* is the map V ~ VYV — VV induced by double duality.

There is a corresponding Fontaine-Laffaille module M such that T.s(M) =V, and M is a free R-module
by Lemma|3.1.2.5

Lemma 3.2.1.3. For a coefficient ring R, suppose V is a lift of V as an R[li]-module that is finite free
over R, corresponding to a Fontaine-Laffaille module M. An isomorphism of R|T k]-modules

n:V~vY

such that n(v)(w) = en(w)(v) is equivalent to an R-linear isomorphism of Fontaine-Laffaille modules
v:M~MY

such that v(m)(n) = ey(n)(m).

Proof. As the Hodge-Tate weights of p lie in an interval of length %, Lemma (3.1.2.8) and Lemma |3.1.3.5
hold. In particular, Teris(MY) = Teyis(M)Y. As Teys is fully faithful in this range, we see that a map 7 is
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equivalent to a map -y, and one is an isomorphism if and only if the other one is. It remains to check that ~
is symmetric or alternating if and only if 7 is. Let n* and +* denote the isomorphisms respectively given by

77\/ ,y\/
VeVWhLvY and M~MYY L MY,
A straightforward check shows that T, carries n* to v*, and hence n = en* if and only if v = ey*. O

Lemma 3.2.1.4. An R-linear isomorphism of Fontaine-Laffaille modules v : M ~ MV for which v(m)(n) =
ey(n)(m) is equivalent to a perfect e-symmetric R-bilinear pairing (-,-) : M x M — Lg satisfying
o (M, M) C L+,

o (hi(m), 9pr(n)) = o (m,n).

Proof. This is just writing out what v : M — M" being a morphism of Fontaine-Laffaille modules means
for the pairing (m,n) = y(m)(n).
For v to preserve the filtration says exactly that

y(M?Y) C Fil' MY = {) € Homg(M, L) : ¢(M?) c L**7}.
This is equivalent to (M* M7) C L7 for all i,j. The compatibility of v with the ¢’s says exactly that for
m € M? ‘ _
ey (v(m)) = (@ (m)).

Evaluating on any gog\/[(n) € M and using the definition of MY we see

i (1(m)) (s () = @7 (v(m) () = @7 (4m, ).

Evaluating v(¢%,(m)), we see that

V(@ (M) (£3s(n) = (Phr(m), @ ().

Thus, v being compatible with ¢’s is equivalent to (¢4, (m), ¥}, (n)) = @5 ((m,n)). O

In particular, the pairing V' x V — ¥ gives a perfect pairing (-,-)57: M x M — L .

Corollary 3.2.1.5. For a coefficient ring R, a lift p € DgL(R) 1s equivalent to a Fontaine-Laffaille module

M € MF&’,E‘;(’};] that is free as an R-module for which there exists a perfect e-symmetric R-bilinear pairing

(-,-y: M x M — L satisfying
o (Mi, M) C L+

o (phy(m), o4y (n)) = or 7 (m,n).

such that (M, (-,-)) reduces to (M, (-, )37)-

Proof. This follows by combining the two previous lemmas. Note that the pairing (-,-) is automatically
perfect as it lifts the perfect pairing (-, )37 O

Corollary 3.2.1.6. DgL is a deformation condition.

Proof. This follows from the fact that for a morphism of coefficient rings R — R', R' Qg Teis(M) =
Teris(R' ®r M), exactness properties of Ti,is on MF’;V;EOY, and Corollary For example, to check that
DgL is a sub-functor of Dy, let R be a coefficient ring and M be the Fontaine-Laffaille module corresponding
to p € DgL (R). Then R’ ®g Teris(M)) lies in the essential image of Ti.is, and R’ @ g M admits a perfect

e-symmetric R’-bilinear pairing as in Corollary [3.2.1.5 given by extending the pairing on M. This shows
that pr € DﬁFL (R'). A similar argument checks Definition 2.2.2.7|.. O

It is simple to understand characteristic-zero points of the deformation functor.
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Proposition 3.2.1.7. Suppose we are given a compatible collection of Fontaine-Laffaille deformations p; :
I'x — G(R;), where {R;} is a co-final system of artinian quotients of the valuation ring R of a finite
extension of (9[%] with the same residue field as O. Then p = @pi is crystalline (more precisely, a lattice
in a crystalline representation) with indexed tuple of Hodge-Tate weights equal to the corresponding indexed-
tuple of Fontaine-Laffaille weights of p.

Proof. Tt is straightforward to verify that the inverse limit of the Fontaine-Laffaille modules corresponding
to p; is in Dk . Then the Proposition follows from combining Fact 3.1.1.14 and . Our convention that
the cyclotomic character has Hodge-Tate weight —1 makes the Hodge-Tate weights and Fontaine-Laffaille

weights match (Remark [3.1.1.17]). O

3.2.2 Liftability

In this section, we analyze liftability by constructing lifts of Fontaine-Laffaille modules. Lifting the underlying
module, filtration, and pairing will be relatively easy. Constructing lifts of the ¢, compatible with these
choices requires substantial work. Let Wgy, , denote the Fontaine-Laffaille weights of p with respect to a
Z,-embedding 7 : W < O, corresponding to the jumps in the filtration of M.

Proposition 3.2.2.1. Under the assumption that the Fontaine-Laffaille weights lie in an interval of length
p=2

5— and are multiplicity-free for each T : W — O, the deformation condition DgL is liftable.
Let p : Tk — G(R) be a Fontaine-Laffaille deformation of p. Let M and M be the corresponding
Fontaine-Laffaille modules for p and p, which decompose as

M:@MT and M:@MT.

Each M. is a free R-module by Lemma Recall that there is a filtration {M:} on M, given by
R-module direct summands, and that ¢%,(M:) C M,,. In particular, there exist free rank-1 R-modules
NI C M! such that M! = NI @& M. As the pairing is O-bilinear, the pairings M, x M, — L, are
collectively equivalent to the pairing M x M — L, so to lift the pairing and check compatibility it suffices
to do so on M. To analyze liftability, we may work with each M. separately (since R®z, W =[] R, with
7 varying through Z,-embeddings W — O — R).

By a basis for M., we mean a basis for it as an R-module. By Lemma the rank of M, is r. For
G = GSp, with r even, the standard alternating pairing with respect to a chosen basis is the one given by

the block matrix
0 IT’,/2
!
—Ir/2 0

where I!, denotes the anti-diagonal matrix with 1’s on the diagonal. For G = GO,., the standard symmetric
pairing with respect to the basis is the one given by the matrix 1.

Example 3.2.2.2. Take R = k and fix an embedding 7 : W — O. Let wy,...,w, be the Fontaine-Laffaille
w_eights of M, and recall that w; + wy41-; = s; because M =~ MVY. Pick v; € M¥ — MY+ Since
Phrlat, =peiyt =0,

Myr =) @' (M}) = spany, j; ().

Note that {¢}; (v;)} is a k-basis for M., as the left side has k-dimension r and there are r Fontaine-Laffaille
weights for o7. Furthermore, compatibility with the pairing means that

n i _ witwy
(o (Vi) i () = o1 ({3, v5)).
But |, = 0 unless h = s,: for h > s, this is because L? = 0, while for h < s, this is because
L' = LMl = [ and cp’£|L¢+1 = pehtt = 0. Thus (¢%; (v;), ©5i (v5)) = 0 unless w; +w; = s,, in which case

the pairing must be non-zero as it is perfect. If i # j, by rescaling v; we may arrange for (@i (v;), ¢ s (v5))
to be an arbitrary unit. For G = GSp, or G = GO, with r even this means after rescaling the pairing

48



may be taken to be standard with respect to the basis n; = ¢"i(v;) of M,,. For G = GO, with r odd and
i =[r/2]+1, defining ¢, := (™ (v;), " (v;)) € k* and rescaling vy, ...,v;—1 then brings us to the case that
the pairing is ¢, times the standard pairing with respect to the basis n; = ¥i(v;) of M, .

Remark 3.2.2.3. The constant ¢, depends on the choice of basis {v;} for M,, so in particular is not
independent of 7. This will not cause problems in later arguments.

Remark 3.2.2.4. There is a lot of notation in the following arguments. With 7 fixed, we will use v; to
denote elements of MY, and m; to denote elements of M,,. Usually we will have ¢}j(v;) = m;. If we

T

want to index by Fontaine-Laffaille weights instead of the integers {1,2,...,r}, we will use vy, := v; and

!/ P X
My, = M.

Lemma 3.2.2.5. Let wy < wy < ... < w, denote the Fontaine-Laffaille weights of M with respect to T.
There exists an R-basis my ..., m;, of M. such that m; = (p“]\}} (v;) where v; is an R-basis for a complement
to MYt in M™i and such that the pairing (-,-) on My, is an R*-multiple of the standard pairing with
respect to the basis {m;}.

Proof. Example [3.2.2.2 shows that such a basis ¥; exists over R/mg: pick a lift v; € NI of 7;, and define
= ¢} (vi). We know that

i w w;+w
(paiviseatvi) =@ ((viy v5)).
If w; +w; > s, this is zero because L‘S*‘H =0. If w; + wJ < 87, this is not a unit as ¢, witw; Lir =

PP i If wy +wj = s, (equlvalently, i+j=r+1),it is a unit of R as the pairing is perfect.
We will modify the lifts v; and then m; = ¢} (v;) accordingly. For 0 < j < r/2 (so j <r+1—j), we
will inductively arrange that:

1. for ¢ < j, {m;,mp) =0for h#£r+1—1i;

2. v; is an R-basis for a complement to M¥it! in MY:;

3. (mi,my11—;) is a unit for all 1 <i < r.
For j = 0, the first condition is vacuous and the other two conditions hold by our choice of lift. Given that
these conditions hold for j — 1 with 1 < j < r, we will show how to modify the v; so that these conditions
hold for j. Let ¢ = (mj, myy1-;) € R*. For j <h <r+1—j, define

Uy, 1= vp, — <mj,mh>cflv,.+1_j.
As j#r+1—h, (mj,mp,) € mg. We compute that
(mj, i on) = (my,mp) — (mj,mp)e™" (mj, mya—j) = 0.

Fori<j,asr+1—i#h,r+1—h we know m; is orthogonal to both mj and L Mrp1-p by the inductive hy-
pothesis and hence (m,,gp}f/}‘vw = 0. Thus (1) holds for the R-basis v1,...,v;,Uj41,. ., Or—j, Up—jt1,- -, U

As Ty, —up, € M , Up, is still an R- bas1s for a complement to Mwh+1 in M*» (since Wry1—j > Wp 88
h<r+1-j),so holds for this new R-basis of M. Furthermore, we see that

<§011'\J/}‘5h,<ﬂ71f/f“_h5r+1—h> — (mp, Mr11-n) € Mp.
As (mp, myq1-p) is a unit, (@)} vh,gpj\/f M Uet1—p) is a unit and . ) holds. Thus we may modify the lifts
v; and then accordingly m; to satisfy the inductive hypothesis.

Take such a basis for j = [r/2]. By (),
<mi, mi/> =0

ifi+4 # r+1 and one of 7 or ¢’ is at most /2. Otherwise i’ > r+1—1 so w; +w; > s, and hence the pairing

is zero automatically. If r is even, rescale v1,...,v, /2 so that (m;, m, 1) = 1 for i < r/2 using . Ifr
is odd (so G = GO,), let ¢ = (v 2141, Vjrj21+1) € R* and rescale vy, ..., v 9 s0 that (m;,my 1) = cr
for 1 < i < [r/2]. In these cases, the pairing with respect to the basis v1,...,v, is ¢, times the standard
pairing. O
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Remark 3.2.2.6. When r is odd (so G = GO,.), to choose a basis where the pairing is standard we would
need to rescale v, 9141 by a square root of the unit (my. 941, 2141). This might not exist in R. Also
note that the orthogonal similitude group GO,. is unaffected by a unit scaling of the quadratic form.

Now we begin the proof of Proposition Let R' — R be a small surjection with kernel I. To lift p
to p' : Tk — G(R'), we can reduce to the case when I is killed by mg and dimy I = 1. Lift the R-module
M, together with its pairing (-,-) over R’ as follows. Choose the basis {m;} provided by Lemma
with respect to which (-,-) is w, times the standard pairing for some w, € R*. We take M/ _ to be a free
R’-module with basis {n;} reducing to the basis {m;} of M,,. Lift w, to some w. € (R')* and define a
pairing on M’ to be w. times the standard pairing on M/ with respect to {n;}. Pick a lift u; € M. of v,,
and define a filtration on M/ by

(ML) = spanp, (u; : w; > 7).

We define the module M’ = @, .y, ML over W ®z, R with filtration (M')" = @ .,y ,o(ML)". It is clear
the filtration reduces to the filtration on M,. Furthermore, the pairing M, x M. — L, with respect to {n;}
is the standard one.

It remains to produce ¢, lifting 9, As always, it suffices to lift all of the ¢}, : M! — M, separately.
We note that the ¢}, : MY — M!_ are determined by the function ¢%5' on M4*! (via the relation
po il =, | ,wi+1) together with the values oy (u;) for w; € Wer, -. We will define ¢4, (u;) for each

w; € WrL,, to obtain the desired set of maps cp{w, M — M.
It will be more convenient to index via weights, so let n}, = n; and u, = u;. Let us consider defining

w ry [
PMmz (uy,) = E CiwMy = Tw
1€EWFL,or

for ¢;, to be determined with the obvious restriction that c;, must lift the corresponding coefficient for
o (vl,). We will study for which choices of {¢;,} these maps are compatible with the pairing.

Lemma 3.2.2.7. For any choice of {ci}, the elements x,, form a basis for M. _.
Proof. Note that the Fontaine-Laffaille weights of M, M, and M’ are the same. Consider the map
Z 4103\/[; : ]\47,'2 - Mz/TT'
1€EWFL,
Quotienting by the maximal ideal of R', as ¢}¥ is a lift of ©Ir we obtain a surjection

E golﬁz M, — Mg,
1€EWFL,+

as Mor =Y, cpiM (Ml) By Nakayama’s lemma, the original map is also a surjection. Thus {z,,} spans the
free R-module M’',,. But #{x,} = rkp/(M',;) = r, so {z,} is a basis for M/ . O

The compatibility condition with the pairing is that
(Pher, (@), 000 W) = @1 (2,9))

Let € =1 for GO, and € = —1 for GSp, with even r. Recall that for a Fontaine-Laffaille weight ¢ € Wgy,T,
we define i* to satisfy ¢ +i* = s;, so n} and n}. pair non-trivially. By linearity and the relations pnp}(’f,l =
Oypl(unyw+r and (x,y) = €(y, x), it suffices to check compatibility with the pairing only when i, j € Wer,
z=mnjand y=njand i < jori=j=i" (provided we have arranged that pgoq”]\'?fl = W | pprw+1).
Remark 3.2.2.8. The case ¢ = j = ¢* only occurs when the pairing is orthogonal and r is odd, for the
weight of the unique basis vector which pairs with itself giving a unit.
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Of course, there is no reason to expect our initial arbitrary choice of {¢;,,} to work. Any other choice is
of the form {c;y, + 0;w } Where 0;,, € I. The compatibility condition on M’, becomes

> (Ciw + Giw) (Cur + Gjur )y i) = 97 () .

’Lv,w/GWFL,T

Expanding and using the fact that I? = 0, we see that we wish to choose {d;,,} so that

Z (Ciw(sj‘w/ + Cjwf(siw) (n;), nb) = w;_Cij

w,w’EWFL)T

where the constant C;; := (w))~! (cpiLtj (5 15) = 2w e Wy, . CiwCiw’ (N nﬁ,ﬂ) lies in I as ¢, is compat-
ible with the pairing.
Now we can simplify based on the explicit form of the pairing with respect to the basis {n!,}. As nl,

pairs non-trivially with n/ ., for ¢ < j or i« = j = i* we obtain the relation

Z (ciw(;jw* + cjw*ém) +e€ Z (Ciw(sjw* + cjw*ém) = Cl] (3221)
w<lw* w>w*

To show that this system of linear equations has a solution, we shall interpret it as a linear transformation.
It is now convenient to index using {1,2,3...,7}. Recall that the Fontaine-Laffaille weights of M, are

denoted w1 < woy < ... < w,. Let U = I@TQ, and decompose U as @:21 U;, where the coordinates of

U; = I®" are denoted{d., w, Yiey Let U' = I@#“’T, where o, = 1 if there is a w € Wy, » for which

w = w* and 0 otherwise. (So o, is zero unless G = GO, and r is odd.) We may write U’ = @;_, U/,

where the coordinates of U] = I®"~* are denoted {Cly,w; }j—;11, except if o, = 1 and w; = w;. In that case,

instead take U/ = I9"~"*! with coordinates denoted {C\,,
Consider the function T : U — U’ given by

.
=it

T((awi,wh)ih) = Z (Cwiwhéw]-w; + ijwzéwiwh) +e€ Z (Cwiwh(sij;z + ijwz(swiwh)
wp <wj wp>wp i
where the ¢, € R’ matter only through their images in k since mgl = 0. It suffices to show that T is
surjective. As we arranged for I to be 1-dimensional over R/mg = k, this is question of linear algebra over
k upon fixing a k-basis of I.
We will studying particular k-linear maps U; — U/. To simplify notation, let ¢; = 1 if w; < w} and
€; = —1 otherwise.

Lemma 3.2.2.9. Suppose w; # w¥. The linear transformation T; : U; — U/ defined on
T
(5wiwh)h — (Cwiwj = Z ehcij;(swiwh )j
h=1

is surjective. It is the composition U; — U Lu Ul.

Proof. As I is one-dimensional over R/mp = k, it suffices to study the matrix for this linear transformation
with respect to a fixed k-basis of I. Fix wy € Wry 7. If we take 0y, = 0 for wy, # wp and dyw,, = 1,
the image of {dw,w, }n € U; under T; has coordinates Cy,w; = €wy, Cwjw;, - Thus the matrix for T; is

Elcwi+1wi‘ 620w7‘,+1’u}§ e 67"C’Ll)i+1w:
elc1z)i+2wf 62011)714_211)5 e ecwi_Hw;
61cwrwi‘ EQCwTwS o erchw:

Multiplying the columns where w; > w;+ by —1, the columns of this matrix are exactly the coordinates of
T, with respect to the basis {n, }wews, ., as in Lemma except that the first ¢ rows are removed.
As the {x,,} form a basis, the columns of this matrix span U].

The last statement follows from the definition. O
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Remark 3.2.2.10. The statement for w; = w; is similar. In that case, we must have e = 1, and we have

Cwiwi =2 Z Cwiw; 5wiwj .
J
Extending the definition of T; in Lemma|3.2.2.9] we again see that the columns of the matrix representing this
transformation are truncated versions of the coordinates of x,,; with some signs changed and one coordinate

multiplied by 2. The image of a basis under the transformation multiplying one coordinate by 2 is still a
basis, so again T; is surjective.

Lemma 3.2.2.11. The composition T;; : Uy — U Ly UJ'- is zero whenever i < j.
Informally, this is saying that T is block lower-triangular with diagonal blocks that are surjective.

Proof. The coordinates of U; are dy,u,. The coordinates of U} are Cy,u, for j < h (or j < hif w; = w}).

The formulas for the Cy,q,, in the definition of T" depend only on w; and wy,. In particular, as i < j < h,
these coordinates are always zero on the image of the inclusion U; — U. O

Corollary 3.2.2.12. T is surjective.

Proof. The composition of U; — U — U’ — U/ is exactly T;, hence surjective. For v € U’, by descending
induction on ¢, we will construct u; € U; so that

Tui+...+u)—velU&...aU_,

(meaning T'(u1 + ...+ u,) = v when ¢ = 1). For i = r, take u, be a preimage under T, of the component
of v in U/. Now suppose we have selected w;;1,...u,. Pick a preimage u; € U; of the projection of
T(tit1 + ... ur) — v to U/ using the surjectivity of T;. We know that T;;(u;) = 0 for j > i, so

T(ui—i—...—i-ur)—veUl@...GBUi,l.

For i = 1, we have T'(u1 + ...+ u,) = v as desired. O

By Corollary [3.2.2.12] we can choose the {J;,} so that the compatibility relations (3.2.2.1]) are satisfied.
This defines ¢4, (n,), and hence we can extend to a map ¢}, : M’ — M’ compatible with the pairing. We

can finish the proof of Proposition [3.2.2.1] as follows.
Given the deformation p to a coefficient ring R with associated Fontaine-Laffaille module

M= P M,

T W—0O

and a small surjection R’ — R whose kernel I is 1-dimensional over the field R/mpg, we have constructed
a free R’-module M’ together with a filtration {(M’)‘} and maps ¢%,, by lifting the M,. The filtration
and {p%, } make M’ into a Fontaine-Laffaille module. There is an obvious R’ ®z, W-module structure.
The condition M’ = >, %, ((M’)?) follows from Lemma We also constructed a lift of the pairing
M’ x M’ — N, and the filtration and ¢%,, are compatible with it (in the sense of Corollary by our

choice of (;1,)in- By Corollary [3.2.1.5{and Lemma [3.1.2.5] T¢.,is(M') gives a representation p' : T — G(R')
lifting p.

3.2.3 Tangent Space

The final step in the proof of Theorem [3.2.1.2] is to analyze the tangent space of DgL. It is a subspace

LEL of the tangent space H'(I'x,ad’(p)) of deformations with fixed similitude character v. We are mainly
interested in its dimension as a vector space over k, and will analyze it by considering deformations p of p
to the dual numbers k[t]/(¢?). Recall that G = GSp,. (with even r) or G = GO,; let u be the Lie algebra of
the unipotent radical of a Borel subgroup of G.
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Proposition 3.2.3.1. Under the standing assumption that p is torsion-crystalline with pairwise distinct
Fontaine-Laffaille weights for each 7 : W — O contained in an interval of length %72,

dimy LEY — dimy, H*(Tk, ad”(p)) = [K : Q) dimy u.

Let V be the Galois module given by 7, and for a lift p of 5 over k[t]/(t*) let V be the corresponding
Galois module. The submodule tV is naturally isomorphic to V', and we have an exact sequence

05tV -V -V =0

Let M be the Fontaine-Laffaille module corresponding to 5, with pairing (-,-) : M x M — L. We know M
is a k-vector space of dimension 7[K : Q). Let M be the Fontaine-Laffaille module corresponding to p. It
is a free k[t]/(t?) ® W-module, and fits in an exact sequence

0—>tM —>M—>M—0

of Fontaine-Laffaille modules. The map M — tM induced by ¢t : M — M is an isomorphism of Fontaine-
Laffaille modules since it is so on underlying k-vector spaces by k[t]/(t?)-freeness of M. As before, we have

decompositions
M = @ M, and M = @ M,
T WO 7 W—0O

from Lemma B.1.2.3

Using Lemma pick a basis {v,;}I_; of the k[t]/(t*)-module M, such that v,; is a basis for a
K[t]/(t?)-complement to M¥i*! in M®i and such that the pairing M,, x M,, — Lo, with respect to the
My, = @y (vr;) is w,-times of the standard pairing. As 1-units admit square roots, we may assume that
w; € k*. Note that {m,;} U {tm,,} is a basis for M,, as a k-vector space, and {m,;}-; is a basis for M
as a k[t]/(t?) module.

Let My be the submodule of M spanned by the {v.;},; as a k-vector space. We have that tMy = tM ~ M
as vector spaces, and have an obvious decomposition

My= € M.

T W—0O

We obtain a filtration on My by intersection: Mi,o = M'N M, . We also obtain a pairing My x My — L by
restriction.

Lemma 3.2.3.2. We have that M} = M , ® k[t]/(t?), and hence M* = M ® k[t]/(t?).

Proof. We know that the k[t]/(t?)-span of v; is a k[t]/(t?)-complement to M¥iT1 in M¥i. Hence M¥: /M¥it1
is isomorphic to the k-span of v; and tv;. As the filtration is automatically split (i.e. M! is a direct summand
of M, and hence M! is a direct summand of M:~1), this suffices. O

Observe that the surjection of Fontaine-Laffaille modules M — M carries My isomorphically onto M.
Under the isomorphism of k-vector spaces My — M, the pairing on My and the pairing on M are identified
because by choice of basis the pairing on Mj is a k*-multiple of the standard pairing. Furthermore, extending
the pairing My x My — L by k[t]/(t?)-bilinearity recovers the pairing on M. Using My ~ M, we can also
define ¢}, : Mg - My to be the lift of po to Mg. It is compatible with the pairing on M. Note that it is
not the same as @[y

Our goal is to describe the set of strict equivalence classes of deformations M of M, so by making these
identiﬁcations‘it remains to study ways to lift 57 to a map @y, o012 1 Mo ® k[t]/(t?) — Mo ® k[t]/(t?).
For n,n’ € M} we may write

P (n+tn') = @iy, (n) + Hhy, (0) + 8:(n))

for some o-semilinear §; : M — My which completely determines ¢%,. It is clear that for n € Mi™ we have
6i(n) = 0 due to the relation ¢}, (n) = p(pij\}ol (n) = 0. Thus, J§; factors through M¢/Mi+!, and together the
0; define a o-semilinear

O gI‘.(Mo) — M.

53



Compatibility with the pairing says exactly
(@hs(n+tn'), @hy(m +tm")) = o ((n + tn',m + tm'))

for n,n’ € M¢ and m,m’ € Mg and all 2 and j. Expanding and using the compatibility of the 903'\40 with the

pairing, we see that it is necessary and sufficient that

(8:(n), ©ar, (m)) + (g, (), 85(m)) = 0 (32.3.1)

for n € My and m € M and all i and j. As M = Y, goﬁvl(ﬂz) and we defined ¢}, to lift goiﬁ, it follows
that My =), WMO(M{;). Furthermore, we have an isomorphism ¢ : gr®* My — My. This allows us to rewrite

(3.2.3.1) as
(0" p(n), p(m)) + {p(n), " p(m)) = 0

where ¢’ is the k-linear composition of ¢! with §. In other words,
(0'z,y) + (z,0'y) =0

for all ¢,y € My. Note that §’ is compatible with the filtration, the pairing, and the k® W-module structure.
Denote the collection of all such ¢’ by Endggw (Mo, (-,-)): it is isomorphic to sp,.(k @ W) or so,.(k @ W),
which have dimension [K : Q,](dim G — 1) over k.

Lemma 3.2.3.3. For such a choice of §', we obtain a Fontaine-Laffaille module M € MF&,’tor together with
a pairing M x M — L as in Corollary|3.2.1.5.

Proof. This is just bookkeeping. First, observe that Y, ¢, (M*) is a k[t]/(t*)-module containing ¢}, (M§) =
My. Thus it is M. It is immediate that the pairing is compatible with the filtration. We chose 0’ so that
the pairing is compatible with the ¢,. O

Of course, different ¢’ may give isomorphic deformations of M. Suppose that we are given § and ~ such
that the Fontaine-Laffaille modules they create are strictly equivalent as deformations of M. We have shown
that the underlying module, pairing, and filtration can be identified with the fixed data M = My ® k[t]/(t?),
(.Y @ k[t]/(t?), and M{® k[t]/(t?) so that the isomorphism reduces to the identity modulo ¢ (by strictness).
This means there exists an isomorphism « : My — My compatible with the pairing, filtration, and module
structure such that

(1 +ta) (g, (1) + (s, () + 8i(1))) = @i, (1) + (Pl (@) + ') +7i(n)).

Simplifying, this is the condition that

7i(n) = 6i(n) = al@iy, (n) — Py, (@(n)).

In other words, d,v € End(My,(-,-)) define the same deformation if and only if 7; — §; is of the form
ooy — @iy, o a for all i and some k @ W-linear o : My — My that is compatible with the filtration,
pairing, and module structures. Under the identification of Endggw (Mo, (-,-)) with the Lie algebra of a
symplectic or orthogonal group valued in k ® W, these are the elements in the Lie algebra of the Borel
subgroup corresponding to the filtration. (The assumption that the Fontaine-Laffaille weights for each 7 are
pairwise distinct is what makes it a Borel subgroup.) This has dimension [K : Q,](dim B — 1) as a k-vector
space, where B is a Borel subgroup of G.
Finally, we must understand when « and [ satisfy

i i _ i i
Qo Qi — P, =B o, — Py, 0B

This happens exactly when o — 8 commutes with the cp}% (as well as being compatible with the filtration,
pairing, and module structure). In other words, a—f € Endyp,,, (Mo, (-, ). But under T¢,;s, this is identified
with endomorphisms of p preserving the pairing (not just up to a similitude factor), and in particular has
dimension dimy H°(I'g, ad"(p)).
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We can express this analysis as the exact sequence
0 — Endur,, (Mo, (-, -)) = Fil’ (Endrew (Mo, (-,-))) = Endrew (Mo, (-, ) = DE(K[t]/(£*)) — 0.
In particular, we see that the space of deformations of p to k[t]/(¢?) has dimension
(K : Qp](dim G — 1) — [K : Qp[(dim B — 1) + dim H(T'k,ad’(p)) = [K : Q] dimy u+ dimy, H°(T'x,ad"(p))

(since the Borel subgroup of the derived group of G has codimension-1 in a Borel subgroup of G). This
completes the proof of Proposition [3.2.3.1 O
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Chapter 4

Minimally Ramified Deformations

Let ¢ # p be primes and L be a finite extension of Q. For a split connected reductive group G over the
valuation ring O of a p-adic field K with residue field &, consider a residual representation p : I'y, — G(k).
The methods of Chapter |2 require a nice class of deformations of p. If p were unramified, the unramified
deformation condition (Example would often work for our purposes. The interesting case is when p
is ramified: we would like to define a deformation condition that “restricts the ramification” of lifts of p so
the resulting deformation condition is liftable, despite the fact that the unrestricted deformation condition
for » may not be liftable. To be precise, we require a deformation condition D5 such that D5 is liftable
and has tangent space with dimension (at least) dimy H%(I'z,ad’(p)). We will obtain such a deformation
condition after making an étale local extension of O, which is harmless for our application.

In the case that G = GL,,, the minimally ramified deformation condition defined in [CHTO08, §2.4.4]
works. We will generalize this to a minimally ramified deformation condition for symplectic and orthogonal
similitude groups on m-dimensional spaces when p > m. The key inspiration comes from the arguments
of [Tay08, §3], where a similar deformation condition for GL,, is analyzed by studying deformations of
a nilpotent element of g = LieGg. In §4.1) we review facts about nilpotent orbits over algebraically
closed fields of very good characteristic and find “nice” integral representatives N for such orbits. In
we study the centralizer scheme Zg(N) over O and show that it is smooth. We can reduce checking O-
smoothness to the problem of finding elements g € Z5(IN)(O) such that gy lies in any specified component
of Zg, (Ni)/Za, (Ni)°. Then in we define the notion of a “pure nilpotent” deforming Ny, and study the
space of such deformations. Finally in and §4.5 we define the minimally ramified deformation condition
using our study of nilpotents, first for a special class of tamely ramified representations and then in general.

The “minimally ramified” deformation condition is defined only for symplectic and orthogonal similitude
groups, essentially because of an argument used in to reduce the study of general representations to a
special class of tamely ramified representations. We have adapted the argument of [CHT08, §2.4.4] to keep
track of a symmetric or alternating pairing, so this is genuinely specific to symplectic or orthogonal groups.
The arguments in earlier sections are phrased in such a way as to easily generalize to any split connected
reductive O-group G, given certain general facts about nilpotent orbits and centralizers of nilpotent elements.
In particular, we use the following:

(N1) for every nilpotent orbit of G(k) in gz, there exists N € g such that both N € g and Ny € g7 “lie
in that nilpotent orbit” (using the combinatorial parametrization of nilpotent orbits discussed in
to relate nilpotent orbits in gy and g3) and such that Zg, (Ny) and Zg, (Ng) are smooth;

(N2) for a suitable such N € g and every component of Zg_(Ng) there exists g € Zg(NN)(O) such that gy,
lies in that component (which will imply the flatness and hence smoothness of the scheme-theoretic
centralizer Zg(N) over O);

(N3) for tame p and a tame inertial generator 7, there is a way to pass between a nice class of deformations
of Ny = p(7) and deformations of 5 as made precise in In particular, this uses the exponential
map to convert between nilpotents and unipotents, as well as elements ® € G(O) such that
adg(®)N = ¢N for some specified g € Z.
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We will check all of these assumptions for GL,,, GSp,,, and GO,, when p > m, which suffices for our
applications. It would be of interest to give uniform proofs, or at least to verify them for the exceptional
groups (where there are just finitely many nilpotent orbits to check).

4.1 Representatives for Nilpotent Orbits
4.1.1 Algebraically Closed Fields

In this subsection, we let k be algebraically closed of characteristic p > 0 and take G to be a connected
reductive group over k with p good for G. (By convention, characteristic zero is good for all G.) Let
g = Lie G. For a nilpotent N € g, the orbit Ox of N under G can be defined as the locally closed (reduced)
image of the orbit map through N. It is a smooth locally closed subscheme of g by the closed orbit lemma,
and is called a nilpotent orbit (for G). As G is connected, this orbit is irreducible. Let Zg (V) be the
scheme-theoretic centralizer of a nilpotent N, representing the functor

R— {9 € G(R) : Adg(g)Nr = Ng}

for k-algebras R.

In good characteristic, the finite number of nilpotent orbits can be described by the Bala-Carter method
as we review below. (More information can be found in [Jan04, §4], and a uniform proof without case-
checking in small characteristic is due to Premet [Pre03].) To state this, we need to define some terminology.
Let H be a connected reductive k-group with p good for H, and h = Lie H.

e A nilpotent N € b is a distinguished nilpotent if each torus contained in Zy(N) is contained in the
center of H.

e For a parabolic P C H with unipotent radical U, the Richardson orbit associated to P is the unique
nilpotent orbit of H with dense intersection with Lie U. Its intersection with Lie P is a single orbit
under P.

e A parabolic subgroup P C H with unipotent radical U is a distinguished parabolic if dim P/U =
dimU/2(U).

Bala and Carter classified nilpotent orbits when the characteristic is good. One can check that if p is
good for G, it will also be good for any Levi factor of a parabolic subgroup of G.

Fact 4.1.1.1. If p is a good prime for G, the nilpotent orbits for G are in bijection with G(k)-conjugacy
classes of pairs (L, P) where L is a Levi factor of a parabolic subgroup of G and P is a distinguished parabolic
of L. The nilpotent orbit for G associated to (L, P) is the unique one meeting Lie(P) in its Richardson orbit
for L.

Example 4.1.1.2. For G = GL,,, conjugacy classes of parabolic subgroups of GL,, are indexed by partitions
n =nji+...+n,, with a Levi subgroup given by the product GL,,, x ...xGL,, for the associated “standard”
parabolic subgroup. The only distinguished parabolic subgroups of GL,,, are the Borel subgroups. Taking
into account conjugation, we conclude that conjugacy classes of nilpotents are in bijection with partitions of
n. A representative for each orbit is given by a block matrix in Jordan canonical form with eigenvalues zero
and blocks of size ny,...,n,. This is worked out in detail in [Jan04} §4.1,4.4,4.8]. The nilpotent orbits are
the same for SL,, |[Jan04] §1.2].

The Bala-Carter data C for G is the set of G(k)-conjugacy classes of pairs (L, P) as above. It turns out
C is independent of k in the sense that it can be described completely in terms of the root datum of G as
follows. All Levi subgroups L of a parabolic k-subgroup @ of G are a single R, x(Q)-orbit, so in Fact{4.1.1.1
we may restrict to one @ per G(k)-conjugacy class and one L per Q). We may pick L so that it contains a
(split) maximal torus T. After conjugation by L(k), the distinguished parabolic subgroup P C L may be
assumed to contain 7" as well. But we know that parabolic subgroups @ of G containing T are in bijection
with parabolic subsets of ®(G,T) via Q — ®(Q,T), so the possible Levi factors L of Q containing T are
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described just in terms of the root datum. Likewise, parabolic subgroups P of L containing T are in bijection
with parabolic subsets of ®(L,T). If we can characterize the condition that P is distinguished just in terms
of the root data, this would mean that the Bala-Carter data can be described solely in terms of the root
data and so is completely combinatorial.

We do so by constructing a grading on the Lie algebra of a parabolic P. Pick a Borel subgroup B C G
satisfying T'C B C P. Let t = Lie(T) and A C ® = ®(L,T') be the set of positive simple roots determined
by B. There is a unique subset I C A such that P = BW;B where W7 is the subset of the Weyl group
generated by reflections with respect to roots in I. Define a group homomorphism f : Z& C Z» — Z by
specifying that on the basis A we have

9 AT
f(a):{o ZEI 7

This function gives a grading on [ = Lie(L):

()= P o and (O)=| P |t

fla)=i f(@)=0

(sums indexed by a € ®). With respect to this grading,

LieP =@PI(i) and LieU =PI(i).
i>0 i>0
The condition that P is distinguished is equivalent to the condition that
dim [(0) = dim [(2) + dim Z,

by [Car85| Corollary 5.8.3] as p is good for L. But this condition depends only on the root datum. Thus the
Bala-Carter data for G can be described in a manner independent of the choice of algebraically closed field.

Definition 4.1.1.3. For o € C, let O, C g (or Oy, ., if it is necessary to specify the field) be the corresponding
nilpotent orbit.

From the classification of nilpotent orbits over algebraically closed fields, it is known that the correspond-
ing nilpotent orbits in characteristic zero and characteristic p have the same dimension.

Example 4.1.1.4. Let G = GL,, over an algebraically closed field k. For a partition n =ny +na+...+n,,
define d;(o) inductively by do(o) = 0 and d;(0) = d;—1(0) + #{j : n; > i}. The orbit closure O, consists of
nilpotents N € g such that the (n + 1 — d;(0)) x (n + 1 — d;(c)) minors of N* vanish for all i = 1,...,n.

Remark 4.1.1.5. We consider connected reductive groups, but natural groups like O,, are disconnected.
The nilpotent orbits of O,, and SO,, are different but closely related; as explained in |[Jan04, §1.12], the only
change is that certain pairs of orbits for SO,, may become a single O,,-orbit.

4.1.2 Representatives of Nilpotent Orbits

Now return the case when G is a split reductive group scheme with connected fibers over a complete discrete
valuation ring O with g = Lie G. Let k be the residue field of characteristic p > 0. Assume p is very good
for Gi. For o € C, we seek elements

Ny € g such that (N,), € Of, and (No)x € O, (4.1.2.1)

In the case G = GL,,, we will see that the standard representatives in G(Q) for nilpotent orbits in Jordan
canonical form satisfy this condition. We will also explicitly describe such N, for symplectic and orthogonal
groups, as we will need this concrete description to analyze the centralizer Zo(N) as an O-scheme.
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Remark 4.1.2.1. In general, one can build such an N, using the root system as follows. Let T be a split
maximal torus of G. Pick a pair (L, P) consisting of a Levi factor L of a parabolic O-subgroup of G and a
fiber-wise distinguished parabolic O-subgroup P of L corresponding to ¢ such that T' C P. For any subset
J C ®(L,T), consider the element

NJ::ZNaeg
acJ

where N, is an O-basis for the root line g, C g. For any o = (L, P), according to [SS70} I11.4.29] there is some
subset J of a positive system of roots in ®(G, T') with |J| < dim(T') for which Ny lies in Of , and O . (The
method used to prove [SS70, II1.4.29] requires a stronger condition on p, as the Jacobson-Morozov theorem
is used in the analysis of nilpotent orbits presented in [SS70|. There should be no difficulty in removing this
assumption, but we don’t treat this as our final results only apply to symplectic and orthogonal groups, for
which we make direct constructions below.)

For GL,, it is easy to describe an N, as in (4.1.2.1) in terms of the root data via Jordan canonical form:

Example 4.1.2.2. Let G = GL,, with nilpotent orbit corresponding to the partition ny +ns+...+n, = n.
For the diagonal torus T and standard upper triangular Borel subgroup B, let e; be the character extracting
the ith diagonal entry of the torus. The positive simple roots in (G, T') with respect to B are {o; = e;—e;41 :
t=1,...,n—1}. For a partition n = ny + ...+ n,, the corresponding nilpotent orbit as in Example
corresponds to the standard upper triangular Borel subgroup By, of L = GL,, x GL,, x ... x GL,,. Now
®(L,T) contains as its set Ay, of simple roots with respect to By, those e; — e; 41 with ¢ # ny,ny +na,...n,
(in other words, ¢ and 7 + 1 lie in the “same block”). We consider

N:ZNQ

a€Ag

where N, is a basis element for the root line g,. Identifying g, with End(k™), Ny is the nilpotent matrix in
Jordan canonical form whose blocks (in order) are of sizes ny,ns,...,n,. Thus, N satisfies (4.1.2.1]).

For symplectic and orthogonal groups, explicitly describing the nilpotents constructed from Bala-Carter
data is more complicated. We will sketch the approach, but not carry out the details because it turns out to be
more convenient to construct and analyze representatives in these cases using a partition-based classification
rather than via Bala-Carter data; this approach gives additional information about the centralizers that will

be needed in §4.2.2)

Example 4.1.2.3. Consider the groups Sp,, with m = 2n, or SO,, with m = 2n or m = 2n+1 (so [3] = n)
and assume p # 2 and n > 2. We will first describe the Levi subgroups of parabolic subgroups [Jan04, §4.5].
Choose an integer 0 < ng < m with ng = m (mod 2). In the orthogonal case, assume that ng # 2. Choose

a partition 2d; + 2ds + ... + 2d,, > 0 of m — ng into even parts. Choose a partition

{1,,n}:§0H§1HH§T

where |S;| = d; for 1 <4 < r and hence |So| = [no/2]. For 1 <i <r,let S; = S;U(n+S;). If m is even, let
So = SoU(n+S;), while if m is odd let Sy = SoU (n+S;)U{0}. Clearly {S;} is a partition of {1,2,...,2n}
if m =2n and of {0,1,2,...,2n} if m =2n + 1.

Let {v;} be the standard basis k™. Define W; = span
This gives an orthogonal direct sum decomposition

jes, Vi, Wi =span g, Unyj, and Vi = spancg, v;.

VooVioVe...0V, =k"

with respect to the standard pairings. For 1 < i < r, we have V; = W; @ W, with subspaces W; and
W, in perfect duality via the chosen standard pairing, and an automorphism of W; covariantly induces
an automorphism of W; via “dual-inverse”, giving an inclusion of GL(W;) inside SO(V;) or Sp(V;). The
subgroup

L =Sp(Wy) x GL(W7) x ... x GL(W,)
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is a Levi subgroup of a parabolic subgroup in Sp,,,. The subgroup
L =SO(Vp) x GL(W7) x ... x GL(W,)

is a Levi subgroup of a parabolic subgroup in SO,,. Up to conjugation, all Levi subgroups of parabolic
subgroups arise in this way |Jan04} §4.5].

A distinguished parabolic subgroup of L is a direct product of distinguished parabolic subgroups of Sp(Vp)
or SO(Vp) and each of the GL(W;). There is a unique conjugacy class of distinguished parabolic subgroups
in GL(W;), namely the Borel subgroups. The conjugacy classes of distinguished parabolic subgroups in
Go = Sp(Vp) or SO(Vp) are described in the tables of [Car85) §5.9]. There are several classes, and it will be
much more convenient to describe them using an approach based on partitions.

Now we provide partition-based classifications for symplectic and orthogonal groups, similar to the clas-
sification for GL,,, we have already seen in Example We will use them to construct elements as in
(#.1.2.7). Let G = Sp,, with m = 2n, or G = O,, with m = 2n or m = 2n + 1. As usual, we assume n > 2.
Recall that Sp,,, and O,,, are defined using standard pairings on a free O-module M of rank m. For m = 2n,
the standard alternating pairing psq on O™ is the one given by the block matrix

0o I
- 0)°

where I, denotes the anti-diagonal matrix with 1’s on the diagonal. The standard symmetric pairing @sta
on O™ is the one given by the matrix I/,

Remark 4.1.2.4. We chose to work with O,, instead of SO,,, as the classification is cleaner for O,,. The
nilpotent orbits are almost the same for SO,,, except that certain nilpotent orbits of O, (the ones where
the partition contains only even parts) split into two SO,,-orbits [Jan04, Proposition 1.12] (conjugation by
an element of O,, with determinant —1 carries one such orbit into the other).

Definition 4.1.2.5. Let o denote a partition m = mq + mo + ...+ m, of m. It is admissible if
e every even m; appears an even number of times when G = O,, ;
e every odd m; appears an even number of times when G = Sp,,,.

The admissible partitions of m are in bijection with nilpotent orbits of Sp,,, or O,, over an algebraically
closed field |[Jan04, Theorem 1.6]. The corresponding orbit is the intersection of g C gl,,, with the GL,,-orbit
corresponding to that partition of m. Note that GL,,-orbit representatives in Jordan canonical form need
not lie in g.

We will construct nilpotents together with a pairing, and then show how to relate the constructed pairing
to the standard pairings used to define G. Let € = 1 in the case of O,,, and € = —1 in the case of Sp,,,.

Definition 4.1.2.6. Let d > 2 be an integer. Define M(d) = O¢, with basis v1,...v4 and a perfect
symmetric or alternating pairing ¢4 such that

(-1 i+j=d+1
0, otherwise

Pa(vi,v;) = {

(alternating for even d, symmetric for odd d). Define a nilpotent X4 € End(M(d)) by Xqv; = v;—; for
1<1<dand X4v1 =0.

Similarly, define M(d,d) = O%@ with basis v1,...v4,v],...,v, and a perfect symmetric or alternating
pairing ¢q4.q by extending

(-1 i+j=d+1

Vi, V5) = vi,v}) =0 and v, V) =
cpd7d( ]) @d,d( 7 j) (Pd,d( ]) 0’ otherwise

Define a nilpotent Xy 4 € End(M(d,d)) by Xgqv; = vi—1 and X4 qv; = v,_; for 1 < i < d, and Xgq4v1 =
Xd,dvll =0.
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It is straightforward to verify the pairings are perfect and that Xy and X, 4 are skew with respect
to the corresponding pairing. The pairing ¢q 4 can be symmetric or alternating. Given an admissible
partition o : m = my + mo + ... + m,, we will construct a free O-module of rank m with a symmetric or
alternating pairing respectively and a nilpotent endomorphism respecting that pairing such that the Jordan
block structure of nilpotent endomorphism on the geometric special fiber over Spec O is given by o. Let

e If G = O,, then n;(0) is even for even i, so we can define

M, = @ M(i)@ni(o) @ @ M(i,i)@ni("')/Z.

iodd ieven

e If G = Sp,, then n;(o) is even for odd 7, so we can define

M, = @ M(i,i)*™ 2 & @ M(i)*™ ).

iodd i even

Let ¢, and X, denote the pairing and nilpotent endomorphism defined by the pairing and nilpotent en-
domorphism on each piece using Definition In all cases, M, is a free O-module of rank m. For
each o, let G, be the automorphism scheme Aut(M,, ¢, ), so for an algebraically closed field F' over O we
have an isomorphism (G,)r ~ G well-defined up to G(F)-conjugation by using F-linear isomorphisms
(M, p5) = (F™, @sta). Thus, the element X, € Lie G, goes over to a G(F)-orbit in gp.

Let e1, €9, ..., be the standard basis for O™. The elements e; and e,,41—; pair non-trivially under the
standard pairing. When m = 2n + 1, e, 41 pairs non-trivially with itself under the standard pairing. We
now relate the standard pairings to the pairings ¢, .

Lemma 4.1.2.7. For all admissible partitions of m, the specializations of the X, at geometric points & of
Spec O constitute a set of representatives for the nilpotent orbits of Ge.

Proof. The set of admissible partitions of m is in bijection with the set of nilpotent orbits over any alge-
braically closed field [Jan04, Theorem 1.6]. The X, we constructed are integral versions of the representatives
constructed in |[Jan04, §1.7]. O

Proposition 4.1.2.8. Suppose that \/—1,v/2 € O*. Then ¢, is equivalent to the standard pairing over O.
There exists an O-basis {v;} of M, with respect to which the pairing is given by v, and X, satisfies the

condition in (4.1.2.1).

Proof. The standard pairings are very similar to ¢,. In the case of Sp,,, each basis vector pairs trivially
against all but one other basis vector, with which it pairs as £1. So after reordering the basis, ¢, is the
standard pairing. The case of O,, is slightly more complicated. Let ¢ : m = my +mo + ... + m, be an
admissible partition. The construction of M, and g, gives a basis {v; ;} where 1 <¢ <r and 1 <j <m,.
From the construction of ¢,, we see that v; ; pairs trivially against all basis vectors except for vj m,4+1—;-
So as long as 2§ # m; + 1, we obtain a pair of basis vectors which are orthogonal to all others and which
pair to £1. For each odd m;, the vector v; (;,,41)/2 Pairs non-trivially with itself. The standard pairing with
respect to the basis e; has such a vector only when m = 2n + 1 and then only for one e;.

We must change the basis over O so that ¢, becomes the standard symmetric pairing. Let v = v; (15, 41)/2
and v" = vj (jn, +1)/2 be two distinct vectors which pair non-trivially with themselves. In particular, ¢, (v, v) =
(=1)mtD/2 .=y and @, (v/,0") = (=1)M+1D/2 .= 3/ Define

_ /oy — T
o VISV i
V2 V2

Then we see that p,(w,w) = 0 = (W, w') and ¢, (w,w’) = 1. Making this change of variable over O
(which requires v/—1,v/2 € ©%), we have reduced the number of basis vectors which pair non-trivially with
themselves by two, and produced a new pair of basis vectors orthogonal to the others and which pair to 1.
By induction, we may therefore pick a basis vf, ..., v}, for which at most one basis vector pairs non-trivially
with itself under ¢,. After re-ordering, we may further assume that ¢, (v}, v}) = 0 unless i +j = m +1, in
which case ¢, (v;,v;) = £1. Suppose j = m+1—i. If i # j, by scaling v; we may assume that ¢, (v;,v}) = 1.
If i = j, we already know that ¢, (v;,v}) = 1. With respect to this basis, ¢, is the standard pairing. O
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4.2 Smoothness of Centralizers of Pure Nilpotents

Keeping the notation of §4.1.2) we next study the centralizer Zg(N,) in more detail where N, € g is an
element satisfying @ . In particular, this centralizer will be shown to be smooth when G is symplectic
or orthogonal. We first review the known theory over fields, and then develop and apply a technique to
deduce smoothness over O (i.e. O-flatness) from the known smoothness in the field case.

4.2.1 Centralizers over Fields

In this section, let & be an algebraically closed field, G be a connected reductive group over k, and N a
nilpotent element of g = Lie G. As the formation of the scheme-theoretic centralizer commutes with base
change, smoothness results for Zg(IN) over k will imply such results over general fields (not necessarily
algebraically closed).

The group scheme Zg(N) is the fiber over 0 € g of the composition

G s GL(g) ToIN-N g

Hence Lie Zg(N) is the kernel of

g %% End(g) "5

which is the Lie algebra centralizer 34(NV). Recall that O denotes the smooth locally closed orbit G.N C g.
Lemma 4.2.1.1. The following are equivalent:

1. The centralizer Zg(N) is smooth.

2. The map ad(N) : T.(G) — Tn(On) is surjective.

8. The orbit map uy : G — O is smooth.

Proof. The tangent space of Zg(N) at e is the kernel of duy : Te(G) — Tn(On), so Zg(N) is smooth
if and only if this kernel has the same dimension as Zg(N). As G and On are smooth and we have
dim G — dim Zg(N) = dim Oy, dimension considerations force duy to be surjective when Zg (V) is smooth.
Thus implies . To check that a morphism between smooth schemes is smooth, it suffices to check
the map is surjective on tangent spaces. We need only check at the identity because of translations, so
implies (3). As Z¢(N) is the fiber over N € Oy, implies (T)). O

Remark 4.2.1.2. In references using the language of varieties rather than schemes (such as [Jan04]), Zg(N)
is usually defined to be reduced (via its geometric points) and hence smooth, so the content of the analogue
of Lemma in such references is that the variety Zg(IN) has Lie algebra 34(IV); saying exactly that
this variety agrees with the scheme-theoretic centralizer.

In a wide range of situations, all nilpotent centralizers are smooth. A direct calculation shows that this
holds for G = GL,, (see [Jan04} §2.3]), and a criterion of Richardson leverages this to many other cases:

Proposition 4.2.1.3. Suppose G is a smooth closed subgroup of GL(V') and there exist a subspace W C gl(V)
such that gi(V) =g@® W and [g,W] C W. Then Zg(N) is smooth for any nilpotent N € g.

Proof. Let Oy be the orbit of N under GL(V) in gl(V), and Oy the orbit of N under G. We know that
Tn(On) = [gl(V), N] by Lemma [4.2.1.1{2) and the known smoothness of the centralizer for GL(V'). The
decomposition gl(V) = g ® W then implies that

Tn(On) = [g,N] + [W, N].

But [W,N] ¢ W, so Ty(On) Ng C [g,N] € Tx(Oy). On the other hand, Ty (Oy) is obviously inside

Tn(On) and g. This implies that
[9. N] = Tn(On).

Then Lemma [4.2.1.1)2) gives smoothness. O
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The criterion in Proposition automatically holds in characteristic 0 if G is reductive, because g
has a complement as a g-representation in gl(V'); of course, this is not interesting because the smoothness
conclusion holds for all group schemes of finite type over a field of characteristic zero. In characteristic p > 0,
the criterion in Proposition can checked in many cases [Jan04, §2.6], such as:

e for SL,, when p{n using the embedding SL(V) < GL(V) and taking W =k -idy ;
e for a simple adjoint exceptional groups G when p is good for G;

e for SO(V, ) or Sp(V, ) when p # 2 using the natural embeddings into GL(V') and taking W = {f €
gl(V): f*=f}.

(Here the non-degenerate pairing ¢ defines an adjoint f* for any f € gl(V) = End(V) via the requirement
e(fv,w) =¢(v, ffw).)

The same techniques work to prove the same result GSp,,, and GO,; there does not appear to be a
reference in the literature, so we now give a proof. Let V be a vector space over k with non-degenerate
bilinear form ¢ : V' x V' — k that is symmetric or alternating. Suppose p # 2.

Proposition 4.2.1.4. If ptdim(V), the group G = GO(V, ) (respectively G = GSp(V, ) ) with the natural
inclusion into GL(V') admits a decomposition

gl(V)=gao M
with [g, M] C M, so the G-centralizer of any nilpotent N € g is smooth.

Proof. Let’s recall why tr(f*) = tr(f) for any f € gl(V) = End(V). Fix a basis of V' Representing the
pairing ¢ as an (invertible) matrix J and letting A and A* be the matrices for f and f*, the identity

o(fv,w) = (v, f*w) says
v AT Jw = T JA*w

for all v,w € V. This implies that A* = J~'AT.J, which has the same trace as A.
We can express the Lie algebra as g = {f € gl(V) : f 4+ f* € k-1d}. As p t dim(V), we can define a
complement to the scalar matrices by requiring the trace to be 0: define

M={feg(V):tr(f)=0 and f=f"}.
For f € g, define Ay € k by f + f* = Ay Id. We compute that
gNM={fegl(V):2f =XfId and tr(f)=0}={0}.

On the other hand, g + M = V: the scalar matrices are in g (G is a similitude group) and if tr(f) = 0 then

% € g and % € M. Thus we have a decomposition

gl(V) =g M.
For f € g and g € M, we compute that tr([f, g]) =0 and
(fa—9f) =g f = ["g"=g(-f+ A 1d) = (=f + Apld)g = fg — gf.
Therefore [g, M| C M as desired. We now apply Proposition O

Remark 4.2.1.5. When Zg(N) is smooth over k and p is good for G, the dimension of the centralizer
is independent of k (given the combinatorial classification of the G-orbit of N). This is apparent as the
classification of nilpotent orbits and their dimensions are independent of k.

Remark 4.2.1.6. Additional analysis gives a broader criterion: Zg(N) is smooth for a connected reductive
group G provided the derived group G’ is simply connected, p is good for G, and there exists a G-invariant
non-degenerate bilinear form on g [Jan04} §2.9].
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4.2.2 Centralizers in Classical Cases

For later use, we now explicitly describe the centralizer Zg(N) for symplectic and orthogonal groups over an
algebraically closed field k of characteristic p # 2 and for suitable N. Let G = O,, or G = Sp,,, with m > 4,
acting on M = k™ preserving the standard pairing ¢. Choose € = 1 in the case of O,, and € = —1 in the
case of Sp,,,. Let ¢ be an admissible partition m = my +...+m,. We will work with (M, = O™, p,, X,) as
defined above Lemma s0 Aut(M,, v,)r ~ G. Write X to denote the nilpotent (X, ) with o fixed,
and M to denote (M, ) = k™. We know there exist vectors vy,...,v, € M such that

mi—1 my—1
V1, XU1, .., X T 01,09, Xvoy oo, X M0,

is a basis for M. Furthermore, X%wv; = 0 for i = 1,...7, and the pairing between basis elements is given
as near the start of the proof of Proposition In particular, each v; pairs non-trivially with only one
other basis vector X% 1, for some i* € {1,...,r}. (This is completely spelled out in |[Jan04, §1.11].)

To understand the G-centralizer of X, we construct an associated grading of V' as in [Jan04, §3.3,3.4].
This is motivated by the Jacobson-Morosov theory of sla-triples over a field of sufficiently large characteristic,
but for symplectic and orthogonal groups it is constructed by hand in characteristic p # 2 below.

Remark 4.2.2.1. Every nilpotent X gives a filtration of V defined by Fil’ = ker(X?). For GL,, this is
a good filtration and is used in [CHTO8| to define the minimally ramified deformation condition for GL,,.
However, this filtration need not be isotropic with respect to the pairing, so we will construct a nicer grading
associated to X.

Remark 4.2.2.2. The motivation for the grading to be associated to X comes from the Jacobson-Morosov
theorem. Let g be the Lie algebra of a reductive group G over an algebraically closed field of characteristic
p, where either p = 0 or p > 3(h — 1) where h is the Coxeter number of G. An sly-triple is triple of non-zero
elements H, X, Y € g such that

[H,X]=2X, [HY]=-2Y, [X,Y]=H.

(They span a subalgebra isomorphic to sly). The Jacobson-Morosov theorem says every non-zero nilpotent
X can be extended to a sly-triple. The advantage is that we understand the representation theory of sly
in characteristic zero: the irreducible representations are the representation on Ly = Symde. In positive
characteristic there are differences from the characteristic zero case in dimension greater than p, but the
assumption that p > 3(h — 1) ensures that these problems are not relevant for our purposes. Viewing the
adjoint representation as a representation of sly, it decomposes as a direct sum. On a summand Lg, X
and Y act as raising and lowering operators, and H has eigenvalues d,d — 2,...,—d. The one-dimensional
eigenspaces of H give a grading on the Lie algebra: the ith graded piece is

{g9€g:Hg=1i-g}.
Definition 4.2.2.3. Let M (s) be the span of X7v; for all i and j such that s = 2j + 1 — d;. We set
M) = @D,>, M(t), and also define N(s) to be the span of {v; : v; € M(s)}.

Example 4.2.2.4. Take G = Og and o to be the admissible partition 1 + 2 + 2 + 3. There are vectors
v1,V2,v3,v4 € k8 = M such that
U1, V2, XUQv U3, XU37 V4, XU47 X2'U4

form a basis for M. Then M (—2) = Spany(v4), M(—1) = Spany(ve, vs3), M(0) = Span,, (v, Xvs), M(1) =
Spany,(Xvg, Xvs), and M(2) = Span,(X?v,). Furthermore, N(0) = Span,(v1), N(—1) = Span,,(v2, v3),
and N(—2) = Spang(vs). The nilpotent X raises the degree by 2, and N(s) plays the role of a space of
“lowest-weight vectors” inside M (s) with respect to the operator X.

We now record some elementary properties of the preceding construction; all are routine to check, and
may be found in [Jan04, §3.4]. We have that M = &, M (s), and

v; € M(—(d; — 1)), Xv; € M(—(d; — 1) +2),..., X% 1y, € M(d, —1).

Furthermore, we know XM (s) C M(s+ 2) and M(s) = XM (s —2) & N(s) for s <0.
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The dimension of M(s) is ms(o) = {j : dj —1 > |s|}. The dimension of N(s) equals ns(c) :=
mst1(0) — mg(o). Furthermore, the pairing ¢ interacts well with the grading: a computation with basis
elements gives that

p(M(s),M(t)) 20 = s+t=0.

In particular, (M ™))+ = M),

The above grading on M corresponds to the one-parameter subgroup A : G,,, — G for which the action
of t € G, on M(s) is given by scaling by ¢*. The dynamic method (see [CGP15, §2.1, Proposition 2.2.9])
associates to A a parabolic subgroup Pg(A) with Levi Zg (). Define Cx and Ux to be the scheme-theoretic
intersections

Cx = Za(X)NZg(\) = {g € Zg(X) : gM (i) = M (i) for all i}
Ux = Zg(X)NUg(\) = {g € Za(X) : (g — )M ¢ MY for all i}.

Fact 4.2.2.5. The group-scheme Zg(X) is a semi-direct product of Cx and the smooth connected unipotent
subgroup Ux .

This is [Jan04, Proposition 3.12]. The existence of A and this decomposition is not specific to symplectic
and orthogonal groups |[Jan04, Proposition 5.10].

We finally give a concrete description of C'x. We first define a pairing on N(s). Recall that the space
N(s) of “lowest weight vectors” in M (s) has basis {v; : 1 — d; = s}. We define a pairing on N(s) by

Ys(v,w) = (v, Xl_sw).

A direct calculation shows that 1, is non-degenerate and that s is symmetric if (—1)
alternating if (—1)'7% = € [Jan04, §3.7].

A point of C'x preserves the grading on M, and since it commutes with “raising operator” X its action
on M is determined by its action on the space N(s) of “lowest weight vectors” in M(s), the following fact
is no surprise.

I=s — _¢ and is

Fact 4.2.2.6. There is an isomorphism of algebraic groups

Ox ~ [ Aut(V(s). )

s<—1
This is [Jan04, §3.8 Proposition 2, 3].

Example 4.2.2.7. Let G = Sp,,,. Unraveling when 9, is symmetric or alternating, we see that

Cx=~ [ OWs)w)x [ Sp(N(s),s).

s<—1;seven s<—1;so0dd

The symplectic factors are connected, while the orthogonal factors have two connected components. The
connected components of Zg(X) are the same as those for Cx by Fact [4.2.2.5] There are 2¢ of them, where
t is the number of even s for which N(s) # 0.

Example 4.2.2.8. Let G = O,,,. We likewise see that

ox= [ OoW(s)we)x [  Sp(N(s).):

s<—1;s0dd s<—1;seven

The connected components of Z(X) are the same as those for Cx by Fact There are 2¢ of them,
where ¢ is the number of odd s for which N(s) # 0.

Now suppose that G = SO,,,. The elements X we considered in this section are representatives for some
of the nilpotent orbits of SO,,,. The group Cx has the same structure as for G = O,,, except we require that
the overall determinant be 1; this has 2!~! connected components. Though SO,,, has more nilpotent orbits
than O,,, according to Remark their representatives are conjugate by an element of O,, (k) — SO,, (k)
to the representatives constructed in Proposition But such a transformation is just a change of basis
preserving the pairing, so our analysis in this section applies. Thus, we have an explicit description of the
component group of Zg(X) in the SO,, case as well.
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Remark 4.2.2.9. Assume v/—1,v/2 € O*. By using the element N, € g constructed in Proposition
(which came with the data of a basis {v}} for a free O-module M of rank m), much of the discussion in this
section continues to hold if we work over O: in particular, there is no problem defining the grading M(s)
or cocharacter A : G,, — G over O. Furthermore, the dynamic construction in |[CGP15, §2.2] is carried out
over rings.

Suppose ¢ is a square in @*. For use in the proof of Proposition we need the existence of an
element ® € G(O) such that adg(®)N, = ¢N,. If a? = ¢, taking ® = \(a) would work: ® would scale
Niv; € M(s) by o, and N, increases the degree by 2.

This ® is a version for symplectic and orthogonal groups of the diagonal matrix denoted ® (o, a, q) whose
diagonal entries are increasing powers of ¢ used in [Tay08|, §2.3]. There it is checked that adg(®(o, a, q)) N, =
qN, where N, is the nilpotent representative in Jordan canonical form considered in Example for
the partition o of m.

4.2.3 Checking Flatness over a Dedekind Base

We want to analyze smoothness of centralizers in the relative setting (especially over Spec O). If Zg(N,) —
Spec O is flat and the special and generic fibers are smooth then Zg(N) is smooth over O. The following
lemma gives a way to check that a morphism to a Dedekind scheme is flat.

Lemma 4.2.3.1. Let f: X — S be finite type for a connected Dedekind scheme S. Then f is flat provided
the following all hold:

1. for each s € S, X, is reduced and non-empty;
2. for each s € S, X is equidimensional with dimension independent of s;

3. there are sections {o; € X(S)} to f such that for every irreducible component of a fiber above a closed
point, there is a section o; which meets the fiber only in that component.

Remark 4.2.3.2. This lemma is a modification of |[GY03| Proposition 6.1] to allow several connected
components in the fibers.

Proof. Tt suffices to prove the result when S = Spec(A) for A a discrete valuation ring with uniformizer .
Let X,, be the generic fiber and X the special fiber. Consider the schematic closure ¢+ : X’ — X of the
generic fiber. The scheme X’ is flat over Spec(A) since flatness is equivalent to being torsion-free over a
discrete valuation ring, and there is an exact sequence

0—J—=0x —=1.0x —0 (4.2.3.1)

where J is a coherent sheaf killed by a power of . We will show that ¢ is an isomorphism by analyzing the
special fiber.

First, we claim that the dimension of each irreducible component on the special fiber of X’ is the same
as the dimension of the equidimensional X{7 = X,. We will get this from flatness of X’. The generic fiber
of X" is X,,, which is equidimensional and non-empty by hypothesis. Furthermore, X’ is the union of the
closures Z; of the reduced irreducible components X, ; of X,, and each Z; is A-flat with integral n-fiber,
hence integral. We just need to analyze the dimension of irreducible components of (Z;)s; when (Z;)s # 0.
Since Z; is integral, we can apply [Mat89, Theorem 15.1, 15.5] to such Z; to conclude that the dimension of
each irreducible component of the special fiber of X’ is the same as the dimension of the generic fiber.

Observe that the sections o; factor through the closed subscheme X’ C X, as we can check this on the
generic fiber since X’ is A-flat. Thus, X’ meets every irreducible component of X, away from the other
irreducible components of X, and so we would have that | X/| = | X;| if X/ is equidimensional of the same
dimension as the equidimensional X;. We have shown the dimension of any irreducible component in X is
the same dimension as the common dimension of irreducible components of the generic fiber X, of X’. By
hypothesis, the dimension of any irreducible component of the generic fiber of X is the same as the dimension
of any irreducible component of the special fiber of X. Thus the dimension of any irreducible component
of X! is the same as the dimension of each irreducible component of X, giving that |X!| = | X,|. As X; is
reduced, this forces 125 : X, < X, to be an isomorphism.
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Now tensoring (4.2.3.1]) with the residue field of A gives an exact sequence
0— J/’ITJ — OX,s — ’L*OX/75 —0

because Ox is A-flat. Therefore J/nJ = 0. Hence J = 7J = m2J = ... = m"J = 0 for n large, so X = X’
is flat over A. O

Corollary 4.2.3.3. In the situation of the lemma, if the fibers are also smooth then X is smooth.

Proof. For a flat morphism of finite type between Noetherian schemes, smoothness of all fibers is equivalent
to smoothness of the morphism. O

4.2.4 Smooth Centralizers

We now return the case when G is a split reductive group scheme with connected fibers over a discrete
valuation ring O with uniformizer 7 and residue field k of very good characteristic p > 0. Let T' C G be a
fiber-wise maximal split O-torus, and G’ denote the derived group of G over @. Denote the field of fractions
of O by K, and set g := LieG. Suppose we are given N = N, € g, an integral representative for the
nilpotent orbit on geometric fibers corresponding to ¢ € C as in . Proposition provides such
N in symplectic and orthogonal cases when v/—1,v/2 € O*. We wish to show that the Zg(N) is smooth
over O in many situations. An obviously necessary condition is that

Z¢x (Ni) and Zg, (Ng) are smooth. (4.24.1)

Remark 4.2.4.1. Some assumption on N is essential. Otherwise N and N7 can lie in “different” nilpotent
orbits (in terms of the combinatorial characteristic-free classification of geometric orbits), and so Zg, (Nk)
and Zg, (Ng) could have different dimensions, in which case Zg(N) cannot be O-flat. An example of this is
the element Ny in Example [1.2.3.3]

Corollary gives an approach to proving smoothness. It suffices to produce a finite set of elements
of Zg(N)(O) collectively meeting each connected component of each geometric fiber of Zg(N) over Spec O
provided that holds. Note that we may first make a local flat extension of O, as it suffices to check
flatness after such an extension. In particular, we may reduce to the case that k is algebraically closed.

In this section, we will establish the following result:

Proposition 4.2.4.2. Suppose that all the irreducible factors of the root system ®(G,T) are of classical type,
and /—1,v/2 € O%. Construct N € g/ = Lie G’ by decomposing g' according to the irreducible components of
®(G,T) and using the integral representatives provided by Proposition for symplectic and orthogonal

factors (types B, C, and D) and Ezample for sl, (type A). Suppose that the fibers of Zg(N) over
Spec O are smooth. Then Zg(N) is smooth over Spec O.

Remark 4.2.4.3. In particular, this gives smoothness for G equal to GSp,,, (n > 2) and GO,, (m > 4)
using Proposition

The main step of the proof of Proposition [4.2.4.2]is to establish that the scheme-theoretic centralizer
Zc(N) is O-flat. First, some preliminaries. We may and do assume that O is Henselian (or even complete)
by scalar extension. For N € g, we define

A(N) = (Z,, (Nk)/Za (Nk)°) (k) = Za, (Nk) (k) Za, (Nk)° (F),
and study when the following holds:
each element of A(N) arises from some s € Zg(N)(O). (4.2.4.2)

This is very easy for GL,,:

Example 4.2.4.4. Consider the nilpotent orbits of GL,, as in Example with representatives given
in Example [4.1.2.2l But Zg, (Ny) is connected for every nilpotent orbit [Jan04, Proposition 3.10], so the
identity section shows (4.2.4.2)) holds.
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Let 7 : G’ — G’ be the simply connected central cover of the derived group G’ over O. As p is very
good, G’ and G’ have isomorphic Lie algebras via 7w and Lie G’ is a direct factor of Lie G with complement
Lie(Z¢g), so we may abuse notation and view N as an element of all of these Lie algebras over O.

Let S C T be the (split) maximal central torus in G. Consider the isogeny S X G' — G. As S acts
trivially on IV, we see that S x Zz; (N) is the preimage of Zg/(N) under this isogeny. As p is very good for
G, we obtain finite étale surjections

Z@(N) — ZG/(N> and S x Z@(N) — Zg(N)
over O.

Lemma 4.2.4.5. The condition (4.2.4.2)) holds for G if and only if (4.2.4.2)) holds for G.

Proof. Assume G’ satisfies [1.2.4.2). Pick a connected component of C' of Z¢, (Ni). The preimage of C
under S x Zz(N) — Zg(N) is a union of k-fiber components of the form Sy x C' where C” is a connected
component of Za, (Ny). By assumption, there exists s € Z=,(N)(O) meeting any such C’. The image of
(1,5) is a point of Zg(N)(O) meeting C.

Conversely, assume G satisfies (4.2.4.2). Pick a connected component C’ of Zg (Ni). Under S x

Zz(N) — Zg(N), Sk x C' maps onto a connected component C' of Zg, (N;). By assumption, there exists
5 € Zg(N)(O) such s3, € C. As k is algebraically closed, there is s} € (S x Zg(N))(k) lifting s and lying
inC". As Sx Zz(N) — Zg(N) is a finite étale cover and O is Henselian, there exists s’ € (S x Zz(N))(O)

lifting s and reducing to sj. O

Lemma allows us to reduce to the case when G is semisimple and simply connected. In such a
situation, G = [] ; Gj with G having irreducible root system (and p very good for each G;) and likewise
T=1]] ;T for split maximal O-tori T; C G;. The element N was defined by decomposing the Lie algebra,
so we obtain a decomposition N =} . N; such that N; € g; and Zg(N) = [[; Zg, (N;).

Lemma 4.2.4.6. If G =[], G; and (4.2.4.2) holds for each G;, it holds for G.

Proof. The component group of a product is the product of the component groups over an algebraically
closed field. ]

Lemma [4.2.4.6| allows us to reduce to a semisimple, simply connected G with irreducible root system. We
can now check types A,, B,, Cy,, and D,, using previous work, and use Lemma to reduce the cases
that are traditionally studied:

1. For type A,, take G = GL,, and use Example

2. For type C, with n > 2, use Example and Proposition for Sp,,,. Note that the repre-
sentatives constructed are obviously integral.

3. For type B, with n > 2 or D,, with n > 4, use Example and Proposition for SOgp,41
and SOy, respectively. (Recall that D3 = Az and Dy = Ay X Ay.)

We now prove Proposition

Proof. We are given that Zg, (Ni) and Zg, (Ng) are smooth. By the classification of nilpotent orbits over
algebraically closed fields, the dimension of the orbit only depends on the combinatorial classification for
the orbit in very good characteristic and in characteristic 0, so these fibers are equidimensional of the same
dimension. By Corollary [£.2.3.3] it suffices to find s € Zg(IN)(O) meeting each desired connected component
of ZGk (Nk)

Using Lemmas [4.2.4.5[ and [4.2.4.6] it suffices to do so for the irreducible root systems A,, B, (n > 2),
Cp (n>2), and D, (n >4). We have done so above. O
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The above argument worked for classical groups, which is our main application. However, we will briefly
discuss some possible approaches to producing a finite set of O-points collectively meeting all components of
the geometric special fiber of a centralizer in general. Let G be a split reductive O-group with split maximal
O-torus T, and let N = N, € go be the element constructed in terms of root data as in Remark [£.1.2.1]
Lemmas [4.2.4.5| and [4.2.4.6| show that to make “enough” points in Zg(N)(O) we can reduce to the simple
and simply connected case if we so choose.

As all split reductive groups descend as such to Z, and the description of N in terms of the root datum
shows it is compatibly defined over Z, we may assume that the residue field & is Fp for the purposes of

checking (4.2.4.2)).

Proposition 4.2.4.7. Suppose G is semisimple and simply connected and O is Henselian. For any sy €
Za, (N)(k)NT(k), there exists s € Zg(N)(O) lifting si.

Remark 4.2.4.8. Before proving Proposition we record a general observation. A representative
sk € Zg,(Ni) for a coset of A(N) may always be chosen to be semisimple. A proof for the analogous
assertion for centralizers of unipotent elements in G is given in [MS03| Corollary 13]; the proof easily adapts
to nilpotents in the Lie algebra, or we can invoke the Springer isomorphism to translate between unipotents
and nilpotents in very good characteristic. However, it is not always the case that such a component group
representative can be chosen in a single maximal torus 7T as sy, varies. Indeed, if it could then the component
group A(N) would be commutative since 7" is commutative, but some nilpotent orbits in exceptional groups
have centralizer with a non-abelian component group. When all representatives can be chosen in a single T,

then by Proposition [4.2.4.7| we could verify (4.2.4.2]).

Proof. Let ® = ®(G,T) and A be a basis for a set ®T of positive roots. By hypothesis, we may represent
N as N = EBEJ Ng where Ng is an O-basis for the root line gz and J C ®*. As G is simply connected,
the simple coroots span the cocharacter lattice, so we may write

Sk = H a(ty)

acA

for some t, € G, (k) = k™. As s € Zg, (Ny), the action of s on Ng is trivial for each 5 € J, so for all

psed
[t =1

[e3%

As we have used the existence of Chevalley groups over Z to reduce to the case k = F,,, all of the t, are of
finite order. Thus we pick a root of unity t; € k* such that each ¢, is a power of t;. Let the order of ¢; be

m, which we know is prime to p. Choose n/, so that tZ” = to. Then we know for all 5 € J
g el

In other words, Y-, n,(3,a") =0 (mod m).
Now pick a lift ¢ € O* of ¢ that is an mth root of unity (as we may do since p { m and O is Henselian).

The element )
s= ] a"(®)" € T(0)
aEA

also lies in Z¢(N)(O) because for any g € J

S nhiBaY) _

(as this mth root of unity in O* has trivial reduction in k*). This says that s acts trivially on Ng for any
B e J. O

We now review a description of the component groups A(N) = Zg, (Ni)/Za, (Ni)° over an algebraically
closed field k and sketch an approach that reduces the question of whether (4.2.4.2)) holds for the exceptional
groups to extensive case-checking.
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For a connected reductive group H of over an algebraically closed field F' of very good characteristic,
there is a classification of the possibilities of the component group of a centralizer Zy(X) for nilpotent
X € Lie(H)(F). The classification uses the notion of a pseudo-Levi subgroup, which is a subgroup of the
form Zp(s)° for a semisimple s € H(F'). This classification will be in terms of triples (L, sZ°(F'), X) where L
is a pseudo-Levi subgroup of H, Z is the center of L, sZ°(F') is a coset of Z°(F) such that L = Zy(sZ°(F))°,
and X is a distinguished unipotent in Lie(L) (recall that being distinguished means that every maximal torus
contained in Zy(X) is contained in the center of H).

Fact 4.2.4.9. There is a bijection between H(F)-conjugacy classes of triples (L,sZ°(F),X) as above and
H(F)-conjugacy classes of pairs (X, C) where X is a distinguished nilpotent in Lie(H) and C is a conjugacy
class of (Zg(X)/Zp(X)°) (F), taking the class of (L,sZ°(F),X) to the class of (X, [s]).

This is the main theorem of [MS03]. There it is stated for unipotent elements of H(F'), but in very good
characteristic the Springer isomorphism identifies the unipotent and nilpotent varieties. For simple groups
of adjoint type, an alternate proof is given in [Pre03| Theorem 2].

Example 4.2.4.10. Let us give an explicit construction of pseudo-Levi subgroups when the root system of H
is irreducible. Pick a maximal torus T'C H, and let ® = ®(H,T) be the root system. Let A = {a,...,a.}
be a basis of a system of positive roots, and I = {1,2,...,7r}. Let & = >, _; n;a; be the highest root. Define
ag = —a, ng = 1, and Iy = I U{0}. For a proper subset J C Iy, let ®; the set of all roots of the form
> icy @i The subgroup L; of H generated by 7" and the root groups U, for a € ®; is a pseudo-Levi
subgroup, and all pseudo-Levi subgroups are conjugate to one of this form [MS03|, Propositions 30, 32].

Consider the case H = GL4 with diagonal torus T and upper triangular Borel subgroup B. The pair
(B, T) determines a basis of positive simple roots {a1, as, ag}. The other positive roots are ay + a2, a1 + as,
and the highest root @ = a3 + as + a3. Suppose J C {1,2,3}. Then L; is a Levi factor of a parabolic
subgroup of H. For example, if J = {1} then L; is generated by T, U,, and U_,,; this L; is the identity
component of the centralizer of a diagonal element of the form

M 1 0 0
0o a0 0
0 0 X O
0 0 0 X

with pairwise distinct A1, As, A3 € k™, and is also a Levi factor of the parabolic subgroup of block upper
triangular matrices with blocks of size 2, 1 and 1. A distinguished nilpotent element in the Lie algebra of
LJ is

and the centralizer of X is connected (as is always the case for GL,). The pair (L;, X) corresponds to the
pair (X, [s]), where s lies in the identity component of the centralizer of X

If 0 € J, the pseudo-Levi L; may be less familiar. Consider J' = {0,1}. Then L, is generated by T,
Ua,s Usi+astass Uas+as, U—ai—as—azs U—ay, and U_q,—q,, and it is also the identity component of the
centralizer of a diagonal element s’ of the form

M 0 0 0
g0 x o0 0
0 0 A 0
0 0 0 X\

with pairwise distinct A1, Ao € k*. Alternately, Lj is a Levi factor of the parabolic subgroup determined
by the flag 0 C span(ey, ez, eq) C F* (where {ey, es,e3,e4} is the standard basis of F'%).

Remark 4.2.4.11. In our example, when 0 € J we saw that L; is a Levi factor of a parabolic subgroup
of H. This is not true in general. In fact, a pseudo-Levi subgroup is a Levi factor of a parabolic subgroup
if and only if the pair (L, X) corresponds to (X, [1]) [Pre03, Theorem 3.7]. But Zy(X) has more than one
connected component in general.
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We now return to the relative situation over O, and remember that we have extended (O, k) so that k is
algebraically closed.

Lemma 4.2.4.12. Suppose that for every conjugacy class of A(N), there exists an element s € Zg(N)(O)
such that sZg, (N)°® lies in that conjugacy class. Then for every coset in A(N) there exists an element
s € Zg(N)(O) representing that coset.

Proof. Consider the subset
Y ={sZg,(Np)°:s € Zg(N)(O)} C A(N)

It is certainly a subgroup, and it meets every conjugacy class of the finite group A(N). Consider the
decomposition A(N) = Ugea(n)/s g¥g~!. Each g¥¢~' contains the identity, so by comparing sizes we see
that A(N) = X. O

Thus it would suffice to show that for each triple (Ly, s Z5, Ni) produced in Fact (applied to G
over k in the role of H and F), si is the reduction of an element s € G(O) which acts trivially on N. We
may conjugate so that s € T(k), in which case Ty C L. Doing so changes N, so we no longer have an
explicit description of N in terms of root data. Without such a description, it is not clear how to lift s
using cocharacters as in Proposition

We may conjugate so that Ly is of the form L; which contains Tj. The k-group L is reductive [MS03|
Lemma 14], and p is good for L; [MS03| Proposition 16]. The nilpotent Ny, lies in a nilpotent orbit for L,
so as in Remark it is Lj(k)-conjugate to some nilpotent N which can be expressed in terms of the
roots of ®(Ly,Ty). In particular, N has a natural lift N’ to G(0O). However, it is not clear that N’ and the
original N are G(O)-conjugate. Both are described in terms of roots of ®(G,T), so for the finite number of
nilpotent orbits in exceptional groups this assertion could be attacked by (unpleasant) case-checking. As s
belongs to T}, and N’ is described in terms of ®(G,T), Proposition would then lift si. Of course, a
uniform approach would be preferable.

Remark 4.2.4.13. McNinch analyzes the centralizer of an “equidimensional nilpotent” in [McNO§|. An
equidimensional nilpotent is an element N € g such that N is nilpotent and the dimension of the special
and generic fibers of Zg(N) are the same. [McNO8| §5.2] claims that such Zg(N) are O-smooth because the
fibers are smooth of the same dimension. This deduction is incorrect: it relies on [McNO8| 2.3.2] which uses
the wrong definition of an equidimensional morphism and thereby incorrectly applies [SGA1, Exp. II, Prop
2.3].

According to [SGA1L Exp. II, Prop 2.3] (or see [EGAIV3) §13.3, 14.4.6, 15.2.3]), for a Noetherian scheme
Y, a morphism f : X — Y locally of finite type, and points z € X and y = f(z) with &, normal, f is
smooth at z if and only if f is equidimensional at x and f~!(y) is smooth over k(y) at x. But by definition
in [EGAIV3) 13.3.2], an equidimensional morphism is more than just a morphism all of whose fibers are of
the same dimension (the condition checked in [McNO8| 2.3.2]): a locally finite type morphism f is called
equidimensional of dimension d at € X when there exists an open neighborhood U of x such that for every
irreducible component Z of U through z, f(Z) is dense in some irreducible component of ¥ containing y
and for all 2’ € U the fiber f~1(f(2’)) N U has all irreducible components of dimension d.

This is much stronger than the fibers simply being of the same dimension. To see the importance of the
extra conditions, consider a discrete valuation ring O with field of fractions K and residue field k, and the
morphism from X, the disjoint union of Spec K and Speck, to Y = SpecO. The fibers are of the same
dimension (zero) and smooth but the morphism is not flat. This morphism is also not equidimensional at
Spec k: the only irreducible component of X containing Spec k is the point itself, with image the closed point
of Spec O. This is not dense in Spec O, the only irreducible component of the only open set containing the
closed point of Spec O.

The smoothness of centralizers of an equidimensional pure nilpotent is important to proving the main
results of [McNOg|. In particular, the results in §6 and §7 in [McNO§| crucially rely on the smoothness
of the centralizers of such nilpotents, leaving a gap in the proof of Theorem B in [McNO§| concerning the
component group of centralizers. The method we have discussed here reverses this, understanding the
geometric component group well enough to produce sufficiently many O-valued points in order to deduce
smoothness of the centralizer in classical cases in very good characteristic via Lemma
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4.3 Deformations of Nilpotent Elements

As before, let O be a discrete valuation ring with residue field k of characteristic p > 0, and let G be a split
reductive group scheme over O (with connected fibers) such that p is very good for G. Let g = Lie G. For a
nilpotent element N € g;, we define the notion of a pure nilpotent lift of NV in g and study the space of such
lifts.

4.3.1 Pure Nilpotent Lifts

Let N € gi be a nilpotent with Bala-Carter data o € C. Suppose there exists N, € g lifting N such that
(No)z € O, and Zg(N,) is smooth over O. We will define the notion of a “pure nilpotent” N € g lifting

N with Ng nilpotent.

Remark 4.3.1.1. For classical groups, Propositionshows that for any nilpotent N € g, there exists
N, € gsuch that (N,) € Of ., Za(N;) is O-smooth, and such that (Ng ), and N are G(k)-conjugate. Thus
(N.)x and N are conjugate by g € G(k’) for some finite extension k’/k. Lift g to an element g € G(O’)
for a Henselian discrete valuation ring local over O and having residue field k’. The element gN’.g~! € gor
reduces to N/ and has the required properties. So the above hypothesis is satisfied for classical groups after
a finite flat local extension of O.

Definition 4.3.1.2. Define the functor Nily : 5@ — Sets by
Nily(R) = {N € gr|Ada(g)(N,) = N for someg € G(R), Ny = N}.
Call these N € Nilg7(R) the pure nilpotents lifting N.

This is obviously a subfunctor of the formal neighborhood of N in the affine space g over O attached to
g. The key to analyzing Nily is that Zg, (V) is smooth over R since Zg(N,) is O-smooth and (Ny)g is in

the G-orbit of N. To ease notation below, we shall write gNg~! rather than Adg(g)(IN) for g € G(R).
Lemma 4.3.1.3. The functor Nily is pro-representable.

Proof. We will use Schlessinger’s criterion to check pro-representability. As Nils is a subfunctor of the formal
neighborhood of the scheme g at N, the only condition to check is the analogue of Definition : given
a Cartesian diagram in Cp

Rq X R, Ry L Ry
A
Ry — Ry

and N; € Nilg(R;) such that N7 and N, reduce to Ny, we want to check that N1 x Ny € Nil(R1 X g, R2). By
definition, there exists g1 € @(Rl) and g9 € @(Rg) such that N; = glNUgI1 and Ny = ggNgggl. Consider
the element g1g, ' € G(Rp). Observe that

9195 'Nyg297" = g1 Nogy ' = Ny € gro -

In particular, g1g;* € Zo(N,)(Ry). The extension Ry — Ry has nilpotent kernel, so as Zg(N,) is smooth
over O there exists h € Zg(N,)(Ry) lifting g1g; *. The element

(91,hg2) € Ry xR, Ro
conjugates N X Ny to N,. Hence N; x Ny € Nil(R;1 X g, R2). O

Lemma 4.3.1.4. The functor Nily is formally smooth, in the sense that for a small surjection Ry — Ry of
coefficient O-algebras the map

is surjective. Moreover, Nily has relative dimension dim G}, — dim Zg, (Ny) over O.
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Proof. Given N € Nilg(R;), there exists g € G(R;) such that gNg=* = N,. As @ is smooth over O, we

may find ¢’ € @(RQ) lifting g. Then (¢') "' N,g' is a lift of N to Ry. From its definition, the tangent space to
Nily is gx/34(Nk), so the formally smooth Nily has relative dimension dim G — dim Zg, (Ny) since Zg(N)
is O-smooth. O

Now suppose that A is a complete local Noetherian O-algebra with residue field k.
Lemma 4.3.1.5. The inverse limit @Nilﬁ(A/mZ) equals {N € ga : N = gN,g~! for some g € G(A)}.

Proof. It is immediate that the second is a subset of the first. On the other hand, suppose we had compatible
elements N; € Nilg(A/mY) such that N; is G(A/m’))-conjugate to N,.

By induction, we will show there exists g; € (A?(A/mfg) such that N; = ¢;N,g; 1 and g¢; reduces to
gi—1. The base case ¢ = 1 is just the assertion that (N,); equals Ni. Given g; € @(A/mfél), we know
there is some element g, , € G(A/m1) such that N; = 9+1No(g)41)"". The element (g, ;) 'g; lies in
Za(N,)(A/mYy). As Zg(N,) is smooth over O, we may lift to produce an element § € Zg(N,)(A/m4™) for
which N; = g}, 13N, (g}+,9) " and such that g/, g reduces to g; € G(A/m%). This completes the induction.

Finally let g € (A?(A) be the limit of the g; and observe gN,g~! is the limit of the Nj;. O

Remark 4.3.1.6. If we had defined Nily on the larger category CAO in the obvious way, Lemma [4.3.1.5
would say that Nilg is continuous.

Remark 4.3.1.7. One could define a scheme-theoretic “nilpotent cone” over O as the vanishing locus of
the ideal of non-constant homogeneous G-invariant polynomials on g. The arguments in this section could
be rephrased as constructing a formal scheme of pure nilpotents inside the formal neighborhood of N in
g. A natural question is whether there is a broader notion of pure nilpotents that gives a locally closed
subscheme of the scheme-theoretic nilpotent cone. For instance, for N, N’ € g, if their images in gx and
gk are nilpotent in orbits with the same combinatorial parameters, are N and N’ conjugate under G over a
discrete valuation ring local over O7

When G = GL,, this has been explored by Taylor in the course of constructing local deformation condi-
tions [Tay08| Lemma 2.5]. The method uses the explicit description of the orbit closures in Example
to define an analogue over O. It would be interesting to find a way to do the same for a general split
connected reductive group.

4.4 The Minimally Ramified Deformation Condition for Tamely
Ramified Representations

In this section, we will generalize the minimally ramified deformation condition introduced in [CHTO0S8, §2.4.4]
for GL,, to symplectic and orthogonal groups. We also explain why another more immediate notion based
on parabolic subgroups, giving the same deformation condition for GL,, is not liftable in general (even for
GSpy).

Let G be either GSp,,, or GO, (or GL,, to recover the results of [CHTO08, §2.4.4]) over the ring of integers
O in a p-adic field with uniformizer 7 and residue field k of characteristic p > 0 with m > 4. As always, we
assume that p is very good for G (i.e. p # 2). Let g = Lie(G).

4.4.1 Passing between Unipotents and Nilpotents

As in §4.3.1) we work with a pure nilpotent N, € g for which Zg(N,) is O-smooth, (N, )z € O, and

(No)g € Oy, Define N := (N,)r. We studied deformations of N in but will ultimately want to
analyze deformations of Galois representations which take on unipotent values at certain elements of a local
Galois group. Thus, we need a way to pass between unipotent and nilpotent elements. For classical groups,
we can use a truncated version of the exponential and logarithm maps:
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Fact 4.4.1.1. Suppose thatp > m and that R is an O-algebra. If A € Mat,, (R) has characteristic polynomial
z™ then
exp(A) =14+ A+ A%/24+ ...+ A" /(m —1)!

has characteristic polynomial (x — 1)™. If B € Mat,,,(R) has characteristic polynomial (x — 1)™ then
log(B):==(B-1)— (B-1?/2+ ...+ (-1)™(B-1)""1/(m—1)

has characteristic polynomial z™. Furthermore for C' € GL,,(R) we have exp(CAC™!) = Cexp(A)C™1,
log(CBC~1) = Clog(B)C~!, log(exp(A)) = A, exp(log(B)) = B, exp(qA) = exp(A4)4, and log(B?) =
qlog(B) for any integer q.

This is |[Tay08, Lemma 2.4]. The key idea is that because all the higher powers of A and B — 1 vanish
and all of the denominators appearing are invertible as p > m, we can deduce these facts from results about
the exponential and logarithm in characteristic zero.

Suppose J is the matrix for a perfect symmetric or alternating pairing over R.

Corollary 4.4.1.2. For A and B as in Fact |/.4.1.1) with exp(A) = B, ATJ + JA = 0 if and only if
BTJB=J.

Proof. Directly from the definitions we see that exp(AT) = exp(A)T. Observe that exp(JAJ 1) = JBJ !
and exp(—AT) = (BT)~!. Thus JAJ~! = —AT if and only if (BT)™! = JBJ . O

We shall use this exponential map to convert pure nilpotents into unipotent elements. Let R be a
coefficient ring over O. By Definition any pure nilpotent N € Nilg(R) is G(R)-conjugate to N, so
it has characteristic polynomial ™. Denoting the derived group of G by G’, any element of g nilpotent in
gx lies in ¢’ = Lie & (if G = GSp,,, for example, this means that NJ + JN = 0, not just NJ + JN = \J for
some A € O). Thus, Corollary shows that exp(N) € G(R). This gives an exponential map

exp : Nily — G (4.4.1.1)

such that for g € é(R), N € Nilg(R), and ¢ € Z we have exp(¢N) = exp(N)? and gexp(N)g~! =
exp(Adg(g)N).

Remark 4.4.1.3. This is a realization over O of a special case of the Springer isomorphism identifying
the nilpotent and unipotent varieties in very good characteristic. For later purposes, we will use that the
identification to be compatible with the multiplication in the sense that exp(qA) = exp(A)?. In the case of
GL,,, a Springer isomorphism that works in any characteristic is given by X — 1 + X for nilpotent X, but
this is not compatible with multiplication.

Remark 4.4.1.4. Let G be a split reductive O-group with U the unipotent radical of a parabolic O-
subgroup P of G. Let r be the nilpotence class of Ug (the smallest integer for which z” = 1 for all
x € Uk) and suppose that p > r. According to [Sei00, §5] (following [Ser94]), there is an exponential
isomorphism expy; : LieU — U defined over O. Making Lie U into an O-group using the Hausdorff formula,
this exponential is a map of O-groups, so exp;(¢N) = expy (N)? for N € LieU and ¢q € Z.

When p is larger than the Coxeter number of G, this provides an approach to converting pure nilpotents
N € Nilx(R) into elements of G(R). Having to select a U in order to define the exponential map adds
complexity; as we only need results for the classical groups, we do not purse this here.

4.4.2 Minimally Ramified Deformations

Assume the residue field k& of O is finite of characteristic p, with O complete. Now suppose L is a finite
extension of Qg (with ¢ # p), and denote its absolute Galois group by I'y,. Consider a representation
p: T — G(k). We wish to define a (large) smooth deformation condition for 7 generalizing the minimally
ramified deformation condition for GL,, defined in [CHTO08, §2.4.4]. In this section we do so for a special
class of tamely ramified representations. This requires making an étale local extension of O, which will be
harmless for our purposes.
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Recall that I't | the Galois group of the maximal tamely ramified extension of L, is isomorphic to the
semi-direct product
Zx [] z»

p'#L

where Z is generated by a Frobenius ¢ and the conjugation action by ¢ on the direct product is given by the
cyclotomic character. We consider representations of I'Y, which factor through the quotient Z x Z,. Picking
a topological generator 7 for Z,, the action is explicitly given by

¢ro~! =qr

where ¢ is the size of the residue field of L. Note ¢ is a power of ¢, so it is relatively prime to p. This leads
us to study representations of the group Ty, = Z x Z,,.

Let p: T, — G(k) be a representation. Informally, the deformation condition will be lifts p : T, — G(R)
such that p(7) lies in the “same” unipotent orbit as p(7). To make this meaningful over an infinitesimal
thickening of k, we shall use the notion of pure nilpotents as in Definition [1.3.1.2] since unipotence and
unipotent orbits are not good notions when not over a field.

First, let us check that p(7) € G(k) actually is unipotent. This element decomposes as a commuting
product of semi-simple and unipotent elements of G(k). The order of a semi-simple element in G(k) is prime
to p, while by continuity there is an > 0 such that 77" € ker(p). Thus p(7) is unipotent. In particular,
log(p(7)) = N is nilpotent, and by Remark after making an étale local extension of O we may
assume that there exists a pure nilpotent N, € g lifting N for which Zg(N,) is smooth. Making a further
extension if necessary, we may also assume that the unit ¢ € O is a square. We obtain an exponential map

exp : Nilyy — G as in (4.4.1.1)).

Definition 4.4.2.1. For a coefficient ring R over O, a continuous lift p : T, — G(R) of p is minimally
ramified if p(1) = exp(NN) for some N € Nilg(R).

Example 4.4.2.2. Take G = GL,,. Then X — 1,, + X gives an identification of nilpotents and unipotents.
Up to conjugacy, over algebraically closed fields parabolic subgroups correspond to partitions of n and every
nilpotent orbit is the Richardson orbit of such a parabolic. Let p(7) — 1,, =: N correspond to the partition
oc=mn1+ns+...+n,.. By Example the lift N, of N is conjugate to a block nilpotent matrix with
blocks of size ni,ng,...,n,. The points N € Nily(R) are the G(R)-conjugates of N,. It is clear (since
p > n) that if p(7) € Nil(R) then

ker(p(t) — 1,)! @g k — ker(p(1) — 1,,)° (4.4.2.1)

is an isomorphism for all . Conversely, repeated applications of [CHT08| Lemma 2.4.15] show that any p(7)
satisfying this collection of isomorphism conditions is G(R)-conjugate to N,. Thus the minimally ramified
deformation condition for GL,, defined in [CHTO8] agrees with our definition. Note that the identification
X — 1, + X does not satisfy ¢X — (14 X)?, so it will not work in our argument. The proof of [CHTO0S,
Lemma 2.4.19] uses a different method for which this non-homomorphic identification suffices.

Our goal is to show that the functor of minimally ramified lifts is pro-representable over O and that the
representing object R7" U is formally smooth over O.

Proposition 4.4.2.3. Under our assumptions on G, the local deformation ring R%”'D is formally smooth
over O of relative dimension dim G.

Proof. Let ® = p(¢) € G(k) and let G be the formal completion of G at ®. Using the relation
p(@)p(r)p(¢) " = p(7)",

1

we deduce that ® N ® ~ = gN. Therefore we study the functor Mz on 5@ defined by

My(R) ={(®,N) : N € Nilg(R), ¢ € @5(1%), PNO ! =¢gN} C Nilg(R) x ég(R).
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Any such lift (®, N) to a coeflicient ring R determines a homomorphism T, — G(R) lifting p via ¢ — ® and

7 — exp(NV), and it is continuous because exp(N) is unipotent. We will analyze M7 through the composition

First, observe that M7 — Nil is relatively representable as “®N = ¢N®” is a formal closed condition on
points ¢ of (@E)R for each N € Nilg(R).

From Lcmma we know that Nilg is formally smooth over O, and the universal nilpotent is gN,g~*
for some g € @(Nilﬁ). To check formal smoothness of the map My — Nilg, it therefore suffices to check
the formal smoothness of the fiber of M5 over the O-point N, of Nil.

We have written down ®, € G(O) satisfying ®, N, P! = gN, in Remark [4.2.2.9] Observe that 55;1 €

Z¢(Ny)(k). By smoothness, we may lift 66;1 to an element s € Zg(N,)(O). Then s®, reduces to ® and
satisfies (s®,)Ny(s®)"' = gN,, so the fiber of My over N, has an O-point. The relative dimension of

the formally smooth Nilg is dim G — dim Zg,, (W) by Lemma 4.3.1.4 and M7 — Nilg is a Z/(F[,)—torsor
since it has an O-point over N,. As Zg(N,) is smooth it follows that My is formally smooth over Spf O of
relative dimension dim Gy. ]

Example 4.4.2.4. This recovers [CHT08, Lemma 2.4.19] in the case G = GL,,.

Let S be the (torus) quotient of G by its derived group G’, and u : G — S the quotient map. For use
elsewhere, we now study a variant where we fix a lift v : T, — S(O) of pop: Ty — S(k):

Corollary 4.4.2.5. The deformation condition of minimally ramified lifts p : T, — G(R) satisfying prop = v
is a liftable deformation condition. The framed deformation ring R%n'r"'/’m is of relative dimension dim Gy —1.

Proof. The quotient torus S = G/G’ is split of rank 1, so the subscheme Rg”""’m C Ry U is the vanishing
of locus of a single function. As RZ" U is formally smooth over @ with relative dimension dim Gy, it suffices

r.,v,00

to check that the “reduced” tangent space of R%l ’ over k is a proper subspace of the “reduced” tangent

space of R+ =
Let Z be the maximal central torus of G. On the level of Lie algebras, we know that Lie G splits over O
as a direct sum of Lie G’ and Lie S ~ Lie Z as p is very good for G. We can modify a lift pg over R = k[e]/(¢?)
by multiplying against an unramified non-trivial character T; — Z(R) with trivial reduction, changing 10 pg.
m.r.,v,[]

Thus the “reduced” tangent space of R; is a proper subspace of that of R+ = O

4.4.3 Deformation Conditions Based on Parabolic Subgroups

The use of nilpotent orbits is not the only approach to defining a minimally ramified deformation condition.
As discussed in the method used to prove [CHTO8, Lemma 2.4.19] suggests a generalization from
GL,, to other groups G based on deformations lying in certain parabolic subgroups of G. This deformation
condition is not smooth for algebraic groups beyond GL,,, so it does not work in Ramakrishna’s method. In
this section we give a conceptual explanation for this phenomenon.

Let P C G be a parabolic O-subgroup. The Richardson orbit for Py intersects (Lie P)j in a dense open
set which is a single geometric orbit under P,. Suppose that p(7) is the exponential of a k-point N in the
Richardson orbit, and consider deformations p : T, — G(O) of p ramified with respect to P in the sense that
p(T) € P (compare with Definition [1.2.3.1)). This requires specifying a lift of N that lies in Lie P. One could
hope that such lifts would automatically be G(O)-conjugate to the fixed lift NV, defined in Proposition
reminiscent of the definition we gave for Nily, a situation in which the associated (framed) deformation ring
is smooth.

We now show that often smoothness fails if N does not lie in the Richardson orbit of P,. Lifts of N
can “change nilpotent type” yet still lie in a parabolic lifting Py, such as the example of the standard Borel
subgroup in GL3 with

010 o
N=|(0 0 p lifting N =
0 0 0

o O O
S O =
o O O
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In particular, we easily obtain non-pure nilpotents. This is very bad: the nilpotent orbits over a field are
smooth but the nilpotent cone is not smooth, so the deformation problem of deforming with respect to P
should not be smooth because “it sees multiple orbits”. Furthermore, by working with lifts to O even if we
could lift p(7) appropriately, there would still be problems lifting the image of ¢ because the centralizer of a
non-pure nilpotent is not smooth over O (the special and generic fiber typically have different dimensions).
So it is crucial to choose a parabolic such that N lies in the Richardson orbit of Py.

For GL,, all nilpotent orbits are Richardson orbits. This is not true in general. In particular, we
should not expect the deformation condition of being ramified with respect to a parabolic to be liftable.
Example [[.2.3:2] illustrates this phenomenon for GSp,, which we now revisit in a more conceptual manner.

Example 4.4.3.1. Take G = GSp,. Parabolic subgroups correspond to isotropic flags. Up to conjugacy,
these subgroups are G (the trivial parabolic) and stabilizers of the flags

0 C Span(v1) C Span(vi, v2) C Span(vy, v, v3) C k?,
0 C Span(v1) C Span(v,va,v3) ck*, 0c Span(vy,ve) C k*

where {vi,ve,v9,v4} is the standard basis of k*. Their Richardson orbits correspond to the respective
nilpotent orbits indexed by the partitions 1+ 1+ 1+ 1, 4, 4, and 2 + 2. In particular, the same Richardson
orbit is associated to two of these. There is one more partition of 4 with odd numbers appearing an even
number of times: 2 + 1 + 1. This is a nilpotent orbit that is not a Richardson orbit; for the representation

in Example [1.2.3.2] log(p(7)) is in this nilpotent orbit.

4.5 Minimally Ramified Deformations of Symplectic and Orthog-
onal Groups

We continue the notation of the previous section. We have defined the minimally ramified deformation
condition for representations factoring through the quotient T, = Z x Z,, of the tame Galois group I'} at a
place away from p. In this section, we will adapt the matrix-theoretic methods in [CHTO08, §2.4.4], making
use of more conceptual module-theoretic arguments, to define the minimally ramified deformation condition
for any representation when G = GSp,,, or G = GO,,. (Minor variants of this method work for Sp,,, and
SO, and the original method of [CHTO8| §2.4.4] works for GL,,.) We naturally embed G into GL(M) for
a free O-module M of rank m, and let V' denote the reduction of M, a vector space over the residue field k.

We consider a representation p : I', — G(k) C GL(V)(k) which may be wildly ramified (with L an ¢-adic
field for £ # p). We will define a deformation condition for p in terms of the minimally ramified deformation
condition for certain associated tamely ramified representations, after possibly extending O. In we
analyze p as being built out of two pieces of data: representations of a closed normal subgroup Ay, of I'g
whose pro-order is prime to p, and tamely ramified representations of I';,/Ay. The representation theory of
Ay is manageable since its pro-order is prime to p, and representations of I';, /A, can be understood using
the results of the previous section.

4.5.1 Decomposing Representations

We begin with a few preliminaries about representations over rings. Let A’ be a profinite group and R be an
Artinian coefficient ring with residue field k. If A’ has pro-order prime to p, the representation theory over
k is nice: every finite-dimensional continuous representation is a direct sum of irreducibles, and every such
representation is projective over k[A] for any finite discrete quotient A of A’ through which the representation
factors. We are also interested in corresponding statements over an Artinian coefficient ring R.

Fact 4.5.1.1. Suppose the pro-order of A’ is prime to p. Let P and P’ be R[A’]-modules that are finitely
generated over R with continuous action of A', and F be a k[A’]-module that is finite dimensional over k

with continuous action of A'. Let A be a finite discrete quotient of A’ through which the A’ -actions on P,
P, and F factor.

1. If P is free as an R-module, it is projective as a R[A]-module.

7



2. If P and P’ are projective over R[A], they are isomorphic if and only if P and P’ are isomorphic.
3. There exists a projective R[A]-module (unique up to isomorphism) whose reduction is F.

These statements are special cases of results in [Ser77, §14.4]. We now record two lemmas which do not
need the assumption that the pro-order of A’ is prime to p.

Lemma 4.5.1.2. Let P and P’ be R[A']-modules, finitely generated over R with continuous action of A’
factoring through a finite discrete quotient A of A'. Assume P and P’ are R[A]-projective. The natural map
gives an isomorphism

Homyu/ (P, P') @ g k — Homp/ (P, P’).

Proof. We may replace Hom,, with Homp. Note that mP’ = m@pz P/, so Homy (P,mP’) = Homy (P, P')®gm
as P and P’ are R[A]-projective. Then apply Homy (P, —) to the exact sequence 0 - mP’ — P’ — P'/mP’ —
0. O

Lemma 4.5.1.3. Let A be a finite group and let M and M’ be finite R[A]-modules whose reductions M and
M are non-isomorphic irreducible k[A]-modules. Then Hom gz (M, M') = 0.

Proof. Filter M’ by the composition series {m‘M’}, and consider the surjection
m’/mt @ M — m' M’ /m A
The action of A on m?/m‘*! @ M’ is solely on the irreducible M, so as a k[A]-module m*M’/m‘ 1M’ is
isomorphic to a direct sum of copies of M. Thus
Hom pa) (M, m*M' /m"™ ' M") = Homyn) (M, m* M’ /m" "' M) = 0
as M and M are non-isomorphic k[A]-modules.
By descending induction on ¢, we shall show that
Hompa) (M, m"M’) = 0.
For large i, m* M’ = 0. Consider the exact sequence
0— m™M —m'M — m'M /m M — 0.
Applying Hompgzj(M, —), we obtain a left exact sequence
0 — Homppa) (M, m" ™' M') — Homp(a) (M, m’M') — Homp(a (M, m’ M’ /m* T M)

The left term is 0 by induction, and the right term is 0 by the above calculation. This completes the
induction. O

Givenp: 'y, — G(k) C GL(V)(k) and a lift p : T';, — G(R) C GL(M)(R) for some R € Co», we now turn
to decomposing the R[I'r]-module M. Let Iy C I'y be the inertia group, and pick a surjection I, — Z,,.
Define Ay, to be the kernel of this surjection (normal in I'). This is a pro-finite group with pro-order prime
to p, and is independent of the choice of surjection. Define the quotient

TL = FL/AL,

which is a quotient of the tamely ramified Galois group I'', and of the form T}, = Zx Z, asin We wish to
compatibly decompose V and M as Ap-modules and then understand the action of I'z, on the decomposition.
We first make a finite extension of &k (and hence of O) so that all of the (finitely many) irreducible
representations of Ay, over k occuring in V' are absolutely irreducible over k.
Because Ay, has order prime to p, Resii (V) is completely reducible and we can write

Resyt (V) =P Vr
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where 7 runs through the set ¥ of isomorphism classes of irreducible representations of Ay, over k occuring
in V, and each V. is the 7-isotypic component. We will obtain an analogous decomposition for M.

Let T" be a finite discrete quotient of I'y through which p factors, and let A be the image of Ay in
I'. Using Fact 4.5.1.1{(3)) we can lift 7 to a projective R[A]-module 7 unique up to isomorphism. We will
eventually want this lift to have additional properties (see , but this is not yet necessary. We set
W, := Homy, (7, M) and consider the natural morphism

@7—@}2 W, — M.

Note that M is R[A]-projective by Fact [4.5.1.1y{1)).

Lemma 4.5.1.4. This map is an isomorphism of R[Ar]-modules.

Proof. Tt suffices to check it is an isomorphism of R[A]-modules. When R = k, we know Endx(7) = k as
we extended k so that all of the irreducible representations of A over k occurring inside V' are absolutely
irreducible. Splitting up V as a direct sum of irreducibles, we obtain the desired isomorphism.

In the general case, the map is an isomorphism after reducing modulo m (use Lemma . Thus
by Nakayama’s lemma it is surjective. Since M is R-projective, the formation of the kernel commutes with
reduction modulo m. Thus, again using Nakayama’s lemma the kernel is zero. O

We define M, to be the image of 7®@r Homy, (7, M) in M. It is the largest R[A]-direct summand whose
reduction is a direct sum of copies of 7.

We next seek to understand the action of I'y, on this canonical decomposition of M. For g € ', consider
the R[Ar]-module gM,: it is a direct summand of M over R whose reduction is a direct sum of copies of
the representation 79 defined by 79(h) = 7(g~'hg) for h € Ar. Thus we see that gM, = M,, inside M, and
I'y permutes the M, ’s. The orbits corresponds to sets of conjugate representations.

Consider the stabilizer of V:

Ipr={g€lL:gV; =V, inside V}={gel:79~7}CTy
with corresponding image
I, ={gel: gV, =V,inside V} ={geTl:79~7} CT.

Then the k-span of the members of the I'p-orbit of V. is exactly the representation Ind?i Ve= Indll:T V.
Letting [7] denote the set of R[A]-isomorphism classes of A-representations I';-conjugate to 7, by taking
into account the action of I'; the isomorphism in Lemma [4.5.1.4 becomes an isomorphism of R[I'z]-modules

M = @Ind?fj M, (4.5.1.1)
(]

using one representative 7 per I'r-conjugacy class [7].

For orthogonal or symplectic representations, this decomposition interacts with duality. Denote the
similitude character by p, and let 7:= pop: 'y — k*. Let N be a free O-module of rank 1 on which I'g,
acts by a specified continuous O*-valued lift v of 7, and let N be its reduction modulo m. For an O-module
M, define MV = Homp(M, N) with the evident I'p-action. The perfect pairing gives an isomorphism of
R[I'p]-modules M ~ MV. In particular,

MY ~ M,

T

for some irreducible representation 7* of Ay occuring in V. Note that 7% ~ 7V as k[Ar]-modules. There are
three cases:

e Case 1: 7 is not conjugate to 7*;
e Case 2: 7 is isomorphic to 7*;

e Case 3: 7 is conjugate to 7* but not isomorphic.
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In the second case, we claim that the isomorphism of k[Ar]-modules 2 : T ~ 7V gives a sign-symmetric
perfect pairing on 7. Note that W, = Homy (7, V) ~ Homy (7V,VV) =~ WY as V, ~ V.. This isomorphism
¢, defines a pairing (,)w, on W, via

(w, wa)w, = @r(w1)(w2).

Let ¢ : V. — VY be the isomorphism given by m — (m, —)y, and define (v1,v2), :=1(v1)(v2) for vy, vy € 7.
We have a commutative diagram

id®p,
T®W7—4>®w T®WTV TV®W,>/

| w |

v, VY

1®id

The commutativity says that for elementary tensors m; = v; @ w; € V. =7 ® W, we have

(ma,ma2) v = (m1)(ma) = (1(v1) ® pr(w1)) (v2 ® wa) = 2(v1)(v2) - or(w1)(w2) = (v1, va)r (w1, wa)w, -
(4.5.1.2)

Lemma 4.5.1.5. The pairing {,), is a sign-symmetric.

Proof. Suppose there exists v € 7 such that «(v)(v) # 0. For wy,ws € W, gives
1) () pr (w1)(w2) = (V@ w1, v @ wa)y = (v @ wa,v @ w1 )y = €(v) (V) (wa)(wr).
Canceling 1(v)(v), we conclude that (wy,wa)w, = e(ws,w1)w,. Using ([4.5.1.2), we conclude that
€v(v2)(v1) - pr (w2)(w1) = €(ma, m1)y = (M1, ma)v = 1(v1)(v2) - @7 (w1)(w2) = €x(v1)(v2) - pr(w2)(w1).

Choosing wy and wy with (wa, w1 )w, # 0 (possible as (, )y is perfect), we conclude that (v1,ve)z = (va,v1)5.
Otherwise +(v)(v) = 0 for all v € 7, in which case {, )7 is alternating. O

In we will see that the action of Ay on the module underlying 7 can be extended to an action of
Iy, factoring through I';. Therefore, W, = Homy, (7, M) is naturally a representation of Ty, , :==TI'y, /AL,
and of T := I'; /A (a finite quotient of 7%, ). In we will use the minimally ramified deformation
condition of to specify which deformations W, are allowed. Together with the decomposition

Pmdrr Few,) - M
(7]

this defines a deformation condition for p. Some care is needed to ensure compatibility with the pairing on
M, which will require breaking into cases in the next sections.

4.5.2 Extension of Representations

We continue the notation of the previous section, where 7 is an absolutely irreducible representation of Ay,
over k. We need to lift this to a representation over O and extend it to a representation of I'z, ,. We will
have to do something extra for the representation to be compatible with a pairing, depending on how 7 and
T7* are related.

In Case 1, we ignore the pairing. The results of [CHTO08| §2.4.4] let us pick a O[I'y, ;]-module 7 that is
a free O-module and reduces to 7. In this case, 7" is a free O-module reducing to 7*.

In Case 2, from Lemma [£.5.1.5] it follows that 7 is a symplectic or orthogonal representation. We will
adapt the GL,-technique of [CHTO08|] to produce a symplectic or orthogonal extension 7. Letting n = dim 7,
the representation 7 gives a homomorphism 7 : Ay — G(k) where G is GSp,, or GO,,.

First, we claim that there is a continuous lift 7 : Ay, — G(W(k)): without the pairing, this would
be Fact . To also take into account the pairing, consider deformation theory for the residual
representation 7. This is a smooth deformation condition as H?(Ap,ad7) = 0: Az has pro-order prime

80



to p and ad7 has order a power of p. Therefore the desired lift exists. It is unique (up to conjugations
which preserve 7) because the tangent space is zero dimensional as H'(Ap,ad7) = 0. By considering
representations of the group Ay /ker(r), we may and do assume arrange that ker(7) = ker(7) as subgroups
of AL.

Remark 4.5.2.1. For g € T';, -, the isomorphism of k[Ar]-modules 79 ~ 7 lifts to an isomorphism 79 ~ 7
of O[Ar]-modules by uniqueness. Thus 'y, , = {g € I'p : 79 ~ T}.

We will now show how to continuously extend 7 to I'z, . The first step in constructing the extension is
to understand the structure of I'y, » and Iy, NI’ -, where Iy, is the inertia group.

Recall that Tp, = T'p /AL is the semi-direct product of Z and Z,, where 7 is generated by a lift of
Frobenius ¢ and Z, is generated by an element o, with o~ = 0% where ¢ = % is the size of the residue
field of L.

Lemma 4.5.2.2. The exact sequence
1—>Ap —>Tp—>1T,—>1
is topologically split, so Ty, is a semi-direct product.

Proof. Let S be a Sylow pro-p subgroup of Iy, which must be isomorphic to Z,. Let ¢ be a lift of Frobenius
to T'r,. Then ¢S¢~! is another Sylow pro-p subgroup of I, and hence is conjugate to S by an element of
I1,. By choosing the lift ¢, we may thereby assume that ¢ normalizes S. But then it is clear that S and ¢
together topologically generate T, giving the desired splitting. O

For Tt :=T'1 /T, this gives a topological splitting of
1=AL =T, =T — 1.

As I'y, ; is an open subgroup of I'y,, we observe that 17, , is an open subgroup of 77,. Note that 77, ; is an
open normal subgroup of T}, topologically generated by some powers of ¢ and ¢ which will be denoted by
¢- and o, (since any open subgroup of a semidirect product C' x C’ for pro-cyclic C' and C’ is of the form
Cy x Cy for open subgroups Cy C C and Cj C C’). In particular, T}, ; is itself isomorphic to Ty for some
¢’. The element o, and Ay together topologically generate I'r, - N Iy.

Before extending 7, we need several technical lemmas.

Lemma 4.5.2.3. The centralizer of the image of T is O.

Proof. As 7 is absolutely irreducible, End, (7) = k. By Lemma |4.5.1.2) we see that the reduction of
Endy, (7) modulo the maximal ideal of O is k, so the map O — Enda, (7) is surjective by Nakayama’s
lemma. O

Lemma 4.5.2.4. The dimension of T is not divisible by p.

Proof. As 7 is continuous and Ay has pro-order prime to p, the representation 7 factors through a finite
discrete quotient A of A; whose order is prime to p. Such a representation is the reduction of a projective
O[A]-module by Fact [£.5.1.1)(3). Inverting p, we obtain a representation of A in characteristic zero that is
absolutely irreducible since the “reduction” 7 is absolutely irreducible over k. By [Ser77, §6.5 Corollary 2],
the dimension of this representation (equal to the dimension of 7) divides the order of A. O

We will now extend 7 from Ay, C I, to I';, - by defining it on the topological generators o, and ¢.. We
say that such an extension has tame determinant if det(7(o;)) has finite order which is prime to p.

Lemma 4.5.2.5. There is a unique continuous extension 7 : 't NI, — G(O) with tame determinant.

Proof. A continuous extension of 7 to I', ; N I}, is determined by its value on o,. As o, € I'f, -, in light of
Remark [4.5.2.1| there is an A € G(O) such that for g € A, we have

T(orgor ') = AT(g)A™.
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We would like to send o, to the element A. However, this might not produce a continuous extension, and
even if it does it might not have tame determinant unless we pick A correctly. As o, is a topological generator
for a group isomorphic to Z,, the existence of a continuous extension satisfying o, — A is equivalent to
some p-power of A having trivial reduction. We wish to show that there is a unique choice of such A that
also makes the extension have tame determinant.

We will first show that some power AP’ lies in the centralizer of the image 7(Ar). Consider the conjugation
action of (o,) on Ay. As ker7T = ker7 is a normal subgroup of I'y, , (if g € 'y, and 7(h) = 1, then 79(h)
is conjugate to 7(h) = 1 by Remark we get an action of (o;) on Ap/kerT ~ 7(Ap). The action is
continuous, so there is a power p® such that for all g € A, we have

b b
(o} go ") =7(9).

As ker 7 = ker 7, we see that
AVF(G) AT =F(o¥ goP) = F(g).

Therefore A?” lies in the centralizer of T(AL).

By Lemma this centralizer is ©. We claim that by multiplying A by some unit in O, we can
arrange for the continuous extension 7 to exist and have tame determinant. We will use the fact that an
element of O* is the product of a 1-unit and a Teichmuller lift of an element of £*. As AP’ € O* and the
pth power map is an automorphism of k>, we may multiply A by a unit scalar so that AP" reduces to the
identity matrix. By Lemma the dimension n of 7 is prime to p so we may multiply A by a 1-unit so
that det(A) has finite order prime to p. Sending o, to this particular A gives a continuous extension with
tame determinant.

Let’s show this extension is unique. Any extension must send o, to an element of the form wA for
w € 0% (the centralizer of the image 7(Ar)). By continuity, there is a power p® such that (wA)pb reduces
to the identity. This means that w?” reduces to the identity, and hence that w reduces to the identity. On
the other hand, det(wA)det(A)~! = w™. The left side has finite order that is relatively prime to p, so w™
does too. This forces w™ = 1 since its reduction is 1. But as n is prime to p (Lemma [£.5.2.4)), the only nth
roots of unity in O* are Teichmuller lifts. Therefore w = 1. O

Lemma 4.5.2.6. There is a continuous extension 7 : I'p, » — G(O).

Proof. We extend 7T in Lemma [4.5.2.5| continuously to I'y » by defining it on ¢,. As ¢, € I'r -, there is an
element A € G(O) conjugating 7 : A, — G(O) to 7%~ : A, — G(O). Each has a unique extension to a
continuous morphism from Iy NIy ; to G(O) with tame determinant. Therefore for g € Ir, NI’y ; we have

F(6r907") = AT(g)A™!

since the right side has the same (tame) determinant as 7 on I, N T,. We can continuously extend 7 :
I, NI — G(O) by sending ¢ to A since A has reduction with finite order. O

This gives the desired lift and extension of 7 in the case that 7 ~ 7*.

In Case 3, 7 is conjugate to 7* but not isomorphic. The argument follows the same structure as the
previous case, but we make a few modifications to treat 7 @& 7* together. In particular, we can pick a copy
of the k[Ar]-module 7 inside V; and a copy of 7* ~ 7V inside V such that the pairing restricted to 7 & 7* is
perfect.

Define I'y, ;g = {g € T'r : g(r & 7*) = 7 & 7*}. It contains 'z, » with index 2, as any automorphism
either preserves 7 and 7* or swaps them. Arguing as in the paragraph after Lemma [1.5:2.2] we obtain a split
exact sequence

0— AL — FL,TEBT* — TL,T@T* —1

where T, rq,+ is an open normal subgroup of 77, topologically generated by some powers of ¢ and ¢ which
we denote by ¢,rg.+ and o,q-+. We may arrange that either

e Case 3a: ¢2, . = ¢, and 0,g.+ = 0, Or

e Case 3b: ¢,q.+ = ¢, and 074, =0, .
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In Case 3a, we begin by lifting 7 to O as a representation of Ay : as before, we do this using the fact
that the pro-order of Ay, is prime to p, and obtain a lift 7 unique up to isomorphism. We extend 7T to be a
representation of I'z, - N I, by defining it on o, using the GL,-version of Lemma [CHTO08, Lemma
2.4.11]. There it is shown all such extensions are unique up to equivalence. In particular, 7 and (7¢-#*)V are
isomorphic O['f, , N Ix]-modules. We can use this to define a sign-symmetric perfect pairing on 7 @ 7¢&+*
that is compatible with the action of I';, ; N Ix and ¢,q.«, hence of I'z, ~qr=.

In Case 3b, as 7¥ and 797®7* are isomorphic k[A]-modules it follows that 7¥ and 7°7®* are isomorphic
O[A]-modules. In particular, this isomorphism gives a natural way to define a sign-symmetric perfect pairing
on M =7@7% o7 lifting the residual one. This pairing is compatible with the action of I'f, ;g,+ NI, (which
is generated by Ay, and 0,4, ). Finally, we claim that M and M® are isomorphic. As ¢, € I'f, , preserves T,
the reductions of M and M?~ are isomorphic by an isomorphism which identifies 7 and 7¢~. By uniqueness
of the lift of 7 as a O[Az]-module, we obtain an isomorphism of 7 and 7% and hence of M and M¢%~
preserving the pairing. Then we proceed as in the proof of Lemma defining an image of ¢, using
this isomorphism.

In conclusion, we have shown:

Lemma 4.5.2.7. In case 3, there exists an O[L'p rq--]-module & T with pairing lifting T ® T together
with its pairing.

4.5.3 Lifts with Pairings

We continue the notation of and analyze how the duality pairing interacts with the decomposition
(#.5.1.1). Recall that we obtained an isomorphism M =~ M" of R['r]-modules which gave isomorphisms
M, ~ MY. of R[I'f, -|-modules. The key point is that for any lift and extension 7" of 7 to an O[T, ,]-module,
the isomorphism of R[Ar]-modules

7' ® Hompy, (7', M) — M,

is compatible with the I'y, -action.
To do this, it is convenient to break into the cases introduced at the end of For an irreducible
k[A]-module 7 occurring in V', note that (79)Y = (7V)9 for any g € 'z, so if 7 ~ 7* then 79 ~ (79)*. We let

e 3, denote the set of I';-conjugacy classes of such 7 for which 7 is not conjugate to 7*;
e Y. denote the set of I';-conjugacy classes of such 7 for which 7 ~ 7%;

e Y. denote the set of I'p-conjugacy classes of such 7 for which 7* is conjugate to 7 but 7 % 7*.

From (4.5.1.1}), we obtain a decomposition

M= dir_(FeW,)e P hdir (FeW,) s P hdik (7'eW,) (4.5.3.1)
TEY, TEY, TEY,

where 7/ is any lift and extension of 7 to I'; and W, = Homy (7, M) is a representation of 77, .. Note that
W, is free as an R-module (since M and 7’ are, with 7/ # 0 and R local), and hence that W, is tamely
ramified of the type considered in §4.4]

We may rewrite this to make use of the special extensions constructed in In particular, for 7 € 3,
we rewrite o

Wdfr (7 @W,) =Inde (T07 @ Weg, )

where Wrg -+ := Homy, (T/EB_;k, M). This uses the notation and results from Case 3 in in particular
the fact that 7 @ 7 is an irreducible representation of the group A’} generated by Ay, and any g € I';, with
7* o~ 79. Note that W g, is a representation of Ty, .-, which is a subgroup of T;, = I'y, /Ay, hence of the

form T}, as considered in E Using the extensions 7 and 7@ 7 from §4.5.2 we obtain a decomposition

M= @ wdr Fow,)se @ md: (7 o@mar (TOreWes).  (4532)
TEX, TEX, TEX,
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Now let M’ be another R[I';]-module that is finite free over R such that the irreducible representations
of Ar occurring in V' := M'/mM’ are among the same 7’s, so

~ P mair Few)o @ mdr Few)o @ (rar e We,.).
TEX, TEYS, TES,

Lemma 4.5.3.1. The natural map

& Homy, (W, W)) & @) Homy, . (W,, W) & €D Homy, . (Wrgr-, W.g,.) — Homr, (M, M')
TED, TEX, TEX,

is an isomorphism.

Proof. We may immediately pass to working with representations of the finite discrete groups I' and A.
Notice that

Homp (Indp (M), Indp. (M) ~ Homp (M., Indp (M) ~ Homr, (M,, M)

where the second isomorphism uses that Homrp (M., M.,) = 0 by Lemma [4.5.1.3) when 7 and 79 are non-
isomorphic. Furthermore, if 7y and 75 are not I'-conjugate then

Homp(Indy. (My,),Indy._(M;,)) =0

again using Lemma 4.5.1.3] Then using (4.5.1.1) we see that

Homp (M, M') = @ Homr(Indr (M,,),Indy._(M,)) = D Homr, (M,, M}).

[T1],[72] [7]

All the irreducible finite-dimensional representations of A occurring in V' and V' are absolutely irreducible
over k by design. For 7 € ¥,, U 3., consider the natural inclusion

Homp(W,, W.) < Homp (7 ® W,,7® W.) = Homx (7,7) ®g Hompg(W,, W/), (4.5.3.3)

using that W, and W/ are R-free of finite rank and A has no effect on them. But R — Homa(7,7) is an
isomorphism because Endy (7) = k and because surjectivity can be checked modulo mp using Lemma [4.5.1.2
As M, ~ 7 ® W,, this implies that

Homr_ (M., M) = Homp (M., M.)"" = Homp (7 @ W,,7 @ W) = Homr(W,, W,)T" = Homz, (W,, W)
where T, is the image of 77, ; in I';. An analogous computation in the case 7 € X, completes the proof. [

We can now consider the duality isomorphism M ~ MV. By Lemma [4.5.3.1] this is equivalent to a
collection of isomorphisms of R[T ,|-modules ¢, : W, ~ WY for 7 € ¥, UX, and an isomorphism of
R[Ty, rq-+]-modules ¢, : Wigr+ WTV@T* for 7 € 3.. We analyze the cases separately.

In Case 1 (7 € ¥,), note that Indgij M, is an isotropic subspace of M as 7 % 7*. In particular,
the perfect sign-symmetric pairing on Ind'z I'p-M. @ Ind'z 'y -« M« is equivalent to an isomorphism of
R[T'1]-modules

v
MT*) :

which is equivalent to the isomorphism of R[T} ,]-modules ¢, : W, ~ WY.. (Note that the similitude
character v is present in the use of the dual.)
In Case 2 (1 € X.), the perfect sign-symmetric pairing on Indgi _ M is equivalent to an isomorphism

Indf? M, = (Indf?
W, ~ W, of R[Ty ,]-modules. Thus it gives a pairing (, )y, on W, via
(wi, w2)w, = pr(w1)(w2).

We claim this pairing is sign-symmetric.
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From §4.5.2|we have an isomorphism ¢+ : 7 ~ 7V of R[['z ,]-modules. Let ¢ : M — MV be the isomorphism
of R[T'z]-modules given by m — (m, —) s, and define (v, v2)7 := 2(v1)(v2). We have a commutative diagram

~ id T ~ 1®1 o~
TRW, ha Fowy — 2 Fvewy
M. 4 MY

The commutativity says that for an elementary tensor m; = v; @ w; € M, =7 ® W, we have

(m1,ma)ar = P(m)(me) = (U(v1) ® @r(w1)) (v2 ® w2) = +(v1)(v2) - P (W1)(w2) = (v1, v2)7 (W1, W2)w, -
(4.5.3.4)
The pairings are perfect and (-, ), is sign-symmetric, so the pairing on W, is sign-symmetric if and only if
the pairing on M, is sign-symmetric.
In Case 3 (7 € X.), an analogous argument using the isomorphism TOT ~ T/EE_;*V of R[I'L rgr=]-
modules shows that the pairing induced by ¢r : Wrgr« ~ WY . is sign-symmetric if and only if the pairing
on

mdfr (rET W)

induced from the pairing on M is sign-symmetric.

We can now define the minimally ramified deformation condition for 5 : I'y, — G(k), under the continuing
assumption that we have extended k so all irreducible representations of Ay occurring in V' are absolutely
irreducible over k. From , we obtain a decomposition

Ve P md: FeW.)e @ md: FoW,) s hd: (T?e\? ®WT@T*). (4.5.3.5)

Ir o=
TES, TEX, TEX,

where W, is a representation of Ty, , over k. If 7 € %, define G, := Aut(W,). If 7 € %, there is a
sign-symmetric perfect pairing (-, -)7_ on W .: in that case define G, := GAut(W,, (-, 9%, ). (The notation
GAut means automorphisms preserving the pairing up to scalar.) If 7 € X, there is a sign-symmetric perfect
pairing on W, g, «: in that case define G, := GAut(W, .+, (-, .>W7'€BT* ). Make a finite extension of k so that

all the pairings are split. Lift G, to a split reductive group G, over O by lifting the split linear algebra data.

Definition 4.5.3.2. Let p : 'y — G(R) be a continuous Galois representation lifting p as above, with
associated R[I'-module

M= Indit FeW,)e P hdil (FoW,) e ) ndpt

Ir o
TES, TEY . TEX,

(7:6;* X WT@T*) .

We say that p is minimally ramified with similitude character v if each W, and W, g+ is minimally ramified
in the sense of Definition as a representation of T, or T, ;e,+ valued in the group G,. (Note
that defining the minimally ramified deformation condition as in may require an additional étale local
extension of O, which as always is harmless for applications.)

m.r.,v

Let D2 denote the deformation functor for 7 with specified similitude character v, and Dg"" (re-
spectively Dg;r"”) denote the deformation functor for W, or W .- viewed as a representation valued in
G, (respectively with specified similitude character v). In particular, letting r = dim W, (or dim W, g,
when 7 € ¥.), we have that the adjoint representation ad W, is the Lie algebra of G, which is the Lie
algebra of GSp,. or GO, when 7 € 3, or X, and the Lie algebra of GL, when 7 € ¥,,. Let X/, consist of one
representative for each pair of representations 7,7* € X,,.

Proposition 4.5.3.3. The natural map

perv(R) = [[ Dar(R) < [[ D& (R) x [[ D&* " (R)

TEX!, TEX, TEX,

is an isomorphism.
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Proof. This expresses the decomposition obtained in this section: given a lift p of p, we obtain a decomposi-
tion of M as in Definition Our analysis with pairings shows that when 7 € X, W, is a deformation
of W, together with its sign-symmetric perfect pairing. Likewise, when 7 € ¥, we know that W, g, is a
deformation of W, g« together with its pairing. When 7 € %,,, we know W, ~ WY.. This gives the natural
map: to p € DI ¥(R) associate the collection of the W, for 7 € ¥, UX. U X,

Conversely, given W, for 7 € 3, U X, U X!, and defining W,~ := WY for 7 € X!, we can define a lift

M= @ mdir Fow,)o @ Few,)o @mdy (o7 e W ).
TEY, TES, TEX,

as in (4.5.1.1). (Note that the groups I'y , depend only on the fixed residual representation V.) For
T € X, the sign-symmetric perfect pairing on the lift W, gives an isomorphism ¢, : W, ~ W of R[T}, |-
modules, which gives a sign-symmetric pairing on Indll:ij (T ®@ W,) (using ) Likewise, 7 € X, the
sign-symmetric pairing on W, g+ gives one on Ind?iﬁ@ﬂ (7'/6_5_7jk ® WT@T*) For 7 € ¥,,, we obtain an
isomorphism o, : W, ~ WX of R[TL -]-modules and hence a sign-symmetric perfect pairing on (7 @ W) ®
(7V @ W,~) which gives one on Indp* (Tew,)e IndFL (7Y ® W;-). Putting these together, we obtain a
sign-symmetric pairing on M ; the actlon of 'y, preserves 1t up to scalar, giving a continuous homomorphism
p:T'L— G(R).

Finally, we claim that these constructions are compatible with strict equivalence of lifts, giving an iden-
tification of the deformation functors. For g € G( ), decompose the g-conjugate I'r-representation MY
according to . As g reduces to the identity, it must respect the decomposition into 7-isotypic
pieces, so gives automorphisms g, € Aut(W.) and g, € Aut(W,g.+). If 7 € X, or X, as g is compatible
with the pairing on M we see g, is compatible with the pairing as well. For 7 € 3., the g,-conjugate
Ty, ~-representation W97 is minimally ramified as minimally ramified lifts of W, for the group 17, are a
deformation condition, and likewise for 7 € 3, and 7 € X/ .

Conversely, given gT € Aut( ) reducing to the identity (compatible with the pairing on W, or W g«
if there is one), using and acting on each piece we obtain a lift of the form M9 for g € G( ). Thus
the identification is compatible with strict equivalence. O

Corollary 4.5.3.4. The minimally ramified deformation condition with fixed similitude character is liftable.
The dimension of the tangent space is h°(I'r,ad’(p)).

Proof. Liftability is a consequence of Proposition[4.5.3.3]and the smoothness of the framed minimally ramified
deformation ring for representations of Ty, , (Proposition and Corollary . Recall that the
dimension of the tangent space of a deformation condition of a representation 6 : Ty, — G.(k) is the
dimension of the tangent space of the framed deformation ring minus the relative dimension of G, plus
the dimension of H°(Ty -,adf) (see Remark 2.2.2.6). By Corollary [1.4.2.5 for 7 € ¥, the dimension of
the tangent space of Dg;r"” is ho(TL,T,adWT) - 1 = hO(Ty, - ad’ W), and for 7 € Y. the dimension is
h(TL rare,ad Wegrs) — 1 = hO(Tp rayre, ad’ W,g,-). For 7 € DA Prop051t10n 4 4.2.3| the dimension of
the tangent space of Dg" is h(Ty, ,ad W, ). Using Propomtlon m we see that the dimension of the
tangent space of the minimally ramified deformation condition is

STy ad" W)+ Y hO(Thrare,ad Wear) + > hO(Thr,ad W),
TEX, TEX, TEX],

It remains to identify this quantity with h°(I'z,ad"(5)). Using Lemma [4.5.3.1

H°(T',End(V)) = Homyp,(V, V) = @ Homy, (W, W.)® @ Homy, . . (Wrgr, Wegr-)

TEX U, TEX,
= P H'TL. EndW,) o @ H(TL e, End(Wrg,)).
TEX UX, TEX,

We are interested in H(T',,ad"(p)): the elements ¢ € H(I'z, End(V)) compatible with the pairing on V
in the sense that for v,v’ € V

(Yv, ') = (v, v').
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The pairing on V; = 7 ® W, is induced by the pairings on W, and 7 when 7 € X, and is induced by
the pairings on W,g,« and 7 @ 7* when 7 € ¥.. When 7 € ¥/, the pairing on V, & V,« comes from the
I'f, ,-isomorphism V; ~ V¥ which in turn comes from the 77, ,-isomorphism W, ~ W\T/ So 1 is compatible
with the pairing if and only if

e when 7 € X, the associated ¢, € H(T, -, End(W)) is compatible with the pairing on W ;
e when 7 € %, the associated ¥, € H*(T, 7@+, End(W .g,+) is compatible with the pairing on W g, +;
e when 7 € X/ | the associated 1, and v, are identified by duality and the isomorphism W, ~ W\T/*.

In the first two cases, ad’ W, and ad® W g+ are the symplectic or orthogonal Lie algebra, consisting exactly
of endomorphisms compatible with the pairing on W .. In the third, we just choose one of 1, and - without
restriction, which determines the other. Thus we see

HO(T,,ad’(p)) = @ H(Tpr,ad" W,) & @ H(TLror,ad’ Weer-) ® @ H(Tp-,adW,). O
TEX, TEX, TEX!
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