MAA 4211 - James Keesling — Quiz 2

State and prove the Banach Fixed Point Theorem.

Show that R is a complete metric space. Show that R" is a complete metric
space.

Suppose that X is a complete metric space and that 4 < X 1is a closed subset.
Show that A is a complete metric space.

Suppose that X is a complete metric space and that {4 }” is a nested sequence
of closed subsets of X such that diam(4,) — 0 as n— . Show that

N, A ={x} for some unique x € X .
i=1""

Suppose that X is a metric space. Suppose that 4 € X is compact. Show that
A is complete.

Suppose that X is a metric space and suppose that 4 < X is complete. Show
that there is a sequence of open sets in X, {U,}, such that forall i, U, > 4

with N~ U, =A4. Wesay that Ais a Gj.

Suppose that X and Y are complete metric spaces. Show that X XY isa
complete with the metric d((x,y,),(x,,y,))=d (x,x,)+d, (y,y,).

Let U c R" be a connected open subset of R”. Suppose that x,y € U . Show
that there is a continuous function f :[0,1]— U such that f(0)=x and

SM=y.



