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Problem 1. Let U be an open subset of R"™. Show that if U is connected, then for every
a # b € U, there is a continuous f : [0,1] — U such that f is one-to-one with f(0) = a and
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Problem 2. Let X be a metric space with A C X. The closure of A is the set A =
{:c eX ‘ i}, C Aslimy oz = :J:} Note that for any set A C X, A is closed in X.
Suppose that A C X is connected. Show that A is connected.

Problem 3. Let X be a metric space and suppose that Ay C X is connected for all A € A.
Suppose that there is an zg € X such that zg € Ay for all A. Show that
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is connected.

Problem 4. Let A C [0,1] x [-1,1] C R? be defined by A = {(z,sin (1)) ‘ 0<z<1}U
{0} x[—1,1]. This is the Topologist’s Sine Curve. Show that A is connected. Show that
there is no continuous function f : [0,1] — A such that f(0) = (1,sin(1)) and f(1) = (0,0).

Problem 5. Let X be a metric space. Define compactness of X in terms of open covers
of X. Show that X is compact if and only if for every collection of closed sets, F = {Fy}aca
if & has the finite intersection property, then
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Problem 6. Let X be a metric space. Show that X is sequentially compact if and only if
X is compact.

Problem 7. Let X be a compact metric space. Suppose that f : X — Y be continuous,
one-to-one, and onto. Show that f~!:Y — X is also continuous. In case f and f~! are
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both continuous, f is said to be a homeomorphism between X and Y and X and Y are
said to be homeomorphic.

Problem 8. Let X be a metric space. Suppose that {A4;}2°; is a countable collection of
compact connected sets in X such that A;11 C A; for all i. Show that
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is compact and connected.

Problem 9. Show that the dyadic solenoid is compact and connected.



