
↳ ;
Ix ( X. A ) Has HEP Axis A  =  *

,

THEN
q

: Xs XIA  Is A Homotopy Baur
.

' O

PI :

( Es ft .

.

X→X Be A Homotopy Extern
.  # G A Contractor Ok A

 trend fo
 

=
 TIX Ano

ft I At CA Fon Au t
. The Composition Eft : Xs XIA Stenos A  To A  Point Ans Softens

As A Composition XIsXIA

Effy
7 ! FI

I UMP Ok
 Quotients )

XIA

CutterE- I
,

f
,

(A) Is A  Point
.

I f
,  three ,

A Mm
g

: XIA -

X With
gq=

f
,

( Ump )

But Tite
- wk Hhveqg

= I
,

Since qgtx ) =

qgzcxl
-

- qf ,

Cx ) If
, glx ) Effi )

X X

et 1a

S
-

g Aang Are  Diverse Homotopy Evolution  CES ;
XIA - XIA

I
,

gq=
ff fo  

=
 Tdx

q G

-

- I
,

= To -

- Tdxtt .

a

TIEFuxDExTnGreer

REAR INTRO
 Tb C Hapten

I OK Hatcher  For  A  Nice MOTIVATION

Did ; A Patt In X Is  A Continuous Mm V : [ o

,  , ) - X .

Two PATHS
80,8 ,

Are Homo
 topic

-

( rel E
on } ) Ik ( I ) to ( o ) = 8

,

(
o )

i
(2) Toll ) =L

,

" )
I Ams (3) There  Is

 A Homotopy

-

Fi Ix I  → X writ
FCS

,  
D= Job )

,

FCS
,  , )

-

-

8
,

C
s )

,

Flo
,

 -0=8010 )
,

F ( I

,

t ) -

- Voll )
.

WE Corine

tot 8
,

 ,

Any Vt -

- Fft )
.

¥7
•

IsI
8

,

PRI : Homotopy rel 90
,  B Is AN EQUIVALENCE Relation  ON The SET Of PATHS ft -

.

I
 

→ X }
.

PI : i.
80=80  Is Clear .

2
.

 the Trott
,

VIA  F :  IXI
 →  X

,
Ting - 8,580 VIA G :  IXI

 →  X Dekha
.  By Gls

.
 He FCS

,

I - t )
.

3
.

 
It to

 

Er ,
Ann 8.

 Ek
Deane H' 

-
Ext

-

X B
>

Hsitkf gift.III ,
.

THE - to
-1¥ .

,

Composition  OF  PATHS
-

.

-

Two  PATHS  2 Ann f Ane
Composite It  a (

Diplo
)

.
 Define THE Prior Pah 2. f By

•  '

Pls )
-

-

{ pff???IIIe , .

N :
It a

.  

= a

,

Aso f-  =P ,
THEN do

.

f.  
= a

.

-

f . .

 Irae .es
,

It  at Axis f*Ana Homo Tories
,

THEN L
f. ft  IS A Homotopy  From  do .

fo  TO  a
,  

'

fi
.

Now
,

Consider A  Point
 Xo EX AND THE Star Of Lois Bosses Ar  

Xo :
8 :  I

- X
,

807=2  D=  
Xo

.

ALL
Loops At  Xo Are Campos  ABLE

.



DIE ;
IT

,

( X.  xo
) Is THE Shoot Homotopy CLASSES rel fo

,  
Boe ( oops  Bases Ar  Xo

.

I I

PRI : IT
,

( X
,

Xo ) Is A Group Under
 Path Composition

.

PI : DENOTE THE Homotopy Cuss died the Ca )
.

Since Composition Respects Homotopy
,

THE Operation
Ca ) . ffs ) -

-

Ex -

A ) Its  WELL - Dennis
.

Neko  To CHECK The Grout Axioms
.

First ; A  RE Parametrization
Ok V Is A Composition %

,
Withee Cf

:  I - I IS A  MAP

With 4101=0 Ano cell )  -

-
I

.
Any Such 4 IS Homo

 topic  To idle Via  OILS .tl
-

- It ) do tts
.

So Voce- 8 For Any Q .

NOTE That PATH Composition  Is Not Associative IN GENE in  

i

.

( Lnp
) . 8 a . (B . 8)

I -

00
o  

a  '

q
f

'

z
T

,
o  d  

I f
Ze

t

"

I

314

-

oooy
But

:

&f) . y t  a. ( f
- 8) Differ By A  REP Aramark ,  Ex-con

" 2-

•

Titus
,

Cd . ( smfh ) = I kings
) l . ft )

.

• '

y

'

in
!

IDBnt :  DEE
,  us 4×0 : I - X By 1×0

( s
) =  Xo  Fon Au  SEI .

 THEN

1*-8=8
. 9*0=8 :

8. 4=4×0.8
µ

dot -
t .

this

e

a

I
'

Iz 1/2

So [ 9×0 ) Is A 2- Serves  IDENTITY
.

IHviens.ee .
 If 8- 

.  Is  X IS A PATH From  Xoo A X
,

 ,

THEN 8-
 I  

i  I - X Dee was  By

8-

 '

C
s

)
= HI -

s ) Iss A  Paw  From
X , Tfxo

.

None  THA 8-8
"

 =

age . ,

Axis 8

"

. 8 -

non
,

To SEE This
,

LET
tf  

= t on Co
,

I - t )
,

Stationary At
JCI -

t ) on
ft - t

,  
I ]

( EE ht  = ft . TI

'

.

 Tino Titi
,  ISA Homotopy

 From 8.8

"

To
nyc ,

rt

.
So  It  Uk Have A

Looe 2 A  Xo
,

Tith d -

a -1=7×0 A  → So

× °

[ d. G-
 i

b
-

- End Ann G-
 '

b. fat . fax
.

)
.

¢

DEI :
 

A space X Is Simple Connects It  it

,

( X. Xo ) = { Inxs }
.

-

-

e.g

.

.

Suppose X It A
Star

-

Starks
Subs

.ae  Of  112

"

i
 Ie

.

 Tithe  Is  Xo  EX Salt  THAR  The (
look Sumer

÷::÷i:¥÷÷⇐

:

"

Pie :
It  

ye
 X

,

( Er ly Be  The line Steamers  From  Totty
,

Parametrizes  As ly Ct )  e ( I - t ) x
- tty

.

 If 8 ISA Looe  Ar  Xo
,

DER
.  me

K : Ix  I  →  X By

f- ( sit
)

-

- Ages
,

( t )
.

THE  FIS Continuous Any Ms
,
 
o )

-

- eyes
,

( o )

=xo

,

Fls
,  
D= lies ,

(1) = Hs )

Hot )
-

- draft )
-

- bolt )
-

. Xo  
⇒  F : 8=7×0

.



ej
: X

-

- ¢ - { If 12

⑨d
I :

 

tight
,

Iz
=

 Free Gear on Cass

A
1-

bb

IS
Sorter

( Is  Fact  AN  Isomorphism )

THE  IHD-c.es/t0nnomo.zritism
-

-

-

Suppose f :(X.  
Xo ) - ( Y

,  yo ) Is Continuous
.

Define ft :  it

,

( X
,  Xo )

-  it

,

( Y
,  yo ) By

f
 *

( It ) = ( fox )
.

THIS  IS Wku - Darwin :  It  do -2
,

re 190,15
,

THEN

f- 

ooo
 

= foa
,

re 190
,  is ( IF i

It F :  IXI - X IS  A Homotopy  re 190,13 do -2
,

,

THEN

fo F :  IXI
→

Y Is  A Homotopy  rel { 0,13 For foto - fod
,

.

)

f- 
y

 Is A Homomorphism .

.

It d. f Compostela  IN
 X

,

Titian f  od Ann f 

of Ame Can
 POSABLE

IN Y Am fo la
-

B
) = ( foa ) . Lf of

) ( WRITE  Down THE  DREW , .ve  Formulas  To CHECK ) .

THIS PLATT Nickey WITH  RESPECT Tb Composition
;

IT
,

( X. xo )
Its

it
,

( Y
,

To )

id
*

 it
,

( X
,  xD → IT

,

( X.  
xd G.f) *

=

9*0
f

 
*

Is THE  Identity £9 *94¥
-

mezzo )

IN CATE
 bonier

LANGUAGE :  IT
,

IS A
Fuon

From  { Pointier SPACES } → f Groups }

:
IT

,

( s

'

,

1) EZ

Pn
: VIEW Slc ¢ As f t I 12-1=13

.

I Claim THA  Every Continuous Y :(191 )
,

So
,  
is ) - ( s :p

Lifts Tb A Continuous J : ( To
,  

i )
,

o ) -

KR
,

o )
.

n

IR

8/1exp

ya , ,  
elitist #

In .se .ae
,

WE Can  whine 8ft )  =

exp ( Ziti Flt ) )
Co ,

. )

-5
 s

'

/_Withee I :[ 0,1 ) - IR
. Note THAT I (1) EZ

SINCE Y (1) =/
.

WE  Win Show That THE

"

Uinta
,

NG Numb
,gn  MAP

"

T
 

= ANGLE

IT
,

( s
'

,

, ) - 21 f 8) is Tcl ) Is (a) WELL - DER
,  man

,

(b) A Homomorphism
,

(c) Bijective
.

Now
,

Svensk Fu :( to
,  

A
,

So
,  
B) → I s

'

,  
i)

.

Then
Jcl ) Ci ) ⇒ t-mrelfo.is

IF :# I Suppose 8- lil
=p

Cl )
n

.
 Dee

,  , e
OI Is

,

t ) -

- SJH ) t ( I -

stilt )
.

THEN

OILS
,  D= O For  

Airs
,

a  OILS
,  

D=  n  For Aces t So OI : 8-
=p

. Drew ,
Fls

,
# Helm

'

 IT s 't '

Tine
,  

- F : K-mrelfo.is .

( ⇐ ) Ix F :

Her rel 94,3
,

THEN  WE CAN LIFT THE Homotopy :
I :IxI→R

,

FCS
,

t ) -

- Its )



THEN  F- Is
,  

D= Jolt
,

Els
,  ,)

-

-

its
)

,

Flo ,
-4=5+101--0

,

Eli
,

t ) -

- Eth ) -

-
Jul htt 13

=

full
) sweet

,

 
-

-5

Titis Proves THAT THE  MAP  IS  WELL - DERK 'Re AND  INJECTIVE
.  For Surtees

,  vary

,

Nore THAR  It  Wk Sto  Wn Itt -
-  e

? " int

,

Then .  Ton Ct ) -

- nt Ano  Tall ) -

-

n
.

This

MAPS  To n EZ
.

THE Mar  Is A Homomorphism  :

m -

.

" m -

µ i.e
. Try Ci )

-

- ntm .

, ,

n

⇒ ¥.
I

'

12

i

Products
-

Suppose ( X.  xo) Axis ( Y
,  yo ) Ame Pointers SPACES

.

( *
,

%)
It

,

( X.  xo )

① p

RP
't

it
,

IX.  
×

.
) x Hit )

( Xxy
,

yo ) )
⇒ IT

,
( XXY

,

(
xoxo , )

-

de

tent

if
( Y

,

y
. )

IT
,

( Y
,

yo )

Y

Have A Homo
 

iron  Hisar
 p*xq*

:  IT

,

( Xx Y
,

( Xo
,
 Yul ) -  it

,

( X. Xo ) x  it

,

( Y
,% )

Cr ) - ( paths
,

2*183 )

Claim
.

.

This  MAP  Is An  Isomorphism
.

ez :

Tn -

- G
'

)
"

So  it

,

CT
,

, ) I In
.

 n=2 :  it
,

( T ) -

-
2×21

[ r )
-

- ( m

,

n )

m Times Around

,

n Times Around

II Claim ;
Promos7th

-

we
A Universal  alter ,  no Property  

n

. X : Z  →  Xx Y

Is Continuous ⇐ p
-

4 i 2-  → X t go Cf : 2-  

→Y Ark Continuous
.

S-rtkctiv.TT .

.

Suppose ( l 8)
,

In ) ) E  IT

,

( X
,

Xo )
x  it

,

CY
,  yo ) .

THIS  Is  Rikers  seeks  By A

Pain  OF Loses 8 :( fail
,

{ o

,  
B) → ( X.  xo ) t

µ
: ( fo

,  it
,

So
,  
B) → ( Y

,  yo )
.

By THE UMP

THE Mar Txu : ( to
,  

it
,

So
,  is ) → ( Xx

's
( Xo

,  Yo) ) Is Continuous  t

pxxq * (98×1)=(987%1)

I
,cty

:
Suer .se/p*xq*)Cal--(p*xEHff1WHEneqf:llo,d,fo.is)-(XxYCxo,xoD

L ki
2x

-

-

pod
,

dy
-
- Eon

,
Bx

-
- Pop , By

-

- gop .
Then (p*xE* ) b) = ( Cad

,

[ ay ) )

( rtxgxfsl
-

- (6×114.1)
B-

 I Assumption
, dxtfxrelsoo.is Air  Ly=fy rel So

,
,3

.
Liar Fx

'

 
-

Ix  I
- X t

Fyi IXI
 

→Y BE THESE Homo Tori  Es
.

LET F :  IXI -

XXY BE THE Correspond
,  NG

Continuous

lunar Fxx Ky
.

THEN Fxx Fyi
Lef

I Ex
 Excise )



APPLICATIONS 14

-

I
.

 FUNDAMENTAL TH .ir OF ALGEBRA

- -

-

-

Suppose plz )
-

-
Eta

,

Z
 

"

t .  .

. tan Has  No Roots  IN Cl
.

 If rao THEN

fr ( s ) -

- p
( re

" :S

)/pcr ,

-

)plre2
tis

)/plrs )

DEFINES A Loop IN S ! Bases  A-
 I

. As  r Varies
,

fr Is A Homotopy Of Loops  IN S
'

BASER Ar I
.

Note This fo Is  Tine Trivia Loop  r So [ fr ) EA
,

(5) IZ  IS 0 For Auto
.

Now
,

Fix
 r

>  SO

,

Bigger THAN la
,

It  
.

 - - t lad t I
.  THE -  For 12-1=5 WE Have

lznl > ( la .lt .

.  . + lanl ) It

-  "

I
> la

,

E-

 '

It .
 -

- t Ian I

>
la

,

2-

"
 '

t -
-

-

tax
1

IT Follows THE
Pt

I z )
-

-  Ent t ( a. Z
 

n -  '

t
. .

 
.

tan ) Has  No  Doors  On THE Cincy litter

WHEN O E TE I
.

REPLACING
p

 137
Pt

 Ih , The  Formula  For fr Ans LK-ii.ms t Go

From I To  0  Wk  Obtain A Homotopy From fr To  Wn
( s ) -

-  ekins
.

 But fun ) =  n  fit
,

IS
' )

Ans Since [ wit -

- f f
 rt =  O

,

WE Hauk  he  O
.

 THAT  Is
,  P

 IS Constant
.

"

2
.

Brouwer  Fixes  Point  Them  For
 THE Disc

- - - -
-

-

Even Continuous Mar h
:

D

2

- D

'

Has A Fixer  Po
,  # t

.

PI : Suppose Not
.

DREWE riDIS
'

BY
.

hcxl

None THE  r( si
 

=  idsc Axis  r  Is CLEARLY Continuous
.

a.
×

•  r ( x )

Bui
THEN WE Have A Commutative  DIAGRAM

it
,

1st
,

it it
,

( D

'

,

11=0

So THE

¥ µ
id :  it

,

(5) →  IT

,
( S

'

) IS
THE ZEN MAP

,

A Contradiction
,

It
,

( S

'

,

D

3
. Birsuk-

ULAMTitman IIe
 

DimB2

It fi S2 - 1122
Is Continuous

,

THE - Theme  Is An  x  E
 S

'

writ flxl = fl - x )
.

PI :
Sure

.se  Not
.

Dee ,  nie
g

: S2 -

s

'

By glxl
-

- fftxl
- ft -

HH AH - ft - At
.

Deen
, A

loop
4

On '

S

'

By y Is )= ( Cosas
,

sinks
,

O) Ann LET h -

-

gon .
Since

gl
-

x )
-

-

- glx ) we

Have hist =
- hlsl For Au  SE lo

,
t )

. Lift h To A  Mae I: Is  IR
.

Since h 1st
'

k )
-

-

- hls )

wk Hauk I ( STL I -

-

Its )
t Eh  

For Some ODD
INTKGENE .

q
MiG # Dierks  Ons

,

But  It's  Rnsx To

SEE THAT  It  Doesn't As  It  Must  DEPEND Continuously On
 s Ans So  Must BE CONSTANT Since EEZ .

IN  Particular
,

Ill ) -

- TIL ) t Eh  
= I ( o) t

E
. Soh Represents E Times A Gwenn - on  OF  it

,

IS
'

)

An > Snuck q
Is  ODD

,

h IS  
Not  N -

u  Homo  TOPIC
.

But
th

Is  Obviously  Nuu
 Homo  topic  IN S2

f So
got

Is  Nu
 a  Homo  TOPIC IN S ! A CONTRADICTION

.

,



Pie : I
,

151=0  no
,

2
15

PI :  First
 

PROVE  THE  Follow  we Leanna :  IK X Is THE Union  Ok  A COLLECTION  Ok PATH Connects

OPEN
. SETS AL EACH CONTAINING  THE BASE Point  Xo  

ex Ans Exit  Intersection AL  n Ap IS

PAT 't CONNECT Bn
,

THEN  Every Loop  IN X IS Hornotoeic Tb A  Product  Of
Loops

,

EACH CONTAINERS

IN A Smock Aa
.

PI : Suppose 8 :  I - X ISA Loop At  Xo
.

Snick 8 Is Continuous
,

RACH
 SEI Has AN Bits

Us IN  I MAPPED By Y Into Some Aa
;

 IH
FACT  WE MAY Assume Is Mars To Aa

.

Since

I Is Compact
,

A  finite Cockcrow Or THESE Vs Coven  Ii Sa
,

O
=

So  
<

S
,  

a .
.  .

c  Sum=/ Is

THE Conchs  Poop ,n6 Confection  Ok  S VALUES
.

 DENOTE  
THE Ad CONTAINING H i -

i.
Sit ) By Ai

Am L Kr Ji  Be THE  PATH Hoi
.

, .si
) . THEN . 8=8

,  

. 82 - - - .

Tm b
int

ti  the Ai
.

Since

A in Ai
#

 I 's PATH Connectors
,

C , task
gi

 Ih Ai
n Ait

,

From  Xo  To Hsi ) e Ain Ain
.

THEN

THE Loop &
,

.

gi

'

) . ( g
, 

. K .

gi

'

) .  - - .  - (
gm

-

,

. 8D EV Ano  Raut  Piece LIES IN Some Ai
. , ,

Now being S

"

= A
,

u Az
,

Withee A
,

-

- S
"

- { 10,0
,

.
.

,

IR Ans Az
-

-

5- 910,0
,

.
. ,0 ,  

-

I
I }

.

THEN A
,  

-7112

"

Are Ann A.  NA
,  

I 5^-1×112 . Choose  Xo  EA
,  n Az

.

IR  n ,  
a  Tine

- A.  n Az

IS PAT
't Connects

.

 By THE L Banana
,

Any loop
 In

S

"

Is Homotopy  
The

A PRODUCT  Of Loops

↳
INGA

' A
,

On Ae
.

But  IT (A) =O=  it
,

( AD An ,
So Kuku Loop  Dx S

"

IS
Noel

 Homo  Topic
.

, ,

Prof :  IK 4 :X - Y Is A Homotopy Ea -

vacancy
,

Tintin , Xx :  I

,

( X.  Xo ) →  it

,

( Y
,

Uxo ) ) Is An

Isomorphism Four ALL  Xo  EX
.

P :  First I Kr Qt
:X - Y Be  A Homotopy Ann LET h Be  Time Parit It ( Xo ) IH Y .

I Claim

Bh
:  IT

,

( Y
,

I
,

I Xo ) ) - T

,

( Y
,

do (
Xo ) ) Defines  By

pin( Cal ) = { h .

a.  hi
'

) Is  An  Isomorphism ( kxenc.se
)

Consistent .tk Duenna

ii. µ ,×o ,

t
'

It!
'

'
" "

I Claim This Commutes : 4o*
-

- Aoe,  * q¥¥
¥

IT
,

( Y
,

lol Xo ) )

To SEE This
,

( Er htt  Be  Time  Restrictions OK htt [ o

,

t )
.

 Riera
.name  Trier  This Tf So

,  
if ; htt s )

-

-

hilts )

Ik a Is  Aloor A-  Xo
,

THEN ht
. (

Utd ) - HI Is A Homo
 Tom  Ok Loops At UHD

.

 RESTRICTING  To to  TEH

YI  Bless  Tins Claim
.

 Now LET to :  Y - X BE A Homotopy Inuk  RSE Or
if : 44  tidy Ams f

# =  idx

THEN 6*4 *  App 4*4
*

Ame  Isomorphisms Consider  THE DIAGRAM

→

it
,

( X.  xo )
#

it
,
14,41×01)

#
it

,
( X

,

treks ) Its
it

,

( Y

, 4441%1 ) ⇒ 4*  Is  An

# Iso  

, ,

Bh



FREE Productsor Groups 16

-

-
-

-

LET { Galyen
.

BE A Collection  Ok Groups
.

How Can  WE BUILD  A  Grove Containing  Each
. As A  Subgroup ?

THE Ane A Coupee  Ok  THINGS WE  
MIGHT  Try leg II Ga ) ButTHE

"

RIGHT
' '

THING Tb Do  Is  THE

FREE Product
.

DEI : THE FRIE Project Iten
.

62 Is  THE SE
.

- CONSISTING  OF All  FINITE WORDS
 9,92

- -

gun
,

m ,  o
,

Wltfenk
get

Code Ann
get e  C- Ga

,

AND ADJACENT
ge

,
get ,

BELONG  To  DIFF  Kukar Groups

Gye t Gonet
,  .

THIS  Is  THE SET  Of  REDUCED  WORDS
.

 DEE
, .ve

A  Product  By Juxtaposition :

(
g , gz

-
- .

gun ) ( h
,

he -
.

hn ) =

g
, gz

.
. . gmh.hu

-
-

. hn  t  THEN REDUCE  Ik girth
,

LIE  In  THE Same Group
.

eye
. §, g) I gigi

'

) =

g
,

lgzgi
'

)g ,

-  '

=

g ,
egi

'
 

=

9g ,

-  '

=  Empty worry  
=  In  Entity

.

CAN CHECK THIS  
Is Associative

.

ey
;

21×21 Is  AN  Examples  Of  A FLEE Gray ( one 2 Generators )
.

THE thank IS 2 In  THIS CASE
.

ey
: 2/2*2/2 Yoo  KNIGHT  THINK  THIS  Is  FINITE

,

On
At Least Ace  Torsion

,

But  IT
 Is  Not

.

LET

A

,

b BE THE GENERA
 Tons  Of  THE Two  Factors

 i
 a

?  

=e  
= b

"

.

Consider THE WORD  ab
i

 It  Has

IHFE ORDER
: Cab) lab) =  a

bab te
,

etc
.

 IT  IS COUNTABLE  t  You Can  Write All  worries :

e.  a
,

b
,  

ab
,

ba
,

aba
,

bab
,

abab
,

baba
,  

. . .  
No

.

. @b)

"

= b-
 '

a

"

 
= ba

.

DEE
,  - , if

'

. 22*212
→

Zz BT
4 ( w ) = llw ) mod 2 ( l (

w )
-

- LENGTH  Ok  THE  Retards  horns  w
)

.

THIS  Is

( Lila
.eu SURJECTIVE Arms Ker = { worms  Of  Evren LENGTH } = Lab ) I Z

.
So 212*212  

IS THE

Shani
 DIRECT PRODUCT  Of 21  BY Ze

a ( ab) a-

 '

=  Da .

 . Cab)

- '

INFINITE  DIHEDRAL Group

Lab >
Las

Fact : 212*21 , 
= Psh CZ ) = Slack ) / Ct  Is Ksla )

-

- { FEI ) lake
, .DE#lad-bc--

I }
.

UNIVERSAL MAPPING Property
-

-
-

SUPPOSE Rai Ga - H  Is  A Homomorphism
.

THEN THEM  Is  A UNIQUE 6-
 

'

 
.

 

¥
Ga - H SUCH  THAT

G

Tg
Diana .in

Commutes ( Heera  in : Ga -

Ha Ga Is THE

¥2,2 w ,

PI : Dk  Fink 4- (
g

,

.  -  .

gun
) -

- Ia
.

19
,

) .  - -

4am I
gem)

.

THIS  Knust  BE  THE  MAP Am  Its  A Homomorphism

For Frick
-

I ,

FREE PRODUCT WITH AMALGAMATION

-

-

- -

( ET G
,  

t Ge Be Groves  *Suppose 
I A -

Gj  Is
A  Homomorphism

,  
J

-

- 1,2 .

Cones iron  THE  D
in-Game

A
is G

.

*

'

Ii:
 

.

Gz
→ G' * AG

G
,

# Gym  Where  N
-

- Norman Suber Gen By  
i

,

Hiatal

'
"

,

at A
.

-
H

e.g
: SGX ) I 214*2216 .



VAN KAMPE 's Titan 17
- -

"

-

Suppose X Is THE UNION Ok PATH CONNECTED OPEN SETS AL
,

EACH CONTAINING
 Xo

.

 Ik  EACH

A-
 an Af IS  PATH Connect Es

,

THEN THE MAP  OI :  

Halt ,

( Aa
.

Xo ) →  IT
,

( X
,

Xo) IS Sortie  co  ive
.

It  IN ADDITION
,

EACH As  n App Ag Is PATH CONNECTED
,

THEN Ker  OI Is GENE  marks  Be ALL

Elements OFTHE Form  

iaplw
)

Ipa
l wt

'

Fon
 we  it

,

I Aa  n Ap ,

Xo )
.

Sp task X
-

- A.  u  Az  
⇒  

#
,

( X ) I  t
,

( AND
¥

ya
,

.  #

IT
,

I
Auto

)

leg
-

 '

,

S
!

A
,

UA
,

But A.  n Az Not Connect  Ea
Soo Can 't  Use Thin

.

eg
: X

-

- a - HB
Az

X - s

'

us

'  
⇒  it

,
( X ) - t.IS

'

us

'

I

Ait s

'

Aces
'

Ain A
,

=  

¥ =  •

⇒  IT
,

( Xo ) E
it

,

( A
, ,o

) it  it
,

( Ac
,

O ) I 21*21
.

eg
:  Adore GENE  

eaccy
,

Suppose Wk Hauk Spaces Xa WITH Bask  Points  If Xd
.

Assume  EACH  Xa

Has A  N Bits Uh WHICH  DIE  Formation Retracts To  XL
.

( Ei Aa -

- Xd
Vp *

Up
- THEN

A  a  DK formation  RETRACTS To Xd t  THE  INTERSECTION  Ok  Two  Or  Monk An  Is

VpUp
=  *  .

So
,

OI :  
Xz

IT

,

( Xa ) -
 IT

,

( Va Xa ) IS AN  Isomorphism
.

Pilot
'

,
WE PROVES SURJK  cavity WHEN  WE COMPUTED  It

,
( S

"

)
.

THE Difficult
 Part  Is  TO Connate

Leroi
.

 THIS  Is A Tedious Combinatorial Argument . SINCE  WE  Auk  Mostly  Interests  IN THE

Case X
-

- A
,  

u Az We  win Give  A  Direct  Prome LA - En THAT  I

,

l X)
ITT ,

(A)
¥

,
,a

sanity
i

AT LEAST  IN  Most Casks  Ok INTEREST
.

A  Fou  Phone  IS  IN Hatcher
,

§ 1.2
.

egi

LET A  BE  A Circus  In 1125 Aaib L Er  X
-

-

1123
- A

.

 WHAT  IS  it

,

( X ) ?

A

So
 ticket

,
151*154

X= 505
-

.

.
.

.

.

=
z

\

If B Is ANOTHER Cancer
,

Not Linares  w 't  
HA

,

THEN  
1123

- ( Aub ) I S

'

us

'

us

'

us

'

⇒
IT ,(

1123
- ( AUB ) ) I 21*21

Riem About  Toews Knots
,  p

.

 47
. A €•€ B



ATTACHINGCELLS 18

Suppose X Is  A  Pant Connects Space Another Ha
'

- de£ →  X BE A Traut , .ve  Mars  For Some

2- CELLS eat
.

Lei  Y=  Xun et
.

Work THAT Cla Determines A LOOP  In X For  EACH  a

,

But  THE

BASK
 POINTS  MIGHT  Not AGREE

.

Choose A  PATH Va  From
 Xo  Tf  THE Base point

 01
'

Cla ( deal )
.

THEN  EACH

✓ Ia VI

'

IS  A  LOOP  At  Xo
.

 IT  MIGHT  Not  BE  NULL
 Homo  Topic

,

But  It  WILL  BE A  Etten
 Ex IS  ATTACHED

.

( Rt  N Be  THE  Norman S - B  Grove  Ok  IT

,

( X.  Xo ) GENERATE
>  By  THESE ( Va data )

.  THEN

N E Ker f it
,

C X.  xo) - it
,

14%15

Prior :  l
.

 THE  MAP  IT
,

( X
,  Xo ) →  

it
,

( Y
,

Xo ) Is SURJECTIVE WITH  KENNEL N
.

2
.

 It
 
Y Is  OBTAINED .  By Attaching  

n
- Cbus  Tf X

,  n >
2

,

THEN  IT

,

( X. Xo
) -

IT
,

( Y
,  Xo

) IS  An  Isomorphism
.

3
.

 For A  PATH CONNECT.fr  CELL COMPLEX X
,

THE  Inclusion  Ok  THE 2-  SKELETON  Xl - X Dri  Ducks

AN Isomorphism  it

,

( Xl
,  

Xo
) IT

,

( X
,

Xd
.

Pilot i  I
.

LET 's THICKEN  Y A  Bit
.

Attach  the  Cran  Goran Strips SL=I×I  To  Y BY Gavin
 6  IX 90 }

ALONG Va
,

THE  EDGE { thx  I Acomb AN Are  IN  EL
,

AND Auc  The { oSxI  To  GET HEN
.

Can  THIS SPACE Z
.

THEN Z C
creamy  Deformations

'

* '

::c:÷:i¥z÷÷÷i::*is:
"

in .
.

AT X AND B Is Contract
, Bek .

Since  
it

,
(B) =D

,  WE
Anc  IN  EL

SEE THAT  It
,

( Z ) I  IT
,

(A)
/ Lim  it

,

Can  B) →  IT
,

( At ) ( By VAN Kampen
" Is  TH.nl

.

WHAT
 IS  This Subgroup ? Choose to C- An  B N Ear  Xo  ON  THE SEGNER  Without Acc THE Sa MEET  Ants

Li Sd BE A Looe  IN An B BASES AF to  REPRESENTING ( 8×4285
'

) E  it
,

( A
,  

Xo
)

I  Claim  THE
 It

,
( An  B

,

Zo ) Is  GE -
Rettke

BY { Sa }
.

Coven An  B B
,

to .

St ↳

A  a
An  B

-

¥ aefs .

 THEN h.BY 62

Xo

Aa  
= S

'

IN  EL - { ya } Aao  it

,

( Aa ,z .
) I 21 Gtenknn -

Es  By Sa AND  we Are  DONE
.

2. SAME As  l ,Excrete REPLACE  EL with  Ena
.

THEN Aa  Reenacts  To 5-
 '

⇒  IT
,

( An ) -

- O For Aun >  20

So  it
,

( An  131=0
.

3. Follows
 From 2137  Induction  If

 X Is  FIN
 ith  Dian  Rns  corn

.

 IN Gwenn
,

Usk  THE  FACT THA ,Amy Looe

V i  I
→

X Must LIE  IN Some  X

"

By Compactness
.

 2  ⇒ 8-

µ
:  I - X

'  
⇒  it

,

CI ) Surtees  Onto  IT,( X )
.

For  INJECT  IV  

ITT,
IK Y Is  HULK

 Homo  Topic

^

IN  X
,

THEN  THE  Inna  Gk Ok  THE Homotopy L
IRS  IN SOME X

With  n >
2

.

Since  2=7  IT
,

( X

'

) →  IT
,

CX) Is  INJECTIVE  WE Any  Donk
.

, ,

↳
:  Nlg I ORIENTABLE S - n FACE  Ok GEN - s

g

ftp..nu
THE I - Skeeter on Nlg

"

IS Homo toric  To
Vegs

"

THE 2
-

Cece  Is ATTACHES  B
,  THE Lose Y = [ a

,
.

b
,
) . { az

,

be) -
. .  .

lag
,
bg) [ ai

,

bi )
-

-

9i bi  ai

'

b'
i

'

W' time THE  ai
,

bi Ane  THE Circus  Du  THE I - SKELETON .
8 :  S 's

Yg S
'

t
Ker { it

,
(5) →  IT

,

( Mg ) } Is

GENE Rahn  By CD .

So
 It

,
( My ) I La

. ,B ,

,
. . .

,  ag.bg/Eq,b.)-..fag,bgI-- IS



Coy
.

.

 If gth ,

THEN
My

Is  Not Homotopy  Koura  chair
To  Ahh

.

19
ab

pi :  Recall  THE ABEAAtu Of A  Group G :  Ii
 Is  THE LARGEST ABELIAN  Quot

#n Of G
.

 It

IS Construction As  THR Quotient GHG
,

G )
,

Watery E 6,67 Is GE - Entries  By Au Fg
,

h )
,

9.
LEG

.

 It

Has THE Obvious  UMP
:  Ik

Lf
: G →H Is A Homomorphism  WITH H ABELIAN

,

THEM  Is  A  UNIQUE

4-
 

: Gab → H  MAKING DIAGRAM Commute G →
Gab

*

µ

to

NOTE THAR  IT

,

( My
)

ab

IL 9,1$
, ,

.
.

,

as .bg/&.tb,  -9
,  

-b.) t  
.

-

-

t (
agtbg

-

ag
-

by
) =o >

I 2125
.

So
, ledge Mh  

⇒  
IT

( Mg) I ii. ( Mh ) ⇒  it

, Cang )ab= it

,
Cmh )ab⇒

2129
I Z

"

⇒ 2g :
2h  ⇒

g

-

-
h

.

, ,

eg
.

. IRIE Stuff f :
de

?

→ S

'

Is  Z  to Z

'

.

So
 it

,

( Np

'

) I Lala ?
 IS I 212

.

>

a

KuiBo E
K :

by ab  
= ( s

'

us

'

)ufe2
,

f ;
s

'

- s

'

us

'

f  i→
aba

-  '

b"
⇒  it

,

( K ) = La
.

blab
a-

 

"b
-

- I >

COI :  If G Is  A Group
,

THEN  THERE  Is A 2 - Diane .us/o.n.nCEuComPlBxXG WITH  IT
,

( Xd IG
.

PI : Cltoosk A  Presentation C
ga

)

rp
)

I Fcga ) IN .

THEN  Build  XG From YSL BY  ATTACHING

2- CELLS Via  RELATIONS  
RB .

"


