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EIREI : Quotient SPA

( Et 's REC Acc
Some GENERAL TOPOLOGY : A Continuous Map p

: X -

Y
IS A QEt

MAI
Ik Ii ) p

 IS Sure  Ikari  ve Ann Gil U E Y OPEN
p

-  '

( ul EX Is OPEN
.

REALLY
Consider  Tite  RE  Cateau

 n  ON X ;  X
,  nxz ⇒ ply )

=p
l
Xz )

.
 THEN  Y Is THE SET Ok

EQUIVALENCE CLASSES
.

 IN  Fact
,

Given X AND  A Suns .sc ,

-

we  Function
 p

:
X - Y

,

WK CAN  Put  A
 TOPOLOGY

ON  
Y VIA  UEY OPEN  ⇐

p

-  '

( ul OPEN  In X ( Exercise )
.

PRI : ( UN  IN  Erste MAPPING Property OK Quotients ) Suppose
p

: X
-

Y Is A  Quotient ANN AND

Suppose f :
Xs Z  Is A Continuous  Mar  WITH f ( x

,
)= flxz ) Wittmann plx ,

) -

- plxr ) .

THEN

THE  me  It  A
Uuk Continuous I

 

: Ye t  WITH f  = I op
:

XIs Y

I I

f)
z

Priok
.

.

 It
 

YEY
,

WRITE  ye  plx ) For Some  *E X Ams  Titan SET I Cyl = fix )
.

I IS  WELL
- Deceivers

,  nice

IF
 p

( x
' ) -

- y
,

THEN , f (
p

( x

'

) ) = f ( plxt
) Anas  HENCE I ( *) IS  INDEPENDENT Of  THE CHOICE  Ok Lift

.
I IS

UNIQUE : Suppose
g : Y → Z Sans ,e , Ks f -

- gop
.

THEN  It  

y  EY
,

g
Cy ) = glplxl

) = fix )  = I ( p
C x

) ) = Ily )
.

FINALLY
,

I IS Continuous :
Suppose UEZ  Is  OPEN

.
 WE  

Must Show I

-

 '

I u ) IS  Open  In
Y

.

But

F-
"

( at Is OPEN  In
 
Y ⇐ p

-
 '

( I
-  '

( h ) ) Is  open  In
 X .

 But
p

- '

( I

'

 '

Cut) = f-

 '

( ul Anis  This  IS OPEN

S
,  nice f  Is Continuous

.
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 IR
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"

ON  it  n
- BALL

"
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"

n
- Disc

' '

•
S

"

 
= { x  E  IR
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I 11×11=1 }
= OD

" "

( Boundary  Ok  atil - Bac )

e.g
So -EID

,

S

'

= O
air

'

S
? c IRS

Examiners OIQuotients

I
.

 D ! S
"  -

 '

x {0,1/5-1×90}
HERE : XIA  MEANS

"

Collapse A  To A  Point
"

l REALLY :  a - a
'

Forth

a
,
a

'

EA )

es
.  :

O.IE?.;/o.--KO.--

STRAIT (a)
Put  Quotient  Tfeoeoooy ON S

"  
-  '

xfo
,  DIS

"
"

do I

(b) CONSTRUCT A Continuous SURJECTION
y

! Sn

-  '

x [ o
, ,

) → D

"

PRESERVING  
N

Hew ;
Dee

, .ve yl Xi t )
-

-
tx

Sh

-

 '

CIR

"
 

⇒ tx  ED

"

y

n

-

-2

Y
s

'

Noir ylx
,  o)

-

-
O  ⇒

y (5-1×903)=103

( c ) S

"  
-

 '

xso
,

. )
- S

"  
-

 '

xfo.it/5--
 '

dog

↳
,

'

f !
 I

E×kn : 6- Is A
Homeomorphism



2
.

 D
"

( s

"  -  '

= S

"

eg
:  D4s

'

: - = S2 2

WEEI: A Continuous Surjection  D

"

→ S

"

Collars , .io DD
"

 
=

S

"  
-  '

Tb A
 Point

.

LET 's  USE

THE  Previous
 Examine :  D

"

-

-
S

"  
-  '

x
So

,
, ) / S

" "

x { o }

G-

.

5-

 '

Ha

! #
= S

"

a  112×112 !  IR

" '

-

.

Define
off x. f) = ( Costa I

,

since  t ) x )

Nork Thor y (5-1×905)=11,0 )
.

So  By UMP
,

UK GET 6-
 

:

IgI}
=D

"

→ S

"

( Continuous )

Non
,

d-D
!  s

" "

Is  THE  IMAGE Of  5-

 '

Xfl } Onsen Quo ,

-

, , .

- Map .

None :  FCS
"

"x9R ) ± ( -1,0 )
.

By UMP AGA .  #

,

I IN  Ducks I :  D

"

IS
" "

→ S

"

.
 IT'S  Easy  Tho CHECK Tita  EISA Horn

 Eo
.

3. TITE torus T= S

'

xs

'

②

CAN  BE OBTAIN  Es As An  IDENTIFICATION SPACE As  Follows
.

TAKE Time Unit SQUARE ( o

,  , ) x
To

,
, ]

"

>

IDENTIFY ( 9,0
) - (

q , )

n a

Two WAYS To SEE This :
n

A

( o

,

b ) no ( I
,

b )

I
.

Products AND QUOTIENTS Conran
- TR !

o 7 I

IT p ,
:X

,

→  Y
,

Ans
 pi . Xr  

→  
Yu Are

QUOTIENTS
,

THEN P ,
 xpz : X

,

XYZ →  
Y

,  
xyz

IS A Quotient

e.g :  Pj
: To

,  it → S

'

5=1,2 Fear Example  1.  ⇒ p ,  xpa
: fo

,
,

)
x

fo
,

, ) → 51×5
'

IS  A Quotient

2
.

THE Composition  Ok Quotient MAPS  IS A  Quotient :

a

Di

4
. Div Di/dDi - ODI

-

- S

"

Modi← c-

DDI

U Di



CELL Complexes 3

- -

LET'S THINK About  THE  Thoros AGAIN :

Um  nknTks Mm
,

THE  Emts Go Tb Two Circles

Joiner At A  Point :

②

AND THEN THE  INTER  on  Ok  THE SQUAME GETS ATTACHES  TO  THIS
.

WE CALL  This A 2-
 

CECI
.

THE Tho Circus Can
,  BE Tito

- 6 it t  Ok As A
 Pain  Ok OREN  INTERVALS ATTACHES  To A  Point  At

THE  in  Enns
;

THESE Are I
s

.
So  WE CAN  Build  UP  T

 
= S

'

x
'S

"

In STAGES :

o
:* ?

.

-

I 2-  CELL

WE CAN Also  Buen  Tine  Onion TABLE Surface Ok Genius
g ,

My
,

By TAK
, .v6 A

 

4g
- Goal AND

IDENTIFYING EDGES ?

b Have I O - Cece

2g
I - CELLS

an!!÷a
-

i
2 - een

b

a

GENERAL Construction

-
-

A CE  u
Compete 

×
( on CI

-

COIRE
 x ) Is A SPACE X Gi  struct  Be  INDUCTIVELY

.

'

-
-

I
.

Start  With A  Discrete SET XO
,

THE POINTS A  Rk  Gametes As O -

Cbus
.

2
.

DVD - CTI  wkly
,

Form THE I
-

SkKcEi X

"

BY ATTACH
,  

-

to  n
- CELLS  EL VIA

Mars Cla
: 52

'

= dena → X

" "

.
Tins  MEANS Thar

X

"
 

-

-
X

"  
-  '

if D2 IN

Wittner xrclacxl  For An  Xt S =D DI
.

3
.

STOP At Some  n

,

Skat ,  # 6  X =  Xd
,

'

 On CONTINUE  the  Definitely
,

Seth .ve X= Un
X

"

.

IN THE Careen Case
,

X Has THE
WEIK Tbro : A  EXOPEN ( Closes ) An X

"

Is OPEN

( Casas ) In  X

"

For EACH  n
.

EXAMPLES
-

I
.

S

"

HAS MANY
 DIKREnk.ru -

CELL STRUCT
 ones

.

Caa) S ?  D

"

Id Dn
.

Titis IS S ?
 even With 4 : de

"

- eo Time Constant AMP
.

( b) It  Duvivier Burns S
"

From S

"
"

By Attaching Two  n - Cbus Tb S

"
'

! one As

AID

"

THE Non-Han .no/tEmispitEre AND  ONE As The Southern :

#

sin
- i G : DDI → S

" '

I IS  IDENTITY
NOTE : Have  Obvious  Incursions 5C S

'

ask - .  - CS ?
✓

Dz



2. REAL Protective SPACE IRP

"

4
-

- -

As Asta
,

112pm -

- { Lines THROUGH O In 112

"

" }
.

It's Not A- Au Ccaa How 
Tho Poet

Rkasouft  Bus Tbpocooy ON  This SET
,

But Note : Ik l IS Such
A LINE

,

l IS  Determines

By A Now  Zhuo Viktor
,

Unions UP Tf SCALAR Metepec
 canon

.

So
.

.

112pm
 

=  112

" "

- { 031N Withee  u - du For  
At o

.

Give IRP
"

THE Quotient  Tbr  ococx
.

ANOTHER Point Ok View
;

CAN TAKE  V Tb Bk Ok UN  it LENGTH
.

THEN V Ans - V

DETERMINE THE SAME Link
.

 None THAR VE S

"

,
So .

.

112PM = SYN Withee V  n -

V ( Antipope  Points )

THE Tbpoloot  Is  THE Stone ( WHY
? )

.

 Note THA  Ttt .is Shows That IRP
"

Is Compact
.

eg
;  n

-

-
I IRP

'

= Lines Throw  it
0 In

1122

= S

'

/ n

•  -
V

OPEN SEE Ano -
no l

A SEE  Ok  RWRKSBNTATiuks.IS
- I

> •

g

I

THE  OPPEN SEMICIRCLE With I a
- I

IDENTIFIED :

- ,
. ? → ①

= IRP

'

= S

'

a-

IDENTIFY

IRP

'

Is A  Honor  iron  TABLE Surface ( Luck A  MiB  cos
Strip ) .  It CANNOT EMBED  In  

1123
.

01
'

.

IRP
"
 

-

-

D

"

( n Where X n
-

X

,

Xf
DD

"
 

= S

"

? Since DD
"

With ANTIPODAL

Points  Identifiers IS IRP
" "

,

WE SEE THAT IRP ?
IRP

"  
-  '

u e

"

With

Q
: OD

"
 

-

-

S

"  -  '

→  IRP

"  
-

 '

Is THE 2 :  I Quotient  Mars
.

It Forulows THAT

IRP ?
 e° we

'

u
.  -

- we

"

As
A Ctu Computer

.

WE Also Have IRPN
 

= Un
112pm -

-
 due

'

u  
. - -

u  e

"

u
-

- .
 = LINES THROUGH 0 In

1120 -

- Un IR
"

An , SO - RPD I > A 2 : I Quotient  MM
'

Gpl = S2 : Lines  In
Q2

3
. ICP

"

= Complex Protective SPACE
.

Described
By Victors fllid)

,

DEE }

u { can }

Gp
"  

= f Computer Links Throwout O In ¢

" "

}
p

Point  AT  to

= Ent

'

-9031N ,

v - du  
DIO  IN Cl

= Eu 3=5

=

satyr
,

undo 1,11=1 ⇒ Epn

Compton
: Epn -

-

D

"

In
,

u - du
,

VEDDZ
"

As  Follows :

Note THAT  THE VIC tons IH S

" "

C ¢

" "

W ' TH LAST
 Coons

,  name  REAL  &  Noumea
 Ai  we

Have The Form ( w
,

FF ) E E

"

x
Q

,

with Iwl El
.



Tins  Is THE Gunna  Ok THE Function  W  1- ( w

,

IFT )
.

This  Is A Disc
5

DZI Boomin the 5
"  

'  '

e S

" "

Consist # o Ok Vectors Ok  Form ( w
,

o ) f Enid
,

101=1
.

EACH UK  can  EH
St

# '

IS EQUIVALENT Tb A Vector  the  DI Queen  U - du
,

Unlikely

It  This ( Ast Coors
,  name

Is  Now  zero
.

If THE Lost Coordinate  Is  0

,

Have  Ib 
Entities -

ons

2n - I

✓  n  du
,

ve 5h
- t

.

Thus
,

Epn = Gp
"  

-  '

u  e

"

y :
S

→ Gp
"

Is Quotient
.

Titus
,

Eph
-

-  e°ueZ u  
.

-
. we

"

.

Also Have Epo
 

= Q Gp ?

DRE :
A Suigcompuex Ok X Is A Cosens Subspace Ac X THAT  IS A  Union .

Ok Cbus

-

Ok X
.

Since A  IB Causes
,

Each Atrocities Anne La For  la  CA Has  Ianto 's  DUA

Ann So A  Is A CE
 cc Complex

.

A Pain ( X. A ) with A  A SOB  Connex  Is Checks A

Cb - Pain
.

eg
: I

.

X

"

CX IS  A SOB Complex

2
.

112pm c IRP

"

IS
A SUB

Computer
,

men

3
.

Gpm a Eph

HOMOTOPY

-

Tfpoeoot IS Ukm  Al - old CONCERN Rs  With UN  Deen  STANDING  THE Ho0PY type
Ok SPACES

.

ROUGHLY
,

THIS thetas wk Are Ackowies To BEND  t SHEK
,

But  Not Gue on  Tete
.

ez

: %
(

4
ness us .

s

'

O

H " '

f :  ie

'

- Eos - s

'

X  to
I

11×11

THIS  Is  A  WELL - Definers Continues  MAP them ,
1122

- go } Onto S ! But Tb TH
,  

the  0k

Continuously  DEEora.nu#lR2-foS Tf S

"

WE  Needs Titre  IDEA  0.cl/VnnotY
.

Dk
'

 
. Suppose A  Is  A SUBSPACE Ok X

.

A  Deformations RETRACTION Ok  X ONTO A  IS A

Family  Ok  Mars ft : X - X
,

TE So
,  

is
,

Scot  THAR fo idx
,

f. ( X ) = A
,

Anas ft ) #Fda

For Au t
.

THE  Family Shook  BE Continuous
 In  THE Sense THA  THE AM the

XXI  → X
IS Continuous

.

( x
,

E) ts f
 *( x )

Eg : X
-

-
1122-903

,

A -

- S

'

Dee
, .ee

ft ( x )
-

-

( I - t ) x  +
t

 

¥
,  

.

This  ISADKRO  ruination  Retraction
:

fold =  X=rdfx )
;

f
,

WE
,¥

,

C- S

'

,

It
'

 XE S
'

,

11×11=1 ⇒ ftlx ) = C-t )xttx=x
.

Coutinho ,  # IS

CLEAN
.



DRI : A HEy Is A  Man F : Xx  I -

Y .

Wk  often  write ftlxl-ffx.tl
.

G

Ann Say THE Mars fo Ann
f

,

Ark Homo  Topic
,

WRITTEN foe f
, .

ego
:

A Dkk  urination  RETRACTION Ok X ONNA  Is A Honour
>  From  

Tdx Tf r : X → A
.

Monk GENERAL
 ex

,

A  Homotopy F : XXI - Y Is Cavies  a Hopy Rk vie Tf A If

Flat ) -

-
 Fla

,

O) For Ace  a  EA
,

tf to
,  

it
.

DRI ; A MAP f : Xs  

Y Is A Homotopy EauwAcka If There  Is A  MAP g
: Y - X

SCH THA got = Tdx AND fog  tidy
.

we  write Xt
 

Y Ans SA ,
Xty Are HooeyEQuEr

UNPACK  This : Sof : X→X ⇒ I F :  Xx  I →

X
,

F C
x.  o )

-

- goflxl
,

Fcx
,

1) =

idxlx
)

fog .

.

Y →Y ⇒ I G : YXI
-

Y
, Gly,  o ) -

- fogly )
,

Gly
,  

D= Tdy

Ef : A  DEFORMATION
 RETRACT

.io
Is A Homotopy EQUIVALENCE

.

So
,

1122-903=51
.

DIE :
A SPACE  X . Is CONTRACTIBLE If X e  * ( ONE - Point SPACE )

.

eg : IRN IS CONTRACTIBLE

Define r
-

. IR

"

-3903 By  rcx )
-

-
O

.

Dee
, .ie

F :  IR

"

x  I  →  IR

"

Dy F ( x.
E) = ( I - t )x

.

THE FC
x.  D=  x AND  Fcx

, 
D= O =  rcxl

.

So  F  ISA Homotopy From
 idyzn  Tho r

.

Some OPERATIONS  ON CELL COMPLEX
-

-

- -

-

PRoa Give
,  

, Two spaces X Are Y THE Product Xx Y IS Another SPACK Evs
 owes  WITH

THE Product Tbpooeoot
.

WHAT  Ix X Ans Y Ane C W - Complexes
?

 Is Xxy A Cw - Compete ?

Aunty : YES ! Time Ckus Ame Promos einen ,

ein A  Cece  INNXt epn ACEU In Y
.

es
: T

-

- S 'xs
'

: S
'

-

-
due

'

,
S

'

-

-
due

'

Censor T -

.

 e°xe°←  
•

elxel
Y

e

°

xe

'

es
. -

.

y
#

Usn C ku  Decomposition

e

l
xeo

 ←  
me

Quote Suppose ( X
,

A) Is A Cw - Pain
.

THE Quotient SPACE XIA HAS A  CELL Structure
:

THE Cbus the Those Or X
- A To GET  Here  With  ONE  NEW O - Cece

,

THE  Dna  GEOKA  IN

XIA
.

ATTACH
, .us

 Mars : Ik Ena Is A Ctu  Or X - A With
ki . SI

'

→  X

"  
- t

,

THEN

THE ATTACHING  Mm  For THE Conn
 is spouse .  -16 CELL  In  XIA  Is  THE Composition

SI

'

e xn

-

 '

- xn

- '

IA
"

.

Ig
: Let ACT BE  

Tite WE  
ooh

Ok Two (
incurs  

THE .at/A1tAsA2-Cku

Any A O - Ck  u  t )
,  ace

There  Is ONLY ONE  WAY  Tb Attract A
2 - CE ke BA  O - Ctu

,

THIS ? →  @ →



7kNA6CYDEn L
Et f :X -

Y Be A Continuous MAP
. THE MAPP CYU.ir

Is Mf
-

 
- LYIlxxI7)/n fix - I x

,  i )

Picture
XXII

←
* " '

-

:

y

Noir : Mf
 
EY ( Exercise )

.

SUSPENSION -L ki  X Be A Spock
.

THE Suspicion Or X IS XXI With Xx 903

Connotes To A Point Axis Xx 'll } Collapses TO A Point
.

① xxx

* I

#
. , ,

-

Xx # = X for ten
.

, ,
.

g-
 

. SCS
" '

) = S

"

n
-

.

I .

.

so
 

= .  
. SKI

! !
→ Sx ()

-
- S

'

Time Suspension
IS THE Omon  Of Two Copies Ok THE Conte C X

.

-

XxI/Xx{ o } .

IF X Is A Ctu Compton
,

So Are S X Ann CX
.

 Note i CX IS
Contractible

( Exercise )
.

J NOTE THAT CX IS  THE Union  Ok Acc Linie SEGMENTS Dining Points Ok X TO A

Point  EXTERNAL TOX
•  R

sx
-

. x. so
.

④
x

"  "  '  ' C " × * " s

IH GEN
 Emre

,

IF
 

Y IS AN  other SPACE THE Guk  croon
Ok Au ( talk SEGMENTS Distance Points

IN XD Points  Ian Y Is Checks THE ¥1
,

Denotes Xx Y
.

ie
.

Course Xx -1×105 To XFormally
.

'

x*y= x×Y×I/N ( x

,
-4,0

) - Hitz
,

D

xxyxs.BA Y

•

y

- It X TY Are Linne Seo
,  ,q is

,

41,40) ~ 1×2,40 )

X * Y ISA TETRAHEDRON
.

Norte Write Points Of Xx  

Y As (
intern Combinations t

,
 xttzy ,

OE ti
 

It

,

t
,
 

t -4=1

Wit 't Oxt  
ly -

-

y
,

I
x  toy X

.

AN ITRsD X
,

*  Xz* .  
.

* Xn Has Points THA Can Be Written .
As

t
,

x
,

ttxzt
-

-
. t then OE tie I

,
€

.

ti -

-
I

.



es : EACH Xi
-

-
{

xi
} . Xs 8

X.
* Xz =

× ;

.

×
.

X
,

* Xz*Xs

•  •

X
,

X  2

X
,

*
Xz *  r -

*
Xn  Is A CONVEX

 POLYHEDRON (
Auks THE  K- I ) - Simplex

- -

D

"  -  '

= { ( t
,

,
.

.

,

In ) t  112^1 O ' tis Ana ¥
,

ti
-

- I }
.

( thrice xi
-

-
ith Starman  Basis Union )

Wienie Xu Y
'

 
.

C House  Xo # X
,

Yo EY
,

THEN Xu Y = XIYI Koryo

D
S

'

us

'

@
,

Sts
'

For Any Ck u Complex X
,

X

"

( Xn

-

t

Is A WEDGE OK n
- SPHERES I SI

 ,

Que

Fon EACH  n - CELL Ih . X
.

SMASH Product Xny = XxY/Xvy
- -

eg
: San S

"

= Sntm : ( coven )

*
C eouem ) Has CRUS

( even )u ( eooew ) Has Geass

eoxeo
,

enxeo
,

eoxe
"

eo
,

en
,

em

ehxem

So 5×5 Has Cbus come
,

even
 

⇒ 5ns
"

a
suit

 mm

Prof :
It X.A) Is  A Cw - Pain Ann  IYA  Is CONTRACTIBLE

,

THEN X → XIA  Is  A Homotopy

EQUIVALENCE
.

Pig :
( AT Rn

"

Connie cries

g-  
.

GRAPHS Suppose X Is A

^

GRAPH
WITH FINITELY  MANY VERTICES

 LED  does
.

-

•

E A Soman , .ve Tree  T ( In
 Rio )

.

THEN TIS Contractible ( WHY
? )

•

Collapse T TO A  Point
.

THEN be Ark L
Kia  With Xlt  

=  ⑧•  •

•

•

= S

'

us
'

ATTACHINGSPIES This  ISA  Generalization Ok  THE MAPPING CYL
, .ie  DEN

.

Suppose A  C  X
,

Ants f : A →

Ko
Is Continuous

.

Form THE Quotient Spree

Xo Of X
,

= Xo IX
, /

a - flat
,

a  e- A

WE CALL  This Spree
¥ 

With
X ATTACHED A6 It Uta I .

IN  THE SPECIAL CASE

i -

( X
, ,

A) = ( Dn
,

S

" '

) wk Are At it
, .ecthx is -1kg IIo VI f

i
S

"
"

- Xo
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