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INTRODUCTION ,  MOTIVATION ,
BASIC  DEFINITIONS

EVERY  Discussion OF  MORSE  THEORY NNUST CONTAIN  THIS  PICTURE :
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THE  Function f  Is  THE
"

HEIGHT
"

 FUNCTION .  THINK  of  It  AS  NNEASURSNG  THE  HEIGHT

OF  A  Point ABOVE SOME  PLANE  BELOW  THE  TOROS
.  NOTE  THE  Following :

DENOTEBY M9 THE SUBLEVEL SET M9= { xeM|fCx)£a }
.

 OBSERVE :

•  IF  a  < f( p )
,

M9=¢

•  IF FCP)  < a  < flq ) THEN And Looks LIKE § And  THIS  Is HOME onnorhpltic  TO A 2- CELL

•  If f( g) < a  < f ( r )
,

THEN  And Looks LIKE @ AND  THIS  Is Hoaneonnorpltic  To A CYLINDER

•  IF flr )  < a  < fl S)
,  THEN Ma Looks LIKE  

@ AND  This  Is A  SURFACE  WITH  BOUNDARY  A  CIRCLE

•  IF fblca
,

THEN  M9=  th .

WE WILL  USUALLY  BE CONCERNED  WITH Honnotopy  TYPE AND For  THAT  WE  NEED  THE  Definition

ATTACHING CELLS IF  H  Is  Any  Topolobex  SPACE  And  ek= {×e1Rk| 11×11<-1 }
,

DENOTE  THE  Boundary dek  By÷
.

 It g : Sk ' '  - X Is Continuous  THEN  WE  DEF  WE Xugek TO BE  THE Quotient SPACE

Xugek  
= XIek/{×~g( x ) For  xesk ' ' }

Our GOAL  IS  To GENERAL ,z[ WHAT HAPPENS  with  THE HEIGHT  Function ON  THE  Tonus  TO

AN Arbitrary Smooth  MANIFOLD
.

SMOOTH  MANIFOLDS

÷ Rooth "  MEANS  DIFFERENTIABLE  of  CLASS CN
.

THE  TANGENT  SPACE  of  ^^ At  p  IS

DENOTED  By  Tmp .
 IF g :  M  →  N Is  A SMOOTH  MAP

,
THEN  THE  INDUCED  MAP  On  TANGENT

SPACES  IS g* :  TMp→TNg( p ) .

Now Suppose f :  kN→R  IS Smooth
.  A  Critical  Point  OF f  Is A Point  PEM  WHERE

f* :  Tmp - Trap ,  Is  THE Zero  MAP
.

 IN  Loan  Coordinates At  P : ( X
, ,Xz ,

. . ,Xd⇒ ¥×.

( pD=0 ,  Eh ... ,n .



RECALL  THE  Implicit  FUNCTION  Than :  IK  a  Is  Not  A  Critical ✓ Allure  of f :  M - IR
,

THEN  THE
Z

SUBLEVEL  SET  kn9 Is A  Smooth  MANIFOLD  WITH  BOUNDARY AND f-
 '

(a) Is  A  Smooth  Manifold
.

A CRITICAL  Point  p  IS NONDEGE=ERATE IF  THE  Matrix

Fact :  THE  Inverters .cm ,  ort ,+ ,  man
,×|d¥¥× ;

(Pl) Is  Nonsniouar
.

DOES  Not  DEPEND  ON  THE  Coordinate SYSTEM ( Exercise )

HERE 's  A  BETTER WAY :  It PISA Critical  Pont  OR  §
,

DEF ,NE THE HESSIAN

f** : TMPXTMP - R

AS Follows
.

 IF  v
,  WE Tpm ,

THEN  WE  MAY  EXTEND THEM  To VECTOR  FIELDS  T
,

T In

A  Nisitooip .  DEF # f**  By f *  * ( v. w ) = tplwlf ) ) [ ' TYIEED:.IE#EIBsEIAaI'IE
.
]

f¥*  IS Symmetric : fp ( Elf ) ) - Top ( Tlf ) ) = [ f.  To ]p( f) = 0
. HERE [ T

,  E) Is  THE  Piet B .Rxk¥

Amir [ T, ,J]p( f)  =D Since p Is A  Critical PT Of f
. Aside .

.  THE  Poisson BRACKET Of  TW

f**  Is  WELL - DEFINED SINCE  Tp ( TCH ) IS VECTOR  F)  Ecbs X AND Y May  BE

INDEPENDENT  or THE  EXTENSION  T AND  Slm "An4 ✓ lSuA(|zE ,  As  Follows :

For  E
.

So  WE  MAY CHOOSE Am Coordinate FLOW  Along  × Fort ,
THEN ALONG  Y

SYSTEM WE LIKE  t GET THE SAME RESULT
for s

,
THEN

IF ✓ = Eai ¥ .|pAa° W= Ebs # |p TEEN

we ↳ TAE T= Eaioe
,

an ,  o={ ↳ ¥ AEYFEEIIFF ¥%
For S

.
You

THEN f *  *
( v. w) =  V( JCHKP ) =v ( Ebs ¥;) ( P )

won't  BE  Back

=§a : sina.im Et¥EE¥5I ...

s¥¥X
→ •GENERAL . Stalin pDEI : THE  INDEX OF A  BILWEAN OPERA . ton [ X. Y ] MEASURES

THIS .

H  ON A VECTON SPACE ✓ IS  THE MAXIMAL

DIMENSION Ok  A SUBSPAEEWONWHICH HIS  NEGATWE  Definite ( i.e.
,

HW ,w)< 0  For Auuiwe  W ) .

DEI :  THE Nullity OR H  IS  THE  Dimension '  04 THE  Nuu Space N= { veV| Hlv ,w)=o f  well }
.

Note :
 p  Is  A  NONDEGENERATE Critical  Point Of f  ⇐> THE  Nullity  Of f**  on  Tmp Is 0

.

DEI :  THE INDEX OF f A  P  Is  THE  INDEX Ok f *  *
ON  TMP .

LEMHI :  LET f  BE A  CN Function  IN  A CONVEX  NBH ,  OR 0 In  112
"

WITH f10)=  0
.

 THEN

f ( x , , . ;×n)= ,§
,

Xigilx , ... ,xn ) For Some CN Functions gi  On  THE  NBHD  wait 9i( D) = d¥ilD .

Proof : Since fcx
, , . ,xn )  = §d±(they  dt  = fly ,§

,

0¥,
Ex, ...

ttnlixidt
,

WE  Can  TAKE

gi(× , , . ,xn)= )"ydof÷(tx
, , .

,
txnldt

. ( of  USE  Tatcon 's Titan)



3
MORSE LEMMA : ( Et  p  BE A  Non  DEGENERATE Critical Point OR f. THEN THEME  IS

A locn Coordinate SYSTEM ( Y
, ,

. .

,  ynl IN A  NBHO  U Of p WITH  Yilpko  Fon AH i AND SUCH  That

f ( y , ,
. ,yn= flp ) - Yi - yz

'
- . . .  - YR +  Y.fi

,
t - . +  YI

THROUGH  out U
,

WHERE  d Is  THE  INDEX  Of f  At  p .

PROOF WE  First Show  THAT  IF Such An  Expression  Exists
,

THEN4 Must  BE  THE  INDEX  OF f  Arp .

÷
 E  MAY Assume f( pk  0

.

Suppose  WE Have Coors ,nAtES ( Z
, , .

, Zn ) Atp  wit 't

f (E) = - z ? . zf . ... - z } +  Z ,y?t ...  +  2 }
,

THEN  WE Have

the.⇒=fE÷÷i¥II
0  OTHERWISE

AND So  THE  Matrix  REPRESENT , ,uG fx*  W . R
.

T
.

 THE  BASIS ÷z ,|p
,

- . .

, ¥n|p IS

formed
So THERE IS A Subspace  OF Tmp  Of  Dimension  d WHERE f**  Is  NEGATIVE DEFINITE

AND A SUBSPACE V ok Dimension  n - d WHERE f** IS Positive Definite
.

 IK THERE WERE A

Subspace Ok Tamp OF  DIMENSION  GREATER  THAN  K ON  WHICH f** WERE NECATWE  DEFINITE
THEN  It  Would  INTERSECT ✓

,
WHICH  IS  Impossible

.

So  X IS  THE INDEX Of f At p .

Now
,

CHWSEA Late COORDINATE SYSTEM ( ×
, ,

. .

,  ×

]
At  p .  WE MAY  WRITE

f(x
, , . ,xn)= ,§×i9iCx , , . ,xn )

With 0¥.
( p)= gi ( 0

, ;D
.

But p  Is Critical ; So gi ( o
, . . ,o)=  0

,  [ =)
,  a

,  n
.

APPLYING THE LEMMA AGA , n
,

WE  Fino Smooth Functions hi
,

( xn . . ,xn)
, ... ,hin( × , ... ,  Xn ) With

gik , , . ,xn)= §
.

,x ; hi ;(x , ...
.xn)

Putting  THIS  TOGETHER
,

WE  HAVE

f(×
, , . ,xa)= §e

,

xix ; his ( x , ,  . xD

WE  MAT Syxnmetn ,zE This BY Setting Hij ( × , , . ,×*)= (his + hsi)/2
,

Ana  THEN

f ( x , , . . .×n)= §g
,

Mix ; Hi ;(x , ,
. ,xn )

THIS  Is CALLED A  Quaid Fyn REISE.us#.x OR f. THE  Form  WESEEK  IS ANOIHEN Such

REPRESENTATION
.

 WE  Now ( HANCE COORDINATES TO GET  IT .

NOTE THAT gdfftgng ( o
, ...

,
d) = 2 His ( 0

,  -
,  0 ) .

Since  P  Is A  NON  DEGENERATE Critical  Point  WE  MAY

MAY ASSUME  THAT }¥p( 0 , . .
,  0 ) # 0 ( USE  A Suitable ( NEA # CHANGE  OF  Coordinates )

.



IT  Fbckows THAT It
, ,( 0

, . .

,  A 1=0 And Since An  IS Continuous
,

Hn # 0  IN  A  NBHD  OF  THE  Orion
.

4
Now  Introduce A  NEW Coors

,  # Are System ( X
, , xr

, ... ,Xn ) WHERE

X. =Ft ( x. + §zxiit÷ )
.

( Exercise :  THE  JACOBIAN  OK  THIS  Transformation  IS NONZEW )
Note  THAT XP =/ # "

1 ( x.  + ,§xiy;÷)2={
Hnx ? +2 §e×ixiHi  + ( §i×i  HDYH "

( Hmo )

- Hnx ?  
- 2 §zx,xiHsi - 1 EEXIHIDYH , , ( Hn< 0 )

So  IN THESE COORDINATES  WE  Have

f( X. xr
, ... ,xD={ *it ,§Iz××i  His - ( §sxiH .it/H , ,

( it, ,
>  d)

- XT + §ezxixsHi;
 - ( §.xiHii)YH " ( H

, ,< 0 )
THE SECOND  Term  AND ALL Subsequent  TERMS  INVOLVE  ONLY  xz

, ... ,×n .

PROCEEO  BY  INDUCTION  TO  F ' " 's 't .  y

COROLLARY :  Non '  DEGENERATE CRITICAL  Points ARE  ISOLATED
. , ,

[0Roun= .

.

IF  ^^ IS Coaumpaot
,

A Smooth  Function HAS  ONLY FINITELY  MANY NONDEG
.

Critical  Pts
.

,

EXAMPLES  OF DEGENERATE Critic .sn  Points

÷ .  - ,  -
- - -

=
.  .

.  -

f) The.÷"""""M

flx)=EMsii( Yx)f(×)=x3 \ )
:

 -U .

fknk 't
!rgYgjF'III. +  Is

A Subnnaxlifoio  OF

Z
112



DEI : A Smooth  Function ,
f : M - IR Iss A MORSE Function  IF  IT Has 0^14 5

NON  DEGENERATE Critical POINTS
.

Do THESE Always Exist ? YE# ?  In ABUNDANCE
,

IN  Fact
.

THI ; ( Et AN BE A Closes  MANIFOLD And LET gi Nl→  112 BE A Smooth  Function
.

THEN THERE  Exists A  MORSE  Function f : M →  IR Arbitrarily CLOSE To 9 .

First
,

A Course OR LEMMAS
.

LEmm= ; LET U BE An OPEN SET  IN  112
"

And Suppose f : U →  R Is Smooth
.

THEN  For Some

REAL NUMBERS  a. ,  -
,

an
,

THE Function ' f(x
, , . . ,x ;) - ( a ,× ,  +92kt  ^ . .  +  anxn ) Is A  A XORSE Function

ONU .  Moreover
,

WE  May CHOOSE  G , , . .

,  an To  HAVE ARBITRARILY Sxntu ABSOLUTE VALUES
.

PRI :  DEFINE A Amp h : U→  112
"

By h=

(
9¥'

)
( ie

.

THE  ith Component of h Is

THE  Pant  in  OK f  WRT  Xi . THE Jacobian  Okh

Is

f÷§e
" 8¥xn ¥

# ¥¥?sg¥,

) Thus p  Is A Critical  Point  of h : U →  112
"

# THE

dxndx , DETERM
, ,nA~T  OF  THIS  Matrix  Is  0

.

CHWSE A  Point ( Gln) GIR
"

Which  IS Not A Critics
, Vane  Ok h

.
THESE Exist

IN A Buxioance By Sano 's THM AND  IN Fact  WE May CHOOSE THE  Point  To  BE

As Close To 0 e  R
"

AS WE LIKE
.

I Claim  THAT f- ( x , ... an ) = flx
, , ,xn ) - ( a. x.  + - ntanxn )

IS A  mouse  Function
.

 It P  Is  A  Critical  Point  OK §
,

THEN Since

d¥g(p)= 0¥
,

( p ) - ai=  0
,

i=l
.  -

,  n
,

we Have h ( p) = ( ?j¥
.

But  This  Is  Not A Critical

VALUE  OF h Ams So  p  Is # A Critical  Point  ok h
.

So  THE  Determinant  ok  THE Matrix

ABOVE  IS  NONZERO
. But This  Matrix  REPRESENTS f** Ams Since f An € DIFFER

By A Linear  Function
,

f**  = £+*
. THUS

,  p  Is A  Non  DEGENERATE ( Riticnn  Point  0 '
' £

.  , ,

DEI : SUPPOSE K Is  A Compact SET  In  Rn Ana  e >  0
.

WE SAT THAT f  ISA ( ¢ E) - Approximation

Of g IN  K  IR  THE  FOLLOWING HOLD At  EACH
 PE  K :

) f ( p ) - g(p)|< E

|0¥i( p) - defxilp ) |< E
,

is 1

, ... ,n

lof¥x
,

.la - III. (a) < e
,

iii.  i. . .n

WE  THEN Define This ON A Compact  MAN ,fo< D IN BT Covering KN With A FINITE

COLLECTION OK Coors , NATE NBHDS U
, , . .

,
Ur CONTA > mind Compact SETS K

, ,  .
,

kr Which

Also Couper an : M= K
,  u ...  ukr

.


