
LEIA : ( Et ( BE  A Compact SET  IN An  n
- MANIFOLD ^^

.

Suppose THAT
g

: AN -7112 6

HAS No  DEGENERATE ( Riticne  Points  IN C
.

THEN For A SUFFICIENTLY SMALL  E >  0

,

Any

( Ch
,

E) -

Approx .mn#,onf  ok

g
Has  No DEGENERATE Critical Points

 IN C
.

Proof ;
( over C B

-1 Coordinate NBHAS  U
,

,  
-

, ,Ur Containing
Gunter

 k
,

,
.

,

Kr

WHICH Also Coven C. DENOTE Coors
,

mares
In Ue

Bt  x
,

, . .

,
 xn

.

Note  THAT THEAE Are  No

DEGENERATE Critical  Points Of
g

IN ( n Ke C⇒ THE Condition

to÷l+
. .

.to#+laetbIID1
> °

TH
.bu6

# out
(

n Ke ( EXERCISE )
.

 For A Small ENOUGH
 E >  0

,

THE INEQUALITY

left
.

.*to÷t+1aeth¥×.tl
> °

Also Hours  IN C
n Ke For Any ¢

,

E)
-

Approximation f
 of

g
( BT Definition )

.

THUS
,

f HAS No DEGENERATE Critical  Points  In ' Cn Ke
.

REPEAT
, me  THIS  For Aik

THE Ki
,

WE SEE  THAT f HAS No
DEGENERATE Critical  Points  IN

( =

¥
,

( (
^ Ke )

;
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Exi¥EET±n^ .

(
over  An BT Coono

,NarE  H
BHD U

, , ,
Ur Containing K

,
, ,

Kr .

SETfo To BE  THE  Function
g

: M - R
.

WE  IN  
Ductnvecy Construct  Functions fe

On , An  WITH  No  DEGENERATE ( Riticn  Points  ON Kiu '
-  '

° kl
. Demos

,£
K

,  u . . .  uke BY (
e.

SEA Co  
=  $

.

SUPPOSE
 WE HAVE Constructed fe

- ,

:  M  →  112 With  No  DEGENERATE

CriticalPoint
 On (

e- ,
.

Consider  THE Coons
, -1  are

NBHD He AND  Its Compact SUBSET Kl
.

(
ET ( X

, , .
.

,

xn ) BE  THE Coordinates IN He
.

THEN
,E  Exist Sufficiently Small  REALNOMBERS

9
"  

- i9n
Such  THAT

fe
. ,

( ×
, ,

.
,×n ) - (

g.  x.  +  
.

. .

tank ) ISA  Morse  Function  On Ul
.

( Et
he

: Ue →  IR BE A

"

Step  Function

"

Associates To THE  Pair ( Ue
,

Ke ) i
 THAIS

,

( i ) OE he El
;

( ii ) he TAXES The VALUE I ON A  NBHS
Veoeke ;

 Amo ( iii ) he Is
0

Outside A Compact SET LECUE
Containing Ve .

I

####€
.
: #

y
.

i

,

bye"IgIII.
as

.ca#+...+a*snea.....xa*iueYifI.I.IIi.Ye
1

:

.
,

fe
.

,(x
,

... ,×n )
outside Le

ft@TeDt4.r
'

THESE A  corner
ON THE  INTERSECTION  Of  THE  Two

l

r

-

,

-
.

Sets Since he =O  Outs  ' DE Le
.

-

-

- -

-

-



7

NOTE THAT fe AGREES  with THE  Morse  Function fe
.

,  

- {
Gixi

 IN Some NDHS  OF Ke

AND So f  Is A  Morse Function  on Ke
.

WE  Now CHECK That  WE Can  TAKE fe

As A ( C2

,

E) - Approximation Of fe
. , .

ON Ue  
WE Have

1
.

/
fe

. ,
(

p

) - fe1p)|= |(a. x.  +
.  . aaaxm )| he (

p
)

2
. |%Y÷(p)

-

8¥
,

( p
) ) =

| aihelp ) + ( a.  x.  +
... *anxndohxtlp) ,  

i=1
,

...

,n

3
'

|f¥ftf( p )
-

81¥,g(p)| =|aif¥( in +  aidfg.lptla.x.tn#anxn)dk.ht..lp)/

i.
 5=7 ,  

. .

,

n

Since Of he E ) Anuo  IS  0 OUTSIDE A Compact Set
,

THE ABSOLUTE Values  Of  Its  First Ars

SECOND
 Derivatives Cannot  EXCEED A  Fixes  Positive Number

.

So  WE CAN  MAKE
THE

1216kt Hand Side Ok All  THESE Arbitrarily Sxnau  By  TAX
, me

THE |9i/ Small  ENOUGH
.

It Follows THAT fe Can BE MASE ( d
,

E) - C
rose  To fe

. ,

IN Ke
.

To Alprox
, mate fe  

On  THE OTHER Kj
,

Note THAT THE Jacobian  BETWEEN THE

Coordinates ON  Ke And Kj HAS ALL  Its  Entries Bourses ON  THE Compact SET

Kjn Le
.

So  BT  TAX
,n6  THE |Gi ) Sxuau  Enough

,

WE Can MAKE THE
 126 , ,r

HAND SIDES As

Snnau As  WE LIKE On Kjn (
e .

But fer . fe
. ,

Outside Le Amo So  we Hnr  THAI fe

Is A ( E
,

E) -

Approximation Of fe
.

,

ON (
e .

Now
,

T5y THE  Inductive HYPOTHESIS
,

fe
.

,

Has  No DEGENERAE Critical  Point  IN

(
e - ,

.

Since fe  
Is ¢,E ) - Close To fe

. ,

For Some Snake >  0

,

It Has  
No  DEGKN

 Krane

(
R 't '[

he Points (
e- , .

By Construction
,

fe Has No  DEGENERATE Critical  Point  In Ke And

So
fe Is A  Morse Function ON Ce

.

Now Process  Inductively
For l= 1.

 
-

.

,

r
.

THE Last for ISA  MORSE  Function On '

M = (
s .

 Moreover
,

By  TAX
, - ,  a  E >  0  In  EACH STAGE Of  THE IHDOETION Snnarl  ENOUGH

,

WE Cnn Mark fs ( E
,

d) - Close  
To

g
For Any Prescribes  E

'

>  0
.

, ,

EXAMPLES  OF Morse  Functions

÷
.

THE  n
- SPHERE S

"

:{ ( x
, ... ,×n+ ,)

f Rnt
'

) E Xf=| }
.

Consider THE HEIGHT Functions

f : 5 →  R f ( x
, ,

. ,xn+ ,
)=  ×n+

,

THIS  Is # A Coors
, -1M¥

SYSTEM
 On THE SPHERE

.

But  WE CAN PARAM
 Etnizf  THE

Northern HEMISPHERE VIA ( ×
, ,

. ,×n
,

Ffxe )
.

IN THESE Coordinates
,



WE Have f ( ×

, ... .×n ) = TEXT
.

( Er 's Compare
8

df
-

Xi

- =
-

Oxi FEE

IT  Follows THAT f Has Exactly ONE (
riticn  Point  IN  THE Northern HEMISPHERE

:

p
 = ( 0

,

°

,

...

,

0

,

1)
.

THE HESSIAN At
 p

 IN THESE Coonskin
.ES Is

-1

-

i 0

(
o

ii. )
- 1

AND So  WE SEE  THAT
 p

 IS A
 Non  DEGENERATE Critical  

Point  Ok  ILNDEX  n
.

Similarly
,

THERE

Is Another Critical  
Point  In  THE Southern HEMISPHERE :

q=
( 0

,  
-

,

0
,  

-1 ) .

THIS HAS  INDEX
0

.

NOTE THAT  THESE Arse THE GLOBAL Maximum And Minimum
,

RESPECT
 ivkcy

,

OF f So  It  Is

No Surprise That  THESE Are Critical  Points
.

WE Have A Converse :

T.lt# :  IF f :
An  → R ISA  Morse  Function  ON THE

,  n - Mannford AN with  One  Two

( Riticn  Points
,

THEN KN
Is Hoaneornonpnhc  To S

"

.

Proof
:

( ATER
.

a

2
.

THE  Torus T=S

'

xs

'

THINK OR  THE  Tbiws As A Quotient Of THE Unit SQUARE

Defining A  Function  ON
T Is THE SAME As DEFINING A

)

DOUBLY
 Periodic  Function  ON THE  PLANE

.

Consider

^
^

f : 1124 )R f ( × ,y)=
sin2( Tx ) +  sit ( Ty )

^
^

THIS  DESCENDS  PA  MAP f :T→ 112
.

( Et 's Compote Derivatives :

0¥ = Ztsinltx ) Cositx ) ¥ = Ztsinhy ) as  EH)

>

THESE Vanish At  X=
 0

,
tz

,
Y  

=  0

,
tz And So  WE Have  Four Critical  Points  =

( 0,0 )
,

( tz ,o)
,

( 0

,
E)

,

( tz
,

'⇒

Compute THE HESSIAN
:

}¥z = 2I2( cost@× ) - Silcox ) ) }¥z=2a2(Gs2⇐x) - Silex ) )

0¥
=o

Oxdy



So  WE GET

2,2

(

cus ( ZHX ) 0

)
Which  IS  Nonsingular At  EACH Critics  Point

#

0  Coskey )

Compute  THE  INDICES
C.  P

INDEX In ( X
,  -1 )

10
,

D 0 0

( I
,

o ) I I

do , 'd I 1

( I. I ) 2 Z

3. REAL Protective Space IRP

"

THIS  IS THE SET  OF LINES THROUGH  THE  Orion ,

In  1/2

" "

.

It  Is  APOLOGIZES AS A Quotient  OF  S

"

,

WHICH
 Is  A DOUBLE Covknn VIA  THE 11^77

IT :S
"

→  IRP

"

it (5) = Li #E Determines By  I
.

 No .-E  IT (E) IT( Tx )
.

 It  Follows THAT  RP

"

Iss

Compact
.

WE  Denote  Points  IN  IRP

"

By [ X
, ,Xz ,  

-

,  xn ,×n+ ,
]

.

OBSERUK  THAT [ ×
, ,  

- ,×a+f=[ y
, ,

. .

,

Yn+
, ]

E) THEME  Is A  Nonzero  a  £112 WITH (
Y , ,

. ,Yn+
,
) = ( dx

,
,

.

,
 axu ) .

Now
,

CHOOSE  REAL  Numbers

a.  
<

azc
.

.
.  < an  < ant

,
Ams  DEF

,nE f : IRP

"

→  R BT

f([x
,

,

...

,xn,×n+ ,
} ) =

9.nl?+..nt9nxEtan+.xn?..Xiht...+xn+Xn2+

,

THIS  IS  WEN - DEFINED S
)n[ CE  IF REINA

,n )  UNCHANGED  IF  WE SCALE ( X
, ,

. . ,Xn+ , ) By  XIO
.

Fix  i Ams Let  Ui
 = { [ x

, ...
,

 xn.xni.it EIRP
"

| Xi
 

to }
;

This  Is An OPEN SET
:

 DEF ,n#

A Coordinate System ( X
,

,  

- .

,

Xu ) On Ui  BT

X.  =¥i
,

...

,

x. ' ×I÷
,

Xi
:

×I÷
,  

- . .Xn=×i÷

IN  THIS Coordinate System
,

f HAS Representation

f( X
, ,

.

,

X
,

)=
9. X 't . . +  air

,
XE

,

+  ai  +  air
,

X ? + - .

* an + ,Xn

'

#tXE#EXi

Compute  THE  DERIVATIVES :

dzxty= 2Xn§an+,  
- a.) X.lt . . . t ( ant ,  

- an )Xn2
.

,

+ ( anti
-

9in ) } Note That  THE Conditions  ON  THE  9i

.

( X 2. + . .
.  +  XI +  1)

2

Inky  THAT  This VAN '  sites  ⇒ Xn=0
.

Now  DIFFERENTIATE
f/×n=o µ , ,→  Respect  To Xn

.

,

To Find §¥n
.

,

=  ° # Xnn
,

 
=  0

.

REPEAT  To SEE That  THE Critical  Points OK
f  On Ui Must Satisfy Xi

 

= .  . . =

Xu .

,

=  Xn=  0

.

Now  DIFFERENTIATE  
wrt X

,
And  USE THE  Fact  That  9

,

IS www.m~TOS.EE ¥x,=Oc⇒ X
,  

= 0
.

REPEAT  To SEE X
,  

= . .
= Xi

.

,  
=  O

.

So THE  Only Critics Point Of f
 In Ui  Is ( 0

,

0

,  
- .

,

0 )
.

IN  THE Notation ( X
, ,

... ,Xn+ , ) THIS
 Point  Is [ 0

,

...

,
0,1

,

0
,

...

,

0 ) WHERE  THE | ISIN  ith RACE
.



THE Hessian ,  0¥ f A- THIS  Point  IS
10

Ha
,

-

ai )
.

.

.

O

( flair
- ai )

vain
- ai )

.

.

\
.

z ( am
-

ai )

IT  Follows  THAT  THE Critical  Point At  THE  ORKIN  OR  Ui  IS NONDEGENERATE OK  INDEX  
i - I

.

NOTE THAT U
, ,

. . .

,

Unt
,

Cover IRP ? THE  three  Function .  f HAS ( nti ) Critics  Points

Of
INDICES O

,

I
,  

. . .

,

n  
.

4. COMPLEX Protective SPACE EP

"

TH 's  Is  A Complex AMAN
,  Fons  OK  Dimension  n

( So THE REAL Dimension  IS 2n )
.

Points Are DENOTED  THE SANNE  WAY  

'

 
-

[ Z
, ,

.

,

Zun )
.

Define f : Gp
"

- IR By

fft
, .

. .

,

En ,Zn+ ,

) =

9,1217 - - - t  an 1-2*1
't

 9n+
,

/Zn+ ,
)

?

-

17,12T .  - - t
I Znl 't I 2-

 nx ,
12

WHERE
,

As Before
,

9.  
c - - Kant

,

ARE  REAL NUMBERS
.

DEFINE Ui As  IN  THE  REAR CASE

AND  INTRODUCE  THE ANALOGOUS Complex Coors ,  -1 # E SYSTEM ON  It
.

USING A Similar

ARGUMENT
,

WK SEE THAT  THE Only Critics  
Point  Of f  In Ui  IS  [ O

,  
. go ,

I

,

O

,  
. -

,

d )
,

AND  Its  INDEX Is 21 i -I )
.

THE Ui COVER ICP
"

Ano f Has  
ntl Critics

POINTS  Of  INDICES O

,

2
,  

-
- -

,

2n
.

5.  THE Special  ORTHOGONAL Group SO ( n
) THIS  Is THE Group  OR  Rotations  Of  IR

"

.

 It

Consists
 of  nxn  Matrices A SATISFY

,  -16 AA ?
 I Amo data  = I

.

NOTE  THAT Soli ) Is

Corso  - since

) / OSO CE } z S

'

.

Since EACH Column  OKTHE  Trivia Group AND
5012 ) = { ( sand cos  O

A  E SO ( is ) Is  A  Unit  Vector

,

Sdn ) IS A Closes SUBSET  OF S

"  
-  '

x
.

. .  XS

"
"

AND  Is THEREFORE

Compact
.

THE  Dimension  Qesocn )  Is ( n
- , ) t ( n

- 2) t
- .

.

 +2+1  =

n(n
1St

2nd T

LAST

COL COL

Col

FIX  REAL  Numbers Icc
,  

a .  .
. c  Cn AND  DEE

,⇒E f : Socn ) - IR  By

f (A) =  c
,  

×
, ,  tczxzzt

- -
- t  Cnxnn WHERE A  = ( Xi ; )

CLn :  THE CRITICAL  Points OF f ARE

(

±

I

.

.

. !
,

)



THIS  IS A  Tedious Calculation
.

THE Trick  IS To  TAKE A  Matrix A AND Multiply  It
I (

BY THE  Rotation  Bjkl
d)

,

WHICH  ROTATES BY 0 IN THE
 j ik - RANE

,

THEN  DIFFERENTIATE

WRT O AND  Evita
 was

-

E Ar O Tb SEE THAR  X
jk

=  Xx
;

 =D  IF A  IS Center
.

 THEN Since A

IS A  Rotation  It  Must HAVE THE CLAIMED  Foran
.

CHECK
, . -16  THAT THESE HNAT

 Ricks ARE  IN  FACT

C
Rincon  Points REQ

 →  RES
C Hoos

, .us A  Basis Vjk  
OF TSOCNDA AND Computing  THE  Derivative  Of A

IN  THIS  Direction  TO SEE THAT  
It VANISHES

.

THE CAL
 Carrion  OR  THE HESSIAN Is Alone Complicates  Of Course

,

But  IT  CAN  BE SHOWN  THAT

EACH  Ok  THESE  
ISA  Now

 DE  GENE ,rnoE Critics  Point
.

WHA - Are  THE  INDICES ? Suppose

A  =
 diag ( E

,
,

92
,

. . .

,

En )
,

Ei
 

=  II

,

Is  A Critics  Point
.

Suppose THE Subscripts  I  Wit 't  Ei
 =L ARE

I
,

,  
iz

,
. .  -

,

Er IN ASCEND
,  NG ORDER

.
 THEN THE  INDEX OK THE Critical  

Point A  
IS

( i
,  

-
1)

t
I

iz
- 1) t

. .
. * ( ir - I )

( THE  INDEX  Is  0  If  Ace Ei
 

=
- 1.)

.

SINCE
 

det A
-

- I

,

THE
#E Are 2

" "

Critica  Points

( Not 2

"

)
.

Special CASE  Of  5013 ) TH # re Are
23

"

=  4 Critica Points

(

"

-

I

,

,

)
INDEX O

!

- "

I

,

,

) INDEX I /

' "

-

I

,

) INDEX 2

(

"

I

,

)
I ,→D±×

0=+3+2

COMPARE
 TH

's  WITH IRP

}

WHICH Also Has A  MORSE  Function

WITH  4 CRITICAL  Points  Of  IH  DICES
O

,  I
,

2,3 .

ONE
 PARAM

 ETEE FAMILIES OF  DIFFEOMORPHISMS THIS  Is  A SMOOTH  MAP

if
:

IRX  an  -  An

S - c 't  THAT  I
.

 For  EACH te  IR
,

THE  KNAP
let ( x

) = 4 ( t
,  

× ) Is A  Diffeomorphism  OF
AN

2
.

 For Au t.SE  IR
, Otts  

= Q tolls

GIVEN Such  A  Family
,

WE DEF
, N E A  VE  Gon  Fs

 Ecs X on  IN As  Follows
.

It f :  M - IR  Is Smooth

SET

Xqff
) =

thing

,

f(VhlEE )
WE Say  THA

.

X
Generates THE Grasp X .

h

Lennart :
A Smooth  Vector FIELD  ON

AN WHICH VANISHES  OUTSIDE A Compact SET K  CAN

GENERATES A  UNIQUE I - PARAMETER  FAMILY  OK  DIFFEOMORPHISMS  Ok
 AM

.

Droopy
.

.

If ttsclt ) Is  A Smooth Curve  IN
 M

,

Its Velocity Vector
d¥ f Three ,

IS
DEEMED

By off I f) = Limo f(eltth))h" .

Suppose
y

Is Generates By A Vector IF Ecb X
.



For  EACH  Fixes
q.CM

,

THE Curve t
 to Oz Iq ) SATISFIES THE DIFFERENTIAL  EQUATION

/ Z

deelq )

If

= X
Pelz )

WITH  INITIAL Condition Yo (g) =

q

THIS  IS  True BECAUSE

death
)

I f) =L .jo#d*tl-.limfl4hlpDh-f--Xplfl (
p

-

- cette ))
hso

BUT THIS DIFF  Ey Has A UNIQUE Solution ( LOCALLY ) DEPEND ,  NG Smoothly ON  THE

INITIAL Condition
.

NOTE THAR
,

The Lock Coons
 IN  ATES

( U
, ,

.  .

,

In
I THIS Equations HAS THE  Foran

dui

I

=  Xi ( Ui
,  

-

,
 Un )

.

So
,

For EACH  Point  OR  IN THEME  IS A  NB  its
U

Ano  970 So THAT  THE DIFF  Ea

delete )

at

= Xetle )
,

Hole ) =

E

HAS A UNIQUE Smooth Solution  For
qe

U

,

Itt a e
.

Cover K Big A  Fini
, .

-

E Number OK Such  U - LET  Eo  BE THE SMALLEST  OR
 THE  E  THAR  Occur

.

SETTING  It (E) =

 E
For  ALL EI K

,

It  Follows  THAT THE  DIFF  Ea HAS A  UNIQUE Solution 6
HE )

For It IL  Eo AND  Are
 q

EM
.

 THIS  Function  IS SMOOTH As  A  Function  OR
 BOTH VARIABLES

.

Also
,

WE

Hauk less .

-

He  045  Provides Itt
,

1st
,

I ttsl c  Eo
.

TH - s

,

EACH
It  IS  A  DIFFEOMORPHISM

.

It Remains  
Tho  DEANE Rt  For  Itta

,  Eo
.

Any t CAN BE  Expresses  IN  THE  Form t -

- k ( Eolz ) tr

Wit 't

k
AN  INTEGER Amos Irl c 90/2

.

Ik k
 70 SET Ut  

=  

4%12048/20
- - -

°

Golz
°

Yr

-

k  TIMES

IK Kc  O
,  treater Yeoh By 4-

 
Eolz

Amo  ITERATE - k  TIMES
.

THIS  DREWES It  Fon Acct Ams

IT'S  Easy  Tb CHECK
4t+s= It  

°

Hs
.

 ,
,


