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Thin ( WEAK  Allon  SE  INEQUALITIES ) : SUPPOSE f
;

IN → 112 IS A  MORSE Function
,
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.
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i
,
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 ish

,
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.
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THIS  Is  Just  Basic Linear ALGEBRA
,

But Here's AN ALT Entire Arrowroot .
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Morse Doc -
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"
"
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'
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-

How Do  THESE DIFF
 Er ?  Demons  By 1Mt (f)

a

THE Alone POLYNOMIAL  For  THE Su BLEUE  e
Ski  Ma

.

IF THERE Are  No Critica  Points  IN fails
,

THEN ANTI Ha -

- lldflflb
,

Any Pt ( Ma ) -

- Pt ( Mb )
.

Ik  Think  IS  A SINGLE Critica  Point Of  INDEX  d IN feels)
,
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b

-
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.
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"
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"
"
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.
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Spite
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.
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,
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.
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"
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.

 If  THE Attache SPHENE  Is  A  Nortel
 urn
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.
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DELI : A  MANIFOLD ( Wit 't BOUNDARY ) OBTAIN  Es From D

"

By ATTACH
,
.us/tAnncEs Of Various

INDICES  In Succession  : D

"

up
,

( D

't
'

xD

"
"

'

)
uyz
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( Ddr
xD
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DENOTES H ( D

"

,

4
, ,  

-

,
 her ) .

Titan :  If 1h  
Is A CLOSED MAN

 nears Ams f
:

Ms  " 2 Is A  Morse  Function
,

THEN , A Structure

Of A Havre  Born Op
M  Is DETERMINERS  BT f

.PRO#iWEluEEssEntiaccyPRovksTHisALnEn-ot
.

IR
Ci

 Is A Critter WAKE Ok f
,
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=  Mci -
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,

④
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.
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,
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,
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,

. -

,
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,
)

,

Since Mci - e
IS  DIFF

 Eoaneonritec

TO
Mcintee ( Flow Axons THE GRAD

,  tent ) WE SEE THAT Mci  te ISA Hours # Bory As  well
.

THE  Induction Starrs Ar THE Minimum Critica VALUE  Co WHENE IN
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I D

"
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A  Thurn HANDLE
 Boot
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SLIDING HANDLES

-
-

It : ALTER THE ATTACHING AAA  PSWithout CHANGING THE Diffeomorphism Type  Of THE

HANDLE
 Boot

.
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 Do

,
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)
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"
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.

DENOTE
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H ( D
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,
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.

,
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.
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,
VIA
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didi

xD

"  -

ti

- d Ni
.
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.

"
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- i i

"

Is  To Perturb Qi
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Isotoey  Of d Hi
- ,

.

DE :
LET K BE A k - MAN  Koro

.

A  Family f ht }*J
,

J An  OPEN  INTE  run  In  IR

,

Of  Differs

ht : K → K
IS Can  Es AN  Isotopy  or  K Ik
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,  D And ht  

= ho  =
 idk  WHEN
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,
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-

h
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- h
,

A  Diffeomorphism  OR
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-

(2) THE  MAP It : KXJ - KXJ  DEE
,
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x. t ) = ( he ( x )

,
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.
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.
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,

,
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THIS  REPLACEMENT  DOES  Not CHANGE THE
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,
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.
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.
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.
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.
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f
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in Da
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- dad
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Denote  B-
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.
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.
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.
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,
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,
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 p

 E d MC
" '  TE
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OR X Passive THROUGH
 p .
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,
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,
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,
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-
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,
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.
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,
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,
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OK X

.
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#
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,
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' - E
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,
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.
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.
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"
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o
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,
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.
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,
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,
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.

Note  Texas  O
-
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Ex ( - S
,
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S
,
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.
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,
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,
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,

I
,
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.
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,
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,
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"
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,
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.
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THE Diffeomorphism I : Mci
-

 '
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INTEGRAL Conks  OK X
. Ihl THE SAME WAY

,
Y Determines A  Diffeomorphism

II : Mci
-

 '

tE→ Mci ? Restriction
, I To  THE  Boundary d M

"  
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-

E

,
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I
.

 
. ( h (
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)
,
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p ;D
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 E
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.
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,

 

INTINE
Hance Decomposition  Determines

By f Am Y
,

THE  ith HAME  Is ATTACHES  To  Nie
,

=  Mc
" '

TE

By THE Anne toy -

- hopi
.

THE Structure Or  THE HANDLE
 Boo ,  Bs UP  To THE C- i ) - th Harrier  REMAINS ON  CHANGES Since

X Are Y AGNER  ON THOSE HANDLE
 Books

.

It  Is Also CLEAN THA  THE D)  EFEO TYPE Ck Nj
 =  MGK

REMAINS UN  CHANGES  For Any
 I Since  THE  DEAN

,  
now Of 141%+4 f p

 Can I flp )
ESTE } Does

Not DEPEW  On THE C Hoick Ok GRADIENT - LIKE V' Ector Fiber
.

,
,

T :
L Ea  M  BE A Closes  n

- MAN
, Fun

.

AND LET f
: Hhs IR BE A  Adores

.ee Function
.

THEN f CAN

BE Penton  BED  IN Such A WAY  THAT
,

After
THE Perturbation

,
 For Any Critica  Points

 pi  Arm
 p ;

f- I pile f C
p ;) Implies index ( pi ) E  index ( p ;)

.

THIS REQUIRES SOME TECHNICAL LEMMAS
'

.

(EnA : ( GENERAL  Position ) LET S
,

AND Sz  
BE Compact Subah  AN  Ifans  Ok  Dimensions  S

,

AND Se

In A K - Manitou K
.

If S
,

t  Sz
Ck

,

THEN THERE IS Ani  Isotone > { ht }teJ  Ok
K Soca THA

ho -

-

id Aro hits,
) n 52=0

.

Prout :
Wk Assume THA S

,

Hrs A  Thoburn  NB  its U E S
,  

x  int (Dk
-

s
'

)
,

Watene S
,  

→ S
,

Xfo } INU
.

1)
Encore By  it : U →  int (Dk

- s
'

) THE PROJECT
,  on  Tb THE Secours Ferron

. By MAPP  NG Sz A
U  INTO

int (Dk
-

s '

)
unpin  it

,

WE SEE
 

dim ( Sz  nu ) 's Sack - s
,  

=
 dim ( Dk

- s '

) .

 IF  Fouows  THA  IT ( Sanu )

IS NOWHERE DENSE
.

CHOOSE
 p

Him O Ix  int ( Dk
- s

'

) WHICH  IS Not Containers  IN  IT Dzrh )
.

THERE  Is AN  Isotopy {
Jt )

tej
 Of  int (Dk

- s
'

) wit 't  THE Foca
 owns  Properties :

( i )
Jo

-

- id Ano
 Ji

( o )
=p

Iii ) For Arri t
,

 it  =
 

id  ours
,  Iz Dk

- s
,

( EXERCISE)

Now  DEFINE Aw  Isotopy { he }te, On U VIA ht (
E

,

x ) = (
E

,

5th) )
.

THIS  IS THE  IDENT
# T

Outs ,oE  
S, x I Dk

- s
'

Ams So HNAT  BE Extensors  Tb AN  Isotopy ON ALL Ok K
. AFTER Movin

 6

S
,

By This  Isotopy
,

h
,

CS
,
) = S

,  xfp } In U
.

But  Titis ( Hack Otp Guarantees S
,  xfps

DOES  Not  Intersect Sz  n  U
.

THUS
,

h
,

IS
,

)
n Sz  

=
 0

.

, ,
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IN IN

" " 't '
'

"
-

E)

= { pc.hn/Ci-,teEflplECite } jadeite

÷
'

 "  '  

*
.

frittata

!
!

Die

tower Disc Associates Wit 't

 Pi
,

DENOTES De ( pi
)

.

÷E'
 

'

i:c:÷: . . .
 

on . ,

" "

DENOTES Du ( pi )
.

( NOTE : THESE Ane Sometimes

↳
 LET THE DESCENDING AND ASCEND , .us  Discs

,

RESP
, )

dance
" "

SINCE A Gnarliest - LIKE Vector FIELD  For X MATCHES THE Sinners  Foam  DNA  N Bits  Or
pi

WE SEE Tear De ( pit n Hh

"
'

C it E I
-

- f ( x
, ,

. .

,

xD ) X ? t . -

- t  
Xd?

EE
,

X
# *

=
.

- .
 

-

- Xu
-

-
03 Is  A

di - Disc
.

Also
,

De (
pi ) n Hh

"
" "

'

'

Ci
 -

' )

=  Bowman
,

Ok  This
 di

- Disc  X Ici . ite
,

Ci
- e )

.

SINCE  De ( pi
) ISTHE Union  Ok THESE

,

WE SEE THAT
De (

pi
) IT Diffeomorphic  To A  di - Disc

.

SIMILARLY
,

Du ( pi
) IS  DIFF  Eoinonrrtic  To AN ( n

- di )
-

Disc
.

 If  WE  REG And
INCITE As

HNC
" '  th

With A  di - Hanno Attacker
,

De (
p
) as Come Aro  Du (

pi ) es Co - Core
.

THE Boorman
,

c)
De (

pi ) Is EMBER  Dies  IN d MC
" '

"

By THE ATTACH on 6 MAP Hi  Ok  THE  di - HANDLE
.

Moreover
,

d Du (
pi .

,
) Is An  Ennis Erases

SPHENE
 In d Mci

-

 '  
"

As WELL
.

LEnA : ( SEPARATION  Ok HANDLES ) Fix
 i

.

IK  index ( pi -

,
) 7  

index (
pi

)
,

THEN  THE GRADIENT - LIKE

U Ector FIELD X Can BE  
PERT

 verses To Another Granieri - LIKE Vector FIELD Y
,

In Swat A  
WAY THAT

BT  REPLACING THE ATTACH
 mis  Mar Yi  By ti  us , .us This  Perturbation

,

WE Have ti ( d De ( pi
)) n dDu(pie , )=§

KEEPING
THE Morse Functions f :

Me 112 FIXED
.

This Perturbation  Does  Not ALTER THE HANDLES

From THE Oth  To THE ( i - 1) th
.

Prot :  DENOTE THE  Indices Of
pi

Ans
pi - ,

 By  di Are
 di

. ,
.

WE'VE Assumes
 di

-

,

7  di
.

THE  Dimensions  Ok
 Du ( pi - ,

) Ants De ( pi
) Ani  n - hi

. ,
Anis  di

,

RESPECT we - T
.

 NOTE THAT

dim (d Du (
pi .

, ) ) t din (dde Cpi ) ) =
 ( n - di - i

- it t ( di - it =  n
- 2  t ( di - di - , )

<
n

- I
.

Since dim ( d Mci
-

 '
te

) -

-

n
- I

,

GEN  Ern  Position Implies THE EXISTENCE
 Ok An  Isotopy { ht }

tes

01
' dad

"  
-

 '
t E

Separating THE  IMAGE  or Qi De ( pi
) ) From ODU (

pi - , )
i h

,
Idi (O Delpi) ) ) n

dDu( pi
. it -4 .

APPLYING A
 Annie Sirius

,

THE Attacking  Anne Qi
CAN BE Pertua  Bies  To h

,  Olli
.

Can  This  MAR

ti
.

THEN ti ( d De (
pi

)) n d Du (
pi .

a) = ¢ .

 It  Is CLEAN  WE'VE  Not CHANGE n  THE Previous Hannes
.

"
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Cons
,  DEE THE SET Nci

-2+9 Cite ]
janitor

WHICH CONTAINS Two

14pm,

t.pl?--o.nT

CONSECUTIVE Critics  Points
pi

-

,
Are

 pi
 OR f : M  → IR

.

.

÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷÷:÷÷÷÷÷÷÷÷÷÷÷:÷:
in

.

Ik K (
pi .

,
) n K ( pit

-

- 01
,

THEN . f Can BE Berton  BED ^

To ANOTHER Morse Function
g

; IN → IR Sow Tita

•  Pi .

' K ( pi)

( it
g

= f  outside Wi
- zte

,

Cite )

µ
I ii ) THE SETS Ok Critical  Points AND THE  in  INDICES AGREE dance:#= doin

For f Ann
g

Ciii ) For An > Given  a .be ( Ci . ate ,
Cite )

, g
(

pi .

,
)

-

- a Ann glpi ) -

-
b

.

Prior : SET In =  an

"
"  -2+9 Cite )

,

do In = f-

 '

(
Ci . ere

)
,

d
,

AT
 

= f

-
 '

( Ci  te )
.

THE  INTEGRA Curve

Of X Pass
 me

THROUGH A  Point
PE

In - (Kl
pi . i ) u

Kl pit ) Enters THROUGH do AT Any Exits Vlad
,

AT
.

C House h
: doin →  IR Such THAT ( i )

OE  he I
;

Iii ) h -

- o On Some
 N Bits  Of Klpi - it n doin Am  TAKES

VALUE I ON Some OPEN  NB its  Ok K (
pi

) n doin
.

Now DEFINE I :  In → IR As  Follows
:

It
p

E  In - ( Kl
pi ) uk (

pi
-

ill
,

THE INTE
 Gen Curve For X Thwart

 p
 INTENSE  Ers

do AT At A  UNIQUE
 E .

SET I (
p
) -

- hlq )
.

SET Tn
=D  ON K (

pi
-

, ) Ann
I

-

- I on  K C
pi )

.

THE  Function I IS Smooth
 Amo  TAKES

A Constant VANE One  EACH  Intern CURVE
 OF X

.

Now  DEFINE G : [ Ci -

a  
te

,
Cite )x fo

,  it
- fei

- ate
,

Cite )

To BE A Smooth  Function SATISFYING

(a) G (
Xis ) IS Strictly  INCREASING As  A  Function  Ok

 x  WHEN  S  IS  FIXED Any GCX
,
 s ) INCREASES

From  Ci - ate  TO 
Cite As  X  Increases  From  Ce - a  TE  Tb Cite

.

(b) Gl f I
pi .

. )
,

o )
-

- a

,

Gcflpi )
,

I ) -

- b

(c) For Any  s

,

G ( X.  5) =  X
As LONG  AS  X Is  IN  A Sufficiency Sanam  NB Has  OR  Ci -

z  to  on  Cit  E
.

Furthermore
,

For  X  In A N Bits  ok flpi . , )
,

4×64.07=1 Any
 Fon  x  In  A  N Bits  or ftp.i )

,

4×64111=1
.

DEFINE
g

:  In →  IR By g
(

p
)

: G ( f (
p
)

,

I (
p
) )

.

This  Is  THE Morse  Functions  WE SEEK
.

 a

Pilot 

OITIETHEIN :
L Et f  BE THE Given Morse  Functions AND LET X BE A  GRADIENT - LIKE

U Ecton  FIELD  For f-
.

SUPPOSE THE Critics  Points AWE
Po ,

.  .

,

,

Pr
Wit 't Correspond  in  6 Critica VALUES

C
o

 
L  C

,

L
-

. .  C  Cr  .

WE 'D  BE DONE  It  THE  INDICES WERE ALREADY  the ASCEND
 nice  Onsen

;
SUPPOSE

index ( pit
) >  Tludex ( pi ) For Some

 i
.

By Separation  Ok Hannes
,

WE  MAY Perturb X To Y
So  THAT

d De ( pi ) n d Du (
pi

- it =  ¢ .IN f-

 '

(
Ci . ite )

.

THEN d De ( pi
) Does Hot Convene  To

 pi .

,

Even WHEN  It

Flows Down
 warns Alone Y

,

AND d Du (
pi .

,
) Does Nor Convert

 To
pi

 Even  When  It  Flows  UP ALONG Y
.



IT  Follows THAT K (
pi -

a ) Any K I pi
) ARE  Distant  IN kN

" " 't
'

'

Cite )

.

We  May  Now 27

APPLY  THE Last L
Banana

.

CHOOSE
 a > b Itt ( Ci - ate

,
Cite )

.

THEN . f Can  BE Person BE ,  I ,
MK

"
"

'

" " I

To
g

: IN → IR Wit 't

g
( pi -

,
)

-

- a >
b -

-

g
(

pi )
.

THE VALUES
Of g

RE
# Ain

UN  CHANGES At  THE  Other

Rj .

RENAME
 pie ,

Anon
 pi  

.

 we THEN HAVE glpi - Ac glpi )
,  

index ( pi .

a) L index I
pi ) .

Connection ,  6

THESE  ONE Ar ATIME FIXES Acc  THE PROBLEMS
.

,

CANCELING HANDLES

-
 

-

•

Ps
f

Suppose f : M - IR Has GRADIENT - LIKE Vector FIELD
→

X
,

Critica  POINTS
Po ,  

-

,  pr
WITH Coc  C

,

C . .

.  c  Cr
.

CAN

•

F
"  im .

↳
 "  "  a ' *

"

"

"  "  "
 
" "  " '

.

"  "  " -
Con

" " "

pi -

,
Ann

 pi .

p3

Pe Dulps )

Ttm :( CANCELING HANDLES ) ASSUME THE  FOLLOWING
:

•

Pl

lil index ( pi ) =  
index ( pi -

,
) tl

Be

( iit DDLpi ) Ann
d Dulpi -

, ) INTERSECT TRANSVERSELY Po

At A SINGLE  Point IN  THE LEVEL SURFACE

f-
 '

( Ci -

,  *e)
.

THEN f CAN  BE  PERTURBED To ANOTHER  MONJE Function
g

Such THAT

(a)
g

Has  No Critics  Points IN  int ( In )

( b )
g

= f  NEAR din Amo Outs - DE AT
.

Proof :
LET

go
BE THE  Intersection  Pt  Ok dDe( pi

) Anno dDu(
pi . ,

) In f-

 '

(
Cie ,

te )
.

THEN THE

INTEGRAL Conure C ft ) ok
X Passive THROUGH

go Satisfies Clt ) →
 pi As t→ -

Axis CHI →

Pe ,
Aste -

A

C KE) Is THE ONLY  INTEGRA Curve Ok X WITH THIS Property
.

SET
 index (

pi . , ) = X
.

 IN Local Coordinates Around
 Pee ,

X Has THE  
Form

X =
- 2x

,
¥

,

- .

 -  -271¥
,

t 2Xd+
,

+ ,

t - t 2Xn¥
.

For Convenience
,

WE  INTERCHANGE  X
,

t  
Xslt

,

S . Tano X .

- 2x
,

Ix
,

-
.  -

- 2x .io#-2xx+odx.i+.t---t2xnIxn
.
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,

NEM
 Pi

,

WE  May WRITE X =
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2x
,

fly
,

- - -
.

 
-

24ft
,

#
+ ,

+24,1+2%1+27 -

-

t 2Yn¥
.

THE  IDEA  Is  Now Tb Fine A  NB His  Of  THE Curve Clt ) WITH Coordinates ( X
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.

,  
xn )

Scot  Thr

( i ) IN  THESE Coordinates
,

 Pi -

i  
= I O

,  
. - .

,
O)

.
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IN  THESE Coordinates

,  pi
 

= ( 1,0 ,  
-

,
 O)

I iii ) IN TH 's
NB  His

,

X
-

-

Zvlx
,

)
- 2×20×1

,

-
-

.
.  - 2X

,y+ , ¥
,+ ,

t 2×1+2
,  

at

.

.  - t l
Xu ¥



HEME
,

V ( Xi ) Is  A SMOOTH  Functions  ON THE  Interne - Sc  x
,

c Its Wit 't  Vcx
, )=x

,
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IN  A SMALL
 N Bits  Or O t  v ( x

,
)

-

-

I -

X
,

IN  A Santa NB Its OK I

THEN X Has THE Connect  Form NEA  a

 pi - ,

AND
After  THE

Coors
,  nine CHANGE (Y

, ,  
-

,  Yn )  = ( X
,

- I

,  Xz
,  

-

,
 Xn

)
IT 's Connect  NEAR

✓

Pi As  WELL . THE Difficult Pare  IS Tb Construct  Titis  NB  His

Ok Cct )

,

SEE  T.nn.cn  on
, LFes Et TIE

he -

Cosn Teton >

I
X

,

LET 's ASSUME WE'VE  DONE 

THE

.

WE Now Perturb X IN  This

NBA
 n U ok Clt ) So THAT X to  Everywhere  the U

.

 To  Do

u

THS
,
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(

x
,
I }s  OR  Functions SATISFYING

, , Ea
,  ,

,
,×

,
,±

, gnaw , ,  , , f. g
,
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Ju
,

§
line;

un
.

t.uscx.in#o.........asc.....
,

•p•,

.

liii ) For Any  szn
,

us I x
.
)

-
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,
)

,

Where  vlx
,
) Is THE  Function Abou

?

n

lid For ANY  SEO
,
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,
I

-

- Vo ( x , ) Ann  Vo
( KILO  For Any  X
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IN  Domain
.

( v1 IK  X
,

C
-

8/2
 

on  X
,

>
It 5/2

,

THEN  Vs
( x

,
)=  Vix

,
) For  Aus

.

X

IN U Perturb X Tb THE Vector  Freon f :

I =

2.ve/x.1Ix,-2xzodx.-i--2xit.dTxi+.t.-.t2XnFxnWHEnEf:UslRIsf--Xz

t - -
- t  XT Ann  

Ve
(

x
,
I IS  OBTAIN  Es  From

THE  Famine 9 usual }
.

By Ciii ) Are Cut

,

I -

- X Away  From C
.
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y
,

SE
 Conn Amis L

ATEN  Terrans Ark Not Zero  For  Points  Not  ON  X ,

- Axis
.
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 X

,

- Axis
,

I to Since THE  First  Term Satisfies 2
Vo

( X
,
I LO ( l =D

.

 Titus Ito  IN
 U

.

SINCE I -

- X Away  From C It  Ext  Enns Smoothly  
To  X OUTSIDE  U YIELDING A Vector  Fi Eun Y

On
M

.

X Ans Y Differ  Only  Ire  A Sanaa  NB  Hn  Ok Clt )
.

IN  In

,
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,

NOT VANISH
.

 alone  over
,

THE
'

INTEGRAL Curries  Ok
 

Y ENTE
 n  Fn THROUGH .

::c÷::::
'
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INTEGRA Curves  ok

 Y From  Ci - zte
To  Cite

.
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,
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"

'

. C
← L

c
c
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.

CONSTRUCT
 Es So THAT  It  MATCHES f ON A  NB  HD  Of THE

Bop i -

,

Bd

Pi

r
:

r a

BOUNDARY
 Ok  Tn

.

WE THEN  Externs To
"

g
: M  →  IR AND  Y  Is

.

¥:
'

Ii:* :* , . :
" .ua#...n.i

.  

:

Any Ox DD
"  - t

Any  Ddt 'x0  INTERSECT TRANSVERSELY  IN  A SINCE
.
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ON ! THEN  N

"

IS Diffeomorphic  To  N
.


