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MORSE Theory  IS  A Pouteria TOOL  For THE Story  Ok Smooth MANIFOLDS
.

Ctu  WE

Push  THESE  IDEAS  INTO (
Ancien CATE  Goonies  ok Spaces ?

SAY
,

PL
-

Manitou s ? CELL

COMPLEXES ? Simple  in
Complexes ?

THE  
PC Stony  Iss long AND Complicates

.

ONE  MIGHT  TRY  TO  Do  Morse Titfeony

Itil  THE CATE  Gone QE  TRIANGULATES MANIFOLDS  But TECHNICAL  Difficulties Arise  IMMEDIATE  ex
.

THE USUAL Type Ok  Function  Iou This Context  Is  PIECEWISE . Linear
,

Arlo THESE Are

Far From Smooth
.

Some  Titmus CAN Be SA . o

,

But
 It's A Complicates Stone

.

IN THE LATE 90 's

,

Foran
 AN Introduces Discrete Morse THEORY ON Arbitrary

- -

CELL COMPLEXES
.

WE  Will  RESTRICT  Our Attention  To  Recoleta CELL Complexes HERE
,

But  It CAN  BE  MODIFIED To  work ON ARBITRARY COMPLEXES
.
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.

ANT Simplicial Commix
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.
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.
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Suppose X Is  A Cw
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A  nie CE
 us Such  THAT

(a) r  IS  A  RE  Guan  FACE  0kt
;

( ↳) r  IS  Not A  FACE OR Any Otten CELL
.

LET  

Y = X - ( out )
.

WE Say X COLLAPSES ONTO Y
.

Monk GENERALLY  Wk SAT IN COLLAPSES

Onto  N Ann  White
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.

 IF  MY fu } For

Some VERTEX  u  WK SAY THAT  IN  IS COLLAPSIBLE
.

 NOTE THAT COLLAPSIBLE COMPLEXES

A  ME CONTRACTIBLE
,
But  Not

CONVERSELY
.

DELI :
LET X BE  A  Finite ( RE  Goran ) ( w Complex

.

A DISCRETE HA oksk  Function  o " X

IS  A  Function f -
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NOTE THAT  WE Ark A  Bus
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.
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Note :
THE 1Wh

in www.u  Ok f Adust  Occur AT  A VERTEX
,

WHICH  THEN Must  BE A Critica

CELL  Ok  INDEX  O
.
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,
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p

>
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THEN  Every
 p

- CELL HAS At LEAST 2 (
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- it - FACES
.

AtKhost ONE CAN HAVE  A LARGER VALUE
,

Fo THE Groin Minimum CAN Occur ONLY

At A Vertex
.

S
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,

Ik X Is A  TRIANGULATED  n
- Manifold

,

THEN THE Maximum  Ok f  Must

Occur  On An  n - Simplex
,

WHICH
 IS THEN A Critica C Eu  Ok  INDEX  n
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 By  Definition
,

flu ) Cannot  BE  3 BOTH FG ) Ann f ( I )
.

Titus
,
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.

But THEN f ( de flu ) a FCF ) e ft ) Eflr )
,

A Contradiction
.

 r

THE  DISCRETE GRADIENT Vector FI
 Eco
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-

-
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NOTE THAT  RE  Golan FACES Occur  IN Pains  
i  or  REGULAR  ⇒ I I >  r

Wit 't f- (E) Ifk )

On Juco  With flu ) > ft )
.
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( Lmc PCP
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)
.

WE Can V THE DISCRETE GRADIENT Victor  Fibers Associates  To f
.
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SATISFYING Ii ) For EACH
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,
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-

O
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 Wto
)

( iii ) It  re  Im ( w )
,

THEN .
Wlr ) -

- O

I iv ) For  EACH  rate Kp
,
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.
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AND  Now - STATIONARY  IR  T
,  I To

.

ExAnne :
Ik f : X - IR Is A  Discrete Morse  Function

,

THEN  Its Gradient  IS A

DISCRETE VECTOR  Fires
.

WE  DENOTE This By Vf
.

They :
L Er  W BE A  Discrete

.
- E Vector FIELD

.

THEN  THERE  IS A  Describe Morse Function

f-  With W
=

Vf ⇒ W Has  No  Now - Stationary Closes PATHS
.
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,

For  Every Such  W

,
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"
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,

THEN fir )  -

-

p
( ie

.
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.

PR
'

 
.

WE Follow THE APPROACH  Ok C
Hani

.

RECALL THE HASSE  DIAGRAM  OK  THE

Complex X :  THIS  Is  THE DIRECTED GRAPH With Vertex SET K = SET  OK CELLS OK X

AND  EDGES  TIP
"

Ls  TCP
)
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X
HASSE DIAGRAM MODIFIED DIAGRAM
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,
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 DIA  Gram  Ok

 X As For
 cows

:  IK W ( No
)

) =  I
( P " )

,

Reverse

THE Arrow  
Ilm

"
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)

.

Care Tins  NEW Directer Gannett It
.

lEnAi .

Suppose W=Vf For Some Discrete  alone  Function f
.

 THEN A SEQUENCE  OK
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>
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,

a B ,

>  . . .  c
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 IS A  w - Pari

, ⇒ f lads ,f( pols flail
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.
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-3 fpr .

,

) > fear )

Priok ; Suppose  THE Given SEQUENCE  Is  A  W - PATH
.

THEN  By Deflation f ( di ) ? f Ifi ) For  Au  i
.

Alone over
,

Swee  hit
,

IS  Not PAINED  With fi ,

f- ( Bi) > flair
,
)

. Conversely
,

It A SEQUENCE

Ok Simplices SATISFIES  THE CHAIN  Ok  INEQUALITIES
,

THEN ( di
, fi ) E W By Definition

.

Monk  outings kick Ai
 IS  THE UNIQUESoca Sweeter

,

EACH  di
,

Di  Oc @ or  IN  Just  ONE  Pawn  ⇒  w - PATH



Now
,

Suppose W= Uf For Some f
.
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do  
c
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,
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,
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.

 
7 f I fr . ,

) > Hart = f Cao)
,

WHICH  IS  Impossible
.

Conversely
,

Suppose W HAS  No Closes PATHS
.

 This Imm Plates THAT THE
Mbb

 heirs

HASSE
DIA  cnet.in

It HAS No Directer Cycles
.

WE  Now Employ A  WELL - Keowee Resort

From GnRH THE  one :  A  Directer GRAPH CIS Ac -

acre THERE  IS A Function f :
Vert ( 6)  →  i R

WHICH  IS Strictly Decreasing ALONG  EACH  Direct  Es  PATH
.

Such A Function  ON It

Is A  Discrete  Morse  Function ON X
.

Alone
 outer
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p
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SELF - INDEXING  FUNCTION
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-
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DE : For  A  REAL Number  C  Dee
,  # E X

?

¥ ¥t .

THIS  Is THE LEVEL SuBeomp .

f- Glee

(EaA
.

.

LET  or  BE  A
 p

- Cece Amir Suppose  I >  or
.

THEN  THERE Is A
 Rtl )

- CELL  t Wit 't
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< I

 
Et Axis f (E) e fit )

.

Prong : SINCE
 Err

,

dint )  dime
.

If  dint  

=p #I

,

WE CAN  TAKE  E
-

-

I
.

Assume  dint -

-

Ptr
,

r >
I

.

THEN  THERE ANE  Two Cpttr- I )
-

Faces N
, ,

-02 SATISFYING  I >  N
,

 
so

,

I >  Nz
>  T

.

 By Definition
,

Either f ( N
,

)c f I
I

) or flak )
CE

.

IN  Either CASE  THE RESULT  Follows  BY  INDUCTION
.

,

THI :  If  a  c  b ARE REN  Numbers Such THAT I a.
b) CONTAINS No Critica VAL - res  

Olof
,

THEN Xb ↳ Xa
.

Prior ;
Note  THAT  IF  TIP

"

Is  IP
)

SATISFIES f ( E) Efts ) THEN  WE  May  Perturb f By  REPLACING

f (e) By f ( I ) - E On
ft ) By f G) TE

,

Ezo SMALL
,

Without CHANGING  Witch  CELLS Are

CRITICAL .
 DOING THIS  REPEAT

 Erny WE  potty  Perturb f SLIGHTLY Without CHANGING Xb
or X

"

So THAT f-
 

. X →  IR Is  I - I
.



If f-
 '

( fab ) ) -_

¢ THEN X
!

 Xa Ann THEME  Is  Not
 it , .us

To Prove
.

OTHERWISE
,

38

B -

I  Partitioning fa
,

b) If Necessary
,

WE May Assume THEME  Is A Swore  Noncritical

CELL
 T With ft ) E for

,

b)
.

 
EXACTLY ONE Ok THE  Following HOLDS :

I i ) I  
It

Pt
"

so  With f (E) Eff )

C
ii ) Fu

"  
-
 "

or  with flu )
> ft )

.

IN CASE Ci )
,

f- theft ) ⇒  EE Xa
. Suck  once

,

or  Exa As  WELL
.

Titus
,

X
!

 X↳ A
.us  There

IS  NOTHING  To Prove
.

IN CASE C
ii )

,

we Know CASK lil  Is Not True
.

So  For Au
 
ICP

"

go we Have FIE) s f-fr )
.

IN Particular felt ) > b
.

IT Foouows  THAT  For Any
 E

>  or

,

f I t ) s
b Ano So  rn X

!
 

.

Uk 've Assumes THEME  Is  A  u

"  
-  "

er  with flu )
s Hr ) So Tuna flu ) s b

.

 Ix The
-  ' I

Is Axt Otten ( p
- it - Face  Ok  r WE  Must Have f IT)c floe ) So THAR FIT ) ca

.

Titus
,

I

AND ALL  Its  FACES Are  Eh X

"

.

LET  
FCP

'

By Any Other
p

- CELL  With  I > U
.

 THEN

f- LF ) s flu ) > b Aus  For An ,  F Ok Any Dimension with  Fsu f (F) s b ⇒  on X
!

 ¢
.

Titus
,

Xb= X

"

u  run Ans N  Is  A  FREE  Face  OFF
. Titus Xb

↳ XA
.

¢

It .

.

Suppose TCP
)

Is A Critical CELL  Ok  INDEX
p

With f lol E
Ea

,
b) Ann f

"

fab) )

CONTAINS No OTHER Critica CELLS
.

THEN
Xb I  X

"

yep
EP

.

PRIOK : AGAIN  we  Max Assume f  Is I -

I A  No
S

- we  Can  Fire  a  calc b/c  b Wit 't

F- f-

 '

( fa
'

,

KY )
.

We Know Xblsxb

"

Aus Xdyxa So It
 Suffices  To Stow  Xb

'

= Xatuepe?

Since  r  Is Critica
,

Ik  tht
"

we Have felt ) , fer ) So  THAT f let > b

'

⇒  Foe Any

CELL  I  With  Isr  we Have f It ) > b

'

.

Titus
,

Tn X

"

- d
.

WE Also Know  THA  Fon  Even
>

OCP
-
 "

a  or
we Have f C Dc fir ) t So f- ( ul a

a

'

.

 Titus
,

WE X

"

Ann So do  E
Xd

.

 It

Follows  That  
Hb !

 X

" "

Odor ,

Amo SINCE  or  Is Homeomorphic  Td EP THE Result  Follows
.

 , ,

NITE :
THIS  Is  llductt Simpler THAN  THE  Proof  Ok

 THE ANALOGOUS RESULT  In Smooth  MORSE Theory
.

↳ ;  For  EACH
 p ,

( Ei  Cp DENOTE THE Number  Ok Critical  Points Of  INDEX
p

For f
.

THEN

X IS Homotopy Equivalent  Tf A Cw - Complex  With  Cp CELLS  Ok  DIMENSION
 p .

a

↳ :
( STRONG  kdorse  INEQUALITIES ) For Any k

>
,  o :  Circuit

.

. . Ico  7 Ak
-

Bk - ,
 

t -
-

-

I Bo  
.

GI : ( WEAK  Morse  INEQUALITIES ) (
at Ck 74k  For Auk

;

( b ) X ( X
) -

- of'T Cj  
.



EXAEs 39

I
.

 THE  n
- SIMPLEX  THIS SPACE  IS CONTRACTIBLE

,

But  EVEN  BETTEN
,

IT  Iss Collapsible 
.

 IN  FACT
:

PRI
.

.

LET X BE  A  REGULAR CELL Complex
.

THEN  THE CONE CX Is COLLAPSIBLE
.

Phooey :  RE can  THAT C X
-

- X * { w ) WHERE  w  Is  A Po
, 

.

THE CELLS  Ok
 CX Are  PRECISELY  THE

ALONG  WITH  W
.

Various  r  *  w  For  r  A  CELL  Ii X
.

.

DEE
, .AE A  Vector FIEL -

V ON CX By V I o ) -

- o  *  w
.

This Has Exactly ONE Critics CELL
,

NAMELY  THE VERTEX  W . V IS Acyclic :
 Suppose

to  Lf >  s L
,

c B ,

>  .
.

.  c Art
>  dr

-

- do  Is  A CLOSE V - PATH
.

 THEN  For  EACH
 i

, fi
 

=  di  *  w

AND  Lit
,  = Vit

,  
*  w  For Some  FACE

 
N it ,

 L  di  
.

 IN  Particular
,

 to  =  U  *  w  For Some  FACE  N  Cdo
,

WHICH  Is  Impossible
.

Now
,

TO COLLAPSE ( X  To  w

,

NOTE  THAT  A  TOP  Dimensions CELL HAS

THE  Foran  t  *  w  WHEN
 E  t  Is  A  Top  Dimensions CELL OF X i  I  Is  A  FREE  FACE  Of

THIS CELL
.

 REMOVE  THE CELLS  IN  Decreasing  Orser  Ok  DIMENSION
.

 THIS Gives A COLLAPSE CX  's  w

IN  Particular
,

Since
Ll

"
 

=
C O

" 't

,

Annie D°=  *

 ,

WE SEE  THAT D

"

Is COLLAPSIBLE
.

2
.

THE
 n

- SPHERE LET 's Consider S

"  
= d It

'

.

 DENOTE THE VERTICES OR  O

" "

By Vo
,  

- .  -

,

Vn
#,  .

DEFINE A Vector  Fires U By V ( vol
-

-

O Ano V ( Lvi
, ,  

-

ivies ) = Lvo
,

Vi
, ,

. . .

,
Vie

> For Sammie .es

(
Vi

, ,
.

.

,

Vie
)  Wit

't
 it  to ( ALVA -

is  WRITE  INDICES  In  INCREASING  ORDER )
.

 NOTE  THAT  THE  n - Simplex

( v
, ,

.
.

. ,Vn+ ,

>  IS CRITICAL  For V
,

B - t  Every OTHER
Simplex IS PAWED  With  Exactly  ONE COEACEE

.

✓ IS A  cyclic :  PATHS Can 't GET Starters
:  If  doc Bo  72

,

THEN  EITHER  4
,  

= do  Or  4
,  

=
 Lvo

,
Vj

,

.

.
. ,V;e .

?

AND So  IT  Iss  Panes  With  A  Lowe
. .  

- Dimension  FACE
.

 TH - s

,

S

"

HAS THE Homotopy  TYPE  OKA Cw -

Complex -

of  THE  Form  due
"

.

Vz

•

✓  e

I

. I
,

L
←

← ←
.

Vz

←
-

•

←
• •

←•
Vo

Vi ✓

Vo

I

n = I

n 2

ANOTHER WAY  To THINK  Ok  THIS  Is  To  VIEW S

"

As CS

" "

U  e

"

WHERE S

"  
-  '

=DLv
, ,

.
..vn#ScS

"

THE  Vector  Fires V Is  ESSENTIALLY THE SAME As  THE  ONE  WE USED  TO SHOW C X ↳  w
.

a

••

3.  THE  Dunce Cap  THIS SPACE  IS CONTRACTIBLE But  Not COLLAPSIBLE
.

 THIS  IS  BECA
- SE

1 T
No 2-  Simplex Has A  FREE  FACE

.

THAT  MEANS  THAT  Any  DISCRETE Gras  ikat  One X

C

71
ft

•
C

If
.

Must HAVE A Critical  2- Simplex
.

THERE Also  Must  BE  At  LEAST ONE Critics b•%•#Tf
•

b

←

→ a
•

VERTEX
.

So
,

Cz >

,  
I  A.us  Co >  I

.

1
/

←

Suppose  Co  
I  Ce = I

.  THEN  THE  lldorste  IN  EQ - Aditi  Rs

⇐•d
• t

Force I = XCX )
=  Cz

- C
,  

-16=2
-

c
,  

⇒

•
← • I
•••

C
i  

=  I
. Here's Are  EXAMPLE

.

a

c b

a



4. THE Torus  HERE 's  A  DISCRETE  Morse  Function  O - THE Tore : 40

O  
41

80  85 50  25
 O

••

← • →

••

t

•

43

f /

86 27

35

8 '

83

I

15654-7

21 55

82←

¢ I 55
36

r . n

I
n 44 T

at
I

7000
 Be -

BO  

0070
I

¢
20

40

76
64

72

75 ' 5
as

465
42

)

£3
←

75

62
← 66

74

to
@

61

•

G7 f•→22

• so

60 30

\ 32

t
/

ga52I
- u

5 3
'

8148?557
51

→
5

42
← 84

26

•••←•
T

• →

•
o

O  41  so  85  50  25

5. THE Dual V Ecton  FIELD Suppose X Is  A TRI  ANG - in ou  OK A
 Closes  MAN

 I  Fore
.

Consider

THE
 Dunn C Eu Complex X*

:  Its Vertices Correspond  To THE  n - CELLS  IN
X.  Two VERTICES

Ark JOINED  By AN  Encore If THE Comes
 pours , , 6  n - CE  us SHARE A  FACE

,  
etc .

 IK  or  I 's  An  i -

Simplex

THEN THE  Dun CELL  T

't

 Is  An ( n
- i ) - CELL

.

EXA.me#
:

F

¢•••o

• /

THE  Dun CELL  Decomposition  Ok  THE  Toews  Is  Shown ,

y ¢
IN  BLUE

. THE  D Vector Frier
- V Is

I
A q ¢

N DEFINE
.  Be { ache V⇒ { pits

't } e
- V

• •

9
Noir THAT  T  IS  Critics

 For  ✓  ⇒  OH CRITICAL

C

a
For - ✓

.
 IT  Follows  THEN THAT  IF  

Cp

•µ
• •

DENOTES  THE # OK Critica
 p

- CELLS  THEN

If I
Cp ( v )

-

- Cn . pl
-

V )

µ
r a

• • • THIS SUGGESTS  A  PATH  For  Proximo Poincare

¢

q
Duality ( LATER )

.

Y
←

•

p

M
,

I
a

r

1/1/11
.

a.rig
.→

L



tRNA
'

.

LET  Y BE  A Subcamp
, ×  Ok X

.

 
If f : X - IR  I 'S A  DISCRETE  lMon5k  Function THEN

41

THE  Restriction , fly : Y - IR  IS A  DISCRETE  Morse  Function  ON Y
.

 Moreover
,

 Ik  RE
 

Y IS CRITICAL

For f THEN  r  Is Critics
 For fly

.

Priok :  IMMEDIATE  From  DEFINITIONS
-

,
,

Limmat : Suppose
Y Is  A Sub

 Complex  OKX Axis f : Yr 112 Is A  Discrete Morse  Function
.

 THEN f

Extremes
 To I :X →  IR

.

Pryor : L Ei C =  

iggy

fir )
. IF  I  Is  A CELL  IN X

-

Y
,

SET IIe )
=  Ct dime ,

Ann It  r  c-
 
Y SET

FH) =fk )
.  THEN I Is A

 Discrete  Norsk  Function
ON X.

 ,

LEnA :
SUPPOSE Y  Is A Subcompriex  Ok  X AND  X ¥Y

.

LET f  BE  A  DISCRETE  MORSE  Function  ON  
Y

Ania LET  C -

-

 max
ft )

.
 THEN f  Externs  Tb I :X - 112 Such  THAT

 

YI  X

'

Ann I Has  No Critics

of  

Y

CE
 us  In X - Y

.

PRI :
Suppose X=

 
Yu  out

 WHERE
 I

 IS  A  Free  Face  Oko
.

 DEF #
E I = f  ou  Y  Ano SET Flo ) -

- Ct '

I I I ) 
-

- Ct  2
.  THE  Generate  RESULT  Furrows  By  INDUCTION  ON  THE  Num  Bien  OK  COLLAPSES  REQUIRED

.

 #

NOTE  THAT  This  Implies THAT ⑥ Supports  A  Discrete  Morse  FUNCTION  With
 EXACTLY  ONE Critics  Pour

( O

"

→  u ) AND do
"

Supports A  FUNCTION  With  Exactly Two Critics C
Eels ( Choose Any Cn- i )

-

Source  x  r

Ams  NOTE  THAT do
"

 
- o

↳
v ) .

THI :
Suppose  X Is  A RE  Goran

CELL Complex Ano L Et f  BE A  DISCRETE MORSE  Function  on X  Wit 't

EXACTLY  Two Critics CE  us
.

 THEN X IS Homotopy  EQ-wnE.us  TO A SPHERE
.

PRI
'

.

SINCE  X IS  Connected
,

THE  WEAK  ltlonsk  IN  EQUAL
,  t.ES  IMPLY  THAT  At  LEAST  ONE Create  n CK  cc  IS

A VERTEX
.

 It  THE  OTHER Critics CELL  Has  Dimension  n

,

THEN  X - even
 

=  Shy
,

No :  Ik X Is  A Compact
 PL - MANIFOLD

,

THEN X IS  In  FACT
 PIECEWISE L

IN  Eau  Ear
,  wk Eat

 To d O

" " '

INDEED
,

SINCE Ha ( Xi  2/121=10
,

f  Must  Hauk A Crit
.cn  n

- CE  u  r ( ON  la - E )
.

LET  
Y

-

- X - r
.

 THEN
fly Hass

A SINGLE Critical  VERTEX  V AND Y ↳  V
.

 BY  WHITE  item 's
 Them

,

Y IS  A  TL  n
- CELL  Anne SINCE X

-

-

Yy
,
F

Hairs  F
 

Is  A  PL -

n
- CELL

,  
IT  Follows  THA - X Is  A  FL - n - SPHENE

.

, ,

ALI : ASSUMING X IS  Tororo  one  Acey  A  MAN
,  for  is  Without  Boustany

,
X IS

oani
To S

"

By  THE  Poincare

CONT  RETUNE
.

Tltmi .

Suppose  X Is  A  TRIANGULATED CONNECT
 Es

CLOSED
 n

- MANIFOLD
.  THEN X Has A  DM  F  with  A SING

 EE Criticise

VERTEX AND  A  SINGLE Critica  n
- SIMPLEX .

PRI :  Note  THAT  THE  I -

SKELETON X
' "

IS  A Connection Graph
.

LET T BE  A  MAXIM  TREE
.

 IK  v  IS Any VERTEX

THEN  Tsu And S
-

T Has  A  DMF  With Asimov Critics VER
, ×

,  
u

.

 EXTEND  THIS  To f : X→R
.

Since KT  Has  No

V Entices
,

V  Is  THE  Onex Critics VERTEX  For f
.

 It  dim X=O
,

WE Are  Done
.

 Ik  drunk =/
,

THEN X IS A Circle
.

Ike  IS Ann  EDGE
,

THEN  X - etsu
. Set  C =  max

fk ) t SET f ( d) =  Ctl
.

 Ik  d.mx >
2

,

LE - or  BE Any  n
- Snare

 Ex

REX - e

A.  ⇒
LET

 
Y=  X - 0 .

 Y IS Ann - MELD  With
 Boom  ran x  Are  Y  → Z  Watene Z  Is  A  SOB  complex  Ok  doin  E  n

- I
.  Z

Sue  Ports  A  DMF  With  Asinine Crit
. VERTEX  V

.

 THEN f  Externs  To  Y wit 't  No
 Further Crit CELLS

.

SET f b)  =  
maxfh

,  
t  

ly
,



CANCELING CRITICAL CELLS
42

-

-

-

RECALL THE Smooth CASE
:

IK
p

 r
q

ARE Critica  Points
 Ok

f :
th - IR WITH  

Thd (
q

) -

- and (
p

) ti

AND  THE ASCENDING / DESCENDING  AMANI  Fours  INTERSECT TRANSVERSELY
,

THEN  THE Critica  
POINTS CAN  BE

"

CANCELED
"

.

THE  Prone Ok THIS  Fact  Is VF
TECHNICAL Ann Como

.

IN THE DISCRETE CASE
,

It  MAKES  NG SENSE  To  TALK About
 

"

PERTURBATIONS
"

SINCE SMALL VARIATIONS

GENERALLY CHANGE  Hoot 't , , -16
.

 IN  STEM  Wk Focus  One THE GRADIENT
.

THX : Suppose  U  ISA  Discrete Gradient  ON X
.

Suppose
 I

 ( P " I

Anis  
TCP

)

ARE Critical C Feces Soca

THAT  THEME  Is  A  FACE  Ulmet Ano A Unique V - PATH

I >  D=  To  L to >  o

,
 
C  I

,

>  
.

 -
-  L  Ir

>  Tr .

- 6
.

THEN  THERE
 Is A Gradient Vector  Fibers W Such  THAT THE SET  Ok Critica C

Ecus  OK W Is  THE SET

Of Critical CELLS  OK V Wit it  T  t  I  REMOVED
.

 Adore  over
,

W =  V  Except ALONG  THE UNIQUE  
PATH Above

.

PR :  This  Is Almost  TR  
luck

.

Simply  Turn VA  rooms Acomb THE  PATH
.

 DEE
 WE

W As  Follows
:

w ( all⇐ Uk ) It  a  Et f U
,  

to
,

r

,
 I ,

,

. .  -

,  tr
,

 
r )

WC oil -

- te -

,  ,
 

i -

- I
,  

. .
. ,r

Ulu ) -

- I
.

WE  NEED  Only SHOW  THEME ARE  No  NONTRIVIAL Closes  W
-

PATHS
.

ANY SUCH  PATH  WOULD Have  Tb Contain

A  p
- Cece  In  THE  PA

.

-

it A  Bouie Anis  A
p

- CELL Not In  THE  PATH
.

 Thus
,

A  closer
-

 PATH  Wooers Contain

A SEGMENT  Of
 THE  Form  Tic  7 .

>

µ ,  
a

 n
,

>  - -
- L

7g
?  rj  With  570 AND  7 i. Mi

 

I ok
,

 -4
For Au  i

.

Since  WC
ni ) -

- VI
ni ) Ans Wlvi )

-

. U lui )
For  Au

 i

,

WE  THEN . Have  A  V - PATH %
>

Michi
>  

-
-

- c
 Ys

?  r

;

Ik  I # O

,
THEN

'M ,  -4 re -

i.  Ji  Axis

µ
,  L  W ( oil

-

-

Tie-

, .

 WE  MAY  THEN ,  IN > Ent THE  SEGMENT
 INTO

 THE  Obama  PATH
:

U
=  Go  

C  to >  F
,

 c .
 - - Toi - is  ti

-

,

7

µ ,
 

c
 y

,

>  .
. .  7  

og
 L  

Ej
>  .  -

- 7  or
-

-
r

,

A  SEC  o.us
V - PATH

 From dt  Too
.  This  IS  A

Contradiction
.

 It  5=0
,  THEN  U  I

µ ,
 

c  W/ -07  I
A

.to  WE  MAY REPLACE  THE  IN  inn SEGMENT Ok  THE  PATH  With  Tins

SEGMENT  Tf OBTAIN  A  SECOND V
- PATH  From Dr  TO  I

,

ALSO A Contradiction
.

, ,

Also
Covers

Have

CANCELED

 THIS

• •
PATH

•

e

• I
,

.

• &

I a of
"

q

r

u

→

• as

/
I

. I .

L

u

r

•

Be
park

Bo

B
\•

Bo

→
• •

• or

•• BO
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SINCE A ( Discrete ) AILORSE Function Grubs  Us
A CELL  Decomposition OK THE SPACE

,

It  Is  Nature

To Ask About THE  Boone .my
MAPS  IN  THE C Eunan CHA

, ,u Complex
.

This  Is  A  Rather SUBTLE Question
.

IN THE Smooth CASE
,

ONE First  REWIRES THE  Function  To BE MISE- S
,

E

,

A TECH Nccu
Condition

About  TRANSVERSE  Intersections OK
 DESCEND

, .ua/AsckoeD..v6 Discs
.

 THIS YIELDS A CELL  Decomposition OR

THE
 MAN  Irwin ( THE those -

Siak Decomposition ) Ano  THEN ONE Considers EQ # VALENCE Classics O " Gnarliest

PATHS From  INDEX
 p

Critica Points  To  Index
 p

- I Critics POINTS
.

IN THE Discrete CASE
,

Some THING Similar Happens
,

But  It  IS  Essien  To Describe
.

Suppose X IS A

REG
- can CELL Complex

,

✓ IS A  Discrete Gradient  On X
,

AND f  Is A Conn
 PAT

,  Bue  D
,  Senese Morse Function

.

CHOOSE An  Orientation  ON  Each CELL  IN X Ans  White
,  

For  A
 p-CE.co

,

Or  = E E Cr
,
 
d) d

,

WHERE  E ( r
,
 2)

LIP
-  '  I

co

IS  THE  INCIDENCE  N
- in  Been OK  L  Ihc  THE  BOUNDARY  0kt

,

Counties  With  Multiplicity
.

( NOTE : SINCE  X IS

REG
,  can

,

E ( rid ) -

-
O

,

It  For Au  Pains  Ldr )  DEFINE Are  INNER  Probert C-
 ,  

→ ON  THE Chains Cos ( X ;D )

By DECLARING Acc CELLS  To  BE Orthonormal
.

THEN  WE  KAAT  WRITE IT  =

&
,

Ldr
,

d) d
.

DEE
, ,×E ✓ : Cp

C
Xix

) → Cpn ( Xi211
As  Follows

.  If Eres EV
,

Sit
V ( r ) =

- Lot
,  

r > I
.

 Ik  THEME

Is  No Such
 t

( e.
 
§

T Critical SET VC oh
-

- O
.

Extreme  THIS LINE
.mu  To Cp  → Cph .

THE  DISCRETE  Flow OI
- -  - -

THINK About  THE  Flow LINES Associates  Tf -

Fg
For AMorse Function

g :
Kd - IR

.

THE Critics Points

Of
g

ARE  Fixes  By  THE Flow
,

But  Now  Critica  Points  Flow  Down
.

How  Does  THIS  Discrete ?  First  Cons
,  #

Vertices
.

 It  VEX IS Critics
,

THEN .
 OIC  u

) -

- v
( ie

.

 V  IS  Fixes )
.  If  V  IS  Not Critica

,
Ann V ( u ) =  Ie

THEN
 V Stars  Flow  Tb THE OTHER Vertex Oke :  OIL = Vt

d ( Vcu ))
.

v
=oI( u

)

my
INGEN

 Enn
,

For  A
 p

- Cecco
,

Sir OIG ) =  rt
duo ) t Vor ) This  Marcks Sease : A e

•

w - EH

•

✓ ( o )  Is  THE Component  Of
 

-

Tf TRANS  wizen  Thor Axis  THE Component  TANGENT

U

r¥-
•

To r  Iss Determines  By VLOG ) :
IIe ) -

•

oICw )

-
I

→•

→u,%o
,

¥1?!
 

!!
 '  '  "  

"
To Amar  Et : Crcxizlhscpcxiz ,

Ollowiacb  Properties  OK V :

( i ) IK  r  I > An  orienteer
 p

- Cece
,

# E L

"  
-  "

C  of U ( at
.

-

to } El

Iii ) r  Is Critics  ⇒  of imlvl Anis Uld -

- O

Lennart
: Vo V -

- O

Pray ;
Ik VG ) -

-

IT

,

THEN  Think  Is  No CELL
 I >  r

 With Vcr ) -

-

t
 

⇒  V (6) =  O
.

,

Pryor
.

.

 lil  Ed
-

-

dat

Iii )  If  o
, ,

.

.
 Jr  Are THE  ORIENTE  e

 p
- CECH  OF  X AND  WE  Write  GIGI ) = Eaijrj  THEN

(a) For  EACH  i

,
aii

-

-
O  on  I Anis  Gii

 

=
I ⇒  ri

 Is Critica

(b) If  its Am  ai
;

 to
,

THEN flo
;
) c Hoi )



Pio :
Since  OI

 

=
 It  out  VO

,

WE  HAVE

44

OI D= ( I  tout  Vd) d = d t dvdtuo ? dt  dvd

dot
-

- DC it  out  Vo) =
d

t  debt  Ovo  =
d It dvd

It  T  Is  A
 p

-

CECH
 THEN  T SATISFIES  Either  lil r  IS Critica

;
Iii ) ITE  im (

UI i  or Ciii ) V ( rt # O I Ano  THESE

Ark  Exclusive )
.

 Ik  TIS Critica
, TltEeVGl-OA.vsOIGl-rtV@rl-rtIgLdr.a

) Vla )
. Since  or

IS CRITICAL
,  

EACH Such  2 SATISFIES f (2) c ft )
.  Moreover

,

For  Each  Such  2

,

Vla  DID on V ( L )  =P

( P )

WITH

f- ( f
) E fla ) c ft )

.

 WE  THREE  one Have  OIL  o )  -

-  rt E app Where  
apt

 o  ⇒ f ( pl
c fir )

.

IF  tertiary ) E Ker ( Vu)
,

THEN  OI ( r ) =  rt V C or )  =  r  t

If
do

,  
a) VG )

.

 THERE  IS  Exactly  ONE  2  WITH

✓ (a) =  IT Amo  Ldr
,  

2)  V (a)  = - r
. Also

,  Ik  I  Is  Another  FACE
 Ok

 T

,
WE Have VCI ) -

- O  on VCI ) =T wit 't

f- (F) E flat c Hr )
.

 It  Follows  THAT  OIG ) -

-

Eg
,

,aEF where  af
 to  ⇒ ftr ) c fld

.

FINALLY
,

IK Vcr ) -

-
- LOT

,  
o

)
I

 

to
,

THEN  OIG ) =  rt  Vor )  t d C VG ))
.

Since Vcr )  # O

,

±r¢im/V1
,

Anis  So  For

EACH Cp-
D - Fact  act

,

Entire V ( at -

- O  on  that  I
 F

,
winter f ( I ) e f  Cal  c floe )

. Also
,

c) ( Uk ) ) =  
- Cdt

,

or > It
 

=  - Cdt
,

Mr  t Eaff  
=  

-  T  t E best  Wit  Ere  be  to  Implies f (E) e FAI  
c firs

.

,

Now
,

 DENOTE  By Kp ( Xi  211  THE  OI
-

INVARIANT CHA , .us
:

Kp ( Xix ) -

- fcecpcxilel :  Eccl -

- c 3
.

THE  Bowman  Adar  Restricts  Tb A  Boundary  Mnr  ON  K
. ( X

,
 
-211

.

 I CLA
, .cn

THE Honaowoy  Ok
 Koo ( Xi  2) IS

It
.

( Xix )
.

WE Have  THE  INC  euston  i :  Kp I X
,

'

211  →

Cp ( Xi X )
.

 WE  NEES  A  MAP  IN  THE Other  Direction
.

Lennart : L Et  CE  Kp C X
,

-

K )
.

 Ik  C  = Ear  
r

,

LET  r

't

 BE Any CELL  Maximizing { first ar # o }
.

THEN  T

't

 IS

CRITICAL
.

Pilot .

.  Note  THA  ee  Etcc ) = Ear  OIG )
.

 It  Follows  THAT  
art

-

- Cc
,

 
r

't

> = Ear Lotto )
,

or
't

>
.

 It  onto
't

AND flat  Effort )
,

THEN LEG )
,

7=0 ( Above  Prop )
.

Thus
,

O #
art

 =  ar 't LEIGH
,

r
't

) And  So

( oI( ft )
,

r

't ) t O
.

 But  THEN  THE  Proposition Above  ⇒  J

't
 IS Critical

.

,

PRI :  For  A Sufficient
, Larue

,

OI
"

:  OI

Nt  '

=
. . .

Phooey :
LET  T  BE  A

 p
- CELL  IN  X

.

 Prock  Er  By  IN  Doctor  ON  F-  # { F : f (E) Cftr ) }
.

 If  F-  O

,
 THEN ,  WE  Have

OIG ) I  r  on  OI G)  =  O
.

 IN E , THEN Case
,

OI
"

( e ) =  OTI

't  '

G)  = - -

-

 For  N >  I
.

 For  THE  ILI  Doo  wie STEP SUPPOSE

First THA  T  Is  Not  Critics
 

.  THE ,  OIL or )
=

¥
,  #qF

.

 BT  IND - Gioro

,

THEME  Is  A Sufficiency Lane
,

,eN

SUCH  THAT  OI
"

( I ) Is  OI -

Invariant  WHEN f ( I ) c Hr )
.

 THEN  OI
't 't '

( r ) IS  OI
-

IN  Variant
.

Ik  T  Is  Not Critics
,

LET  C  = V Cdr )
.

 Then ,  EI ( r )  -

-  rt  c  t  Ecc ) t
- -

- x  OI

"  -  '

(c) .  Titus
,

OINK )  IS

OI
-

IH  Variant  ⇒  OI

"

le ) =  O  For Some  
N

.

 WE Know  C  Is  A Sum  Of
p

- Cbus  
I  Wit 't f ( f ) c fl #  Ans  So  By

INDUCTION  Theme  Is  An  NT Such  THAT  OI

'T

( c ) IS  IT
-

Invariant
.

Now
,  CE  im ( U ) Am ,  i  nd ) Is  OI

- Ite  Variant :

OIV  = ( I  t Out  Vd )V=V( It  du )
.

 It  Follows  Thar  OI

'T

Cc) e  in ( U)
.

 THE  Proposition Abou TELLS  US  THAT
 Tulu ) IS

Oct  Hoo  own  Tf  THE Critica CELLS
,

'

 THUS
,

OI

#

I
c ) Is  A  OI

-

D-  '
VARIANT C Ha

.  - I  Oct  Hoo  oral  To THE Critica CELLS  &

HENCE
 OI

#

14=0  B-
 ,  THE  Previous L Errant

.

WE  Have  Titus  Fou
.us A  

LANGE  N  w  its  OINK  1=0  t  So  OINK ) Is

OI
- IN  VARIANT

.

,
,



SINCE X Is  A  FINITE Complex
,

Theme  Is  An  N Such THAT  For  Every CHAIN  C ( Ok  Every  Dimension)
45

OI
"

(c) =  OI

"  "

(c) =  
-

- -

 DENOTE  THIS  OI
- Duva  riant CHAIN  By  OIA I c )

.

THEN  For  Ev
 Eve

 p >  o

We Have A  MAP OIA : Cp ( X
.

-

al -

Kp
C X

,

'

ED
.

Ttm :  For  EACH
 pxo

,

WE Have An  ISonno.wins.vn Hp ( K
.

( X
,

-21 ) ) I  Hp ( Xi  21
.

Pivot :
Since teoi  Is THE  IDENTITY  MAP  ON Kp ( X

,

'

2 )
,

WE Have  
id =  OI ! o

 i
*

We  Must SHOW

THE  MAP  I
*  

o  OI ?
 Is  Also THE  IDENTITY

.

 For  This WE  NEES  A CHAIN  Homotopy  D :  Kp ( X
,

-

2) → Kp ,

( X
,

-21 )

Such THAT
 

id - ioof -

-
ODt  DO

- Since  OI !OI

"

For Some Canoe  N
,

id
- to  EF

 id - OI

"

= ( id - E) ( id t  It .  -

- t  OI
'

it '

)

= ( - DV - Vd ) ( id t E t
-

- to

't '

)

= d f- V ( id t  OI t . -
- t  OI

"  -  '

) ) t

f - V ( id  
+  It

- -
-

+  OI
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