
GRADIENT
- LIKE Vector FIELDS 13

- -
-

-

RECALL  THE  DtALDerivative Of A  Function f :
IN → IR

.
Suppose

 p
 EM Amo

( X
,

,  
.

. .

,

Xn ) ARE Coordinates At
 p

.

 IF  V = Evi ¥  Is  A  TANGENT VECTOR Arp
,

THEN

v. f  =

If
,

v
; 8¥63

IS  THE  DERIVATIVE  Of f  IN THE  Direction  V
.

THIS  IS  A  REAL NBEe AND  v. f >  O

If AND  ONLY  If  V  Points  IN A  DIRECTION  WHERE f  IS  INCREASING
.

Now  If  U  IS  A Coonan
 ARE  N Bits Anon

's

 p
 Wit

't COORDINATES ( X
, ,

.

,

Xn )
,

A  

Vector FE

X ON  U  Is Given  By CHOOSING Smooth  FUNCTIONS G
,

,

. . .

,

Gn AND SETTING

X -

- E. 9
; #

For EXAMPLE
,

IF f  ISA SMOOTH  Function  On U

,

DEFINE A Vector  FIERO Xf By

Xf
-

-
8¥

,

Ex. t - -
- * 8¥ #

Xf IS CALLED THE
GRAyt Veyron Fire

OF f
.

Xktli
.  -

.

i

Xu

Xf i

EXALE : CONSIDER f  = -

X ? - - -
.  -

X.pt/,f+,trrrtXn

THEN  Xf  
=

- 2x
,
Ix

,

-
- - -

- 2x
, at

2X .tn#xx+.t---t2XnIxn

A VECTOR  FIELD  IS REALLY A DIFFERENTIAL  Operator
.

×
"  

"

MR

NOTE  THAT
Xf

.

f  = ( fi
,

8¥ ¥ ) .

f

=

.EC#5

7,0

NOTE  THAT
f

. f) I
p
) SO  UNLESS

p
 Is  A Critics  Point  OR f

.

DE :
WE SAT  THAT X IS A GRADIENT - LIKE Vector  FIELD For  THE  Allo

 RSE  Function f :  IM  →  112

IF  I
.

X - f >  O Away  From  THE Critical  Points  Off

2
.

 IF
Po  Is  A Critics  Point Of  INDEX 

A
,

THEN
Po

HAS A Sufficiently SMALL  NB Its U

Wit 't COORDINATES ( X
, ,

.
.

,
 Xn ) SUCH  THAT f HAS STANDARD  Form f- = -

X ? - . . .  -

X ,ft¥t - txn

AND X CAN BE  Written As  Its GRADIENT : X
-

-

- 2x
,
Ix

,

- - . .
-

2x ¥
at

2X
,i+

,

+ ,

t
- - A Gn #

.

Note :  If  WE CHOOSE A  RIEMANNIAN  Metric  ON  AN
,

AND DENOTE  By L X
,

Y ) THE  INNER Product

Of  Two
 TANGENT Vectors  WRT  THIS  METRIC

,

THEN  WE HAVE
( X

,
Xf ) = X. f  For Any Vector  Fees

X
.
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LET f-  
-

IN - IR BE A  Morse  Function
,

An
14

g

Compact
.

THEN THERE  Exists A G- naissant - LIKE V Ecton

f

Ypf

FIELD
 For f

.

infl

q y f
q I

gyp

y
/

PR ! ( Sketch ) Cover  M  BY A  FINITE Number  OR

I T T
q

4
←

•

"

→

n

p
n f

Coors
,  ARE  N Bites U

, ,
.

,
He .

WE  MAY Assume THA

↳,
qq.gg.

yr I ,

§
⇐

. . .
c.  map .

, . . * as .mn#..+.vc..........* .

I
I f I f f Tf/ I In A Compact SEE K

;

 CU
;

 Foa  Exactly  ONE
 J .

{
I
f

4
f I

f
I f I

'

Y /
I

TAKE X
;

 To  BE  THE Stannary  Form GRADIENT
Itf

or f  IN
U

; .

Note  Xj
- f  so Away From  THE Critics

POINTS
.

USE STEP  Functions ON  THE Kj  To GLUE

A GRADIENT - LIKE VECTOR  FIELD

THE  x
;

 Toe
, Her  Into A Groban

,
DEFINED X

.

, ,

INTEGRA
,

Curves Suppose  c :  lR→  IN  IS  A Smooth C
- rue  IN  XN

.
 NOTE  THAT

-  

7¥
,

X
,

> = dazzle

Given Any Vector  Fi  Een X
,

WE SAT  THAT  C  Is An  INTEGRA Conure  For X Iie DIE I t )
-

- X ( CHI ) ;

THAT
 Is

,

THE  Velocity Vector  Of
 CIEL)  At  TIME t  IS  PRECISELY  THE Vector X ( Clt ) )

.

 IN  OTHER  WORDS
,

INTEGRAL C
values Are  Flow (

KIES  For  PARTICLES  Itlovinb  IN  AN  WITH VELOCITY X
.

THESE  INTEGRAL

Curves Exist  Fon Aut ( (
Emma  From

 p
.

11 )
.

IN  Particular
,

Consider Xf .

IF
 p

 Is  Not  Critical  For f
,

THEN  INTEGRAL Curve
Cp

( t ) ( cplo
) 

=p
)

APPROACHES Critica  Points As t→  N Any to - -
.

THE Velocity Vectors APPROACH O

,

So  WE  NEVER

ACTUALLY REACH  THE Critica POINTS
.

HomotopyTYPE AND CRITICAL VALUES
- -

- -
-

RECALL  THAT  If f :  193112 IS Smooth
,

THE Su  BLEUE  c SET Ma
 

= { x  E  an / fix
)  

Ea } IS A

SUBMANIFOLD  With
 BOUNDARY f-

 '

la )
.

Ttm ;
L Et f

:  line  IR BE A Smooth  Function
.

LET  acts BE SUCH  THAT f-

 '

( la
,

b ) ) IS

COMPACT AND Contains  No Critical Points OR f
.

THEN ANA IS  Diffeomorphic  Tho  Mb
.

IN  FACT
,

AAA Iss A  DEFORMATION  RETRACT Of  Mb So  THAT  THE  Inclusion ,  And - Mb
IS A

Homotopy EQUIVALENCE
.

PRo i
THE  ONE LINE  Proof  IS

'  '

Flow ALONG  THE  INTEGRAL Curves  OK THE GRADIENT  Off !
"

Arlon PRECISELY
,

DEF , a  E f
:  M - IR  To  BE  A Smooth  Function  EQUAL  To YL

Xf
,

Xf > In ,

THE Compact SET f

'  '

( for
,

b ) ) AND  WHICH VANISHES  OUTSIDE A Compact NB Its  OR  THIS SET
.



THE Vector  Fiero X DEE
,*Eo

By Xq -  PIE) ( Xf )q GENERATES A 1-  Parameter Fannin
,

15

OF  DIFFEOMORPHISMS
YE

: NASM
.

 For FIXED
QE

 M Consider THE  Function

t - f I
cette ) )

.

IF
Cltlq ) Lies  IN f-

 

"( la
,

D)
,

THEN

df¥ =L death
,

Xf > = L X
,

Xf > =L
.

THUS
,

THE  MAP tis f ( cette ) ) Is Linear  Wit 't
 Derivative  t I As LONG As f- ( Atle ) ) ( IES

Btwn  a Ans b
.

Now Consider  THE Diffeomorphism Cfb - a
:

HIM
.

THIS CARRIES ANA DIFFEOMORPHIC
 Acct

ONTO
 Mb

.

THIS  Proves  THE  First STATEMENT
.

f-

 '

(b)

DEFINE A  1- Parameter Family re :
Mb →  an

b

By

mate:*
.

.
IIs

. ¥¥
.

THEN
 ro  IS  THE  IDENTITY Ams  r

,
 Is A RETRACTION  From Mb Tb Ma

.

 y

NITE ;
WE'VE Actuary Proves  More : f

-  '

Cfa
.

B ) ) Is  Diffeomorphic  To f
-  '

(a) x [ 0,1 ]
.

THE INTEGRAL Curves Qt Iq ) Start  A  HEIGHT  A At  TIME O  Aus  PROCEED LINEARLY  TO

HEIGHT b A-  Time
b - a

. Since [ o

,

b -

a ) = I o

,
, ) THE

 RESULT  Follows
.

THI : LET f :
M - IR BE A  Morse  Function  WITH Critica  Points

p ,
,  

.

,
 pr

.

THEN THEE

Is A Knouse
Function f

"

:
HA - IR WHOSE Critics  Points Are

 p ,
,  

-

,  pr

SUCH  THAT

f-

'

( pi ) t f' (
p ;) IF

Pitpj .

Moreover
,

WE CAN  TAKE f

'

As ( C ? e ) - Close  
To f As  WE  Wish

.

Pizz ,

Suppose ftp./--f(pe)= C
.

WE  MAT CHOOSE Coordinates ( X
,

,
.  .

,  Xn ) At
 P ,

AND  WRITE

f-  =
-

x ? - . .
.

 
-

X ,ft  X # t.it/n2tc
.

LET Xf BE A  GRADIENT Vector FIELD  For f  IN  This

COORDINATE SYSTEM
.

THEN
, Xf

- f  = ( 8¥)
2

t . -
 

-

t ( ¥xn )

?

=  4 ( x
,

't -
- that - -

- txt )
.

For Small
 E

,

Consider  THE Discs De Are  Dze CENTIME
 n Ar

 pi
.

 IN  THE REG
. on ,

Dee -

 int ( De ) we Have 4£  
s Xfrf

 E  41242
.

DEVOTE
 By K THE Compact SET De

AND  By U THE  OPEN SET  int (Dze )
, ;

LET h
:

U  →  IR BE A STEP  Function .  For THIS Pain
.

EXTEND th P  M By Setting 4=0  Ours
.DE

U
.

DEE
,  a E I  

= f  t  ah WHERE  
a  Is SMALL

.

SINCE f -

- I OUTSIDE U
,

f  of Have THE SAME Critics  Points THERE
.

Since h=l IN  int ( De )

WE SEE THAT p ,  IS  THE ONLY Critica  Point  OR  BOTH f AND I THERE
.

So THE Only PLACE

WHERE THEY MIGHT HAVE DIFFERENT Critics  Points  IS THE
 BE on  Btwn DE Ams  Des

.



In Titis  Rescue /
- 8¥

.

I = I a ¥ . ) i
-

- I
,  

- . .

,

n
.

It  Follows THAT
 If lal Is Sanae 16

ENOUGH  WE CAN  MAKE
I

€
,

(¥xi )

?

-

¥
,

( 8¥ )

-

I
Arbitrarily Santee

.

THE  Function

EE ( Exit
TAKES Minimum VAu.ve 4g

'

>
O Brun .

 De Amo  Du Amo So  If
a IS SMALL

ENOUGH €
,

( Y TAKES A
 Nonzero  Minimum VANE THERE

.

TH
- s I CANNOT HAE

A Critica  Point  IN  THIS REGION  t So f AND I HAE THE SAME SETS OR Critics  Points
.

THUS
,

I Is A  Morse  Function .

ON  M
.

ALSO
,

Ifp
,
)= f (

p ,

) ta
AND I ( pa)  

= ffpe )
.

REPEAT  THIS ARGUMENT  Four THE  REMA
, ,u ,  # 6 Critics Points  OK

f  Tb YIELD  THE  REQ
 wires

Function f !  It's CLEAN THAT Ar  EACH STAGE  WE CAN CHOOSE THE  a Amo  E SMALL

ENOUGH To Ensure THAT f

'

IS ( C ? E

'

) - Case To f  For Any  Prescribes E !
 , ,

WE  Now  INVESTIGATE WHAT Happens  WHEN  WE  PASS A Critical  Point  OK f
.

SUPPOSE

THE Critica  Points  ok f ARE Po
,

. . .

,  pr
 Wit 't f (

po
) c .  . - c f (

pr
) .

SET  Ci
 

= f ( pi )
.

OBSERVE  THAT  Ma =  ¢ IF  a  e  Co
.

Also
,

If Cuca
,

And  
=  an

.

IHEMn fo
L Et  E > O

.  Near
Po

 WE  MAY CHOOSE COORDINATES LX, .
.  -

,Xn ) S >  THAT

f  =  Co  t  X
,

't
.  - txt

.

 THE INDEX OK Po  N BE
O

.

NOTE THAT

Mc
"

!
{ ( ×

,
. .

,
 
xD I

x ? t . -
 

-

tense }

AND THIS  IS  Diffeomorphic To  THE  Disc D ? WE VISUALIZE THIS As A
 

"

Bowl
' '

 OPENING

UP warns
.

 IK  n
-

-
2

,

It Looks EXACTLY LIKE THAT
: MG

 +  E

=

Po

IF  m  =3
,

WE HAVE 3-  BALL WHICH
SHOULD  BE  Innate  cries As Convince

"

UP
' '

 IN  THE

4th  Dimension
.

IN GEN
 Erm

,

IF  Ci  IS A Lock  Minimum (
pi

Has  INDEX O ) WE Aro AN  n - Disc

D

"

Convince  UP  wars Amo killin
=

Mci
-

E

# Dn

AN  n - Disc Curvin
 6  UPWARD LIKE THIS  IS CARLES

a
O - Ha

,⇒⇐ ( more precis .eu , a ,  n
. D

,
mi ,  o - Han

, .⇒

§n

At THE OPPOSITE  Ears
,

THE CRITICAL VALUE  

Cr

Is  A

Ci
- E

M
Maximum

.

 IN Coors
, # Es

NEAR
Pr

THE STANDARD Form
.

For f  
IS

f  =
 Cr -

X ? - . .
.

 - Xi
.

THE  INDEX  Ok

Pr  Is  n
.

IF  Cr  La

,

Ma -

- IN
.

 IF  E 7  O

THEN WE Can  Express Nfr
- E

As  Xf t .  .
*  Xf

> E
.

THIS Corresponds  To  THE Ganske
 meat

Of  THE  n - Disc  OR  RAD
.us FE  

. As  a  INCREASES
 From Cr - E And  Passes  c-  WE

"

CAP Off

"

THE



i

NIG
- E

WITH An
 n

- Disc
.

THAT  IS
,

WE ATTACH A - n - Disk Curvin
 6

"

DOWN  warns

"

WE Ctu THIS AN  n
- Dimension  n - HANDLE

.

~
-

-

-
me

-

IN Gen .
 Erm

,
 

If  Ci  ISA Loan Maximum  OK
f (

pi
Has

€
INDEX  n ) THEN Adler- e

GETS Career  OFF  By Attn - HANDLE
.

Now Suppose
 pi

 Is  A CRITICAL
 Point  Of  INDEX  A

,

" t -
n

.

In loan Go
. . . . . # swamp ,

 w . Ha
.

" "

↳

f-  =

Ci
-

X ? -
. .

.  -

X.ftx.fi
,

trtxn
.

LET 's EXAM
,  

# E
WHAT

THE  MANI  Fois Looks LIKE NEAR
 pi

 
:

Xilti
,  

-
.

 -

,
Xn

THE  Black  REG
,  on ,  Is  Mci

-

E

WHICH  WE GET  BT SETTING f  sci
-

E :

Ox Dm

- t

/ xtt-itxi-x.ie
.

- - - - - xi > e

¥¥¥¥⇒
"

 
" "

'  "  

Pi Ddxo
Xi

,

t
- -

- txt E 8

WHERE Scc  E
.

THE GREEN  REG .at  IS AN  n
- Dimensions HANDLE OR  INDEX  d

.

 IT  IS  DIFFEOMORPHIC

To  1)
"

xD

" "

.

THE  X - Disc Ddxo = f ( x
, ,

.

,

Xi
,

O

,
. .

,
 

o ) ) x? t - -
- t  Xi EE } Is  THE Core

 or

THE Hancock
Ans Ox  D

" "

= { I O
,  

-

,

O

, x×+
, ,

. .

,
 xn )

)
X # t - t  X ? s 8 } Is THE Co - Core

.

ATTACH  THE  d- Hans DX XD

" "

To  Mci
-

E

As Shown ABOVE
.

THE  Entire SHADES  REG
. on

 IS IN

" "

? Two  Thomas Are  TRUE :

Titan :
I

.

 Mate Is Diffeomorphic  To Mci
-

Eu  D

't
xD

" "

.

2
.

Mci
 "  E

IS Homotopy Equivalent  To Mci
-

Eu DX
.

PRIOR : A  GAH
,

THE  ONE - Li .ve Proof  IS  To  Flow ALONG THE GRADIENT Of f  To  GET  A

Deformation
,  RETRACTION  From M

" "

To  IN

"
 -

Eu D ? THE  DETAILS Anne  More TECHNICA
.

NOTE THAT  DX
n

Mci

' E

IS  Precise
,

THE Boundary OD

"

So THAT  DX
Is ATTACHES  TO M

"
 -

E

As  REQUIRED
.

Construct A Smooth  Function F :  Nl  →  IR As  Follows
.

LET

u
:

1123112 SATISFY

(1)
µ

( o) >  E ; (2)
Mcr

)=O
,  r >

2E i
,

(3)
-

1cm
Yr ) so  Fon  Aur

.

LE -  F Comic .DE  WITH
f  OUTSIDE

THE Coors
,  E  

N
Bits U AND LET  F

-

- f -

Ml Xf t .  -
- that  2 Xi

,

t .
-

- t
 2x? ) INSIDE U

.

For Convenience
,

SET 9
,

h
:  Us ( 0

,  
d) Tb BE S

-

-

y ? t .  - tx.fr
,

q=
 Xx ?

,

t - t  XP
.

 THEN

f- =  Ci
-

9th An .
So F (g) =  Ci

-

9 (g) tale ) -

ul Gig ) +241g ) ) For
get

U
.



Cian : F

-  '

to
,

cite ) = Incite
. 18

PRIOR :  OUTSIDE THE  Eclipso ,  o ft 2h E
2E  THE Functions f Aab F AGREE

.

Within  Tins

Eclipso .  o  F  
E f -

-
 i

-

f th
E  Cit If th

E  
it E

.

a

Cn :

THE Critica Points OR F Are THE SAME As THOSE Ok f
.

PRIOR
:

Note THAT

0¥
=

- I -

µ

'

( ft 2n ) co

IIe
= I - Zuk 9th ) 7 I

SINCE
 d F=

§g df toff dy AND
Since  49 Ann  dy ARE Simultaneously O Ar THE Orion

,

F Has  No Critica
 Points  IN U OTHER  THAN  THE ORIGIN

.

, ,

CONSIDER THE  REGION F

- '

( Ci
- E

,

Cite )
.

 THE  First CLA
,  an

( ALONG  WITH  THE  Fact  THAT  FE f )

IMPLIES  F

- '

[ Ci
-

E
,

Cite ) c f

-  '

f Ci
-

E
,

Cite ) ( A .us
So  IS Compact )

.

THE ONLY POSSIBLE Critics

Point Of  F  IN  This  REGION IS
pi .

 But  FC
pi )

-

-

Ci
-

silo
) L

Ci - E
.

Titus  F

-  '

Ki -

E
,

Cite )

CONTAINS
 No Critical  Points ! TH - s :  F

-  '

fo
,

Ci
-

E ) IS A Deformation  RETRACTOR  Wite
.

DENOTE This  REG
.ae

 By An

"
 -

Eu H
,

WHEN  E H  Is  THE Ceo
 sure  OF  F

-  '

C -

D

,
Ci

-

E ) -
Mei

- E

.

( THIS  Is  THE GREEN  REG
.  on

-

More  on LESS )
.

THE Cone D

"

Consists
 ok Au  Points

I
WITH 9 (g) EE

,

9121=0 ;
THIS  Is Containers  In .  H Since q

< O  IMPLIES  Flq ) s  Fcpi ) sci
-

E

Bui flag ) >
,

 Ci
-

E  
For

 q
E

 D
't

.

Claim
:

MY
"

 '

Eu
 DX

IS A  DE
 Formation  RETRACT  OR Mci

- E

U
H

.

Phooey : Here 's A  Picture .

.

%E=Ei#

::::÷÷
.

 ' - '  '

i€
CAME For

.

DREWE A  Fannie
,

#

ft  :  
rt  

=  IDENTITY Outs ,nE

V
DX

\

U
.

this  lose U THEME Are 3

#¥=F_
cite

Cases
.

②

②

① Here FEE ; rt l Xi
,

. .

.
 Xn )  -

- (
x. . .

,
 Xi

,
tx.it

,
,

.
.

.

*  xn )
.

THEN
 r

,

-

-

id Ans  to TAKES THE WHO
- E REGION To DX

.

THE  Fact THAT  
rt  TAKES F'

 '

facie ]

To  ITSELF  Fouous  From 9¥70 .

② HERE EE E Ent  E i
TAKE

rt ( X
,

,
.

,

Xn ) = ( x
, ,

. .

,
 Xx

,

St Xdt
,

 
t

- - it  
Stxn )

w 
Here St  E fo

,  
D IS DEE

 WE .  By St  = t  t ( I - t ) ( (f - E) (g)

"

k

r
,

-_ id
,

ro Mass THE

REGION  Into f

-  '

(
Ci

- E ) . No
 re THAT  St  Xi Ark Continuous As 9 → E

, y
→  O

.



③ Here at E E f ( ie
.

 KEANE  EH  M

"
 -

E

)
.

( Er  
rt

BE THE  IDENT #
.

THIS 19

COINCIDES
With  PRE  vous DEFINITION WHEN 9--4 TE

.

THIS Completes THE  Proof
.

 y

THI :
IF f  :  Ad  → IR  Is A  Morse  function Ann  IF  EACH Ma Is Compact

,

THEN  IN Hhs  THE

Homotopy  TYPE  OR A Cw -

COMPLEX With  ONE Cece Of
 Dimension  d For  EACH ( RE

.

PT
.

 Of  INDEXA
.

Froot :
I

Assume  THE Follow
.no Two L

Enormous :

(
Ennnntl

.

.

LET yo
,

f
,

:
de

"
→ X BE Homo

 topic  Mars .

THEN ,
 

id
:

X →  X  Extremes  To  A Kounotori

Equivalence k
: Xuyoe

"

- Xue
,

ed
.

Linnane
.

.

LET
if :

delle X BE A Continuous  Mar
.  THEN Any Honaotory  EQUIVALENCE

f
: X -

Y Externs  To  A Homotopy  EQUIVALENCE Fi Xue ed →

Yufoy
ed

.

Now
,

LET
 C

,  cczc
.

.
.

 BE  THE Critical VALUES  Ok f
.

Since EACH MA IS Compact  This SEeue.ee

HAS No Accc - invention ,  Points
.

Ik  a  c  C

,

THEN  HA
?  0

.

SUPPOSE
 at c

, .cz .
. .

Ann  Titans  MA Has

THE Kounotori  TYPE  OR  A  Cw -

Complex
.

LET  C  =  

min
f Cil Ci >  a }

.

 For S - Etienne
>

Sumac  E  WE Know

(a) THEME  Is  A Homotopy Equivalence h
:

Mc
-

Ees
 Ma Ams ( b ) IN Has  THE Homotopy Type  Ok Mckoy ed

Witten  
d Is  THE  DvDEx  Or THE Critica

 Point
 p

lflpkc ) .
WE 've Assumes A Homotopy Exert  center

ht
:  Ma - K

,

WHERE K ISA CW - Complex
.

Now
,

h 6h04 Is Homo Tork  To ACE  uucnn  Man t :
dede Kl

d " )

( THE Q-
I ) -

SKELETON  or  K )
.

THEN

Kqed ISA Cw -

Complex
A.us/tasTHESAaneltonnotoeyTypE As AN

" '

( USE  THE Lemmas )
.

BY  INDUCTION
,

IF  Follows THAT  EACH IMA Huts  THE Homotopy TYPE  Of
A CW - Complex

.

 
It  IN

IS Cosme
 Act

,

This Completes THE  Proof
.

 It ALL
 THE Critics POINTS Life  IN A Compact  Ma

,
THEN

IT'S  Easy Tb  SEE THAT  Ma Is A  Deformation ,  RETRACT  Of  IN

,

So Aaa
.me THE  Proof  Is Complete

.

IF THEME Ark  INFINITELY Many Critics Points
,

THEN THE A  book Construction Gives A SEQUENCE

Of Homotopy  EQUIVALENCES
th

"

c  M

"

c -
- -

I

EACH  Extensive  THE  
Previous  ONE

.

LEI K= HI Ki

K
,

c

Kz
C - - .

Axis L Et

g
:

M  → K BE  THE Limit  Mtr
.

THEN
,

g
then  woes Isomorphisms  ok Homotopy Ghouls  the Acc
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