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ABSTRACT. In this paper we use the method of moving spheres to derive a Harnack-type inequality for positive
solutions of

Au+K(x)u"t2/=2) =0 xe B C R
L — c(x)u (1=2) x€IBf NIRL,

where n > 4, R} is the upper half-space and BT is the upper half unit ball. Under suitable assumptions on
K(x) and ¢(x), we show that there is a positive constant C such that for all positive solutions u, a Harnack type
inequality holds. As a consequence of this inequality we obtain the following energy estimate

, ” 5
/ (unf2 + |Vu| ) dx <C.
Bl

1. INTRODUCTION

In conformal geometry the well known Yamabe problem asks if it is always possible to deform the metric
of a compact Riemannian manifold to make the scalar curvature constant. The Yamabe problem can be
translated to finding a solution to a semi-linear elliptic equation called the Yamabe equation. Through the
works of Trudinger [26], Aubin [1] and Schoen [23] it is proved that the Yamabe equation always has a
solution. A corresponding question is called Yamabe compactness problem, which asks if all solutions
to the Yamabe equation are uniformly bounded when the manifold is not conformally diffeomorphic to the
standard sphere. The Yamabe compactness problem was eventually proved to be affirmative if the dimension
of the manifold is no greater than 24 by Khuri-Marques-Schoen [16], and negative by Brendle-Marques [3]
for dimensions greater than 24. A central theme in these works and other works related to the Yamabe
problem is the delicate analysis of solutions of the Yamabe equation that ‘blow up’. This analysis provides
pointwise estimates for blow-up solutions and ultimately ensures that blowing up of solutions can only
occur in certain ways. In the purely local setting, one avenue toward obtaining such estimates for blow-up
solutions is to obtain a Harnack-type inequality.

If the manifold has a boundary, a natural question similar to the Yamabe problem is whether it is possible
to deform the metric to change the scalar curvature and the boundary mean curvature to specific functions
(see Cherrier [6]). Suppose (M",g) (n > 3) is a Riemannian manifold with boundary M, let g = u*/("~2)g
be a conformal to g, then the scalar curvature R, and boundary mean curvature h, of g are related to the
scalar curvature K (x) and boundary mean curvature ¢(x) of g by the equations

4(n—1) —nt2 )

K =45l (Ag”_ 481—1)Rg”>

5 5 (1.1)
¢ =3Zu 2 (yut "5 theu),

where A, is the Laplace-Beltrami operator with sign convention —A, > 0 and V, is the unit outer normal

vector on dM. If K and c are constants, finding a solution to (1.1) is called the boundary Yamabe problem

(BYP). Unlike its boundary-free counterpart, the BYP is not yet completely solved. Important progress has
been made by Escobar [10, 11], Han-Li [13, 14], Marques [22],etc.
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Corresponding to the BYP, a compactness question can still be asked, which can be translated to asking
whether there is a uniform bound for all the solutions satisfying (1.1) under certainly assumptions. There is a
vast literature on the uniform estimate of solutions to the BYP. The readers may look into [7, 8,9, 12, 13, 14]
and the references therein for extended discussion. To fully understand the BYP and the related compactness
problem, it is crucial to understand the asymptotic behavior of blowup solutions near their blowup points.
In this article we study the following locally defined equation:

Au+K(xX)ur> =0 inBf CRY, u>0
Jdu s + n (1.2)
o =c(xjun=2 on dB] NIR’,
Our main goal in this article is to prove the following Harnack type inequality:
(maxu) - (minu) <C (1.3)

By/3 By3

for some C > 0.

Harnack inequality (1.3) reveals important information on the interaction of bubbles. It implies that all
bubbles have comparable magnitude and stay far away from one another. As a consequence, an energy
estimate of the following type is essentially implied:

/ (\Vu|2—|—un%> dx < C. (1.4)
By

To the best of our knowledge, Harnack type inequality similar to (1.3) was first discovered for prescribing
scalar curvature equations (with no boundary term) by Schoen [24], Schoen-Zhang [25] and Chen-Lin [5].
In 2003 the third author and Li [17] proved (1.3) for equation 1.2 when K and ¢ are both constants. In 2009
the third author proved (1.3) for the case n = 3 only assuming K > 0 and c¢ to be smooth functions. In this
article we derive (1.3) and the energy estimate (1.4) under natural assumptions on K and ¢ for n > 4. It is
evident from the previous work of the third author and Li [18, 19, 20] that inequality (1.3) is a crucial step
toward obtaining fine estimates for solutions of (1.2). Comparing with the results of Li-Zhang [17] for K, c
being constants and Zhang [29] for n = 3. The case of n > 4 with non constant coefficient functions is much
harder. By constraining K and c appropriately, we are able to handle these new complications and derive the
desired estimates. Specifically, we assume throughout this article that n > 4 and that K satisfies

(K1) K e "2 (ﬁ), and there exists a positive constant Cy such that for all x € BT’,

. n—2—j
IVK(x)| <Co|VK(x)| ™= j=1,---,n—2. (1.5)
(K2) There exists a constant A > 0 such that both

ch—Z(E) S A.

1 -
A <K(x) forallx € Bf and IVK (x)
(K3) K depends only on xp,- - ,x,_1.

There are many functions satisfying the assumptions on K. One elementary such function is

j=1

The flatness assumption (K1) was used by Chen and Lin in [5] to derive (among other results) a Harnack-
type inequality for positive classical solutions of Au+ K (x)u("”)/ (»=2) — 0 on B;. Our approach is motivated
by the approach taken by Chen and Lin. However, since the situation in this article involves B} instead of
B, we must overcome complications that were not present in Chen and Lin’s boundary-free case. The main
theorem of this article is the following.

n—1 ) o n—>2
K(x)=1+ ij , o> 5
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Theorem 1. Let u be a solution of (1.2). Suppose K satisfies (K1), (K2) and (K3) and that c is constant.
There exist constants C(n,A,Cp) > 0 and €(n,A,Cy) > 0 such that if ¢ < &, (1.3) holds.

In fact, Theorem 1 holds under slightly less restrictive assumptions on K. Specifically, assumption (K1) only
needs to be satisfied in a neighborhood of the set of critical points of K. See for example [5]. For simplicity,
we allow K to enjoy this property on all of BT.

As a corollary to Theorem 1, we have the following energy bound.

Corollary 1. Suppose u, K, c and € are as in Theorem 1. There exists a positive constant C(n,A,Cy) such
that for all positive solutions u of (1.2), (1.4) holds.

This energy estimate is a reflection of the fact that so called ‘bubbles’, the large local maximum points of
blow-up solutions to (1.2), must stay far away from each other.

In view of the re-scaling u(x) — R"~2)/2u(Rx), Theorem 1 implies corresponding Harnack inequalities on
Bp in general, as long as the scalar curvature function and the mean curvature function still satisfy the same
assumptions after scaling. The proof of Theorem 1 is by contradiction. By the contradiction assumption, we
obtain a sequence of blow-up solutions of (1.2). After showing that blow-up can only occur near <9Bl+ NJR",
we use the method of moving spheres to derive a contradiction.

This paper is organized as follows. In Section 2 we use a standard selection process of Schoen [23] and Li
[15] and the classification theorems of Caffarelli-Gidas-Spruck [4] and Li-Zhu [21] to obtain a convenient
rescaling of the blow-up solutions. In Section 3 we show that blow-up points must be close to 8Bl+ NJRY,
see Proposition 2. This is achieved through three applications of the method of moving spheres (MMS). In
particular MMS is first used to show that VK must vanish at a blow-up point, then MMS is used again to
show that VK must vanish rapidly at a blow-up point, and a final application of MMS is used to show that
blow-up can only occur near <9B;r NJR’,. In Section 4, we prove the Harnack-type inequality of Theorem 1.
As in the proof that blow-up can only occur near c?B?r N IR, the proof of Theorem 1 is via three application
of MMS; once to show VK vanishes at a blow-up point, once to show VK vanishes rapidly at a blow-up
point, and finally to complete the proof the Theorem 1. In Section 5 we give an overview of how to obtain
the energy estimate in Corollary 1 from the Harnack-type inequality. Since the derivation of Corollary 1
from Theorem 1 is standard, only the main points of the proof will be mentioned. The interested reader can
consult, for example [15], [13] and [17] for details.

As notational conventions, we will use the following. The critical exponent (n+2)/(n —2) will be
denoted by n*. We will use o(1) to denote any quantity that tends to zero as i — co. The symbols C, C; and
C, will denote constants that depend only on n and A and will be different from line to line. The functions
vig and Ug as well as the domains €; and X, (to be defined) will be used in both Sections 3 and 4, but will
have different definitions in those sections.

2. RESCALING AND SELECTION

Suppose the Harnack-type inequality (1.3) fails. For each i € N, there is a positive solution u; of (1.2)
with K replaced with K; and ¢ replaced by ¢; such that

maxu; | | minw; | > . @.1)
By, B3
Note that A and Cj as given in the assumptions on K are uniform in i. Without loss of generality we assume

lim K;(x;) =n(n—2).
k—yo0
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By a standard selection process, see for example Schoen [24] and Li [15] we may choose x; € BT/z ﬁ]RTfIr
such that, for some o; — 0,

M,‘()Cl') > lr?na:(_u,-, M,‘()C,‘) > u;(x) Vx € B()C,', G,') ﬁRi,
1/3

and ui(xi)ﬁai — o0, For such x;, (2.1) yields

ui(xi)thlui >, 2.2)
Bz+/3
which implies u;(x;) — oo. If u; are positive solutions of (1.2) and x; are local maximum points of u; for
which (2.2) holds, u; is said to blow up, and a blow-up point is the limit of any convergent subsequence of
x; for which (2.2) occurs. Setting

2
M; = u;(x;), L =M, T; = xinL'; and E; = B(—I'ix;,2I';)) N {y, > —Ti}, (2.3)

1

and applying standard arguments using the classification theorems of Caffarelli-Gidas-Spruck [4] and Li-
Zhu [21] the functions

1 _ _
Vi(y) = ﬁui(x,' +Fi ly), yE E; (24)
1
converge in C? over finite domains in the following two cases.
Case 1: If there is a subsequence along which 7; — oo, then after passing to a further subsequence, we

have ; — U in C,_(R"), where

_n=2
2

v =(1+bP) T 2.5)

Case 2: If {T;} is bounded then after passing to a subsequence we assume that 7; converges. In this case,
after passing to a further subsequence, 7; converges in C? over compact subsets of R" N {y, >
—lim; T;} to a classical solution U of

AU +n(n—2)U" =0 y e R*"N{y, > —1lim; T;}
373 = lim, ¢;U" ("=2) y € {y,=—lim; T;} (2.6)

U0)=1= maxyecrrn{y,>—lim; T;} U(y).
Since the selection process and application of the classification theorems are standard, their applications
are not presented here.Similar techniques have been used in [5], [17], [28], [29],etc.

The proof of Theorem 1 is now split into two steps according to Case 1 and Case 2. In the first step
we prove Case 1 cannot occur, which shows that blow-up cannot occur far away from 8B;r NIRY. In the
second step, with the knowledge that blow-up can only occur near dB] NJR"., we prove Theorem 1.

3. BLOW-UP CAN ONLY OCCUR NEAR 9B NJR".

The proof of Theorem 1 relies on delicate analysis of the behavior of u; near a blow-up point. As a first
step, we prove the following theorem which says that blow-up can only near dB{ NJR™. In this theorem,
we only require ¢ to be bounded.

Theorem 2. Suppose {u;} is a sequence of positive solutions of (1.2) that satisfies (2.1) and that |c(x)| < C
forall x € (9B;r NIR" and some C > 0. There exists a constant Cy > 0 independent of i such that if x; is a
local maximizer of u; for which (2.2) holds, then

2
Xin ui(x;) 2 < Cy,
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where x;,, denotes the n'™ coordinate of xi.

The proof of Theorem 2 is by contradiction. Specifically, MMS will be used three times; first, in Subsec-
tion 3.1 to show that VK;(x;) vanishes, second in Subsection 3.2 to show that VK;(x;) vanishes rapidly, and
finally in Subsection 3.3 to complete the proof of Theorem 2. The argument in this section is similar to that
in [5]. However Chen-Lin used a complicated moving plane method which involves two Kelvin transfor-
mations and a translation. We modify their approach by using a much simpler moving spheres to make the
picture much easier to understand ( see [28]).

Let M;, I'; and T; be as in (2.3) and consider the functions

1 - 1
W) = (i), yEBO, TN {2 ~Ti)

(for the proof of Theorem 2, v; is the same as v; in (2.4) and we omit the “bar” in the notation). Observe that
ify € dB(0,T;/8)N{y, > —T;}, then by (2.1)

vi(y) =7 "M (x; + T 'y) > C(n)ily[* ™"
In fact, we may choose & — 0 slowly such that

vily) > VilyP ™", y€dB(0,&T,) N {y, > ~T;}. 3.1
Define

Ql‘ = B((),z—:il“l-) N {yn > —Ti}, a’Q,- = 8Q,ﬂ {yn = —Tl} and 8”Q.,‘ = 891\8’9,

Elementary computations show that v; satisfies

Avi+H;(y)v* =0 €Q;
{ ») y 3.2)

% = ¢i(x; —I-Ffly)v"/(n_z) y€ad'Q,,

l
where H;(y) = K;(x; + T, 'y). By the contradiction hypothesis, there is a subsequence of 7; along which
T; — oo, so Case 1 applies. Before we can prove Theorem 2 we need to show that VK;(x;) vanishes rapidly.
This will be done in two steps. The first step shows that VK;(x;) vanishes and is proven in Subsection
3.1. The second step shows that VK;(x;) vanishes rapidly and is proven in Subsection 3.2. For notational
convenience, in subsections 3.1-3.3 we will use |VK;(x;)| = &;.

3.1. Vanishing of VK;(x;).
Proposition 3.1. There exists a subsequence along which &; — 0.

The proof of Proposition 3.1 is by contradiction. Namely, we suppose there is & > 0 such that inf; §; >
0 > 0 and use the moving sphere method to derive a contradiction. By assumption (K3) we may assume
with no loss of generality that there is a subequence along which

VK[ (x,-)

0;
For R > 1 fixed and to be determined, define the translations

—e=(1,0,---,0).

vri(y) = vi(y — Re) and Ur(y) =U(y —Re)
and the Kelvin inversions

v,%,xy):(,;)“mi(yl) and U,%<y>:<|’y“|>”UR<yl>,

5



where A > 0and y* = A2y/|y|*. Clearly vg, Ug and their Kelvin inversions are well-defined in £; = Q;\ B;.

For notational convenience, we set d'Y; = dX, N{y, = —T;}. Setting A* = /1 + R? and computing directly,
it is easy to see that

{ (Ur—=U$)(y») >0 yeR"\B; ifA <A’ (33)

(UR—UR)( )<0 yeR"\B, ifd>A*%
For 4o = R and A; = R+ 2, we have A* € [Ag, A1], so we only consider A in this range. Define

wh () = vri(y) — VI%J()’) yex;.

For convenience, we suppress the i-dependence in this notation. Elementary computations show that w*
satisfies

o4 yed'L, (3.4)

where

Li=A+H(y— Re)fl( )

35
Bi= - — il + T, (y—Re)) &) G2
are the interior and boundary operators respec‘uvely,
! =
&) =n" [ (vrly)+ (1=00vk)) ™ a (36)
%2
=— 2/ tvri(y) + (1 — )V (y)) dr 3.7)
are obtained from the mean value theorem,
Q1 (y) = (Hi(y* —Re) —Hi(y — Re)) (vr. (y)*)" (3.8)
is an error term to be controlled by a test function and
_ n/(n=2)
Q) = (als+I7 (v=Re) —aly+ 17 (F = Re))) (vh,()
An2 2 A 2 A
el (=2 ve0h) +22 (Vi) 5)) (3.9)
y
We need to construct a test function #* such that both
) =o(MhP™  yex, (3.10)
and
Liw*+h*)(y) <0 yeX,
A pA / 3.11)
Biw +14)(y) <0 y € d'T, NGy,
where

O ={y € Xy (vri— i) ) < vk, ()} (3.12)



Such a test function is a perturbation of w” that allows the maximum principle to be applied. For our pur-
poses, the maximum principle only needs to apply on & because w* > 0 off of &

We begin with some helpful estimates. Define

Q) ={y€XyNByy :y1 >2[(2, -yl }-

Lemma 3.1. There exist positive constants C| and C» independent of i and A such that for i sufficiently
large,
{ Hi(y* —Re) —Hi(y—Re) < —CiTl7 ()| = 1) yeQ
|Hi(y* —Re) —Hi(y—Re)| <CoI7 Iyl —4) yeZ\ .

Remark 1. Unless mentioned otherwise, constants C1,C, are independent of i and A.

Proof. The proof is elementary and follows from the definition of Q,, the fact that K € C I(E;r) and the
assumption 0 < d < inf; §;. |

We also have the following estimates for v ;.

Lemma 3.2. There exist positive constants Cy and C, such that for i sufficiently large,
2— 2—
P <vi) <GP yem\@

A n—2 1 % A
C <> _— <vgily) <2 yE Q.
] 14|y —Ael? &

Proof. The second estimate follows immediately from the convergence of vg; to Ug, the properties of Ug
and the fact that [A — R| < 2. For the first estimate, it suffices to show that there exists a positive constant C
such that C~ 1 |y|*™ < UX(y) < Cly|* " fory € £, \ Q. Since |y* — Re| < CA, we have

and

1 _
U/el(y)ZEMz " yeL\Q;.

On the other hand, after performing elementary computations we get

max{)y{L —R

7‘()’2aayn)|}ZC7La yEZ)L\QA,
SO

Uk(y) <Cly™.
|

Combining the results of Lemmas 3.1 and 3.2 we obtain A-independent positive constants a; and a, such
that both

X (n+2)/2
) < —a TNy =AY [ ————— cQ 3.13
01 (v) < —arily (Iyl ><1+yy—7te\2> yEQ; (3.13)
and
71 -
rny| < ] @li (v[=2) yEQ, 3.14
‘Ql(”’—{ T (= M) yes\Q, (.14

The following lemma gives estimates for the coefficient functions &; and &,.
7



Lemma 3.3. There exist positive constants Cy and C, such that for i sufficiently large,

EM) <G ye(Eindy)\Ba,

=Gl yeR\Q,
and
() <GP yedrno;.

Proof. The proof follows immediately from the expressions of &; and & in (3.6) and (3.7) and Lemma
3.2.

The next lemma gives a useful estimate for Q% and is the reason the proof of Theorem 2 is less difficult
than the proof of Theorem 1.

Lemma 3.4. There exists a constant C > 0 such that for i sufficiently large,

Q4(y) < —CTA" 2y yed'x;.

Proof. Since ||ci||;~ < A and by Lemma 3.2, there is a positive constant C such that
_ _ 2 _ _
(6i(+ T (v Re)) — i+ Ty (04 — Re)) (4, ()72 < Cyl 2 < €12,
On the other hand, since vg; — Ug in C?(B,; ) and since |y| > T;, if i is sufficiently large,
1 .
P vri*) +22° <Vvk,i(yl),y> > 5 P infURG) =422 IVURllcogz, ) Iyl
A
1 .
> P infUR().
B

Lemma 3.4 now follows from these two estimates and equation (3.9). |

We now proceed with the construction of the test function 4*. Let 6, denote the area of S"~! and let
G(y,m) be Green’s function for —A on R"\ B), relative to the Dirichlet condition. Recall that

! v (DN 2 P
Gon)=—— [ y=—n "= (2 -n[ ). 3.15
0 = 370 <|y ne = (B) e G.15)
Estimates on G are provided in Appendix 6.1. Define
W) = [ 6ot an. (3.16)
A
By construction 4* satisfies
—AR* (y) = 01 () YER
W (y) =0 y € JL; NBy.

A
P(y) = J, $E (M0t () dn yed's;.

We have the following estimates of /i*.



Lemma 3.5. There exists Ry sufficiently large such that if R > Ry then there are positive constants C; and
C, such that

A —C 1T (Jy| = A)A " logA  y € X; NByy,
h ( ) S 1—1 2—nq —1 -
—CiI [T "A7 logd yE X3 \Baa

and

)| < Gy (y|=A)A> yeLiNBy
lar Pt y e 5\ By,

Proof. We consider separately the case y € £ N By, and the case y € Xy \ By,
Case 1: y € X; NByy. Set

W)= [, Goemetman and b= [ Gk dn

so h*(y) = I (v) + I (y). By direct computation we have

—1)2
o, (141 —Ae[’)r2)/2

so using (3.13) the estimate of Green’s function in (6.1), the estimate for /; is

—A
Ly) < —Crfl/ Gy, ul d
1y) < i Jo, (yn)(Hm_/le’z)(M)/2 n
Ry
< —CFi_l(\y|—/l)/l_” (‘T” A'z) dﬂ
Q (1+|n —Ae|")nt2/2
< —Cr7Y(ly] = A)A " logA. (3.17)

To estimate I, let

Ai={neX;:ly—-n|<(y-21)/3},
Ay={neXy:[y-nl>(y[—A)/3and [n| <81}, (3.18)
Az ={neX,:[n|>81},

and use (3.14) to write L (y) < Yi_, I¥(y), where

B =T [ Gumn = Al k=123
k\S&

Using Lemma 6.1 and performing routine integral estimates using || — A < C|y — 1| for I3(y) we obtain

By) <Cry'(yl-2)A™" k=123

Combining this with the estimate for /;(y) given in (3.17) and using R < A we see that if R is sufficiently
large then

K (y) < —CT7Y(ly| = A)A"logh  y€Z; NByy.

To estimate ‘hl (y)] for y € £, N By, observe that the only negative term above is /;(y), so we only need to
estimate |I;(y)|. Using (3.14) and (6.2), we have
9



no) < et [ Gla(n-a)dn

. 2 922
cr;! (A/ p-nfan [ PEROEEE ><m\—x>dn>

IN

Aly—nl"
< CTy (|| —2)A%,

where we have used [1| =4 < C|y—n| for n € A,. This completes the proof of Lemma 3.5 in the case
yeXL, QEML-
Case 2: y € X) \ Byy. Let I} and I, be as in Case 1 so that 4; = I} + ;. Using (6.3) and (3.13) we have

a0 f A 2 In|—A
l(y) — i o, A |y| (1+‘n—le’2)(n+2)/2 n

< —CT7 'y " A" og . (3.19)

To estimate I, set

Dy ={neX;:|n[<ly/2}

D, ={neX;:n[>2y}

Dy ={neXy:|ly—nl<ly/2}

Dy ={neX;:ly—nl=yl/2 and [y|/2<|n| <2|y[},
and use both (3.14) and (6.4) to write L(y) < CZ§:1 I4(y), where

(3.20)

Bo)=T' [ yenPm T dn, k=1 s
JD\Q,

Performing elementary integral estimates we obtain

Ey)<cry P " At k=1,--- 4,

so in view of (3.19), after choosing R (and hence 1) large we get

W (y) < —CT7 My " A ogh  y €T, \ By

It remains to estimate ‘hl (y)‘ for y € £, \ B4y The only negative term above is Jo, GO, n)Qt(n) dn, so
we only need to estimate this term. Using (3.14) and (6.4) we have

[ cometman| < er? [ y-n(nl-2)an

Ql Q‘l

Crl_l ‘y|27n ln—ﬁ—l‘

Lemma 3.5 is established. |

IN

We have the following estimate for the boundary derivative of i*.

Lemma 3.6. The test function h* satisfies

oh* h
N ) =o(Mhl™,  yeds.
Proof. By direction computation we have
JG Mn—Yn (l)n A - (’77\)2
On 5 —WhM = n |\ T y —n L\ — | +M
3500 o, =Bl (i) | A

10



Partition X, as in (3.20). Then use (3.14) and perform standard integral estimates using y, = —7; and
¥, C B(0,&TI%) to obtain

/Dk i

By construction of #* and since h* < 0 in £; we have L,-(wiL +1*)(y) <0 for y € £;. Moreover, by
Lemmas 3.3 - 3.6 we obtain B;(w* 4+ h*)(y) < 0 fory € 9%, N0y, so h? satisfies (3.11).

G y
S o) JoHm] an=o(nb ", k=1

The next step is to show that the moving sphere process can start.

Lemma 3.7. Ifi is sufficiently large, then

W) M () >0, yeT,. 3.21)

Proof. If Ry > R is fixed and large, then by the convergence of w* to Ug — U I’QO, the properties of Ug — U £°
and Lemma 3.5 we have

(W™ +hM)(y) >0  y€ Xy NBg,.

We only need to show (3.21) for y € X, \ Bg,. By direct computation it is easy to see that there exists
€ (Ao) > 0 such that

U () < (1=5&) b7, DI=Ri. (322)
Moreover, by choosing R; larger if necessary, we may simultaneously achieve

8 —n
Ur) = (1= )P bl=Ru. (3.23)

As an immediate consequence of (3.22) and the convergence of vg; to Ug we have
Ao 2—n
v (v) < (1—4e) |yl y € X3, \ Bg,.
Since /% (y) = o(1) [y|* " in ¥, Lemma 3.7 will be established once we show
vri(y) > (1—&0) ™" y €%, \Br,.

This will be achieved via the maximum principle. By the convergence of vg; to Ug, inequality (3.23) and
(3.2), if i is sufficiently large the function

[i) = vri(y) = (1= &) [y*™"
is superharmonic in X, \ Bg, and positive on dBg,. Moreover, by (3.1),

L) >CVilylP™", yeany, n{lyl=&li}.

By the maximum principle, if f; attains a nonpositive minimum value on X, \ Bg,, this value must be
achieved on 0'Y, . We show that this cannot happen. Accordingly, suppose y; € 9%, satisfies

min  fi(y) = fi(y;7) <0. (3.24)
yEEgO\BRl

Since y is a minimizer, g;z (¥7) > 0. On the other hand, using (3.2), (3.24) and the assumption 7; — oo, if i
is sufficiently large then
11



af;

dy 0f) = b+ (v —Re))vei(yi) ™2 —Cleo)Tily;| "
n

< (sopllle, 7 ) bl
l
< 0,
a contradiction. |

With Lemma 3.7 proven we can finally prove Proposition 3.1.

Proof of Proposition 3.1. By Lemma 3.7,

A =sup{A € [Ao, 1] : (Wt +A*)(y) >0 in X, foralldg<pu <A}
is well defined. We will show that A = A; > A* which, together with (3.3) and the estimate h*(y) =
o(1) |y|2_" for 49 <A < A, contradicts the convergence of vg ; to Ug.

Suppose A < A;. By continuity of A — w* + h* we have

W) >0  yex;.

Moreover, w” + h* satisfies

L(w* +1*)(y) <0 yeX;
B,(_w)L —|—_hk)(y <0 yedX;no;
wr+rM)(y)=0 yedr;NB;

By (3.1) and the estimate ‘hi (y)‘ =o(1) [y]*™", we have

W +rM () >0 yeaz;nily| =&}
The strong maximum principle now ensures that (w7t + n* )(y) > 0 for y € £;. By Hopf’s lemma,

i(wi+hi)(y) >0  ycdB;,

av
where V is the outer unit normal vector on dBj (pointing into X7 ). Exploiting the continuity of A — wh 4 h*
once more we obtain a contradiction to the maximality of A. Proposition 3.1 is established. |

3.2. Rapid Vanishing of VK;(x;). In this section we show that VK;(x;) vanishes quickly.

Proposition 3.2. There exists a constant C > 0 such that for all i,

ST <C.

As in the proof of Proposition 3.1, the proof of Proposition 3.2 is by contradiction. For ease of notation,
set

1

l; = 51-7173 I;
and pass to a subsequence for which £; — co. As in the proof of Proposition 3.1 we assume that 61._1 VK;(x;) —
e and consider the functions vg; and Ug as well as their Kelvin inversions v} . and U. With w? as before,

the equalities in (3.4) are still satisfied and we seek to construct a test function h* such that (3.10) and (3.11)
12



hold.

Before constructing /%, we begin with some useful estimates. The following estimate is analogous to the
estimate given in lemma 3.1.
Lemma 3.8. There exist positive constants Cy and C, such that for i sufficiently large,
H;(y* —Re) —Hi(y — Re) < —CiT; ' 8(|y| — 1) YEQ,
|Hi(y* — Re) — Hi(y — Re)| < I ' §(ly| = A) X5 4 Iyl ye X
Proof. The proof follows routinely from the assumptions on K and Taylor’s theorem. |
By Lemmas 3.8 and 3.2 we obtain positive A-independent constants a; and a, such that

Ory) < —ail7'&(y| - M) (1 +ly—2e)™F  ye,
and

0} ()] < @l 81y~ Zwm'“ yex.

We are now ready to construct the test function h’l. In this case, the construction of #* is more delicate
than in Subsection 3.1. Indeed, 4% as defined in (3.16) is not be guaranteed to be nonpositive. This creates
extra terms in the interior equation for w* + 2" that must be controlled. To overcome this we use Q7 to

construct a function Q’l and define #* by integrating Green’s function against Q’l. The advantage of this
definition is that Q* will control both Q{L and the extra terms created by the possibility of #* being positive.

To construct Q’l, first define

©), = {y €Q, ﬁB(O,?)l/Z) iy > 4’(y2,~ .- ,yn)‘}
and let f* be any smooth function satisfying both

—L(1+[y—Ae|?)" D2 ye g,
fx(y)_{ (14 ]y 2ef) yEG

2 0 yeEL\Q,
and
3 2\ 2 S 2n =
—qar(l+y=Ae)™ <) <3a Y 67Dy yEQ\EL
j=0
Set
Q') =T;'&(bI -/ ) yex (3.25)
and observe that Qk enjoys the estimates
- —4T Sy = A) (1 +[y—Aef® ) (22 y e,
Ql S 2 _l t — — (326)
W= sar s - VDR ven\ g
and
CT; & (ly|—A) yEZLNB
A( ‘ i A Ba 327
‘Q { CT '8y - M X6 2" y €2\ Baa. 627

13



Moreover, we have

A —AT ([ = A) (1 + [y —Ae)" 022 yeQ
A OM(v) < ali O e oo 3.28
e -2 M—{ T (] - A 6 YT\ 329
Define
)= Go,n)0*(n)d
0=/ GLm)@*(n)dn.
A
By construction, h* satisfies
—AR* (y) = 0*(y) YEZL,
W (y)=0 y € 0By, (3.29)

A ~
D (y) = Jy, 3 (v,m)Q*(n) dn y€ I'T;.
The next lemma provides useful estimates for h*.

Lemma 3.9. If R and i are sufficiently large, then there are positive constants C1 and Cy such that both

" —C\T ' 8i(ly| — A)A " log A y€By
Y=Y oy (&-’1 log il +x=3 ¢ IyI’_l) Y € X3 \Baz

and

)

GIy 1842 (| 4) yEX2NBy,
G S P (A4 6 og {4+ T3 67 ) v e\ Buy
= o(l) |y ™. (3.30)

Proof. Write

H(y) =L(y) + k()
with

fh(y)Z/W G(»n)0*(n)dn  and Iz(y)=/Z \% G(y,n)0*(n) dn. (3.31)

OA
We consider separately the case y € X; N By, and the case y € £ \ Byy,.
Case 1: y €X; NByy.
In this case, using the estimates for Q\’l in (3.26) and the estimates for G in (6.1) estimating similarly to
(3.17) we obtain

L(y) < —CT;7'8(ly|—A)A " logA. (3.32)
To estimate >(y), let Aj,A; and A3 be as in (3.18) and write I>(y) = Zi:l I§ (y), where

A0)= [ Gme*man

Performing routine integral estimates using ¢; — o and Lemma 6.1 yields

B <C'a(y -AMA™ k=123,
Combining this with the estimate for /; (y) given in (3.32) and choosing R sufficiently large we obtain

R (y) < —CT'8i(ly| — M)A 'logh  y €T3 NByy.
14



To show (3.30) for y € ¥, N By, we only need to estimate |1;(y)|. Using (3.27) and the estimates for G(y,n)
in Lemma 6.1, we have

nw)l < [ Gom|@tm|a

a2
< cr la( [ rnpran [ GEROIE M(Inl—l)dn>

< CT'&(ly| - A)A% (3.33)

Case2: y€X; \ Byy.
By (3.26) and (6.3) we have

L(y) < —CI7'8 [y " A ogA.

To estimate I (y), let Dy,D,,D3 and Dy be as in (3.20) and let I%(y) = I, G(y,n)0*(n) dn so that
L(y) =Y}_I5(y). Foreach k = 1,--- ,4 we use both (3.27) and (6.4) to estimate IX(y). For k = 1 we have

n—3 ) ]
|12](y)‘ < CFI-_I&'/D G(y7n)Zgi—.l|n|Jflfn dn
1 =0
LS [y)> " oo Y J el
< CT7 Gyl A7 e og = +Z£ 1y

For k = 2,3,4, the integrals I§ are minor. After performing routine integral estimates we have

n—3 . .
By <cr sy Y ¢y k=234
j=0

Combining the estimates for I§ (y),k=1,---,4, we get

n—3 . )
L) < CT; ' &y (/11 +6 loglyl+ ) £ !y\’_1> =o(L)T; 'y (3.34)
j=2
Combining the estimates for /; and I, we obtain a positive constant C such that for R sufficiently large
A 2 S
() CITIG " | 4 oglyl + Y 67 Iy ) (3.35)
j=2

Notice in particular that 4*(y) need not be negative.

To show (3.30), by (3.34), we only need to estimate |1, (y)|. By (3.27) and since G(y,n) < Cly—n[* " in
%), we have

ol < [ 6|0t an
2
< CF;16i|y’2_n7Ll+n.

Lemma 3.9 is established. |
15



Lemma 3.10. The test function satisfies the estimate

on*
Yn

M) =o(M)™  yedZ,.

Proof. Use (3.27), §; = o(1) and |y| < gI; to obtain ‘Q\A (y)‘ = o(1)I; 'y~ fory € I, . Now proceed as
in the proof of Lemma 3.6. i

Proof of Proposition 3.2. By (3.29), (3.28) and Lemmas 3.3 and 3.9, we have after increasing R if necessary
and for i large

Li(w* +1*)(y) = (QF — 0" () + Hiy —Re)& ()i (y) <O y €L N0y
Moreover, by lemmas 3.3, 3.4, 3.9, and 3.10 we obtain

B{(wr+h) <0  yed'x,.
Arguing similarly to the proof of Lemma 3.7 we see that the moving sphere process can start at A = Ay,

then arguing similarly to the proof of Proposition 3.1 we obtain a contradiction to ¢; — c. Proposition 3.2
is established. i

3.3. Completion of the Proof of Theorem 2. With a rapid vanishing rate for §; in hand, we are ready to
prove Theorem 2.

Proof of Theorem 2. In this proof we consider the functions v;, U (not shifted by Re) as well as their Kelvin

inversions
) = (&)n_zvml) and  UA() = (fyj)n_zv(ﬂ)

fory € X; = Q;\ B,,. In this case, with A* = 1 direct computation yields

(U-UM(y)>0 yeR"\B, ifd<A*
{ (U-UMy)<0 yeR'"\B;, ifd>A"
and we consider A between g = 1/2 and A; = 2. Set
wh(y) =vi) =) yeXx
Then w* satisfies equations (3.4) - (3.8) with R = 0. We still need to construct a test function h* such that
(3.10) and (3.11) hold. Because of the rapid vanishing rate of &;, the construction will be simple.

By an application of Taylor’s Theorem, assumption (K1) and Proposition 3.2, we have

H(y")—H()| <C7" "2 yel,. (3.36)

Since A < 2, using the convergence of v? to U* and the properties of U*, we have

o) schP yex (3.37)
Using this and (3.36) in the expression of le we have

oty <cr¥"p™  yex,. (3.38)

Moreover, as in Lemma 3.4 with R=0and 1/2 < A <2, we have
16



Qh(y) < —CTy|™"  yed'%,;. (3.39)
Set

W(y) = —aly " (A7 =) <0, yeE,

where a > 0 is to be determined. By direct computation and since X; C B(0,gI7), h* is seen to satisfy

AR (y) < —al> " [y| yeEL,
W (y) = y € 9By,

_ 3.40
W (y) = o(1) |y " VED, (3-40)

Z’ - —_ —
P20) =aTT "y =o() " ye Iy,
Combining (3.38) and (3.40), after choosing a sufficiently large we obtain

L(w +1*)(y) <0 yez,.
Moreover, by (3.39), Lemma 3.3 and (3.40) we have

Bi(w*+1*)(y) <0,  ye€d'Tna,
where in this case ¢, is as in (3.12) with R = 0. Arguing similarly to the proof of Lemma 3.7 shows that
the moving sphere process can start at ) = 1/2,then arguing as in the proof of Proposition 3.1 yields a
contradiction. Theorem 2 is established. |

4. PROOF OF THEOREM 1

In this section we prove the Harnack-type inequality. The proof is similar to the proof of Theorem 2
in that three application of MMS will be applied; first in Subsection 4.1 to show that VK vanishes at a
blow-up point, second in Subsection 4.2 to show that VK vanished rapidly at a blow-up point, and finally in
Subsection 4.3 to complete the proof of Theorem 1. The essential difference between the proof of Theorem
1 and the proof of Theorem 2 is that in the proof of Theorem 1, due to Theorem 2, the complications
presented by the boundary equations are not minor. This makes the construction of the test functions much
more delicate in the proof of Theorem 1 than in the proof of Theorem 2. To minimize the complications
caused by the presence of dB] NJR", we assume throughout Section 4 that ¢ is constant.

Consider the functions

1 _ 1 _
vi(y) = Mivi(xi+ri l(y— Tien)) = Miui(x§+ri 1y),
where x: = (x1,+-+,x,-1,0) is the projection of x; onto R"~!. By the the equations for v;, standard elliptic
theory, the selection process and by the classification thecEm of Li and Zhu [21], there is a subsequence

along which both 7; converges and v; converges in Clzoc(R’-l&-) to a classical solution U of (4.1). Letting
co = lim; ¢;, the classification theorem of Li and Zhu [21] gives

n—2

2
Uly) = % ; 4.1)
Y2+ |y —toen|
where
(1+ % )71 if cp <0 ¥eo
y= -2)° U and fo = .
1 if cog >0 n—2

Moreover,
17



. o 0 ifCoSO
h%nT’ N { co/(n—2) ifco>0.

We begin by deriving a preliminary vanishing rate for |VK;(x})|. For convenience, throughout Section 4 we
use the notation |VK;(x})| = §;.

4.1. Vanishing of VK;(x}).
Proposition 4.1. There exists a subsequence along which 6; — 0.

The proof is similar to the proof of Proposition 3.1, the major difference being that in this case, a test
function must be constructed to control terms in the boundary equation. Suppose the proposition were
false and let 8 > 0 satisfy inf; 5; > 6 > 0. By assumption (K3) we assume with no loss of generality that
5 'Ki(x) = e.

For R > 1 fixed and to be determined, we consider the functions

1
vi(y) = vi(y = Re) = 2 rui(xi+Ti(y = Re)) (4.2)
l
which are well-defined in BT“(O,F,- /4). Similarly to (3.1), we may choose & — 0 slowly so that
vri(y) > P "Vi,  y€dB(0,&T,) NRE, (4.3)
so in this case we set
.Q,' =B" (0, eil“i), 8’9,‘ = 89, N aRi and 8”Ql~ = 89, \ 8’9,-. “4.4)

Elementary computations show that vz ; satisfies

Avgi(y) +Hi(y —Re)vg;(y)" =0 yeQ;
IVRi (N n/(n—2) 9'Q (4.5)
7, V) = civei(y) y €I,
where H;(y) = K;(x} + Fi’l y). Moreover, vg; converges in C? over compact subsets of m to
n—2
Y
Ur(y) =U(y—Re) = : (4.6)
Y2+ ]y—Re—toen\z
For A > 0 let y* = A2y/|y|* and consider the Kelvin inversions
A AN P A A
Ui (y) = m Ur(y"), and VR,i(J’) = m VRi(Y"). 4.7)

which are well-defined in the closure of £; = ©;\ B;. Letting A* = (y*> +13 + R?)'/2, elementary computa-
tions show that

{(UR—U,’})(y)>0 yex, ifA<At 438)

(Up—Ul)(y) <0 yex, ifd>2A*
Set Ag =R and A; = R+ 2. Since Ay < A* < A; we only consider A between Ay and A;. For such A, define

wh(y) =wl(v) =vri(y) = vki(0),  yEI. 4.9)
For convenience we suppress both the i-dependence and the R-dependence in this notation. Elementary

computations show that w’ satisfies
18



L,-w’1 = Q’l ye,
Bw*=0 yedx, (4.10)
wh(y)=0 y€dZ,NadBy,

where

Li = A+Hi(y—Re)&i(y)
B; = ,;iyn —ci&(y)

are the interior and boundary operators respectively,

G0 =n" [ (i) +(1-10h,0)) ™ @1

[ (0 + 00 ) @ @)

are obtained from the mean-value theorem and

0*(v) = (Hi(y* — Re) — Hi(y—Re) ) (vri(+))"
is an error term that will be controlled with test functions. Specifically, we will construct a test function
h*(y) such that both

W (y) = o(1) [y (4.13)
and
Li(w*+1*)(y) <0 yeX,noy,
(w +MM () <0 yed'z,Nno, (4.14)
W+ (y)=0 y€dr,NaB,,
where

Oy ={y€Zy:(vri— Vﬁ,i)()’) < Vé,i()’)}'
This will allow the maximum principle to be applied. Note that the maximum principle only needs to hold
on 0. This is because of (4.13); if i is sufficiently large, then (w* +4*) > 0in X, \ 0.

Before we construct #* we record some estimates that will be useful when deriving properties of h* after
it is constructed. We define the special subset of ¥

Q) ={y€ZyNBy 131 >2|(v2,-+ vl }-
By the assumptions on K and the convergence of vg ; to Ugr we have

{ H;(y* —Re) —H;(y—Re) < —C\T; '(ly|— 1) ye,

|Hi(y* —Re) —Hi(y —Re)| <GI (|| =) yeX,.
Moreover, similarly to Lemma 3.2, there are positive constants Cy,C, such that for large i, both

CP " <vi0) <GP yeD\Q,
and

2 2 | (n—2)/2
(B () s e
vl <1 +|y—/1e|2) K,
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Therefore, there are positive A-independent constants ay,a; such that

| (n+2)/2
A(y) < —a T A —— €. 4.15
0*() < —ail; (i >(1+y_}w|2> yee, (4.15)

and
— —2- -
0] < { SR BBy
ar I (|y[ = 2) yeQ,.
Finally, &; and &, still satisfy the conclusions of Lemma 3.3.

(4.16)

Now we construct the test function 44 which will be the sum of two functions & 1 and hy. The first test
function A; is similar to the test function constructed in (3.16). The second test function %, will control
the bad terms on 9'Y, introduced by h;. Let G(y,n) be Green’s function for —A on R" \ By relative to the
Dirichlet condition. The expression for G(y,n) is given in (3.15). Let y = (y1,---,Yu—1,—yn) denote the
reflection of y across dR"}. and set

G(y,n)=G(,n)+G(H,n).
Define

Clearly h, satisfies the following

—Ah(y) =0*(y) y€X;

hi(y) =0 y€ 09X, NdBy 4.17)
g;]l =0 yE 8’2,1.

Lemma 4.1. There exists Ry sufficiently large such that if R > Ry then there are positive constants Cy and
C, such that

—CT N (]y| = A)A"logA  y € 3 NByy
, - l - Z) 4.18
1(y) < { _Clrlfl ‘y|2 "A logA y €2\ By o
and
Gy —2)A? y e NBy,
, - l - 0 4.19
| 1()’)|—{ CZF;IMZ ATy € 85\ Byy. ( :

The proof of Lemma 4.1 is similar to the proof of Lemma 3.5 and is omitted.
Now we define the second test function A,. Let g : [A,0) — [0,0) be a smooth positive function satisfying

2(5)" ="t +hn=3) A<r<ia
g(r) = ¢ smooth positive connection 34 < r < 4A (4.20)
At 41 <,

where ‘smooth positive connection’ means there is a constant M(A) > 0 such that both

I18llc2(3a.40y) <M

and
20



3L <r<A4A. 4.21)

1
g(r)ZM

Elementary computations show that

g(A)=0, gA)=1
g'(r)>0, A<r<3A.

In particular, g'(r) > 1 for A < r < 31 so there is a positive constant C such that

r—A<g(r)<C(r—2) A <r<3Ai. 4.22)

Moreover, we have both

vy n=1 o [ (n=1)(n=2)A"" A <r<3a
g§(r)—— g(r)—{ St 1) i<y (4.23)
and
—MSg"(r)—Eg’(r)S M 312 <r<4A. (4.24)
r

For a > 0 fixed but to be determined (will be chosen sufficiently small and depending on n,A,A and M)
define

ho(y) = —aly 'yalyl "g(ly))  y€Z.
Clearly, h, <0in X, hp =0o0n dX, N(dBy UJR’ ) and

al7'A""(ly|=2) y€eZNBy

hO)] < § aMT AT Y€ (£ NBap) \ B3y (4.25)
al ' "AT vy eT\Ba
= o)y

Performing elementary computations and using the properties of g given in (4.23) and (4.24) we obtain

_ _ n—1
Ma(y) = —aTy,ly| " <g”<|y|> - |y|g’<|y|>)
0 y € X;NB3y
< ar;'MA'™ ye (3NByy) \Bay (4.26)

R
al; 1|Y| " yeXy\ B,

where a denotes a constant of the form C(n)a. Also, using (4.20), (4.21) and (4.22) we obtain

ohy 10—
5o 0) = —al7 'y ™)
)’n yea’):l
—al;'A " (ly|l—=4) ye€d'T,NBy,
< —aM~'T; A y € (9'L, NBy)\ B, 4.27)
—al7'A" ™" y€d'Ti\ B

Let h* = hi + hy. Since each of h; and A, are non-positive, using (4.17) we obtain
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Li(w* +1*)(y) < Hi(y — Re)& (y)h (y)+Ahz yEL,
Bi(wh + 1) (y) < ciba(y) [ ()| + 92(») yEIL, (4.28)
(W +h*)(y) =0 y € 9%y NIBy.

Moreover, since H;(y — Re) > A~!, using Lemma 3.3, equation (4.18) and (4.26) we see that a = a(M, 1)
may be chosen sufficiently small to achieve

Li(wk—%hk)(y)go yEX;.
Now consider the boundary inequality in (4.28). If ¢; < 0 then B;(w* +h*) < 0 on 9’%; holds trivially as
dhy/dy, < 0. We only need to consider the case ¢; > 0. By (4.19) and (4.25) there is a constant C(M,1) >0

such that

CT; (| —4) ye s, By,
mo)l < { cry? y€(I'E,NB,)\ By

1

CF;1]y|27" yEa/ZA\B;L.
Combining this with lemma 3.3 and (4.27) we see that there is €(n,A,A,M,a) > 0 such that if ¢y < € then
Bi(w*+mM(y) <0  yed'£nd,.
The next lemma ensures that the moving sphere process can start.

Lemma 4.2. There exists € > 0 sufficiently small and iy € N such that if co < € and i > iy then

w0 (y) 4+ (y) > 0 yEZ,-

Proof. If Ry > R is any fixed large constant, the for i sufficiently large, w% + h* > 0 in X3, N Bg,. This is
because of the properties of Ugp —U 1’}0, the convergence of w* to Ug — U I’;" and the estimate h* = o(1) | y\zfn
We only need to show positivity of w* + 1% on 25, \Br, -

By performing elementary estimates it is easy to see that there exists &(7y,%, 4o) > 0 such that

n-2 _
Up' () < (1=5e0)7™ y—eal™™", DI =R,
By increasing R, if necessary, we may simultaneously achieve
€\ n2 -
U= (1-3) 7T —el ™ bl=Rr. (4.29)

As an immediate consequence of these inequalities and the convergence of vg ; to Ug, if i is sufficiently large
we have

n2 _
V) < (1-480)Y' 7 [y—en”™  y€Xy \Bg,. (4.30)
Now suppose

co < (n—2)(2y) "' (1 — g) %2, (4.31)
We show that if i is sufficiently large, then

n—2 _
V() > (1—8)YT [y—eal®™  yEZ; \Br,. (4.32)
By (4.29) and the convergence of vg; to Ug, if i is sufficiently large, then

n=2 _
vei(y) > (1—€)y? [y—ell’™  y € NIBg,.
Therefore,
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n-2 -
fi) = vriy) = (1= &)7's ly—enf™
is superharmonic in X, \ Bg, and positive on ﬁﬂ dBg,. Moreover, by (4.3), if i is sufficiently large,

i) > Cn,AWily—e /™ ye sy, n{ly| = &li}.

By the maximum principle, if f; achieves a nonpositive minimum on X, \ Bg,, it must occur on 9'%;, \ Bg,.
However, this is impossible. Indeed, suppose y; € d'%,, \ Bg, satisfies

_min fi(y) = fi(;) <0. (4.33)
o \Br,
Since y;, = 0 we have
a Erk *\ s 2 —-n
00 = el = (=21 =)y i el (434

If ¢ < 0 either ¢; < 0 or both ¢; > 0 and ¢; = o(1). If ¢; < 0 then ng(yl*) < 0. If0 <¢; =o(1) then by (4.33)

and (4.34), if i is sufficiently large then 3;2 (y7) < 0. Finally, if ¢y > 0 the using (4.33) once more along with
the smallness assumption (4.31) we obtain g—i(y}*) < 0 for i sufficiently large. In any case, gﬁ (yi) <0so

y; is not a minimizer for f;. |

Proof of Proposition 4.1. With Lemma 4.2 proven, the moving sphere process can start at A = Ag. Since h*
satisfies (4.13) and (4.14) , we can show that for

A = sup{A € A, 1] : wH(y) + A (y) >0 in X, forall g < u <A1},

we have A = 1. This contradicts the convergence of vg ; to Ug. |

4.2. Improved Vanishing Rate for |VK;(x})|. In this subsection we derive a fast vanishing rate for &;.

Proposition 4.2. There exists a constant C > 0 such that

3 <C.

The proof of Proposition 4.2 is similar in spirit to the proof of Proposition 3.2. The difference is that the
proof of Proposition 4.2 requires a second test function to control an unfavorable boundary term introduced
by the first test function.

Proof. As in the proof of Proposition 3.2, the proof of Proposition 4.2 is by contradiction and we pass to a
subsequence for which both

b — o0 and 57 'VK;(x) — e.
For R >> 1 fixed and to be determined, let vg; be as in (4.2) and let Q;, 'Q; and 9”Q; be as in (4.4). As in
the proof of Proposition 4.1, vg; satisfies both (4.3) and (4.5) and converges to Ug(y) in C? over compact
subsets of @ where Ug is given by (4.6). Letting U,% and vﬁ’i denote the Kelvin inversions of Ug and vg
as in (4.7), we still have (4.8). We only consider A between A9 = R and A; = R+ 2. Letting w” be as in
(4.9), we still have (4.10), so we need to construct 4* that satisfies both (4.13) and (4.14). We start with

some helpful estimates.
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Lemma 4.3. There exist positive constants Cy and C such that for i sufficiently large, both

Hi(y* —Re) —Hi(y—Re) < —CiT; '8([y —=1)  ye .

and

G 8y - 1) cQ
A T 2L ol |y o y A
Hi(y” = Re) = Hily Re>\§{ G S~ A E=3 6 bl ye i\,

The proof of Lemma 4.3 is similar to the proof of Lemma 3.8 and is omitted.

By Lemma 4.3 and Lemma 3.2, we obtain positive A-independent constants a; and a, such that both

M (y) < —aiT7 ' &(ly| M) (1 +ly—Ae) ™, yeq,
and

00| < @ 6i(lyl - wa“ yex.

Let Q’l be as in (3.25). The estimates in (3.26), (3.27) and (3.28) are still satisfied. Define

/ G mO*(m)dn,  yex,.

Then h; satisfies

—Ahi(y)=0*(y) yeX,

hi(y)=0 y € 09X, NdBy
T (y)=0 yed'x,.

As in the proof of Lemma 3.9, we still have positive constants C; and C;, such that both

T 1|y ( logy+2’} AT ) yE€Z1\Bay
and
T 623 (|~ 2) yeLnBy
)| < { e g ANCE "(,11+"+£ Nog 4l +y1= gé,f\y\j‘l) Y €Z3\ By
= o()pP. (430

For the construction of /;, the second part of the test function, we consider separately the case cop < 0 and
the case ¢y > 0.
Case 1: ¢y < 0.
In this case for i large we have ¢; < 0. Let g; : [A,00) — [0,0) be given by

Al-npn "mlrz—l— (n—3) A<r<3a

gi(r) = ¢ smooth positive connection 3L <r<4A
logf +Xj3¢; 7r! 4rsr,

where ‘smooth positive connection” means there is a positive constant M(n, A, A) such that both g;(r) > %
for 3A <r <4 and ||gi[|c2(;32,42]) < M- By elementary estimates we have
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0 A<r<3A
gl.(r) > —-M 31 §r§4l

—CY 0T ap <

Set

ho(y) = —al7 ' 8ty [y " gilly]) <0 [y >4,

where a is a positive constant which is to be determined. By direct computation and using the properties of
g; we have both

e pm “n n—1
My(y) = —al7 84y, ] (g;’<|y|>—,y,g;<|y|>>
0 A<y <31
< { aMr7'§e At 31 < |y| <44 (4.37)
ary &y e Gyl 4a <yl
and
ahz 71 o —
= —al7 '8y " g
ayn(y) al’; " & |y " gillyl)
0 yGB'Z,l ﬂ§4k
= a6 g E V) v e 9\ B,

where a denotes a constant of the form C(n)a. Moreover, by elementary estimates we have h,(y) =
o(1) [y[*™"

Set h* = h; + hy. By the estimates of /| and h, we have h*(y) = o(1)[y|* ™" in ;. It remains to show
that h* satisfies (4.14). Clearly, w* +h* vanishes on dZ; NdB;, so we only need to show the differential
inequalities in (4.14). Since /; < 0 and since each of A, and % vanish on d'%; , we have

Li(w* +h*)(y) < (Q* = 0) () +1§-(y—Re)§1 WA (y) +Aha(y) y€ET,
Bi(wh +1*)(y) = e 1152( Vi (y) + 52 (v) y€d'L.
For y € £, N Bs;, each of h; and Ahy are nonpositive so we have both L;(w* + 1*)(y) <0 fory € £; NBs,

and B;(w* +h*)(y) <0 fory € 'L, NBs,. Fory € (X, NByy) \ Bsy, b < 0. In addition, using both the
estimates of 0* — Q% in (3.28) and (4.37), since Ei’l = o(1), for any choice of a we have

Liw* +h*)(y) SCT7'GA (@Ml A2 —ap) <0 y e (23 NByy) \ Bxz
provided i is sufficiently large. Moreover, since each of 4; and g—;’: are nonpositive for |y| < 41 we have

B;i(w* +1*)(y) <0 fory € 9'2; NByy,. Finally, if [y| > 414 we must account for the possibility that 7; > 0.
By construction of &, and the estimates of & and h; given in Lemma 3.3 and (4.35) respectively, after
choosing a(n,A) sufficiently large, we have

B + 1)) < Clle ~ )Ty 3] (e-‘ tog 21 ¢ Z I ) <0 ye(@mNT))\By.

For the interior inequality we have
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LA i) < T a7 (-a'z b+t (1og ] +abl-abr?)

n—3 . .
+O Y G (1t aly| - a |y2)> Y€ (1N0;)\Byj.
j=2

Therefore, by choosing R = R(a,a;) larger if necessary, we have L;(w* +h*)(y) < 0fory € (£, N0)\ Bay.
Estimates (4.13) and (4.14) are satisfied in the case ¢g < 0.

Case 2: ¢y > 0.

In this case, either ¢; > 0 or 0 < —¢; = o(1). For this case we set

Al — 1212 4 2 (n—3) A <r<3a
gi(r) = smooth positive connection 34 <r<4A
;U+n+z;‘log'{—'+2j;3€f’\yl”l 41 <r,

where ‘smooth positive connection’ means there is an i-independent constant M(A) > 0 such that both
gi(r) > M~! for 31 < r < 4A and 18illc2(;32,427) < M. Since gi(A) =0, gi(34) = CA and g (r) > 0 for
A < r < 3A, there is a constant C > 0 such that g;(r) > C(r— A1) for A < r < 3A. Moreover, by direct
computation and elementary estimates we have

! 0 A<r<3i
g -"——gn={ M 3<r<4
" —CY'3 73 ap <,

Now set

ho(y) = —al; 'Sy y| "&i(y)) <0 |y > 4.

By direct computation and elementary estimates we have both

_ n n—1
M(y) = —al7' Syl (g;'m) - Mg;m))
0 A<y <31
< amr; et 30 < |y| <44

ary ' &y e Gl 4 <yl

and

oh e
R T ) @38)
—ar; '&A " (ly| = 4) y€d'T, NBsy,
< —ar; &AM ! y € (9"EaNByy) \ B3
—aly | (A og i+ i ) ye 9 \ By,

where a denotes a constant of the form Ca.
Set h* = hy + hy. Then h*(y) = o(1) [y|* ™ and h* = 0 on dX; NIB;. We need to show that the differ-
ential inequalities in (4.14) hold so we consider
26



Li(w* + 1) (y) < (% — 0*) () + Hi(y — Re)E1 () (v) + Ay y € 5,
Bi(wh +h*)(3) < Jeil &) [ () + F2(7) yEIT;.

For y € T, N By, both of /i and Ah, are nonpositive, so L;(w* 4% )(y) < 0 on this set. Moreover, in view
of (3.30) and (4.38), once a is chosen we may choose € > 0 depending on n, A, A,a such that

Bi(wh + 1) (y) <CT7'8i(ly| = A)(jeil =2 7"a) <0 y€9'E;NBy
whenever ¢; < €. For y € (£, NByy ) \ B3y, by choosing a(n, AM, A, a;) small we have

Liw* + W) (y) < CT7I§A T (aMA? —ap) <0 y e (£3NByy) \ Bsy.-
Fory € (9’2 NByy) \ B3y, by decreasing € if necessary we have

Bi(wh +1*)(y) <CT7'6A(lei| = A™"a) <0 y€ ('S4 NByy) \ Bay.
Finally, for y € £, \ B4, by choosing R larger if necessary we have

LA +#)0) € sl <—az b1+ (Clog 3 +abl ~aalyP?)

.
+ Y N C+aly| - a |y|2)>
=2
< 0

The boundary inequality for |y| > 44 is

Bi(wh + 1) (y) <CT7'8i(cil —a) [y &i(ly) <0 y € (9'EaN63)\Bay.
We have shown that h* satisfies (4.14) when ¢o > 0.
Arguing as in the proof of Lemma 4.2 shows that the moving sphere process can start at A = Ag. Then
arguing as in the proof of Proposition 4.1 we obtain a contradiction to the convergence of vg ; to Ug. Propo-
sition 4.2 is established.

4.3. Completion of the Proof of Theorem 1. With a rapid vanishing rate for &; in hand, a final application
of the method of moving spheres will prove theorem 1. The rapid vanishing rate of 6; makes the construction
of the test function simple.

Proof of Theorem 1. we consider v;, U and their Kelvin inversions

) = (é,)n_zw) and  UMy) = (fyj)n_zuo’w

fory € £; = Q;\ By. In this case, with 1* = 1 direct computation yields

(U-UM(y)>0 yeR"\B, ifd<A*
(U—-U*)(y) <0 yeR"\B) ifd>A%
and we consider A between A9 = 1/2 and A; = 2. Set

why) =vi() =} () yeXx
Then w* satisfies equations (3.4) - (3.8) with R = 0. We still need to construct a test function h* such that

(3.10) and (3.11) hold. Note that (3.37) still holds. By Proposition 4.2 and (3.37) we have
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Q*y)<crF "yt yex;. (4.39)
Let
h(y) = —aiDZ"A 2 A =y >4,

where a; is a positive constant which is to be determined. Routine computations show that 4 satisfies

Al < —all“l.z’”l"” ’y‘_? yeX)

g’;; =0 y € 9%, NIR™ (4.40)
hi(y)=0 y€dL; NdB,.
Moreover,
2—n
a7"AM |y —A) A<y <A+1
< L 4.41
‘hl(y)’ = { all—*%—nln—&-l l+1 < ‘y| ( )
In particular, A (y) = o(1) |y|* ™" for [y| < &7 L.
Next we define /. For A < r < o, let g(r) be a smooth positive function satisfying
r=A+5Lr—21)> A<r<3a
g(r)= smooth and positive 34 <r <4A
At 41 <,
where ‘smooth and positive’ means there exists a constant M > 0 such that both
(r) > | 3A<r<4A
r)> — r
8\ =, sSr=s
and
Hg||c2([z,oo)) <M.
Define
ho(y) = —al7 "y ebl)  yeXy,
where a5 is a positive constant to be determined. Routine computations yield
- - _ 2(n—2
Ahy(y) = —axT7 "y |y~ (g”(!y!)+”|7fg’(\y\)— T )g(\y!)) yEeR™\ By
9 |2 '
T2 (y) = ="y e(y]) y € IR\ By (4.42)
ha(y) =0 y € B, UJR"
o (v)] = o(1) [y A<yl <&l
Moreover,
()| < Couilx) >y~ &(ly])
< CoMui(x) |y
= o) P

Set i*(y) = hy(y) + ha(y). Since each of A; and h; are nonpositive in X;, using (4.40), (4.39) and (4.42),
we see that a; may be chosen sufficiently large and depending on a, such that L,-(W’1 + hl)(y) <0in X,.
Now, if ¢; < 0, then B,~(w’1 + h’l) < 01in @'Y, NByy holds trivially. If ¢; > 0, then using the estimates for
|hy| and |h;| along with lemma 3.3 and (4.42), we see that there is 0 < € = €(A,a;,a) such that if ¢; < €
then B;(w* +h*) <0 on (9'L; N0\ By, Finally, arguing similarly to the proof of lemma 3.7 we see that
the moving-sphere process can start at Ag = 1/2. Then arguing as in the proof of lemma 3.1, we see that the
spheres can be moved to A; = 2, which is a contradiction. Theorem 1 is established. |
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5. ENERGY ESTIMATE

In this section we give an overview of the proof of Corollary 1. The major step in the proof is the deriva-
tion of the Harnack-type inequality. Since the proof of Corollary 1 is standard once Thoerem 1 is obtained
(see [15], [13] and [17] for details), only the key points of the proof will be mentioned here.

First, use the selection process of Schoen to locate all large local maximums of u in B;r /3 Surrounding
each local maximizer of u, there is a neighborhood in which u is well-approximated by a standard bubble,
the majority of whose energy is in this neighborhood. The key information revealed by the Harnack-type
inequality is that the distance between the local maximizers of u is not too small.

Due to the local nature of the equations considered in this article, the approach in controlling this dis-
tance between maximizers of u is slightly different than the approach used in [15] so we mention it now.
For the local equations, it is not possible to find two local maximizers of u that are mutually closest to each
other. Each local maximizer certainly has a second maximizer which is closest to it, but there may be a
third local maximizer whose distance to the second local maximizer is smaller than the distance from the
first local maximizer to the second local maximizer. To overcome this difficulty, rescale the equation so
that the distance from the first local maximizer to the nearest local maximizer is one. The Harnack-type
inequality forces the values of u at these two local maximum points to be comparable. The comparability of
these two maximum values ensures that no two bubbles can tend to the same blow-up point. Indeed, if two
bubbles tend to the same blow-up point, then a harmonic function with positive second-order term can be
constructed. This function will give a contradiction in the Pohozaev identity.

With the distance between local maximizers of u controlled, one can use standard elliptic theory to show
that near a large local maximum, u behaves like a rapidly decaying harmonic function. This behavior yields
the energy estimate in Corollary 1.

6. APPENDIX
6.1. Green’s Function Estimates.

Lemma 6.1. Let
A={neX:ly—nl<(yl-21)/3}
B={neZy:ly—nl=>(yl-2)/3and [n| <81}
D={neX;:nl =81}
There exist positive constants Cy and C, depending only on n such that the following estimates hold.
(1) Forall A < |y| <4A,

oz BZAm=D o o
and
Cly—nf™" neA
Gt (1,1) < C(I}’Ifi»‘i)(lfgznflz) < C(\y\*liz(rllf‘lnlfl) nes 62)
C(|>'I*£\)}F|_711|‘nflz) < Clyl/{l |n|27n neb

(2) For all |y| > 4A, both

—A)(|y)* = A2 —A, om
(Inl—=2)(yl ) < el o

G*(y,n)>C >
T 7

neQ, (6.3)

and
G*yym)<Cly—-n" ne\Q. (6.4)
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Proof. By (3.15) after preforming elementary computations involving the mean-value theorem we obtain

1 : 1
0<0,G(m) = 35 (b =23 (>~ 2%) [ vm) ¥ .

where

4G(y,m)

Il
-
=
|
=
T
_l_
=
|
N
7 N
>
S~
<
~
|
=
(3]

2 2 ¢
= (B) ol - P2 -2 osr<tpmenxm\b=nk

For each (y,n) € X3 x X3 \{y=n},t— 4(y,n) is decreasing and positive, so for such (y,n),

—n

1 —n
3 OF=22nE =23 (5) "o < g 63

L 2 _ 12 2 42 "
< Sl =29 =A%)y -l

Each of the estimates in (6.1), (6.2) and (6.4) follow immediately from either (3.15) or from (6.5). To show
G(y,n) satisfies (6.3), use (6.5) in addition to the fact that G(y,n) = G(n,y).

To see that (6.1), (6.2), (6.3) and (6.4) hold for G, observe that since G(y,n) > 0, G(y,n) > G(»n).
This gives both (6.1) and (6.3). To show that G satisfies (6.2) and (6.4), observe that G(7,1) satisfies these
inequalities with y replaced by ¥. Since |j| = |y| and [y —n| > |y — n| for y,n € R", the desired inequalities
hold. i
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