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ABSTRACT. Let A = (aij)nxn be a nonnegative, symmetric, irreducible and
invertible matrix. We prove the existence and uniqueness of radial solutions to
the following Liouville system with singularity:

Aug+ 37 aijlzlfieti ™ =0, R?, i=1,.,n

Jr2 |z|Piewi(®)de < co, i=1,..,n
where (1, ..., Bn are constants greater than —2. If all ;s are negative we prove
that all solutions are radial and the linearized system is non-degenerate.

1. Imtroduction. In this article we consider the following singular Liouville system

Aui + Y0y ailalPens®) =0, R?, iel:={1,.,n},

fR? |z

where (1, .., 8, are constants greater than —2, A = (a;;)nxn i a constant matrix
that satisfies

(1)

Bigwi@dy < 0o, i€,

(H1) : A is symmetric, nonnegative, irreducible and invertible.

A is irreducible means there is no disjoint partition of I into I; and Is such that
a;; = 0 for all i € I; and j € I. For the system (1), the irreducibility of A means
(1) can not be written as two independent subsystems. If n = 1 and ay; = 1, the
singular Liouville system is reduced to the following single Liouville equation:

Au + |zPe* =0, R2? / lz[Pe" < . (2)
R2
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Prajapat-Tarantello [28] classified all the solutions to (2) and proved, on one hand,
that if 5/2 ¢ N all solutions are radial and can be written as

1
(1 + sy

u(x) = log p> 0.

|z[F+2)2’
On the other hand, a solution may not be symmetric around any point if 5/2 € N.
The proof of Prajapat-Tarantello uses properties of integrable system. However, the
Liouville system is not integrable and we have to apply new methods. The purpose
of this paper is to prove a classification theorem for all the radial solutions to (1).
Let w = (uq, ..., uy) be a solution to (1) we use o = (071, ..., 0p,) to denote its energy:

1

= s Piewi@dy, iel:={1,..,n} (3)

o |z

and we set Aj(o) as
A](U) = 22(51 + 2)0’1 — Z 4;;0;0;.
iel ijel
For J C I, Aj(o) is understood similarly. The main theorem of this article is
Theorem 1.1. Let A satisfy (H1), 51, ..., Bn > —2 be constants,
1. If u= (u1,...,un) is a radial solution to (1), then
Ar(oc) =0, Aj(c)>0 VOCJCI. (4)

2. For each o = (01,...,0p) satisfying (4), there exists a global radial solution u
whose energy is o.
3. If u and v are both radial solutions to (1) with

o0 oo
/ PPitlewi(n) gp — / rPitleviMdr el
0 0

Then u;(r) = v;(6r) + (24 B;) logd for some § >0 and all i € I.
System (1) is reduced to the following form if g; = ... = 8, =0,
Au; + 3 e agie™ =0, R2,
(5)
Jge €41 < o0, R2

Under the assumption (H1) on A, a standard moving-plane argument shows that
all uy,..,u, are radially symmetric with respect to a common point (see [12] for
the proof). The classification of all solutions to (5) has been completed through
the works of Chipot-Shafrir-Wolansky [12, 13] and the authors [24]. Among other
things Chipot et. al. prove that

Theorem A: (Chipot-Shafrir-Wolansky) Suppose A satisfies (H1), for any solu-
tion u = (U1, ..., uy,) to (5), its energy o = (01, ...,0,) belongs to the hypersurface
I:={o=(01,.y0n); Ar(c) =0, Aj(e) >0, VO CJCI. }
On the other hand, for any o € T', there is a solution u of (5) whose energy is o.
It can be readily verified that the energy of a solution of (5) is invariant under

rigid translations and appropriate scalings: Let u be a global solution to (5), then
v = (v1,...,v,) defined by

vi(y) = ui(6y + o) +2logs, i€l (6)
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for any xy € R? and any § > 0 clearly satisfies [, e = [p, e for all i € I. It
turns out that for any o € I', all the global solutions that have the energy o are
related by a translation and a scaling described in (6):

Theorem B: ([24]) Suppose A satisfies (H1). Let uw = (u1,...,u,) and v =
(v1, ..., un) be global solutions to (5) such that [p, €% = [po ¥ for alli € I, then v
and u are related by (6) for some 6 > 0 and xo € R2.

Theorem A and Theorem B together give a classification of all the solutions to
(5). One obvious question that Theorem 1.1 raises is, for what (i, .., 8, do all the
solutions to (1) have to be radially symmetric? We give an affirmative answer for
the case of non-positive 5.

Theorem 1.2. Let u be a solution to (1), A satisfy (H1). Suppose 3; € (—2,0] for
1 € I and are not all equal to 0. Then all components of u are radial functions.

Systems (1) and (5) and their reductions appear in many disciplines of mathe-
matics and have profound background in Physics, Chemistry and Ecology. When
(5) is reduced to one equation, it becomes the classical Liouville equation

—Au = ¢,

which is related to finding a metric with constant Gauss curvature. In Physics, the
Liouville equation represents the electric potential induced by the charge carrier in
electrolytes theory [29] and is closely related to the abelian model in the Chern-
Simons theories [18, 19, 17].

The Liouville systems (5)(1) are used to describe models in the theory of chemo-
taxis [11, 21], in the physics of charged particle beams [2, 14, 22], and in the theory
of semi-conductors [26]. For applications of Liouville systems, see [3, 12, 24, 25] and
the references therein. Here we note that Liouville systems with singularities are of
special importance in Physics and Geometry. For example, the single equation (2)
appeared in [27] as a limiting equation in the blow-up analysis of periodic vortices
for the Chern-Simons theory of Jackiw and Weinberg [16] and Hong et. al. [15]. In
geometry (1) is related to finding metric with conic singularities [4, 5, 6, 8, 20].

It is well known that classification theorems are closely related to blowup anal-
ysis and degree-counting theorems. For many equations the asymptotic behavior
of blowup solutions are approximated by global solutions. For example, for the
Liouville equation

Au+Vet =0, QcCR?

if V' is a positive smooth function, blowup solutions near a blowup point can be
well approximated by global solutions to

Au+e* =0, R?

see [9, 23, 7, 30]. If V is nonnegative and the blowup point happens to be a zero of
V', the profile of blowup solutions is similar to that of the global solutions of (2), see
[28, 1, 31]. We expect Theorem 1.1 to be useful in the study of singular Liouville
systems defined on Riemann surfaces or domains in R2.

The proof of the uniqueness part of Theorem 1.1 (the third statement) is moti-
vated by the authors’ previous work [24] on the Liouville system with no singularity.
The existence part (the second statement) is based on the uniqueness result and is
therefore significantly different from the duality method used by Chipot. et. al. in
[12]. The first statement in Theorem 1.1 is similar to the corresponding case in [12].
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For many applications, especially on the construction of bubbling solutions it is
important to study the nondegeneracy of the linearized system. Our next result is
concerned with the case when [ is non-positive.

Theorem 1.3. Let 8; € (—2,0) foralli € I, uw = (uy, ..., uy) solve (1) corresponding
to 8= (P1,..,0n). Let ¢ = (¢1,..,0,) be a bounded solution to

Agi+ > aijlylPe i @eg;(y) =0, R*iel.
JeI
Then there exists C € R such that ¢;(r) = C(ruj(r) + 2+ 6;) for alli e I.
Remark 1. By Theorem 1.2 u is radial in Theorem 1.3.

The organization of this paper is as follows. In section two we list standard tools
to be used in the proof of Theorem 1.1. Then in section three we prove the three
statements of Theorem 1.1. Theorem 1.2 and Theorem 1.3 are proved in section
four and section five, respectively. Finally in the appendix we provide proofs for
the tools used in the proof of Theorem 1.1.

2. Preliminary results. In this section we list a few ODE lemmas to be used in
the proof of Theorem 1.1. Since these lemmas are standard we put their proofs in
the appendix, in order not to disturb the main part of the paper.

Lemma 2.1. Let u = (uq,...,up) be a solution to (1) where A satisfies (H1). Then
ui(r) = —mgloglz| +¢; +o(|z|™%), iel, |z|>1,
Vui(z) = —mz/|z*> + O(|z|°7Y), iel, |z|>1,

where

n
mi:Zaijcrj>2—|—ﬂi, 1€l
Jj=1

c; = ul(O) + / log’rz aijrﬁj+1e“1 (T)dT
0

j=1
0 is some positive small number.

Remark 2. u is not assumed to be radial in Lemma 2.1.
The next lemma is on the linearized system of (1) expanded along a radial solution

u:
(r0l) + 3 aiyrietivg; =0, i€l ®
J

Lemma 2.2. Let ¢ = (P1,...,0n) satisfy (7) with B; > —2 for all i € I, then
¢i(r) = O(logr) at infinity fori € I.

Lemma 2.3. Let A satisfy (H1), 8; > —2 for i € I, then for any cy,...,cn, € R,
there is a unique solution to

w!(r) + Lul(r) + > aijrfiew (™ =0, i=1,.,n,
(0) =i, Q= (8)
u;(0)=¢;, i=1,..,n

that exists for all r > 0.

Remark 3. u may not have finite energy.

If we further know that a;; > 0 for all 4, then the solution has a finite energy:
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Lemma 2.4. Let a; > 0 for all i € I, then for all cy,...,c, € R, there exists a
solution to

ul + Luf(r) + djer aijrfie (™ =0, 0<r<oo, icl,
J e Mrfitldr <00, i€l (9)

u;(0) =¢;, i€l
Lemma 2.5. Let ¢ be a solution of
(rgf(r)) + 27—y airfitlet g;(r) =0, 0<r < oo,

$;(0)=0, Viel.
Suppose B; > —2 for alli € I, then ¢; =0 for alli € 1.
3. Proof of Theorem 1.1.
Proof. (Proof of Theorem 1.1)
3.1. The proof of the first statement of Theorem 1.1.

Lemma 3.1. Let u = (uy,..,uy,) be a radial solution of (1) with A satisfying (H1)
and B; > —2 for all i. Then

Ar(o) =0, Ay(c)>0, VOCJCIL

Proof of Lemma 3.1: This proof uses the same idea as in [12]. Let ;(t) = u;(e?),
then

a;(t) = —m; as t— oo. (10)
The equation for ;(t) is
() + Y a et =0 teR, iel (11)
j=1
Let zi(t) = 37, aa;(t), then z/(t) — —o; as t — oo. (11) can be rewritten as
2 (t) = —eBHPIEY ez e, (12)

Clearly z/(t) < 0 for all ¢ € I and all t € R. Let w;(t) = z.(¢), then by (12) and
(10)

wi(—o0) =0, w;(t) <0Vt w;(o0)=—0;.
In addition we have w}(—o00) = wj(co) = 0. Using the definition of w; we differen-
tiate (12) to obtain

wi'(t) = (2 + B)w () + wi(t) Y aijw;(t). (13)
JjeI
Taking the summation for ¢ € I in (13) we can write (13) as
Souf ()~ Y@+ Bt = 3 gau(wityuy(1)'
iel iel igel
Integrating t from —oo to oo we obtain Ar(o) = 0. For J C I, summation for ¢ € J
n (13) leads to

Sl = Y@+ i) 5 3 w0 = Y ayultus(),

ieJ icJ i,5€J ieJ,jeINJ
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Integrating the above for ¢ € (—o0, 00) we obtain

Z(QJF@')CH - % Z a;j0;0; = Z Qij /jo w;(t)wj(t)dt.

ieJ ijed i€, jeI\J

Since the irreducibility of A means that there exists a;; > 0 for ¢ € J,j € I\ J
we see the right hand side of the above is strictly positive because w;(t) < 0 for
all i € [ and t € R and w;(t) < 0 for all ¢ € I and ¢t € R. Thus we have obtained
Aj(o) > 0. Lemma 3.1 is established. O

3.2. The proof of the third statement of Theorem 1.1.

Proposition 1. Let u and v both be radial solutions to (1) such that
/ pPitlewi(n) gp — / plitleviMdr el
0 0
Then u;(r) = v;(6r) + (24 B;)logd for some § >0 and all i € I.

To prove Proposition 1 we first establish a uniqueness result for the linearized
System:

Lemma 3.2. Let ¢ = (¢1,...,0n) be a bounded solution of (7), then ¢;(r) =
C(rui(r)+24 8;) forallieI.
Proof of Lemma 3.2: Let

' = (rul (r) + 2+ B, ey 7l (1) + 2+ Br).

Then by computation ¢° is a solution to the linearized system. Suppose there
exists another bounded solution ¢! which is not a multiple of ¢°. Without loss of
generality we assume ¢1(0) = 0, as by Lemma 2.5 one of ¢}(0) must be different
from 2 + ;. To derive a contradiction we set

S ={a; 3 abounded solution ¢ = (¢1, ..., ¢,) such that ¢1(0) =2+ S,
$;(0)=a; <3+ 6;;, 1=2,...,n, a=min{2+ Bi,qs,....,an},

/ e“i(s)¢i(s)sl+5ids >0, Vr>0, i=1,..,n. }
0
First we see that 2 + min{f3i, ..., 3,} € S. Indeed the expression of ¢° gives

/T 51+Bieui(s)¢?(s)ds _ r2+ﬂz‘eui(r) > 0.
0

Next we observe that S is a bounded set. Indeed, suppose a@ < 0 is in S, let qg be
the function corresponding to «, then 35 € I such that ¢,;(0) = «. This leads to
for sit+hi er(S)(ZEj (s)ds < 0 for r small, a contradiction to the definition of S. Let &
be the infimum of S and let o* = (af,...,aF) € S be a sequence in S that tends to a
from above. Suppose ¢F = (¢¥, ..., ¢F) is the solution corresponding to ¥, then we
claim that ¢* converges to ¢ = (1, ..., ¢, ), which is also a bounded solution with
the strict monotonicity property described in S. Indeed, let ™ = (77, ..., 9") be
the solution to the linearized system such that ¢]*(0) = §7*. Then by Lemma 2.5

ot = Z ap ™.
m=1
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Here we recall that by Lemma 2.2 ¢7"(r) = O(logr) for r large. Since & < af <
3+ B; for i € I and all k. Along a subsequence ¢* tends to ¢ over all compact
subsets of R. The monotonicity property of ¢* implies

/ e pi(s)s'Pids >0, Viel, Vr>o0.
0

On the other hand, since ¢* are all bounded functions, for each ¢* we find r; — oo
as | — oo such that r;(¢¥)(r;) — 0. From the equation for 7¢¥ we have

/ Zaijrﬁj+leuj("')¢§(r)dr =0, Viel.

—t

Since A is invertible

oo n 0o
0 :/ e M gk (p)pfitlar = Z ozfn/ e M (p)pBit L gy,
0 — 0

Since ¢"(r) = O(logr), / M ap™ (P)rPittdr is well defined, we let of —
0
(a1, ..., @) to obtain

/ e g;(s)sPtds =0, Viel. (14)
0

As a consequence of (14), ¢ is bounded. Indeed, the equation for ¢ is

(réi(r)) ==Y _airP e Mgi(r), r>0.
J

Using ¢;(r) = O(logr), r¥+2e%(") = O(r=?) for some § > 0 (Lemma 2.1) and (14)
we know

/ ") g;(s)sPHds =0 — / ") g;(s)sPHds = O(r~9/?)
0 T

for 7 large. Thus @}(r) = O(r~'17?%) for all 7 large, which implies that ¢; is
bounded. Since each ¢; is a non-increasing function, (14) implies that ¢; decreases
to a negative constant when 7 — oo. Indeed, by (14) either ¢; = 0 or ¢; de-
creases to a negative constant. The first possibility does not exist, because the
fact ¢1(0) = 2+ 31 > 0 implies that ¢; decreases into a negative constant at in-
finity. Also [; sttPren($) g (s)ds > 0 for all r. Consequently for all i in the set
L = {Z €l; an >O},

réi(r) < _ail/ 81+Ble“1(s)$1(s)ds <0, VYr>0.
0

Therefore ¢, strictly decreases to a negative constant for all i € I;. We can further
define

I:={iel; a;; >0 forsomejel.}.

By the same reason as above ¢; decreases to a negative constant at infinity for all
1 € I. By the irreducibility of A all the components of ¢ decrease to negative
constants at infinity.
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Now we claim that @ — e € S for € > 0 small. To see this, consider ¢ + to! for
|t| sufficiently small. Recall that ¢{(0) = 0, thus ¢1(0) 4 t¢}(0) = 2 + ;. Clearly
é + to* solves (7). By choosing t positive or negative with |t| small we can make

IIlei}lggi(O) +tpr(0) =a —e>0.
Since ¢ + t¢! is bounded we have

/ evi(gi +tol)sPitlds =0, i=1,..,n.
0

Since ¢;(r) tends to a negative constant as r — oo and ¢! is bounded, we know for
r large and [¢| small

/ evi(pi(s) + tol(s))s”Tlds < 0.
Consequently
/ e ) (Gs(s) + tol(s))sHds >0 Vr > 0.
0
Thus & — € € S for some € > 0 small, a contradiction to the definition of &. Lemma
3.2 is established. O
Proof of Proposition 1: We shall consider

uf (r) + Jui(r) + X  aigrPe ) =0, 0<r < oo,
I et (Mpfitldr < 0o, Viel, (15)

u;(0)=¢;, i=1,..,n—1, wu,(0)=0.
Let
Iy :={o = (01,.,00); Ar(c)=0, Aj(c)>0, YOCJCI }.
II; :={C = (c1,..,¢n—-1); (15) has a solution. }.

Note that by Lemma 2.4 II; = R*~ ! if a;; > 0 for all i. We claim that the mapping
from II; to Il5 is locally one to one. Indeed, let M be the following matrix:

8010'1 8Cn710'1
M =

8clan_1 8cn_lan_1

We claim that M is nonsingular. We prove this claim by contradiction. Suppose
there exists a non-zero vector D = (dj, ...,dn,1)T such that MD = 0. Then by
setting v = dyc1 + ... + dp—1¢—1 We have

370'1 = 370'2 = ... = a,),O'n_l =0. (16)
For I, A;(c) = 0 reads
Z aijoiaj = 22(2 + Bi)a'i.
i€l icl
By differentiating both sides with respect to v we have

S aijoy —2 - B,)d,04 = 0.
J

i
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Since Ayj(o) > 0 implies ., azjo; > 2+ B3;, (16) implies 9,0, = 0. Set ¢; = dyu;
(¢ € I), then ¢ = (¢1, ..., ¢p,) satisfies (7) and

¢z(0) :di, 1= 1,...,n—1, (bn(()) =0.

From 0,0; =0 (i € I) we have
/ evigi(s)s'tPids =0, iel. (17)
0
As a consequence of (17), ¢ is bounded. Indeed, integrating (7) from 0 to r

i) = = [ S a0 ()
J

o0
= / aijsttPiet (g (s)ds = O(r=°)
T

for some § > 0. Therefore ¢'(r) = O(r~'=%), which proves that ¢; is bounded.
By Lemma 3.2 ¢; = c(ru; + 2 + [3), then we see immediately that ¢ = 0 because
¢n(0) = 0, this is not possible because not all d;’s are zero. Therefore we have
proved that M is nonsingular for all C = (cy,...,¢p—1) € II4.

We further assert that there is one-to-one correspondence between IT; and II.
This is proved in two steps as follows.

Case 1: a5 > 0,i € 1.

In this case, by Lemma 2.4 II; = R*~!. The mapping from II; to I, is proper
and locally one to one. Here we claim that IIs is simply connected. Assuming
this, since R®~! and II, are simply connected, there is one to one correspondence
between them. Let u = (uq,...,u,) and v = (v1,..,v,) be two radial solutions such
that u,(0) = v,(0) = 0, [g. [#]% e =[5, |x]%e” (i € I). Then u;(0) = v;(0) for
i=1,...,n—1. By Lemma 2.3 u; = v; for all i € I. Now we prove that Il is simply
connected. Indeed, using m; =}, a;;0;, Ar(0) =0 can be written as

Do a2+ B)2+B) =Y a¥(mi—2-B)(mj—2-5).  (18)
ijerl ijel
Therefore Il5 is part of a quadratic surface, the boundary of which is restricted by
Ay, (o) =0 where J; is I with the index ¢ removed. A, (o) > 0 reads

P
m; —2—f3; > %0‘2‘.

In another word in the coordinate system represented by m;, we use n coordinate
planes to bound the quadratic hypersurface described in (18). Other restrictions
Ay > 0, when J is obtained from I with at least two indices removed, do not affect
the topological information of A;(o) = 0. Thus I, is a part of the quadratic hyper-
surface in the first quadrant and is therefore simply connected. Proposition 1 is
proved in this case.

Case 2: There exists iy such that a;, ;, = 0. We prove this case by a contra-
diction. Suppose ¢* = (c¥,....,ck_|) (k = 1,2) are two distinct points on II; that
correspond to the same energy: let u', u? be two solutions corresponding to ¢! and
¢? respectively such that

oo 1 00 R
/ et (1) 14Bi g — / o3 (1) ) 14Bi g o icl.
0 0
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Since the matrix (80
Oc

to-one mapping between a neighborhood of ¢ to a neighborhood of ¢ in Il,. Since
c! # 2, we choose the neighborhoods around them to be disjoint.
Now consider a perturbation system

ul (r) + Lul(r) + > jerlaij + €bij)rfiets =0, r>0, i€l

) € M(;,—1)x(n—1) is nonsingular at ¢! and 2, there is a one-

JoSrPitletidr < 00, i€, (19)

u1(0) = c¢1, .oty—1(0) = cp—1, un(0) =0.

Let u®€ be the solution to (19) that corresponds to the initial condition ¢*¥ =

(k.. ek 1,0) (k=1,2). Let o*< = (67, .., %) be defined as

n—1»

k o0 ke

J,’EZ/ pBitlou; (7')dr, 1=1,..n.
0

We claim that

oM = (01, ..,00) +0(1), k=1,2. (20)
and A
9o Doy
= 1 =1, .. =1,..,n—1, k=12 21
aCj 6CJ +O( )7 1 ey Ty J IR L ) ) ( )
Assuming (20) and (21) for the moment. Now the matrix
acla{“ ﬁcnflalf’ﬁ
Bey ol oo Dy on

is non-singular at c® (k = 1,2) for € small. On the other hand, !¢ and 6% both
satisfy

. o ke ke ke
AG (o) 1= 305er 22+ Bi)o = T jes i + €630 "0 =0

(22)
AG>0, 0JGI
We use II¢ to represent the hyper-surface described as above. For 0% = (Uf’s, 02 €
IT¢, we can find ¢ = (¢, .., ¢t ) such that

le 1 s
¢j =cj+o(l), j=12,.,n-1

and a solution @€ of (19) with the initial condition (¢}, ..,cr,0) such that

o0
_1,e .
/ rPitled; dr:o?-’e, i=12,.,n-1
0

After using AS(c%€) =0 in (22) we have

o0 1
1.
/ pPrtleln dp = g€,
0

n

Then the difference between ¢! and ¢? implies c¢!*¢ # ¢? for € small. A contradiction
to the uniqueness property satisfied by the system (19).

To finish the proof we now verify (20) and (21). Here we require € € (0, §p) where
do is so small that the matrix (a;; + €d;j)nxn is non-singular for all e € (0, dp).
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For u*, there exists Ry large such that for r > Ry and some § > 0,

(W (rr<-2-8-25, i=1,..,n, k=12

%

For dg small we have uf’e converges uniformly to uf over 0 < r < Ry. For r = Ry
we have

(u;?xf(r))'r <—(2+48j+0) at r=Ry, 0<e<d.

Then by the super-harmonicity of uf’e it is easy to show

(uf’ﬁ(r))'r < —(2+p;+46) for r>Ry.

Thus, 3C > 0 and Ry > Ry such that
rPi e”-?ys(r) <Or= Gt for r> R, (23)
Hence for k =1, 2,
0= /ODO e Bt gy = /Ooo e MpBitlar 4 o(1) = oj+o(l), j=1,.,n.
(20) is verified. To show (21)

oot o 1 ke 8uk’6
— = / phitlen (2 (pydr, i=1,.,n, k=1,2. (24)
aCj 0 aCJ

a’(f;ze satisfies the following linearized equation:

8uf’€ B, u}‘mau?,e .
—A( e, ) = ;(aij + €8;5)r"7 € Do i=1,..n, l=1,..,n—1.
By Lemma 2.2
iﬁf@NSCmn r>2 i=1,.,n, Il=1,.,n-1 (25)

where the constant C is independent of € € (0,d¢). Moreover, for any fixed R > 0,
1€ o1

agé’ (r) converges uniformly to ?;Z; (r) over 0 < r < R with respect to e. Using

the decay estimates (23) and (25) in (24) we obtain (21) by elementary analysis.

Proposition 1 is proved in all cases. [J

3.3. The proof of the second statement of Theorem 1.1. Our proof is based
on the uniqueness result and is completely different from the method employed in
[12]. We divide the proof into two cases according to the diagonal entries of A.
Case one: a;; > 0 for all 7 € I.

In this case, by Lemma 2.4, for any ¢y, ...,c,—1 € R, there exists a unique finite
energy solution u = (uy, ..uy) such that u;(0) =¢; fori=1,..,n—1 and u,(0) = 0.
By Proposition 1 there is a bijection between the initial condition (¢y, .., ¢,—1,0) and
II, (see the notation in the proof of Proposition 1). Thus Theorem 1.1 is proved in
this case.

Case two: There exists ig € I such that a;, , = 0.
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Let o € Ils, then for € > 0 we consider

—Auf =3 (ai; + €6y B e R,

3

ui(0)=¢5, i=1,...,n—1, u5(0)=0,

(R n

Jo e dr = o5, i€l
where o€ = (0¥, ...,05) is a point on the hyper-surface
5:={0=(01,.,0n); 0, >0, Viel, Aj(c)=0, AS5(c) >0,V0 C JC I}
such that 0¢ — o as e — 0. Here we recall that A5(o) is defined as
A5(o) =2 2(2 + Bi)oi — Z (aij + €ij)00;.
icl ijel

The vector (c§, ..., ¢
claim that

€

¢ _1,0) is the initial condition corresponding to o¢. Now we

maxc; <C i=1,..,n—-1 (26)
for some C' > 0 independent of €. Indeed, if this is not the case, without loss of
generality we assume cf is the largest among ¢ and tends to infinity. Re-scale u*
according to c¢{ to make the maximum of all components at 0 equal to 0. The
re-scaled system has to converge in CfOC(RQ) norm to a partial system. Indeed, the
first component converges because all the components are bounded. The n — th
component tends to —oo because the initial condition is 0 before the scaling and
all components are non-increasing. Therefore for the limit function v = (vy, ..., vy,)
without loss of generality we assume v,,+1 = ...v, = 0 for some 1 < m < n. For
i =1,...,m we easily observe that

g ::/ pPitlevi(n) gp < oi, i1=1,....,m. (27)
0

The reason is for each fixed R > 0 we have

R
/ pPitlevi(n) gp < of +0o(1), i=1,...,m.
0

Clearly (v1, ..., v, ) satisfies

Avi + 377 aigrfie’i =0, i=1,..,m,

Joo e Mdr < oy, i=1,.,m.

By Lemma 2.1
Zaija'j >2406;, t=1,..m. (28)
j=1
We claim that & = (71, ..., 0,) With 6,41 = ... = 7, = 0 satisfies A;(5) = 0. Indeed,
let 41 =...=v,=0and H;=1ifi=1,...,mand H; =0fori =m+1,...,n.

Then the system for v can be written as

Av; + Zaijrﬁije“j =0, i=1,..,n.
j=1
Apply the standard method to obtain the Pohozaev identity to the system above
we have A;(6) = 0. Let J = {1,...m} we have A;(5) = 0. Let z; = 0; — ;. From
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the definition of ; we know that z; > 0 for ¢ = 1,...,m Since 1 < m < n we have
AJ(O’) >0, AJ(O’) —AJ(ﬁ) > 0 gives

Z ((Z ;505 — (2 + 52))21 + (Z aijﬁj - (2 + ﬁl))zl) < 0. (29)
icd N jed jeJ

Since )¢ ;a;j0; > 2+ f; for all i € J, we also have 3, ; azjo; > 2+ 3; for all
i € J because o; > G;. Clearly (29) is impossible. (26) is proved. Similarly there is
a lower bound for ¢, ...,c;,_;. As € = 0, the u® converges to u that corresponds to
0. Theorem 1.1 is proved in both cases. O

4. Proof of Theorem 1.2. The proof of Proposition 4.1 in [12] can be readily
applied to prove Theorem 1.2. We include it for the convenience of readers.
For A > 0, let u (w1, 22) = wi(2\ — 1, 22). Set ¥y = {z € R%;  z; > \.} and

Ty be the boundary of ¥y. The equation for u* = (u},...,u}) is
Au}+ 3 aglate =0, iel (30)
jeI

where 2% = (2\ — 21, z2). Set w} = u — u; to be defined in ¥ for A > 0. For w}
we have
oA ) AP
Aw} + Y alalPeSw) = =Y ay (|2 — Ja))e"s
J J
where

A
w; — Wy

2 ;
eE'L)\ = 76111 _ ewz = /1 ew’b—"_t(w?_wb)dt
0
Since B; <0 forall i € I,
Aw} + Z aij\x|61’e€;w3\ <0. (31)
J
Let f = loglog(|x| + 3), then
3 1
A xr) = — .
/(@) r(r+3)%log(r+3)  (r+ 3)2log?(r + 3)
Therefore for any € > 0, there exists C(e) > 0 such that
Af
7 = p2te’

Let z} = w}/f, then the following lemma holds.

r > C(e). (32)

Lemma 4.1. There exists R > 0 independent of A such that for A > 0, if xg is a
point where a negative minimum of min{z},..22} is attained, then x¢ € Bg.

Proof. ( Proof of Lemma 4.1) From (31) we obtain

\Y A
Az} + 2Vzi)‘ff + Zf‘ff + Z aijegj ZJ)\ <0. (33)
;R
Suppose 2 () = min; 2} (x9) < 0 and z¢ is where the negative minimum for z}' is

attained. Here we note that the global minimum of z should be attained. Indeed,
by Lemma 2.1,

wi(z) = —m;log |x| + ¢; + O(|x|_‘5)
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when |z| is large. Thus, for A > 0, since |z*| < |z,
W) (@) = () — ui(@) = O(fal %), o] >> 1.

3

Thus lim,|_e0 27 (z) > 0. Let J = {j € I; z;(z0) < 0}. Here we observe that the
image of the origin is not in J, because of the decay rate of u;. We rewrite (33) as

2 VS AAerZa”e,z <0. (34)
FrE =

in a small neighborhood of zy. Then at x,

Az +2Vz;

A Y V f(xo) o
Az (z9) >0, 2Vzi(x0) e

For j € J, since w/\( 0) <0, we have uA(xO) < wuj(zo), so if |zg| is large, by Lemma
2.1, EHONN |JU|_2 % for x close to xg and some & > 0. Thus

Za €55 xo) < zi(zo Za €67 (@) < C’z (w0)|wo| 2~ s,

jed J
On the other hand if |zg| is large

Af(xo) o

A A 2—e

2 ((Eo) f(on) > |Zz (1‘0)”3?0‘ .

Therefore by choosing € < /2 we see that (34) can not hold if |z¢| is large. Lemma
4.1 is established. O

By Lemma 4.1 and Lemma 2.1, min{w?, ..., w)}} > 0 in ¥ for A sufficiently large.
Thus set
=inf{\ > 0; min{w},..,w}} >0 in¥y }.
Lemma 4.2. X\ =0.

Proof. (Proof of Lemma 4.2) If A > 0, we first prove that w) > 0in Xy forall i € 1.
Indeed, let Iy = {i € I; w? = 0}. If Iy is not empty, the irreducibility of A implies
all w} =0 in X5. However, not all 3; are 0, so for some i € I, we have

Aw —|—Za |x\BJer Za” |2 |BJ—\x|BJ)eJ <0.
Jjel jerI
A contradiction.

Next we derive a contradiction to the definition of X. Let )\k tend to A from the
left. Thus Ag > 0 for all large k. We can assume that mmze I w ¥ < 0in Xy, because
otherwise, the strong maximum principle implies w F>0in Xy, a contradlctlon
to the definition of X\. Therefore, let z; be where the minimum of min;e; wZ be
attained and there is i, € I such that w)"" (xr) = min;ey, TE€TH, )"“ < 0. By Lemma
4.1, 2, € Bp for some R > 0 and all k Along a Subsequence {zi} converges to
Z € Y5 such that for some ig € I, w; (xo) = 0. Since we have proved that w} > 0
for all i € I in 35, 9 € T5. However, Vw;, (z) = 0 leads to ng;)(aco) =0, a
contradiction to the Hopf Lemma. Lemma 4.2 is established. [J

Thus we have proved A = 0, which leads to

ui(—xl,xg) Zui(xl,xg), Vxl ZO, 1el.

Moving the plane from all possible directions we obtain the symmetry of u;. Theo-
rem 1.2 is established. O
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5. Uniqueness theorem on the linearized system. In this section we prove
Theorem 1.3. The following lemma describes the projection of u on sin kf and
cos k.

Lemma 5.1. Let ¢; (r) satisfy

1 (e k?
i+ it Za,»jrﬁﬂ e gin— ok =0, 0<r<oo (35)
jerl
and
Gir(r)| < Cr¥(1+7r)72% ¥r>0, k>1. (36)
If there exists f = (f1, .., fn) such that
T k2. - pBieti £ <) 0 37
fi+;fi_ﬁfl+zaljr e“f; <0, r> (37)
i=
and
fi(r) >0, Vr>0, lim fi(r)/r* =00, lim fi(r)r* = occ. (38)
r—0 r—00
Then ¢ = 0.

Proof. (Proof of Lemma 5.1) We only need to show ¢;; < 0. Suppose this is not the
case. Then because of the assumptions on the decay rates, without loss of generality
we assume

wy (ro) = oL, k(ro) = ma ¢Z (7) > 0. (39)

filro) SR
Note that the maximum can be attained because of the decay assumptions on ¢; j
and (38). The equation for wy, after simple derivation, is

// 2

Prj
+) agrfreti TR =0,
; N h
J_
Near rg, wq(r) > 0. Thus in the neighborhood of 7y, using (37) we have

n

o fiwn — oy

wy +(i+ /1> ZaleﬁJe“ﬂ M
j=

fi fi
The left hand side of the above is non-positive when evaluated at rg, while the right
hand side is non-negative. A contradiction. Lemma 5.1 is established. O

Proof. (Proof of Theorem 1.3)
Let f; = —u/(r). Direct computation shows that

1 1 - 1w
fit o fim gt D airetifi = aiBr’ e
J J

Since all B; < 0. f = (f1,..., fn) satisfies (37) and (38) for all & > 2. Let ¢* =
(%, ..., 9%) be the radial part of the projection onto, say, sin kf. Then ¢* satisfies
(35). Since ¢* is bounded, it is easy to apply standard ODE theorem to obtain that
(36) also holds. Thus all the projections on sin k6 and cos kf are all zero for 8 < 0.
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Finally we prove that for the projection on sinf or cos@ is also zero. Let ¢! =
(¢1.1, -+, P1,n) be the projection of ¢ on sinf. Then we have

1 1 -
it ;¢/1,i - T7¢1,i + Zaiﬂ“ﬁ’ e 15 =0
J

Since ¢! is bounded, the standard ODE theory implies that ¢; ; behaves like O(1/7)
at infinity and like O(r) near 0. We shall use f = (—uj,...,—u,) as the function

n
to majorize ¢'. To apply the same argument as in the proof of Lemma 5.1, The

problem is the maximum may tend to 0 or infinity. We first prove that this can not
happen at 0:

@i/ fi is strictly increasing near 0 if ¢; is positive near 0. (40)
Clearly once (40) is proved, ¢* = 0, thus Theorem 1.3 would be established.
Now we prove (40). Let z; = ¢1,;/r and F; = f;/r. Direct computation yields
3
V22 rPietiz; =0 > 0.
zz—i—rzl—i—;awr ez , T

and

3 s 9w
Fi// + ;Fz/ + Zaijrﬁﬂe“JFj = Zaijﬁjrﬂf 2€u3.
J J

Since ¢1 ; is positive near 0, z;(0) > 0 (if z;(0) = 0, there is no need to consider this
case, as the maximum can not tend to 0). Easy to see that near 0,

0)+ Y O(r#t?)

and

F( +Zﬂ ﬂ7€“7 0)+ZO ﬁ]""l)
J

J

Proving ¢1,;/ f; to be increasing near 0 is the same as proving that z;/F; is increasing
near 0. Since f3; < 0, one immediately sees that z;/F; is increasing near 0.

Next we prove that z;/F; is decreasing if z; is positive at infinity. Assume z;(r) =
¢i/r* + O(r?) at infinity. We have known that, for some d§; > 0,

ui(r) = —m;logr + ¢; + O(r_‘si) r>1.

Thus
e%i(r) = gCip=mi 4 O(r_"”_éi), r>>1.

We obtain, by integration on the equation for z;, that

( _ 2%“"2@13 e’qj ﬂj—’nlj—l_i_O(rﬁj_mj—l—(sj).

4q; e 4q; Bj—m; Bj—m;—4;
’l‘):f— Qi rPiT™mi 4 O(fr-J J J).
r? ; Y (my — B —2)(m; — B;) ;
Correspondingly to compute F;, we use the equation for u; to obtain
(ruj(r)) == air? e = =Y et thmmiets 4 O(r! im0,
J J



LIOUVILLE SYSTEM WITH SINGULARITY 17

Using ru}(r) — —m; at infinity, we have

= —-—m; + Z CL” — 2 2+5j—mj + O(T2+5j_mj_6j)_
Consequently
m; eCi By, PRI
Fl__ = 5 = 1T 5 < J 7—|—O J J 7).
l : Zj:%ma‘—ﬁj—QT r )
2
ml + Z Qi€ %Tﬁjfmjfl + O(Tﬂjfmjflf(?j)'
J
Our goal is

2 F; — z;F} < 0 near infinity
when z; is positive near infinity. Using the expressions above it is enough to show
if the following is negative:

m; j—mj—2
Zaw G mqj)rﬁ’ i (41)

J

By ¢i/m; = max;er qj/m]-7 gi >0 and B; <0 for all i € I, we have (41). Therefore
z;/ F; is decreasing near infinity. Theorem 1.3 is proved. O

6. Appendix. In this appendix, we prove the ODE lemmas stated in section two.

Proof. (Proof of Lemma 2.1) The proof is standard ( for example, see [10]). We
include it for the convenience of the reader. Let

1 1 o
wile) = [ (~5-logle 1+ 5 Tog(1-+ s]) D aslure Oy (12
Clearly w; is well defined and satisfies
—Aw;(z Z aij|z|Pe @ R?

and
A(ul — wi) = O, R2.
By Lemma 4.1 in [24] u; < C on R% Next we claim that
wi(z)
To see the above, it is easy to obtain for € > 0, there exist R(¢) >> 1 and R; >> R
such that for x| > Ry

1 log |x y| log(l ‘yD 2 : Bj uj
_ .. j Ui _ | < e
‘27r / log | z| aijlyl™e mil < e

7

J

—log |z — y| + log(1 + |y s
|/ o = vl & g1+ W) $~ o, gy < .
R2\Bpr J

Also

log ||
Thus u; — w; < Clog(1 + |z|), which leads to
u; = w; + C; (43)
for some C; € R. Next we claim that
—B;>2 foralliel. (44)
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Indeed, if this is not the case, there exists ig € I such that
mig - Bio = mln{ml - /317 vy My, — Bn}’ S 2
By (42) and (43) we have

wi, () = % /]R2(_ log |z — y| + log(1 + |y|)) Zaioj|y|ﬁje“1(y)dy - C.
J
Easy to check
—log |z —y[ +log(1 + [y[) > —log(1 + ),
thus
o (z) = —my, log([z +1) = C = =(2 + B;,) log(|z| +1) = C
a contradiction to [, || e%0(*) < 00, (44) is established. Now u;(z) can be

written as

1
uy(x) = 27 Jge log |z — | ;aiﬂy\ﬁjeuj(y)dy + ¢ (45)

¢; can be determined as in the statement. Finally we derive the error term O(r~9%).
To see this we set

x
Bo={y l<lel/2) Ba={y: ly—ol< D) B=E\(5UE)
Using e%®) = O(|y|~™) in (45) one obtains
1
~5 . Tosle =yl S au e dy = —mlog e + O(1a| ).

J
Similarly by elementary estimates

/ log |z — 4l 3 aisly|% e Wy = O(Ja|~%).
FE2UE3 j

The gradient estimate for w; is obtained by standard estimates. Lemma 2.1 is
established. O

Proof. (Proof of Lemma 2.2) Let () = (¢1(t), ..., ¥n(t)) be defined as
bi(t) = ¢ile’), i€l
Then 1 satisfies
Y1)+ a1 =0, —co<t<oo, i€l
J

Let V41 = ¥),..., Yon = ¥, and F = (1, ..,992,)7, then F satisfies

F' = MF
where M = ]g (I) . Bis a n x n matrix with B;; = faije“f(et)“z*ﬁj)t. For
t > 1, the solution for F is
F(t) = lim_ eMn) M) R((). (46)

where tg, ..., tn satisfy t; = je, j = 0,..,N, e = ¢t/N. Since u;(e*) + (2 + B;)t ~
(—m;+2+ B;)t when t is large and m; > 2+ 3;, we have |B|| ~ e~ for some § > 0
and t large. With this property we further have

IM|F < Ce™®0t k=23 .. t>0 (47)



LIOUVILLE SYSTEM WITH SINGULARITY 19

for some ¢; > 0. Using (47) in (46) we have
[F@) =0@), ¢>1.
Lemma 2.2 is established . O

Proof. (Proof of Lemma 2.3) If a solution u = (uy, ..., u,) exists, it would satisfy
wi(r Za” / tﬂf"l (logr — logt)e“f(t)dt, i=1,..,n.

We first prove the existence of a solution on 0 < r < § for some small § > 0 by
iteration: Let u(®) = (0,..,0) and

uz(-kﬂ) ) =¢;(0 Za”/ tPit(logr — logt)e® ; (t)dt i=1,...,n.

For 6 > 0 small and r € (0,9), since 5; + 1 > —1, it is easy to see that such a
sequence converges. Therefore the existence of a solution for over (0, ) is proved.
The existence for r € (J, 00) clearly holds because of the right hand side is a Lipschitz
function of u. The proof of the uniqueness of the solution is the same as that in
Lemma 2.5 later in the section. Lemma 2.3 is established. O

Proof. (Proof of Lemma 2.4) By Lemma 2.3 a solution to (8) exists for » > 0. We
just need to show that

/ e pBitlgr < oo Vi€ I
0

Let v;(t) = ui(et) + (2 + Bi)t (i € I), then v = (vy, ..., vy,) satisfies

+Zal i) =0, —co<t<oo, i€l

From the equation for u we have

rug(r) = —/ > a;;e"sPitds <0, r>0, iel
0 -
J

The last inequality is strict because a;; > 0 and not all equal to 0. Consequently
vi(t) < 24 B; for t € R. Fix ty € R we have, for ¢ > t,

¢
vi(t) = vi(to) / Za ¥ ds < vl(tg) — a“/ e"ds, el

to to

Since a;; > 0 there exists ¢ > to such that v}(t) < 0. Choose vi(t;) = —§ < 0 for
some § > 0, then we see

’Ui(t) Svi(tl)—é(t—t1)7 t>t

which is equivalent to u;(r) < (=2 — 8; — §)logr + C for r > e'*. Therefore
Jo7 et Mrfitldr < oo, Lemma 2.4 is established. O
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Proof. (Proof of Lemma 2.5) The proof is standard, we include it for the convenience
of the reader. Clearly we only need to show that ¢; = 0 in (0,0) for § > 0 small.
Write ¢;(r) as

7‘1 S ] )
an=-[ 3/ (e oyt

— / Z aitPi e ® g (1) (log r — log t)dt
0

JeI

Let o = min{fBy, ..., B} + 1, since all 8; > —2 we have & — € > —1 for some € > 0
small. For the € we choose 6 > 0 small so that logr —logt < ¢t~ for r < § and
t <r. Thus

b0 [ e o0 7 <s
J

for some C. Let ¢(r) =Y,/ ¢s(r)| and F(r) = [; t*~¢|¢(t)|dt, then
F'(r)y—Cr*“F(r)<0, F>0, F(0)=0.
Since @ — e > —1, F = 0. Lemma 2.5 is established. O
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