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Abstract

In this paper, a model for the use of heroin with treat-age is formulated based on
the principles of mathematical epidemiology. The model accounts for relapse rate that
depends on how long the host has been in treatment for heroin addiction. An explicit
formula for the reproductive number of the heroin spread is obtained. By using the
method of Lyapunov functional, we established the dynamical properties of the heroin
epidemic model, and the results show that the global dynamics of the model is completely
determined by the basic reproduction number. It is shown that the drug-free equilibrium
is locally and globally asymptotically stable if the basic reproduction number is less than
one. In addition, the heroin spread system is uniform persistence and the unique drug
spread equilibrium is locally and globally asymptotically stable if the basic reproduction
number is greater than one.
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1 Introduction

Heroin is an opiate drug that is synthesized from morphine, a naturally occurring substance
extracted from the seed pod of the Asian opium poppy plant. Heroin usually appears as a
white or brown powder or as a black sticky substance, known as “black tar heroin”[1]. Over

the past two decades, China has faced a dramatic increase in illicit drug abuse accompanying
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rapid economic reform and development[2]. In 2000, heroin still was the first choice among
drug users (rising from 83.4 percent in 1993 to 95.9 percent in 2000), and its most frequent
routes of delivery were intravenous injection (25 percent) and inhalation[3]. Heroin users are
at high risk for addiction that it is estimated that about 23 percent of individuals who use
heroin become dependent on it. The spread of heroin habituation and addiction presents
many of the well-known phenomena of epidemics, including rapid diffusion and clear geo-
graphic boundaries[4, 5, 6]. In addition to their deleterious somatic and psychological effects,
heroin abuse and dependence constitute one of the most important modes of transmitting
Human Immunodeficiency Virus (HIV) and Hepatitis C Virus (HCV) [7, 8, 9]. Statistical
information for drug abuse, including heroin abuse, is given by various governmental agen-
cies, including National Institute on Drug Abuse in the US. But it is unrealistic to repeat the
experiment on the human body for obtaining the statistic data. However, mathematical mod-
elling plays important role in understanding and combating drug addiction problems. Models
are very useful tools to predict how classes of drug users behave, and provide suggestions for
treatment strategies.

In recent years, many mathematical models have been developed to describe the heroin
epidemic ([10-13]). In these models, the population is devided into three classes, namely sus-
ceptibles, heroin drug users not in treatment, and heroin drug users undergoing treatment.
These classes are denoted by S(t),U;(t) and Usa(t), respectively. All prior heroin epidemic
models are ODE models and address treatment strategies. The authors in [10, 11] considered
a susceptible, untreated used, treated users model with standard incidence rate and showed
that the steady states of the model of heroin epidemics are stable. Wang et al in[12] consid-
ered the mass action incidence rate and proved that the drug-free equilibrium and the unique
endemic equilibrium is globally asymptotically stable under some conditions. Samanta [13]
considered a nonautonomous heroin epidemic model with time delay. However, all these stud-
ies did not consider the influence of the treat-age for the heroin users during the treatment.
In fact, studies, such as Elvebac et al. in [14], suggest that disease transmission models with
age-dependent rates are more realistic than those that do not consider age-dependent rates.
To address the need to involve treat-age in heroin studies, in this paper, we present a heroin
epidemic model with treat-age, based on the principles of mathematical epidemiology. The
model incorporates relapse rate that depend on how long the host has been in treatment. We
analyze the existence and stability of the equilibria of the model and characterize the thresh-
old conditions of the heroin epidemic model with an explicit formula for the reproductive
number. It is shown that the existence, local and global asymptotical stability of equilibria

is completely determined by the basic reproduction number. By using a class of global Lya-



punov functionals we obtain the dynamics of the heroin epidemic model. It is shown that
the drug-free equilibrium is globally asymptotically stable if the basic reproduction number
is less than one. In addition, the heroin spread system is uniform persistent and the unique
drug spread equilibrium is globally asymptotically stable if the basic reproduction number is
greater than one.

The paper is organized as follows. In the next section we mainly formulate the heroin
epidemic model with treat-age, present the basic reproduction number, investigate the exis-
tence of the equilibrium, and then state the main results of the paper. In order to prove the
results on the global stability of the drug spread equilibrium, in section 3 we present some
preliminary results about the uniform persistence of the heroin spread system and about the
existence of global attractors. In addition, the local asymptotic stability of the drug-free
equilibrium and the drug spread equilibrium is also discussed in this section. In section 4 the
proof of the results on the global asymptotic stability of the drug-free equilibrium and drug
spread equilibrium is investigated by the use of a appropriate Lyapunov functional. Finally,

we summarize our results in Section 5.

2 Model formulation and main results

On the premise that drug use follows a process that can be modelled in a similar way
to the modelling of disease[15, 16], a mathematical epidemiological treatment model of drug
use may yield insights on the progression through the drug users career, from initiation to
habitual use, treatment, relapse and eventual recovery. It is of course critical to understand,
insofar as it is possible, the process being modelled. Information from the ROSIE study [17]
and feedback from professionals in addiction-related areas were fundamental in developing
the model. In order to investigate the influence of the treat-age on the spread of the heroin
epidemic, we divide the population into three mutually-exclusive compartments (subgroups),
namely, the susceptibles, the drug users not in treatment and the drug users in treatment,
denoted by S(t),U1(t) and Ua(0,t), respectively. Here the parameter 6 denotes the treat-age
of the heroin drug users undergoing treatment at time ¢. On the one hand, we assume that
drug users not in treatment are only infectious to susceptibles and drug users in treatment
are not infectious to susceptibles. Moreover, drug users would return to untreated drug user
class after cessation of a drug treatment programme. On the other hand, we assume that
every individual in the population has an equal chance of encountering any other individual

and all members of the population are equally susceptible to drug addiction. Motivated by



[10], we formulate the heroin epidemic model with treat-age as follows:

dfb(f) =A—BSt)UL(t) — pS(t),
dU;t(t) = BSOUL(E) — (n+ 61 +p)Us(t) + /OOO k(8)U2 (6, £)df, (2.1)
00 [ 000D (4t b4 K(O)(0,0),

with the following boundary and initial conditions:

{ U(0,8) = p Ui (1),

(2.2)
S(0) = 8%, UL (0) =U?, Us(8,0)=UL(0),

where S°, U} € Ry, and U() € LY ((0,+0), R).

The meanings of all parameters in the above model are as follows:

e S(t): the number of susceptible individuals in the population at time ¢;

e U (t): the number of drug users not in treatment; initial and relapsed drug users;

e Us(0,t): the number of drug users in treatment with age 6 at time ¢;

e A: the number of individuals in the general population entering the susceptible popu-
lation;

e 3: the rate of becoming a drug user;

e p: the rate of drug users who enter treatment;

e )1: a removal rate that includes drug-related deaths of users not in treatment and a
spontaneous recovery rate; individuals not in treatment who stop using drugs but are no
longer susceptible;

® J)o: a removal rate that includes the drug-related deaths of users in treatment and a rate
of successful “cure” that corresponds to recovery to a drug free life and immunity to drug
addiction for the duration of the modelling time period;

e k(6): the probability of a drug user in treatment with treat-age  relapsing to untreated
use;

e i the natural death rate of the general population.

All parameters are nonnegative, A > 0, and p > 0. We further assume that the parameter-
functions k() belongs to L ((0,00),R) \ {0z}

Define the space of functions

X =RxRxLY0,00), Xy=Ry xRy xLL(0,00),



where LY (0,00) is the space of functions on (0, 00) that are nonnegative and Lebesgue inte-

grable, equipped with the norm
1S, U1, U2(0))]| ., = |S] + |U7] +/0 |U2(6)]|df.

The norm has the biological interpretation of giving the total population size.

The initial conditions in (2.2) that belong to the positive cone X} can be rewritten as
(5%,07,U3()) € X

Using standard methods, we can verify the existence and uniqueness of solutions to model
(2.1) with the boundary and initial conditions (2.2) (see Webb [18] and Iannelli [19]). More-
over, we can show that all solutions of system (2.1) with nonnegative initial conditions (2.2)
that belong to the positive cone X will remain nonnegative and bounded for all ¢ > 0.

Letting
Us(t) = / Us(6,8)d6, and  N(£) = S(t) + Ur(£) + Us(t).
0
Adding all equations of system (2.1) we have
d oo
— (S(t) + Us(¢) +/ U2(0,t)d9>
dt ;

_ds(t) | dn() | /00 oU(0,1)
0

dt + dt ot

- <A _BSHUL(E) — ,uS(t)) + (ﬁS(t)Ul(t) — (46 +p)Ui(t) + /0 Al t)d9>

< (U0, 1)
+/0 {_69 - (M+52+k(9))U2(9775)}d9

00 f=0c0

Ay (S(t) U + /0 UQ(G,t)dQ) —pUL(0) - a(0,0)|_ — ST (1)

—09 /OO UQ(Q,i)d@
0

<A—ypu <S(t) + Ui (t) + /OO UQ(Q,t)d9> .

0
So we have
e (2.3)

and therefore
limsup N(¢t) <

t——+o00

==

Furthermore, if N(t) < — is satisfied for some ¢ = ¢ty € R, then it is satisfied for all ¢ > ¢.

)
Therefore, the system (2.

==

[

) is point dissipative.



Denote
& A
S:{(S,Ul,U2)€X+ S(t)—l—Ul(t)—l—/ Uz(a,t)degu}.
0

We know S attracts all points in X. Then the set § is maximum positively invariant set for
system (2.1).

Finally, since the exit rate from the drug users in treatment compartment is given by
i+ 02+ k(6), then the probability of still being the drug users in treatment after 6 time units
is given by

H(H) —e foe (M+52+k(0))do‘.

Therefore, K = [; k(0)IL()df is the probability of relapsing the drug users in treatment
class.
In order to find any positive equilibria, we first determine the basic reproduction number

Ry of the heroin epidemic model [20], which is given by the following expression:

A
Gh
(p+01+p) —pK

Ro = (2.4)

To interpret formula (2.4) as a secondary number of heroin users produced by one heroin

user, that is Ry, we note that the average time in the drug users not in treatment class on
1 p . .

m m Since K is the

probability of relapsing the drug users in treatment class, the total average time in the drug

the first pass is and the probability of surviving this class is

users not in treatment class (on multiple passes) is

1
(n+01+p) —pK
(2.5)

Multiplying this by 3 % gives Rg, which is the average number of new drug users produced by

1 2
[ 1+L.K+ LK 4+ ..
p+o1+p p+o1+p pto1+p

a typical drug user not in treatment introduced into an entirely susceptible population[21, 22].
Thus, Ro is the basic reproduction number which acts as a threshold as is shown in the
following result.

Now let us investigate the existence of the steady states of system (2.1). For any steady

state (S*, U, Us3(0)) of system (2.1), it should satisfy the following equalities:
0=A—- 35Uy — pS*,
0=p3S*Uf — (u+ 6 +p)Uf +/ k(0)Uy(0)do,

0

W3O _ (it 52+ k) U5 0).

[ U5(0) = pU7.




Solving the third equation of (2.6), we get
Us (6) = Uz (0)e™ Jo (o2t — iy 1y(g). (2.7)

If U =0, then we have U5 (6) = 0 from (2.7). From the first equation of (2.6), we obtain

A
Sx =2,
O

Obviously, system (2.1) always has the drug-free equilibrium, in which there are no drug

users present, given by

A
Ey = (55,0,0), S5= o (2.8)
If Uy # 0, substituting (2.7) into the second equation of (2.6), we have
BS* = (n+ 014 p) — pK, (2.9)
or
g (tdaitp)—pK 1 A (2.10)
B Ro n
Substituting the result into the first equation of (2.6), yields
A—pS*  p
Uf=———==-(Ro—1). 2.11

It can be easily seen from the expressions of S* Uy and U (0) that system (2.1) has a unique
drug spread equilibrium E* (S UT,Us (9)) if and only if Ry > 1. Summarizing the discussions
above, we have the following theorem.

Theorem 2.1 The system (2.1) can have up to two equilibria. More precisely, we have

(1) The drug-free equilibrium EO(A,O,O) always exists.

(2) If Ry > 1, there exists a um’qu/é drug spread equilibrium E* (S*, Uf, UQ*(H)), where

S'= g Ui=5 (Ro-1), Us(6)=pU7 IO).

lad
g

In order to state the main results of the paper, we set

é:mf{@:/jk(@)d@:o}.

Since the functions k() belong to LY ((0,+00), R) \ {0z~ }, we have 6 > 0. Furthermore,

we let

0
Mo = {( Ug({(ft)) ) € Ry x Ly ((0,+00), R) : Ui(t) > 0 or /0 Us(6,)d6 > o},



and define
Mo =Ry x Mg, 9OMo:=Ry x Ry x Ly ((0,+00), R) \ M.

Now we are able to state the main results of the paper.

Theorem 2.2 If Ry < 1, then the drug-free equilibrium Eo(é,0,0) 18 the unique equi-
librium of system (2.1), and it is globally stable. :

Theorem 2.3 Assume that Ro > 1, then the drug-free equilibrium Eo(ﬁ,0,0) 1s globally
asymptotically stable in My, and the unique drug spread equilibrium E* ({LS’*, Ur,u; (0)) of
system (2.1) is globally asymptotically stable in M.

3 Preliminary results and uniform persistence

In this section, we first reformulate system (2.1) as a Volterra equation by use of Volterra
formulation (see Webb [18] and Tannelli [19]). Then we reformulate system (2.1) as a non-
densely defined semilinear Cauchy problem in order to apply integrated semigroup theory (see
Thieme [23]). Finally, by using the uniform persistence theory for abstract dynamical systems,

we present some results about uniform persistence and the existence of global attractors.

3.1 Volterra formulation

The Volterra integral formulation of age-structured models has been used successfully in
various contexts and provides explicit (or implicit) formulas for the solutions of age-structure
models [24].

By using Volterra formulation, we integrate along the characteristic lines t — § = const.
for all ¢ > 0, and solve the terms Us(0,t) as the following expressions:
Us(t — 0,0)T1(0) = pUs(t — O)TI(6), ¢ > 6,
Uz(0,t) = 10 (3.1)
7 - 1O =)
116 — t)

Thus the system (2.1) with the boundary and initial conditions (2.2) can be rewritten as the

following Volterra type equations:

dflf) = A= BSH)UL(t) — uS(1),
dU;t(t) = BSH)UL(t) — (n+ 61 +p)UL(t) + /0 - E(0)Us(6,1)d6, .
pUL(t — 0)I1(0), t>40,
Us(6,t) =
0029 vage - t)Hg(f)t), t<o.




3.2 Integrated semigroup formulation

We now use the approach introduced by Thieme [23] to reformulate the system (2.1)
with the boundary and initial conditions (2.2) as a semilinear Cauchy problem. In order to

take into account the boundary condition, we extend the state space by considering
X=RxRx), where Y =R x L'((0, +00),R)

endowed with the usual product norm, and set
Xo=RxRxDJp, Ap=RyxRyxDly,
where
Yo = {0} X Ll((07+oo)aR)7 y+ = R+ X L}F((O,—FOO),R),

and
XQ+ == XO N X+.

We consider the linear operator A : Dom(A) C X — X defined by

S —uS
A Uy _ —(p+61+p)Un
0 —U(0)
( Us > < —Ué— (M+52+k(9))U2 )

with
Dom(A4) =R x R x {0} x W"'((0,400),R),

where W1 is a Sobolev space, and we define the non-linear map F : Xy — X by

S A— BSS)U 1(t)
Ao | gﬂmmw+A K(O)Us (0, 1)d
0 pUL(t)
( Uz > ( Or1 )
Then by defining
S(#)
Ui (1)

u(t) = ,
| ( Uz(o'ﬂf) >

we can reformulated the PDE problem (2.1) with the boundary and initial conditions (2.2)
as the following abstract Cauchy problem:

dv(t)
dt

= Av(t) + F(u(t)) (3.3)

for t > 0 and v(0) = vy € Xy



By using the results in Thieme [23] and Magal [25] (see Magal and Ruan [26] for more
results), we derive the existence and the uniqueness of the semiflow {U } t>0 01 Xo+ gener-
ated by system (3.3). By identifying (S(¢), Ui(t),0,Us(-,t)) with (S(¢), U1(t), Us(:,t)), it can
be proved that this semiflow coincides with the one generated by using the Volterra integral

formulation. Moreover, by using (2.3), we deduce that the set

S
Ui

0
Us

is positively invariant absorbing set under this semiflow {U } t>0 01 Xo+; that is to say that

oo A
> €X0+2S+U1+/ Us(0)df < —
0

wal}
I

7

U(t)B C B,
and for each z = (SO, U, o, Ug(@)) € Xo,

d(U(t)z, B) := inf ||U(t)z —y|| — 0, as t — 0.
yeB
It follows that the semiflow {U(t)} 1> 18 bounded dissipative on Xp (see Hale [27]). Further-
more, the semiflow {U } £50 is asymptotically smooth (see Webb [18], Magal and Thieme
[28], Thieme and Vrabie [29]). As a consequence of the results on the existence of global
attractors in Hale [27], we obtain the following theorem.

Theorem 3.1 The system (3.3) generates a unique continuous semiflow {U }t>0 on Xo+
that is asymptotically smooth and bounded dissipative. Furthermore, the semiflow {U }t>0

has a global attractor A in Xo+ which attracts the bound sets of Xy .

3.3 Local stability of the equilibria

In this subsection, we mainly prove the local stability of the equilibria whose existence
have been stated in Theorem 2.1. One can refer to some relevant references [30, 31, 32, 33]
for the analysis of local stability.

First, let us investigate the local stability of the drug-free equilibrium Fy and we have
the following Theorem 3.2.

Theorem 3.2 The drug-free equilibrium Ey is locally asymptotically stable if Rg < 1, and
unstable if Rg > 1.

Proof. Introducing the perturbation variables, i.e., letting

s<t>=2+x<t>, UL(t) = y(t), Un(6,) = (6,1,

10



and linearizing the system (2.1) at the point Ej, we obtain the following system

da;(tt) _ _ﬁzy(t) — pa(t),
d(t) _ pA o
dt —5ﬁM)(u+m+MMU+A #(8)2(6,1)a0, (3.4)

0z(0,t) 0z(0,1)
900 " o
2(0,t) = py(t).

= —(n+ 8+ k(0))2(6,1),

To analyze the asymptotic behavior around Ej, we look for solutions of the form
(t) =z, y(t) = g, 2(0,t) = 2(0)e™,

where Z, § and z(0) are to be determined. Thus, we can consider the following eigenvalue

problem:
A
1
A o
A+p+6+p)y=0=y+ k(0)z(0)do,
r 0 (3.5)
dz(6
)kt bt 1) 200,
Z(0) = py.
Solving the third equation of (3.5), we get
2(9) _ Z(O)e—w e fOG(H—I—cSQ-I—k(U))dU =pij- e~ . H(Q) (36)

Substituting (3.6) into the second equation of (3.5) and cancelling y (for y # 0), we get
> —\0 A
p E(0)e”"I1(0)d0 = X+ p+ &1 +p—ﬁ;. (3.7)
0
We also have

A
ﬁi
1= K

A+u+&+p—p/ k(6)e~11(0)db
0

Define a function H(\) to be the right-hand side above. Obviously, H(\) is a continuously
differentiable function with limy_,., H(\) = 0. By direct computing, it is easy to show that
H'(X\) <0, that is, H(A) is a decreasing function of A\. Hence, any real solution of Eq.(3.8) is
negative if H(0) < 1, and positive if H(0) > 1. Hence, if H(0) > 1, the drug-free equilibrium

is unstable.

11



Next, we show that Eq.(3.8) has no complex solutions with nonnegative real part if
H(0) < 1. Suppose H(0) < 1. Assume that A = a; +ib; (a1,b; € R, i is the imaginary

unit ) is a complex solution of equation (3.8) with a; > 0. Then
1=H\)| <H(ar1) <H(0) < 1.

This is impossible. Thus, every solution of Eq.(3.8) must have a negative real part. Therefore,
the drug-free equilibrium Ej is locally asymptotically stable if H(0) < 1.

Noticing that H(0) = Ro, we conclude that the drug-free equilibrium Fj is asymptotically
stable if Rg < 1 and is unstable if Ry > 1. This completes the proof of Theorem 3.2. [

Now we investigate the local stability of the drug spread equilibrium E*. We have the
following result.

Theorem 3.3 The drug spread equilibrium E* is locally asymptotically stable if Ro > 1.

Proof. Introducing the perturbation variables, i.e., letting:
S(t)=z(t)+S*, Ui(t)=y(t)+U;, Us(0,t)==2(0,t)+U;(0),

and linearizing the system (2.1) about E*, we obtain the following system

WO g5 y(t) ~ gUia() - )
dzgf) = BS"y(t) + BUTz(t) — (n+ 01+ p)y(t) + /OO k(0)=(6,t)do,
0

(3.9)
0z(0,t) n 0z(0,t)

00 ot
Z(O, t) - py(t).

= —(n+ 82+ k(0))2(6,1),

\

To analyze the asymptotic behavior around E*, we look for solutions of the form
w(t) =z, y(t) = g, 2(0,t) = 2(0)e™,

where Z, § and z(0) are to be determined. Thus, we can consider the following eigenvalue

problem:

(A+pz=-pS"y - pUz,

(A + p+ 81 +p)g = BS*G + BUTT + / k(0)2(0)do,
0

3.10
dz(:) = —(A+p+62+k(0))z2(0), (310
z(0) = py.
Solving the third equation of (3.10), we get
2(0) = 2(0)e M . e~ Jy (wto2tk()do _ 5 =30 T (g). (3.11)

12



Solving the first equation of (3.10), we get

T =

_ﬁS* _
TP 3.12
A+t pur” (3.12)

Substituting (3.11) and (3.12) into the second equation of (3.10) and cancelling g (for § # 0),

we get, \
00 B +M
k(0)eMI0)d0 =X+ u+6,+p—p3S* —— 2. 3.13
v [ KOO pr = B8 (313)
We also have At
7]
BS* s ——————
1= A+ p+ UL (3.14)

A+u+&+p—p/ k(6)e~11(6)db
0

If the real part Re\ > 0, taking the absolute value of the right hand side (RHS) of (3.14) and

using the formula in (2.9), we have

A+
A+ p+ BUY

o
A+u+&+pp/ MﬂfMH@Mﬂ
0

BS*

IRHS| <

ps*
w0 +p— p/oo k(@)H(Q)dQ’
0

BS*
w+o1+p—pK
=1.

This is impossible, implying that Eq.(3.14) cannot have a root with nonnegative real part.
There we have shown that the unique drug spread equilibrium E* is locally asymptotically

stable if Rg > 1. This completes the proof of Theorem 3.3. [

3.4 Uniform persistence

In order to define the invariant sets of the uniform persistence analysis, we define
M:=Ry x {0} x M,  OM =X\ M. (3.15)

Theorem 3.4 OM is positively invariant under the semiflow {U(t)}t>0 generated by
system (3.3) on Xoy. Moreover, the drug-free equilibrium Ej (SS, 0,0, OLI) is globally asymp-
totically stable for the semiflow {U(t)}t>0 restricted to OM.

13



Proof. Let (S°,U?,0,U9(-)) € M. Then (U?,U3(-)) € Ry x LL((0,+00),R) \ M and

we have

dU;t(t) = BSOUL(t) — (n+ 61 + p)Ui(t) + /OO k(0)Us (6, t)do,
0
aUQa(g,t) " 8U28(t9,t) = —(u+ 02+ k(9))Us(6,1), (3.16)

UQ(O,t) =D Ul(t),
Ui1(0) =0, Ux(6,0) = UQO(H).

Since S(t) < ﬁ, it follows that
7]
UL(t) < UL(t), Ua(6,t) < Ua(6,1), (3.17)
where o
dU, (t A . o
10— 52000 — (w01 +p) 00+ [ KOTa(0. 00,
0
ol (0,t)  dUy(6,1) .
50t = —(n+ o2 k(0)U2(0,0), (3.18)

[72(0,15) =Dp Ul(t),

[ U1(0) =0, Us(6,0) = U3(O).
By use of Volterra formulation, we integrate along the characteristic lines t — @ = const. for

all t > 0, and solve the terms Uy(6,t) as the following expressions:

Us(t — 0,0)I1(0) = pUy(t — O)TL(0), ¢ > 6,

Us(6,t) = 3.19
200 Ug(a—t)ng(f)t), t <. (319

Substituting the above expression into the first equation of (3.18) yields

dU, (t)
dt

- ﬁﬁﬁl(t) —(u+ 6 +p)Uh(t) + p/ot k(0)UL(t — 0)TI(0)dO + F(t), (3.20)

where

Since (U, US(+)) € Ry x LL((0, +0), R) \ M and k(f) € LY ((0,+00),R) \ {0z}, we can
deduce that F(t) = 0 for all t > 0. Accordingly, the system

AU, (t)
dt

U1(0) =0

= B0~ (et b+ G0+ KOG OnO0

14



has a unique solution U (t) = 0. Consequently, it follows from (3.19) that Us(#,t) = 0 for
0 <0<t Fort< 6, wehave

- I1(0) _
0 _ _ TN < ut 0
Us (0 t)H(G—t)HLl <e M||U3

[02(6.0)],. = | lor

which imply that Us(6,t) — 0 as ¢ tends to infinity. By using (3.17), we have Uy (t) = 0 and
Us(0,t) — 0 as t — oo. It follows from the first equation of system (2.1) that S(t) — S° as
t — o0. Thus, the drug-free equilibrium FEj is globally asymptotically stable in OM. This
completes the proof of Theorem 3.4. [

Next, we introduce the following result about linear scalar Volterra integro-differential
equations which will be helpful in next proofs.

Lemma 3.1([34]) Consider the following scalar Volterra integro-differential equations:

dh(t)

) /OOO n(O)h(t — 6)d6 — ah(t), h(0) > 0,

where n(-) € L1 (0,+00), and [;°1(0)d0 > a. There is a unique solution h(t) which is un-
bounded.

Finally, by combining Theorem 4.2 in Hale and Waltman [35] and Theorem 3.7 in Magal
and Zhao [36], we are able to prove the following theorem.

Theorem 3.5 Assume that Rg > 1. Then the semifiow {U(t)}t>0 generated by system
(8.3) is uniformly persistent in M with respect to the decomposition (OM, M) , i.e., there
exists € > 0 which is independent of initial values such that for each (S, U1,0, US) eM,

liminf S(¢) > e, liminfU;(t) > e, liminf HUQ(-,t)HL1 > e,
t——+o00 +

t——+o0 t——+o0

Furthermore, the semiflow {U(t)}t>0 has a compact global attractor Ay in M.

Proof. Since the drug-free equ_ilibrium Ey (SE]“ ,0,0,0 L1) is globally asymptotically stable
in &M, we need only to study the behavior of the solution starting in M in some neighborhood
of Ey. Note

W ({Eo}) = {:c € Xow: lim Ut = EO}.
We need only to show
WS({E()}) NM=0.

For the sake of contradiction, we assume that there exists a list of z,, = (S”(())’ up (0),0, U;(-, 0)) c
{y € M:||Ey —y|| <<} such that

| Eo — U(t)za|| < % Vit>0.
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Set (S™(t), U (t),0,U3(+,t)) := U(t)xy. Then for all ¢ > 0, we have
1
| (S™(t), U"(t),0,U3 (-, 1)) — (55,0,0,0L1)|| < —— SaE Vt>0.
Then we can choose large enough n > 0 such that S5 — n—H > 0. For the chosen n, there
exists a T' > 0 such that for all ¢ > T we have
1 1 1

50 n—|—1<S()<SO+n+1’ O_Ul()_n+1

From the solutions (3.1), we obtain

Us(0,t) = Us(t — 0,0)T1(0) + U (0 — t)n(r.;(f)t) > p U (t — 0)IL(H). (3.22)

By inserting (3.22) into the second equation of (2.1) and applying a simple comparison prin-

ciple, we have
Up(t) > U7 (1), (3.23)
where Uf(t) is the solution of the following auxiliary system
AU (t o0
0y [ ko)
0

U1(0) = UP(0) > 0.

"t — 0)do — {(Mal v p) -8 (Sg; - nL)}ﬁf(t),

(3.24)
Note that if U*(0) = 0, then U} (t) > 0. So without loss of generality, we can take U*(0) > 0.

Since N

g A

Ro = = > 1,
"7 (u+dit+p) - pK
there exists n € R, large enough such that
A 1
TSI

(u+61+p) —pK

A oo
Note S; = — and K = / k(0)II(6)dl. Therefore, we have
H 0

p [ RO > (u o p) - (55 ).

By Lemma 3.1, U}(t) is unbounded. Since UP(t) > UP(t), we get that UP(t) is unbounded.
This contradicts to the boundedness of U*(t). Thus, W*({Ey}) N M = 0 holds true.

From Theorem 3.1, it then follows that the semiflow {U } >0 is asymptotically smooth,
point dissipative and that the forward trajectory of a bound set is bounded. Furthermore,
the drug-free equilibrium Ej is globally asymptotically stable in M . Thus, Theorem 4.2 of
Hale and Waltman [35] implies the semiflow {U(¢)} >0 18 uniformly persistent with respect

to (M, M). The proof of Theorem 3.5 is thus completed. [
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4 Proofs of the main results

In the previous section we established the local stability of the equilibria, that is, if
the initial conditions are close enough to the equilibrium, the solution will converge to that
equilibrium. Furthermore, we obtain the uniform persistence of the system (2.1). In this
section our objective is to extend above local results to global results. That is, given the
conditions on the parameters, convergence to the equilibrium occurs independently of the

initial conditions.

4.1 Global stability of the drug-free equilibrium

As a first step, We will use Lyapunov functional method to establish the global stability
of the drug-free equilibrium.

Proof of Theorem 2.2 From Theorem 3.2 we know that the drug-free equilibrium
Ey(S5,0,0) of system (2.1) is locally asymptotically stable if Rg < 1. In the following, we
only need to show that the drug-free equilibrium Ej is the global attractor in Ry x R4 %
L ((0,+00),R)\OMy if Ry < 1, i.e.,

Ao = {Ep}.

We will use a suitable Lyapunov functional to approach the problem. We adopt the

logistic function used in [24]. Define
g(x)=2—1—-Inz, zeRT. (4.1)

We note that g(x) > 0 for all z > 0. g(x) achieves its global minimum at one, with g(1) = 0.

Moreover, we also have
"(z) =1 .
x)=1-——.
J x

This fact is widely used in the proofs of global stability.

For ease of presentation, let us define

a(6) :/ewk(a)exp{/ea (u+62+k(7)>d7'}d0

[ ko) .
= /9 k(o) o) do.
Note that «(f) > 0 for all 0 < # < +00. We can easily check that
a(0) = /000 k(o)Il(o)do = K. (4.3)
We also have
& (8) = a(0) (u + 6+ k(@)) — k(). (4.4)
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Now let us define the following Lyapunov functional

V(t) = Vi(t) + Ui(t) + Va(t), (4.5)
where -
Vi(t) = S3g (sz?) - Valt) = [ alo)Ua(0. 0. (4.6)

We can easily see that the function V'(¢) is bounded when restricted to Ag. Since the function
g(z) is nonnegative for all > 0, and has the global minimum at = = 1, it then follows that
the function V() is nonnegative and the point Ej is the global minimum point. We can also
easily see that the function V(¢) is continuously differentiable.

First, calculating the time derivative of Vi(t) along with the solution curves of system

(2.1) and using the fact A = S5, we have

0 - (1-3%)F

_ 5 ( Sl _ S%t)) (A~ 8500 (1) ~ (1)
=55 (55— 57 (155 - 50) - p5OV0)
(S5 —S(t)’

=B Z0L 4 s o) - ss(uae)

(4.7)

Next, calculating the time derivative of V5(t) along with the solution curves of system

(2.1) and using (4.3),(4.4) and collecting terms, we obtain

Vi(t) = /0 ~ a(0)222:0 4

ot

__ /Ooo a(e)an?(; 2 / (162 + k:(@))UQ(O £)df

= —a(B)Us(0,1)| / ae o+ 62 4 k(6)) Ua(0,1)d0
- —aw)Uz(e,w\gm a(0)U(0,1) + /0 U2(9>t)[ (0) <M+ b2+ k(7)) = k(6)] o

[ a0+ 024 50 a0, 1
0

- —a(@)UQ(Q,t)‘

=00

a(0)U(0, 1) — / RO Ua(6, £)d0

- —a(@)UQ(G,t)‘gzoo + Uy (t) /O 6)do — / 0)Us(0, t)do.
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Note the formula of Rg. Adding all three components of the Lyapunov functional, we have
VI(t) = V{(t) +UL(t) + V3(t)

. 2
= BOL | 5s500) - (u+ 1+ )00~ al@000,0),

=00

+pUs () /  (O)TI(0)d0
0 (4.9)

_ (Sog(f)(t))Q n {(M + 61+ p) p/ooo k(&)H(Q)dQ} (R0~ 1)tr(1)

—a(@)Ug(ﬂ,t)‘

=00

<0.

The last inequality follows from the fact that Ro < 1. Notice that V'(¢) equals zero if and
only if S(t) = S and Uy (t) = 0. We define a set

T = {(5, Uy, Uh) €8 ‘ V(1) = o}. (4.10)

Thus, the set Ag = { Eo} is the largest compact invariant set of T, i.e., this largest compact
invariant set is the singleton given by the drug-free equilibrium. By the Lyapunov-LaSalle
invariance principle[37], we conclude that the drug-free equilibrium Ej is globally asymptot-

ically stable when Ry < 1. This completes the proof of Theorem 2.2. [

4.2 Global stability of the drug spread equilibrium

In the previous section, we have obtain that the system (2.1) is uniformly persistent and
have a global attractor. Now we are ready to establish the global stability of the drug spread
equilibrium E*, ije., for any initial condition, the solution of system (2.1) converges to E*
when Ry > 1. To demonstrate that with a suitable Lyapunov functional W (t), we have to
establish that W’ (¢) < 0 along the solution curves of system (2.1).

Proof of Theorem 2.3. The first result of Theorem 2.3 can be easily seen from Theorem
3.3, we need only to prove the second part. From Theorem 3.2 we know that the unique drug
spread equilibrium E*(S*, U, U5 () of system (2.1) is locally asymptotically stable if R > 1.
In the following, we only need to show that the unique drug spread equilibrium E* is the

global attractor in Ry x Ry x Ly ((0, +00),R)\OMy, i.e.,
Ag = {E*}

Similarly to the proof of Theorem 2.2, we still use a suitable Lyapunov functional to

approach the problem.
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Let u(t) = (S(t); U1(t); U2(0;t)) ba a complete solution to system (2.1) that lies in the

attractor Ag. From Theorem 3.5, we know there exist d1;do > 0 such that

S(t) Ui(?) Uz (6, 1)
0 < —<L <6 0 < <4 0 < <4
LS 5 S0 1S U < 02, 1_U2*(9)_2
forallt € R and 6 > 0.
Now let us define the following Lyapunov functional:
W(t) = Wg(t) + Wi(t) + Wa(t), (4.11)
where
* S(t) * Uy (t) /OO * Us (‘9’ t)
t) = t) = t) = 0 0 do
W)= 5° (%5 ) Wil = Ui () wate) = [ etz (00 ) o

(4.12)
where g(x) =2 — 1 —Inz (r € R") is showed in (4.1 ) and «a(f) is showed in (4.2). We can
easily see that the function W () is bounded when restricted to Ag. Since the function g(x)
is nonnegative for all x > 0, and has the global minimum at x = 1, it then follows that the
function W (t) is nonnegative and the point E* is the global minimum point. We can also
easily see that the function W (t) is continuously differentiable.

Because of the complexity of the expressions, we take the derivative of each component
of the Lyapunov functional separately.

First, differentiating Wg(¢) along the solution curves of system (2.1) and using the fact
A = BS*Uf + pS*, we have

Wit = S* <1 - ;;t) Low

)) S

=5 (; sb)) (A= ps0U0) —5(0) (4.13)
=5 (g~ g ) [0 = 50 + (85°07 — s
AUy (1 5) (-S040,

Next, differentiating Wi (¢) along the solution curves of system (2.1), we have
Uy 1
wi(t) =U; <1—1> —Uj(t
1 1
—Ur [ — —
! <U T U@

) {ﬂS(t)Ul(t) — (u+ 01 +p)UL(t) + /OOO k(@)UQ(Q,t)dH} .
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Note that

pot o p= o (BS*Ul /0 k(e)U;(a)de)) .
1

So we have

i)

U <U11 - Ull(t)> {55(15)0'1(75) _ U;](l ) (55*(]1 /O h k(@)U§(9)d0>
+/Oo k(@)Ug(&,t)dH}

_ ( ){55*(]1 (St Ull ) (4.14)
[ w85

= BS(H)UL(t) — BS"UL(t) — BS(H)UY + BS™UY

o (Us(08)  Ui(t) U Us(0,1)
“f ’“”’U?(@)(U;(e) Ui ) U300) “)‘”'

Now we turn to the derivative of Wa(t).

W3(t)

_ /OOO a(6)U3 (9) gtg <%2(99§)> d

[ (1 G0 1 o,

S R —

+ (402 + k(@))} do

+ (1 + 02 + k(@))} deh.

(4.15)
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Note that

g UZ(th) _ o UQ*(Q) . g U2(97t)
aeg( U3 (0) ) B (1 Uzw,t)) 90 ( U3 (0) )
oU(0,t) ., dU3(0)
_(,_ Us0) ag 20— 0.0
- (1 Uz(9,t)> (U3(0))°
_ (1 ~ Us(9) ) Usgp(0,)U3(0) — Uz (6, 1) [ — (2u+ 82+ k(0))Us (0)]
Us(6,1) (U3(0))
_ (1 _U39) ) Uzp(8,1) + Ua(6, 1) (11 + 52 + k(6))
Us(6,1) U (6)
oy U30) \ Ua(0,t) [Us(6,1)
- ('~ twn) Titw Lo + oo ko)
_ (%ﬁ?ai) _ 1) . { UQQ"((z’;) +(ut 8+ k(9>)} .
(4.16)
Substituting (4.16) into (4.15) and using integration by parts, we obtain
wie) =~ [Tauio) o (B0 ) @
i Us(0,)\ |77 [> [(U2(6,0)\ d .
=—a0uso (T )|, + [0 (it ) dn (0@ -
_ * Us(6,¢) . Us(0, 1) '
= —euios ()|, +eomios ()
6

Note that

(a@UE®) = 5al6) - UF6) + a(0) - U50)

(4.18)

and
a(0) = /0 FOTI(0)d0, UL(0) = pUs,  Ua(6,t) = pUs(t). (4.19)
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Substituting (4.18) and (4.19) into (4.17), we also have

+pUy /OOO k(0)IL(0)df - g (%?))

Wit = ai)|

- /Ooog (%%?) k(0)U3(6)d6.

Combing the above three components of the Lyapunov function, we obtain

(4.20)

W) = W) + W() + Wi(t)
GO . s S(t) Uy (t)
‘{‘ s s () (550 )}
+{ﬁs _ BS*UL(t) - BS(O)UT + BS™U

0 Uo(0,)  Ui(t) U Us(0,1)
& < © U ) U3 0) “)d‘)}

[
A eomos (g )| e [ somone-o(52)
/Ooog < > 0OU; (9)d9}

LSO =8V e ((_SOU) St Uile)
__T—i_ﬁSUl (1_ S [lji" _S(t)+ é?)

+AS@)UL(E) — BS™UL(E) — BS(H)UT + BS™UY

o0 N Us(0,t)  Up(t) Ui Us(6,t)
“f ’“(”)UQ((’)( Ui6) | Uf () U3(0) “)‘”

(4.21)

00 o (Us(6,1) Us(6, 1)
—/0 k(0)U3(0) ( G 1 >d0

) U3 0
- _“(5(2(;) ) + BS*UT (2 - 55;;) _ 5;?)
+ /0 T hoU; (0){ - Ué.(;) - U(f(ft) %2(?9? +2+1In Uij? 0)) }d&
~a@Us®) -9 (o)) | vt [T remeas-o (T,
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Rearranging equation (4.21), we can obtain

2
wi(t) = —“(S(Q(t_)s S+ sy (2 =

o0 . U;f UQ(@,t) Ur (
v ““U?(H){(l‘w(lt) HORMSAORIAG

+ <1 _L® Ly, Ul(t)) }de —a(0)U3(6) - g <UU22£0”5)>

S@) s

S* S(t))

U; Uy () / lo—o
[ Uy(t)
+pU1/0 k(9)H(9)d9-9< Ilff ) (4.22)
ICO R - st S
=T 5w (2‘S<t> - S*)

oo 40) - s (40)

—a(e)U;(e).g<%;9’;)) el /O R(O)TI(8)d0 - g<Ué(1*t)>.
Noticing the formula in (2.7), we have
W'(t) :—”(S(g(t_)s*) +5S*U1< SS(*) —SS(?>
> N Ui Us(6,t) > ] Ui(t)
- [T rowsen (i ) - | ke i) o () as
~ato30)- o ()| ot [Tromom (G0)
G O Ny S(t)
AT (3 115)

S(t) S+
© . Uf Us(6,t) . Ua(6,1)
- Hovso) <U1<1t> U3 (0) ) Uz ) 'g< U3 (0) )

Since the arithmetic mean is greater than or equal to the geometric mean, we have

SN ()

=00

> 0.
so 2t e =20

Hence, we have W'(t) < 0. Let
T = {(s, Uy, 0h) €S ‘ W' (t) = o}. (4.24)

We want to show that the largest invariant set in T is the singleton {E*} First, we notice
that equality in (4.23) occurs if and only if S(t) = S*, and
S* S(t Uy Uy(6,t Us(6,t
_ () 1 2(3)_1 and 2(7)_

S(1) R Ui(t) Us(6) o Us (6) = (4.25)
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From conditions (4.25) it follows that
S(t)=25* Ui(t)=U;, U(0,t)=U;(8). (4.26)

Thus, we conclude that the set Ay = {E*} is the largest compact invariant set of ’Y’, i.e., this
largest compact invariant set is the singleton given by the drug spread equilibrium. By the
Lyapunov-LaSalle invariance principle[37], we conclude that the drug spread equilibrium E*

is globally asymptotically stable when Ry > 1. This completes the proof of Theorem 2.3. [

5 Discussion

Recently, several mathematical models (as mentioned in introduction) have been devel-
oped to describe the heroin epidemic. Most of these heroin epidemic models are ODE models
and assume that the relapse rate are indifferent to the treat-age. In this paper, we present a
heroin epidemic model with treat-age, based on the principles of mathematical epidemiology.
The model accounts for relapse rate that depend on how long the host has been in treatment.
We analyze the existence and stability of the equilibria of the model. We characterize the
threshold conditions of the heroin epidemic model with an explicit formula for the reproduc-
tion number of heroin use, which gives the number of secondary untreated users that one
untreated user will cause in an entirely susceptible population. The reproduction number
is the threshold which completely determines the stability of the equilibria. By using the
direct Lyapunov method and constructing appropriate Lyapunov functional, we show that
the drug-free equilibrium is globally stable in the feasible region and the drug phenomenon
always disappears if Rg < 1. If Ry > 1, the drug-free equilibrium is unstable and a unique
drug spread equilibrium is globally asymptotically stable in the interior of the feasible region
and the drug phenomenon will persist at the drug spread equilibrium if it is initially present.

Because the age-structured model in this paper is described by partial differential equa-
tions and the tools used for the ODE models can not be used for analyzing the dynamics of
PDE models, it is difficult to analyze the dynamics, particularly the global stability, of the
PDE models due to the lack of applicable theories. The method of Lyapunov functions is
most commonly used to prove the global stability of nonlinear dynamical systems. In this
paper, by constructed a class of global Lyapunov functionals, and proved that the dynamics
of the heroin epidemic model are completely determined by the basic reproduction number.
Lyapunov functions of this type has been widely used for analyzing the ODE models in the
literature and was recently rediscovered (e.g., 24, 33, 38) to study the global stability of en-

demic equilibrium for the epidemic models with age of infection. But the techniques used for

25



the PDE models are quite different from the techniques used for the ODE models. Further-
more, since our heroin epidemic model exhibits the relapse phenomenon, the process that we
prove the global stability of our age-structured model is not the trivial extension.

The reproduction number Ry is an increasing function of transmission coefficient 8 which
gives the rate of becoming a drug user, but a decreasing function of p which is the rate of
drug users who enter treatment. Our mathematical analysis suggests that the spread of the
heroin use should be controlled through stringent screening measures to reduce the values of
B, through educational campaigns at all social levels, and particularly to epidemiologists and

treatment providers in order to increase the values of p. Furthermore, we have

A
07—\’,0 ﬁ ﬁp

0K [(u+ 6, +p) — pK)*’

which signifies that as K increases, R increases. Since K is the probability of leaving the
treatment class and then entering the untreated class, then long time treatment is beneficial
to control the spread of habitual drug use.

For practical purposes, these results suggest that prevention is better than treatment.
Efforts to increase prevention are more effective in controlling the spread of habitual heroin
use than efforts to increase the number of individuals who have access to treatment. These
results are provided with intention to inform and assist policy-makers in targeting prevention
and treatment resources for maximum effectiveness.
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