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Abstract

An infection-age-structured epidemic model with environmental bacterial infection is in-
vestigated in this paper. It is assumed that the infective population is structured according to
age of infection, and the infectivity of the treated individuals is reduced but varies with the
infection-age. An explicit formula for the reproductive number 2 of the model is obtained. By
constructing a suitable Lyapunov function, the global stability of the infection-free equilibrium
in the system is obtained for g < 1. It is also shown that if the reproduction number Ry > 1,
then the system has a unique endemic equilibrium which is locally asymptotically stable. Fur-

thermore, if the reproduction number R > 1, the system is permanent. When the treatment
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rate and the transmission rate are both independent of infection age, the system of partial
differential equations (PDEs) reduces to a system of ordinary differential equations (ODEs).
In this special case, it is shown that the global dynamics of the system can be determined by

the basic reproductive number.
Key words: Epidemic model, global stability, Lyapunov function, infection-age-structured.
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1 Introduction

Typhoid fever is a bacterial disease caused by Salmonella typhi. Typically the disease is trans-
mitted through the ingestion of food or drinks contaminated by the faeces or urine of infected
individuals. However, typhoid fever has also occurred from human-to-human transmission that
may have been facilitated by flying insects. Symptoms include elevated temperature, headache
and coughing but some individuals remain asymptomatic carriers who can still infect with the
disease. The most famous example is a young cook who was responsible for infecting at least 53
people with typhoid, three of whom died from the disease [11]. Another disease with similar char-
acteristics is cholera. The most important and common routes of transmission again are water
and food contaminated with the bacterium, but human-to-human transmission is also possible
[9]. This suggests the necessity of modeling both direct and environmental transmission for some
groups of diseases. Infected individuals usually tend to seek effective treatment after they are
diagnosed, but the treatment is incomplete and the treated individuals continue to be infectious.
According to the CDC approximately 5% of people who contract typhoid continue to carry the
disease after they are treated [2]. Therefore, effects of treatment after infection and environmen-
tal bacteria transmission are important factors that affect the disease dynamics and need to be
considered in the prevention and control of such diseases.

Mathematical modeling has contributed significantly to our understanding of the epidemiology
of typhoid and cholera [1,18]. Recently, a number of articles develop ODE models of cholera
and typhoid (see, [5,6,15,24]). In [6], Gonzalez-Guzman analyzed an SIS model for the spread
of typhoid by considering the direct as well as indirect transmission with shedding of bacteria
from infectivity into the environment. It has been noticed that the infectiousness of an infected
individual can be very different at various stages of infection. This suggests that the age of
infection may be an important factor to model for some infectious diseases. To gain insights
into the effects of treatment and environmentally transmitted bacteria, in this paper, we consider

an infection-age-structured epidemic model with treated class and bacterial transmission. It is



assumed that the infectivity of the treated individuals is reduced and varies in a way associated
with their infection age. The incorporation of an age structure leads to a model that includes
PDEs, which makes it more difficult to theoretically analyze (see, [27]). Incorporating individuals’
infection age in epidemic models has been done in a number of articles before. The results in those
articles show that the age-structure may play an important role in the transmission dynamics of
infectious diseases (see, [12,13,14,16,19,21,22,23,29]).

The organization of this paper is as follows: In the next section, a system of partial differential
equations (PDEs) is introduced. We obtain an explicit formula for the reproductive number of
infection, which determines the stability of the infection-free equilibrium. We investigate the
existence and stability of the equilibria of the system. The global stability of the infection-
free equilibrium of the system is obtained by constructing a Lyapunov function. By applying
the persistence theory for infinite-dimensional systems, we show that the disease is uniformly
persistent if the reproductive number $y > 1. In section 3 we consider the special case where the
treatment rate and transmission rate are both independent of infection age. The model equations
reduce to a system of ODEs. In this simplified situation, the global stability of the equilibria of

system is completely analyzed. We end the paper with concluding remarks.

2  The infection-age-structured model

We consider an infection-age-structured model with bacterial transmission. The infectious disease
under consideration is assumed to spread by infectivity directly as well as by flow of bacteria in
the environment. The human population is divided into distinct classes of susceptibles, infectives,
treated. Let S(t) represent the classes of susceptible individuals. Let i(a,t) be the distribution
of infected individuals with infection-age a. The independent variable a is called infection-age
because it measures the time that has elapsed since infection. It is time variable and therefore
progresses as time. Although in practice the infection progression is different in different indi-
viduals, in epidemiological models it is customary to assume that all parameters are average of
the different progression regimes of the different individuals. Hence, we assume that the infection
progresses identically in all individuals and varies only with respect to time since infection.

The fact that i(a, t) is the distribution of infected individuals in particular means that f;lz i(a,t)da
is the total number of infected individuals with infection-age between a; and as. We assume that
a fraction of infective group is diagnosed at a rate o(a) and i.(a,t) represents the treated infec-
tive class. Therefore, faaf ic(a,t)da is the total number of the treated infectious individuals with
infection-age between a1 and as. The number of toxigenic bacterial cells per ml in the environment

is denoted by B(t). We further assume that the infective groups i(a,t), i.(a,t) move to the recov-



ered class after they recover with rates vi(a), va(a), respectively. A is the birth/recruitment rate
of susceptible individuals. The parameters (3;(a)(i = 1,2) are the infection-age specific transmis-
sion rates. Let p be the infection rate by contact with environment bacterial. n;(a)(i = 1,2) are
the age-specific contribution of infected individuals to the bacteria population in the environment.
1 is natural mortality rate. ¢ is the clearance rate of the bacteria from the environment.

With the above notation, we study the following infection-age-structured model with bacteria

transmission:

dfg) = A —pS(t) — S(t) ( /OOO Bi(a)i(a,t)da + /Ooo Ba(a)ic(a, t)da) — pS(t)B(1),

di(a,t)  0Oi(a,t)
ot + oa
i(0.1) = 50 /0 " Bu(@)i(a, t)da + /0 " Bal@yica. )da) + pBO)S(D)

Dic(a,t) n Dic(a,t)
ot oa

= —(u+w(a) +o(a))i(a,t),

— o(a)i(a,t) — (u + va(a))icla, 1),

ic(0,t) =0,

d?it(t) _ /Ooo m(a)i(a,t)da + /OOO n2(a)ic(a,t)da — 6 B(t),

where, the initial distributions ¢ (a) and ¢(a) are assumed integrable and compact support in

[0,00). System (2.1) is equipped with the following initial conditions:
S(0) = So, i(a,0) = p(a), i.(a,0) =(a), B(0)= By.

We assume that all the parameters are nonnegative, A > 0, u > 0, 6 > 0,p > 0. Moreover,

the parameters satisfy the following assumption.

Assumption 2.1. The parameter functions satisfy
(1) The functions B;(a)(i = 1,2) are bounded, uniformly continuous and with compact support.
(2) The functions vi(a),ni(a), o(a) € L>®(0,00),i =1,2.
(8) The functions p(a), 1(a) are nonnegative and integrable.

Define the space of functions X = Rx L'(0, 00)x L (0, 00) xR. The model (2.1) with assumption
2.1 is a well posed system of differential equations in the positive cone X . Rigorous justification

of this fact in the framework of semigroup theory can be found in the Appendix A.

2.1 Equilibria and their stabilities

Let 7 = max{fi; 2}, 7 = esssupp o)|ni(a)l, i =1,2. It is easy to show that the following set is

positively invariant for system (2.1)
o A A
D= {(Siisie, B(S0)+ | Gilast) + ic(a.t)da) < 5 B®) < 15,
0 7 10
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System (2.1) always has the disease-free equilibrium EO(%, 0,0,0). To simplify expressions, we
introduce the following notations
a a
/ (v1(v) + o(v))dv / vo(v)dv
m(a) = e He JO , ma(a) =e H%e Jo . (2.2)
Let (S*,i"(a),i}(a), B*) represent any arbitrary endemic equilibrium of the model (2.1). This

equilibrium satisfies the following equations

“+o00 “+oo

A—puS*— S*( Bi(a)i*(a)da + ﬁz(a)ii(a)da) — pS*B* =0,
0 0
T (s (@) + @) (0)
+00 +oo
0 =5"( [ s@i@dat [ fa)iziayda) +pB°S",
0 0 (2.3)
dit(a)

+0c0 400
/ n1(a)i*(a)da + / n2(a)ii(a)da — §B* = 0.
0 0

Solving the second and the fourth equation of system (2.3), respectively, yields

a - s(z/ (v) + o(v) — va(v))dv
f@:ﬁ@mm%m@:mwmwéa@eé ' s, -

pi 7 (@i (@) + mla)iz(@) da.

Let

B =2 [ [pieme + s [ A O

0 (2.5)

+Z1; /OOO [nl(a)ﬂl(a) + m2(a)ma(a) /a a(s)e_/o ba(v) +ole) - V2(v))dvds] da.

0
According to Diekmann et al. [3], ¥ in (2.5) can be regarded as the basic reproduction number
of the disease and explained as follows. Since the total infectivity at time ¢ is the sum of the
infectivities of each infected compartment and the bacteria compartment, we define g = R; +
R;. + Rp, where

m:%ém@@m@m

is the number of secondary cases generated by individuals in the i—class, and Sy = % is the number
of susceptible individuals in the absence of the disease. The term 7(a) = e~ Jo (wtr@)to()dv i

the survival probability as a function of age a in the infected i—class.



Since m(a) = e~ Jo'(wv2()dv g the survival probability in the treatment i,—class and o(a)is

(

(s

the rate at which infectives are selected for the treatment in i.—class, then m(a) [3 o(s) Z; gds is

the proportion of infected individuals who move to the treated class. If we consider the infection-
age specific transmission rate (2(a), then the contribution to Ry from the i.—class is

R = So /Ooo By(a)ma(a) /Oaff(s)”l(”dsda.

m2($)

Since n;(a)(i = 1,2) are the age-specific contribution of infected individuals to the bacterial
population in the environment, and ¢ is the clearance rate of the bacteria from the environment,

therefore, the reproduction number of the infections caused by the free bacteria is

Rp = gso /Ooo ni(a)mi(a)da + gso /Ooo n2(a)ma(a) /Oa o(s) Z;Ez; dsda.

Now we consider the existence of the endemic equilibria. From (2.3) and (2.4), we obtain that

the equilibrium level of susceptible individuals S* satisfies the following equations
s [ (B0 + Em@)m(@) + (Ba(0) + Eme) ) ma(e

y /a g(s)ei /OS(Vl(U) +o(v) - VQ(U))dvds} do—1, (2.6)

0
A
S* = ——.
pRo
Substituting (2.4) and (2.6) into the first equation of (2.3), we have

*(0) = A(l - g;) (2.7)

Thus, we have the following theorem:

Theorem 1. There ezists a unique positive endemic equilibrium E*(S*, i*(a), i}(a), B*) if and
only if Ro > 1. The components of the equilibrium are given by (2.4) and (2.6), with i*(0) given
by (2.7)

Now we investigate the stability of the equilibria in system (2.1). We notice that for the
structured model with unbounded domain, i.e., a € [0,00), its linear stability analysis of the
equilibrium is different from those of the models in ODEs, where the characteristic equation
has only roots with negative real part directly leads to the conclusion that the corresponding
equilibrium point is locally stable. Here we apply some analysis techniques in recent papers [4,20]

to establish the local stability of equilibrium solutions of model (2.1) (see, Appendix B).

First, we consider the local stability of the infection free equilibrium Eo(%, 0,0,0). Let S(t) =

%—I—a:(t), i(a,t) =y(a,t), ic(a,t) = ye(a,t), B(t) = z(t), and linearizing system (2.1) about Ej, we



obtain the system:

dx (1) _ A oo +oo Ap
dt ‘ﬂ“@‘;(o Ar(@y(a,tyda+ | Bafa)yela, t)da) — “E=(0),
ay(a? 28 ayéi’ Y —pt @ + o(@)yla.t)
+oo “+oo
u(0.1) = 2( - Dlayla,da+ | Ba(@)ye(a, t)da) + ’Z\z(t), e
2.8
el 1 280D — oa)ylant) — (u+ wala)uelas ),
yc(0,t) =0,
z +00 +00
dd(:) _ /O m(a)y(a,t)da —i—/o na2(a)yc(a, t)da — 5z(t).

To analyze the asymptotic behavior of Ey, we look for solutions of the form z(t) = zeM, y(a,t) =

y(a)eM, y.(a,t) = ge(a)eM and z(t) = zeM. Thus, we can consider the following eigenvalue
problem:

(i Ns=-2( [ p@i@da+ [ fala)ila)da) - 2z

H ~ T u\, 1a)y A 20a)Yc Pk

W) — (0t (o) + o))

+o0 +o0o A
50 =2( [ m@stada+ [ sa@p(ada) + 22
K 0 0 K (29)

dye _ _

U9 o a)g(a) — (-4 vala) + Vo),

gc(o) =0

+oo +o0o
0+ Nz = /0 ni(a)y(a)da + /0 n2(a)yc(a)da.

Solving Eq.(2.9), we obtain



Substituting (2.10) into the third equation of (2.9), we have

B ﬁ/ooo (ﬁl(a)e_mﬂl(a) + Ba(a)e ™ mo(a) /a U(S)e/o ((v) +o(v) - V2(U))dvd8> .

0

pA > ) a a - S(Vl (v) + o(v) — ra(v))dv
+/M/O (Ul(a)e A m1(a) + n2(a)e A WQ(G)/O o(s)e /O (ds)cl)a.
2.11

Define a function G(A) to be the right-hand side in (2.11). Obviously, G(\) is a continuously
differentiable function with limy_,o, G(A) = 0. By direct computation, it is easy to show that
G'(\) < 0, and therefore, G(\) is a decreasing function. Hence, any real solution of Eq.(2.11) is
negative if G(0) < 1, and positive if G(0) > 1. Thus, if G(0) > 1, the infection-free equilibrium is
unstable.

Next, we show that Eq.(2.11) has no complex solutions with nonnegative real part if G(0) < 1.

In fact, set

a - 8(1/ (v) + o(v) — va(v))dv
H(a) = 2(51(a)7r1(a) + ,82(@)71'2(@)/ a(s)e /0 ! ? ds),

0 (2.12)

Fla) = P;\(m() ()+772(a)7f2<a)/0a0'(8)6_/0 (Vl(v)—FU(U)_VQ(U))dUdS).

Thus, we have
oo

o
1
G\ = /0 e H(a)da + o), e F(a)da.
Suppose G(0) < 1. Assume that A = ay + byi is a complex solution of equation (2.11) with
a1 > 0. Then

G| =] / e H(a da+7 e—Mf(a)da\
A+6 o

< / ~(@+i)9%(g) da] + ~(@+ib)a 7 () da)

X
]a1+zb1 +(5| (2.13)

a1+1b1 CL F d

v/ a1+6 +b2/ 1#(a)
> —aia 1 —aia _

g/o ¢~ 19H(q) a1+5/0 19 F(a)da = [G(a1)| < G(0) < 1

_/ (@ +a3(4)da +
0

It follows from equation (2.13) that Eq.(2.11) has solutions A = a3 + ib; only if a; < 0. Thus,
every solution of (2.11) must have a negative real part. Observe that %y = G(0). Therefore, the
infection-free equilibrium Fj is locally asymptotically stable if G(0) < 1.

Summarizing the above discussion, we have

Theorem 2. The infection-free equilibrium Ey is locally asymptotically stable if g < 1 and
unstable if £y > 1.

Theorem 3. If Ry < 1, the uninfected equilibrium FEqy is globally asymptotically stable.



Proof. From Theorem 2, we know that FEj is locally asymptotically stable for Ry < 1. It suffices

to show that Ej is a global attractor. Let
i(0,t) = w(t).

Integrating the second equation in system (2.1) along the characteristic lines, we obtain

w(t —a)mi(a), t>a,
i(a,t) = ¥ (2.14)
mTla
<p(a — t)m, t<a.

Similarly, integrating the third equation in system (2.1) along the characteristic lines yields

/a o(s)w(t —a)mi(s) m2(a) ds, t>a,
io(a,t) = 0 (2.15)

P(a — t)ﬂzW)) + /a o(s)p(s— t)L(S)m(a) ds, t<a.

7T2(a —t

Notice that here we have used i.(0,¢) = 0. Let

o@ = [ (B + Gmie)m(s)as

+/OO (52(3) + §ﬁ2(5)>772(5) /SU(“)e/O o) o) = VZ(U))dvduds.

a 0

(2.16)

Consider the following generic form of a Lyapunov function

g(a(t)) = x(t) =1 - Inx(t),

where g(z) > 0 for all z > 0. Furthermore g(z) achieves its global minimum at one with g(1) =0

1
and ¢'(z) = 1 — ——. Consider the following Lyapunov function

x(t)

V(t) = g(;) + /OOO q(a) Zﬂ(la(cf)) da + gB(t). (2.17)

Using (2.14), we rewrite equation (2.17) as follows

V(t) = g(;) + /0 ~ gla)w(t — a)da + gB(t). (2.18)



Differentiating (2.18) along the solution of system (2.1) and (2.16), we obtain

S@)

+ [0+ [ (@t - ayda + £/

(5 -5 A-us—s( [ mitando+ [ ayidatda) - p50)

wlt) [ () + Gm(s))m(s)as

satt) [ (alo) + frete)mas) [ e

0 0

- /Ooow(t —a) (51(0) + gm(a))ﬂl(a)da

- [T et - (50 + @)t [ gy OV HOD

0
+oo “+o0o
[ / m(a)i(a,t)da+ / 2(a)ic(a, t)da — 5B(1)]
0 0
(2.19)
Using A = uSp, (2.14) and (2.15), we have

2 0o
d‘;it) _ (SSt())SD 0)” Séz) [/O (ﬁ1(a)i(a,t) —i—ﬁg(a)ic(a,t))da + pB(t)]

+ [T B@ia,0) + alalicla,)da+ pB@) +i00.1) [ (i) + Em(s)ms))ds
0 0

S

+i(0, %) /OOO Wz(s)(ﬁ2(8)+§n2(s))/o o (w)m (u)e™ o (A CIETWm W gy g

— /0 ” (ﬂl(a) + gm(a))i(a,t)da — /O ” (52(@ + gng(a)>ic(a,t)da

+oo
6 / i(a,t)da + n2(a )Zc(a,t)>da — pB(t).
(2.20)
Using (2.14), (2,15) and (2.5), we obtain

dv(t) (S —50)* i(0,t)  i(0,t)
- - + Ro
dt SSo So So
,u(S - S()) 1
SSO S() (1 %0) ( ) 0, for §R0 ~ 1

dV (t
The equality di) = 0 holds if and only if S = Sy, i(0,¢) = 0. Thus, from the solutions (2.14)

and (2.15) for system (2.1) along the characteristic lines, we have that i(a,t) =0, i.(a,t) = 0 for
all t > a. Hence, we have i(a,t) — 0, i.(a,t) — 0 when t — oc.

It is easy to show that {Ep} is the maximal compact invariant set. From the LaSalle invariant
principle ([8],Theorem 5.3.1), we have that the disease-free equilibrium Ey of system (2.1) is
globally stable for $y < 1.

10



This completes the proof of Theorem 3.

Next, we show that the endemic equilibrium is locally stable whenever it exits.
Proposition 1. The unique endemic equilibrium E*(S*, i*(a), i}(a), B*), given by (2.4) and
(2.6), with i*(0) given by (2.7) is locally asymptotically stable if Ry > 1.

Proof. To show the local stability we linearize system (2.1) around the endemic equilibrium
E*. In particular, we take S(t) = S* + z(t), i(a,t) = i*(a) + y(a, 1), ic(a,t) = ii(a) + yc(a,t),
B(t) = B* + z(t). We look for solutions of the linearized system in exponential form z(t) = zet,

y(a,t) = y(a)eM, ye(a,t) = y.(a)eM and z(t) = ze*. We arrive at the following linear eigenvalue

problem.
+oo +0o
vo= o[ (@) (@) + Bl@iia)da) - 5[ (Bu(@y(@) + ae)yela))do)
0 0
—pS*z — pB*x — px,
W o\t () +o(@)yla),

+o0 +oo
y(0) = x( /0 (B1(@)i* (@) + Ba(a)it(a))da) + S /0 (B1(@)y(a) + Br(a)ye(a))da)

+ pS*z + pB*x,

dy.
da

yc(o) =0,

= —(A + p + 12(a))ye(a) + o(a)y(a),

+oo
Az = / (m(a)y(a) + mo(a)ye(a))da — 6.
0

To derive the characteristic equation, we assume the system has a nonzero solution. Solving

the differential equations we obtain

y(a) = y(0)e **mi(a)

ye(a) = y(0)e my(a) /Oa O‘(T)de = y(O)e_)‘“Fc(a).

7o (T)

Adding the equations for x and and for y(0) we obtain A\x + y(0) = —ux. Solving for =, we have

_ ()
A+ p

Solving the last equation for z we have

“+oo
/0 (m(a)y(a) + ma(@)ye(a))da
A+9 '

z =
Denote by K the constant

+00
K= [ (3(@i(@) + Bala)is(e))da.
0

11



Substituting z, z, y(a) and y.(a) in the equation for y(0) and canceling y(0) we obtain the following

characteristic equation:

+o00
= _)\fu + S*(/o (51 (a)e*/\“m (a) + Bg(a)ef’\al“c(a))da)
* +o0 i
+)\p+ 5 (/0 (m(a)e*m1(a) + ma(a)e™**Te(a))da) — )\pf o

We rewrite this equation in the following form

Atp+K+pB [T “a “ha
pp =S5 (/0 —fﬁl(a)e A (a) 4 Ba(a)e 29T (a))da)
[ @ m @)+ m(@e T (@) da)

It is not hard to see that for A with ReA > 0

A+ p+ K + pB*
A+

On the other hand for the right hand side we have for A with ReA > 0:

s
0

+00

5[ m@e m (@) + mla)e T @)do)
+00

<SS (Bula)ema) + a(a)eTe(a))da)

1(a)e7mi(a) + Ba2(a)e” T c(a))da)

+o0
+5° B i J] ’(/0 (m(a)e 1 (a) + na(a)e **Te(a))da)|

+oo
<5%A (Br(a)m1(a) + Ba(a)Te(a))da)

+oo
45721 m@m @ + mloT(@)da)] = 5ER < 1.

Hence, for A with ReX > 0 the left hand side of the characteristic equation is strictly larger than
one, while the right hand side of the characteristic equation is strictly smaller than one. Therefore
the characteristic equation has no roots with non-negative real parts. We provide the justification
that the semigroup corresponding to the linearized equations converges to zero in the Appendix
B.

This concludes the proof of Proposition 1.

Now we investigate the disease persistence for system (2.1).

Firstly, we introduce the following notations. Set
My ={p(a) € L1 (0,+00)[Ft > 0: [~ Bi(a+t)p(a)da >0 and [~ mi(a+ t)p(a)da > 0}.

Mo ={y(a) € LL(0,400)[Ft > 0: [° B2(a +t)¢(a)da > 0 and  [° m2(a + t)1(a)da > 0}.

12



Do =Ry x My x Ma xRy, Xo=DNDy.

Theorem 4. If Ry > 1, then there exists a constant 0 < n < 1 (independent of initial condi-
tions), such that any solution (S(t),i(a,t),ic.(a,t), B(t)) of (2.1) with (S(0), ¢(a),¥(a), B(0)) € Xy
satisfies

lim inf (/Ooo(ﬂl(a)i(a,t) + Ba(a)ic(a,t))da + pB(t)) > 1.

t—+00

In order to prove Theorem 4, we need the following two Lemmas.

Lemma 1. Assume that Ry > 1, then there exists a constant v > 0 such that any solution

(S(t),i(a,t),ic(a,t), B(t)) of (2.1) with (S(0),(a),¥(a), B(0)) € Xq satisfies

isup( [ (51 (@ife, 1) + Ba(aie(a,)da + pB(0) > .

t—+00

Proof. Assume the contrary that all infected individuals die out. Thus, for every £ > 0 and the

initial condition in X, we have

+o0
lim sup(/o (Bri(a,t) + Baic(a,t))da + pB(t)) < e. (2.21)

t—+00

Hence, there exists T' > 0 such that for all ¢t > T, we have
o0
/ (Bui(a, ) + Brie(a, £))da + pB(t) < <. (2.22)
0
Consequently, from the first equation in (2.1), we have
S'(t) > A — pS(t) —eS(t).

Therefore, we have

A
li S(t) > i inf S(t) > . 2.23
1mtiu+;;0 )= Hntfioo ()_,LL+€ ( )
Using w(t) = i(0,t) and the inequality above, we obtain
02 2 [ @it + sa@yicta, 0)da+ o B (2:2)
w a)i(a, a)ic(a,t))da + p—— . .
T pFeJy ! ? p,u+s

Using expression (2.14) and (2.15), we have the following system

A t a 7r2(a,) A
wlt) 2 /O (Bu(@)e(t = a)m(a) + Ba(a) /0 o(s)wlt —aym(s) L ds)da+p. - BD),
O > [ mi@wt—am@dat [ @ [ ottt - am( 2 dsda — 5500

(2.25)
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Let &(\) be the Laplace transform of w(t) and B(\) be the Laplace transform of B(t). Fur-

thermore, we have

< _ [~ a)mi(a)e " da, K = h a aasw SWQ(G) se " da
B = [ aam@e o ko) = [ @ [ om e EE de o, o
K3(\) = /000 m(a)mi(a)e da, Ki(\) = /000 n2(a)e™ /Oa o(s)mi(s) Zzgg dsda.
Applying the Laplace transform of both sides in (2.25), we obtain
o0 2 (o) + Bae) ) + o5 B0V,
(2.27)
AB(A) — B(0) > K3(\)o(\) + Ka(MO(\) — 6B(N).
From (2.27), we have
R A (2 . P P . Ap
w(A) > ite <K1()\) + Ky(A) + mK?;()\) + MK4()\)>W()\) + mB(O)-

The above inequality should hold for the given € ~ 0 and for any A > 0. But it is impossible since
for e ~ 0 and X\ = 0, the coefficient in front @(A) on the right hand side is approximately $o > 1. In
addition, there is another positive term on the right hand side. This is a contradiction. Therefore,
there exists a constant v > 0 such that any solution (S(t),i(a,t),i.(a,t), B(t)) of (2.1) with

(5(0), p(a),¥(a), B(0)) € X; satisfying limsup, (5" (B1(a)i(a, t)+ B2(a)ic(a, t))da+ pB(t)) >

. Further, we can show that any solution (S(t),i(a,t),i.(a,t), B(t)) of (2.1) is bounded below. In

Ay

e Hence, we have

fact, from (2.24) and the inequality above we have that limsup, ,,  w(t) >

lim sup /O ~ Bu(a)i(a, t)da > MA:E /0 ” Bu(a)m(a)da,

t——+o00

(2.28)

: > , Ay [ ¢ m2(a)
lim sup/O ﬁg(a)zc(a,t)da>u+€/0 ﬂg(a)/o o(s)mi(s) dsda.

t——+oo ™ 2(8)
In addition, it follows from the differential equation for B(t) in system (2.1) that B(t) is also
bounded below.

This completes the proof of Lemma 1.

We now show that system (2.1) has a global compact attractor My. A set K in X is called
a global compact attractor for the solution semiflow V¥, if K is a maximal compact invariant set,
and if for all open sets U containing K and all bounded sets B of X, there exists some tg > 0

such that U(¢t, B) C U for all t >t (see [7],Section 3.4). We give the following Lemma.

Lemma 2. Assume that Ry > 1, then there exists My (a compact subset of Xo) which is a global

attractor for the solution semiflow VU of system (2.1) in Xj.

In order to prove Lemma 2, we need the following two results, which come from Lemma 3.2.3

and Theorem 3.4.6 in [7]. These methods and techniques have been recently employed in [20].
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Lemma 3. (see, Lemma 3.2.3 in [7]) For each t > 0, suppose T'(t) = S(t)+U(t) : X — X has the
property that U(t) is complete continuous and there is a continuous function k : RT x RT — R*
such that k(t,r) — 0 ast — 0 and |S(t)z| < k(t,r), if |x| <r. Then T(t),t > 0 is asymptotically

smooth.

Lemma 4.(see, Theorem 3.4.6 in [7]) If T'(t) : X — X,t > 0 is asymptotically smooth point
dissipative and orbits of bounded sets are bounded, then there exists a global attractor Mgy. If T(t)
is also one-to-one on A,then T'(t)/ My is a C"— group. If in addition, X is a Banach space,then
My is connected.

Proof of Lemma 2. Set

\Il(t; So, 90(')’ 111(), BO) = (S(t)a i('? t), ic('a t)? B(t)),

U :[0,00) x Xog — Xo, with U(¢,¥(s,.)) = U(t+s,-) for all t,s > 0 and ¥(0, -) being the identity
map. Our goal is to show that U satisfies the assumptions of Lemma 3 and Lemma 4. To this
end, we additively split the solution semiflow ¥ into two components ¥ = W(¢, 20) + U(¢, 2°) such
that \/I\l(t,xo) — 0 as t — oo for every 2¥ € Xy, and for a fixed t and any bounded set M in Xj,

the set { (t,2°) : 20 € M} is precompact. The two summands are defined as follows:

~

‘/l}(tv 5079077[)730) = (Oa /i\('at)’ iC('at)’ 0);

\Tj(t7507907¢>B0> = (S(t)7 ;('715)7 ic('vt)v B(t>)

Notice that S(t) and B(t) satisfy system (2.1) with i(a,t) = i(a,t) + i(a,t), ic(a,t) = ic(a,t) +

ic(a,t). The functions (a,t) and 20((1, t) are solutions to the following systems:

/ ~ ~

ai(g;;t) + Oila, 1) = —(p+vi(a) + a(a))?(a,t),

i(0,t) =0,

i(a,0) = p(a), (2.29)
Pelte) y RAE) o i, 1) — G+ (@),
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The functions 7(a, t),zc(a, t) are the solutions of the following equations:

ai(g{ 2 + &gi; ) _ — (4 v1(a) + o(a))i(a, t),

3(0,1) = S(t)< % 8, (a)i(a, t)da + [, Ba(a)ic(a, t)da) + pB()S(1),

i(a,0) =0, (2.30)

az‘c((?ctb, t ., az'céz, t) _ o(a)i(a,t) — (i + va(a))ie(a, t),

i(0,8) =0, ic(a,0) =0.

\

It is easy to show that i(a,t),i(a,t) and i.(a,t),i.(a,t) are nonnegative. Define by u(t) =
/Oog(a,t)da + /Oozc(a,t)da. It follows from (2.29) that «/(t) < —pu(t). Therefore, this result
sﬁows that \f/(t, 1:00) — 0 as t — oo for every xg € Xj.

Now it remains to show that for a fixed ¢ and any bounded set M in Xo, the set {W(¢,20) :
2% € M} is precompact. In fact, we only need to show the set {¥(¢;2°)]z0 € Xo,t — fixed} is

precompact by using Fréchet-Kolmogorov Theorem [28]. In fact, first, we have the family
{U(t;2°)]2° € Xo,t — fixed} C X,.

Notice that Xg is bounded. Therefore, {W¥(#;2°)} is bounded for different initial conditions in X.
Second, from (2.30), it is easy to obtain that g(a,t) = O,Zc(a,t) = 0 for a > t. Hence, the
third condition of the Fréchet-Kolmogorov Theorem is trivially satisfied. Finally, to see the second

condition, we have to bound by a constant the L'—norm of 3%7 %. In fact, from (2.30), we have

71'2(0,)
ma($)

ds, t>a,

Bt —aymi(a). t>a Co(s)3(t — a)mi(s)
i(a,t) = ic(a,t) = /0

0, t <a, 0, t <a,

where,

5(t) :S(t>( /0 B1(8)5(t — 8)m1 (5)ds+ /O Bs(a) / a(s)a@—a)m(s)”?(“)dsda+p3(t)). (2.32)

a
0 m2(s)
Notice that for 2° € Xy, @(¢) is bounded. Form Lemma 1, we know S(t), B(t) are bounded.

Hence, from (2.32), we have the following inequalities:

w(t) <my /Ot&(t — s)ds + M,
(2.33)

t
|0’ ()] < mg/ |’ (t — s)|ds + Mo,
0

where, m;, M;(i = 1,2) are constants, which depend on the bounds of the parameters as well as

the bounds of the solution.
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Using Gronwall’s inequality, we have

O(t) < Me™*  &'(t) < Mae™?, (2.34)
From (2.31), we have
di(a,t) W' (t = a)lmi(a) + Ot —a)|mi(a)l, t>a,
= (2.35)
oa
0, t <a.

From (2.34) and (2.35), we obtain
| Bai(a ) < Mye™! / 71(a)da + Mye™! / i (@)]da < M.
0 0
Since
/ lila+ h,t) —i(a,t)|da <| 84i(a,t) || |h| < M]h)|. (2.36)
0

Therefore, it follows that the integral (2.36) can be made arbitrary small uniformly in the family

of functions. Similarly, by the following integral inequality
o0 ~ ~ ~
/ lic(a 4+ h,t) —ic(a,t)|da <|| O4ic(a,t) || |h], (2.37)
0
we can show that the integral (2.37) can be made arbitrary small uniformly. Thus, all requirements

of the Fréchet-Kolmogorov Theorem are satisfied. The proof of Lemma 2 is completed.

To complete our proof, we need the following definition and Lemma, which come from paper
in [25]. Let p: X — [0,00) be a non-negative functional on X and X, = X (\{p > 0}: X, is not

necessarily forward invariant under W. We consider the function
o :]0,00) x X X [rg,00) — [0,00)

defined by

otyz,r)=p(¥({t+rrax), t>0, z€X, r>rg.

We make the following assumption that the real-valued function o(.;x,r) is continuous on [0;c0)

for all x € X;r > 7o, and introduce the following notation:

o(z,r) =lim sup o(t,z,r); 0ool(z,r)=lim inf o(t,z,r).
t—o0 t—oo

Definition 1. VU is called uniformly weaklyp—persistence if there exists some € > 0 such that
o®(x,r) > e, Yo € X,,r > ro; ¥ is called uniformly strongly p—persistence if there exists some

e > 0 such that o(x,7) > €, Yo € X,,7 > 1.
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Lemma 3. Let @ be a continuous autonomous semiflow on a metric space X which has a compact
attracting set K, i.e., a compact set K such that dist (®(t;z), K) — 0;t — oo. We further assume
for any total orbit ¢ : R — X of ® with relatively compact range: If s € R and p(é(s)) > 0,
then p(¢(t)) > 0 for all t > s. Then ® is uniformly strongly p-persistent whenever it is uniformly
weakly p-persistent.

Proof of Theorem 4. Here we apply Lemma 3 to complete our proof. Consider the solution

semiflow ¥ on Xg. Define a function p: Xo — Ry as follows

p(®(t, 2°)) = /OOO B1(a)i(a,t)da + /000 Ba2(a)ic(a,t)da + pB(t). (2.38)

Lemma 1 implies that the semiflow is uniformly weakly p— persistent. Lemma 2 shows that the
solution semiflow has a global compact attractor M. Since the solution semiflow is nonnegative

for all times t € R, we have that for any s, with ¢ > s, using (2.25), we can obtain

/ h B1(a)i(a,t)da + / h Ba(a)ic(a,t)da + pB(t) > pB(s)e®t2).
0 0

Therefore, [;° B1(a)i(a,t)da + [;° B2(a)ic(a,t)da + pB(t) > 0 for all ¢ > s, provided B(s) > 0.
It follows from Lemma 3 that the solution semiflow is uniformly strongly p— persistent. Hence,
there exists a constant 7 such that

lim inf p(®(t,2°)) > 1.

t—-+4o00
This completes the proof of Theorem 4.

Remark: The set Xy may not be the largest set on which persistence occurs. For instance,
persistence may occur if ¢(a) = ¢(a) = 0, but S(0) > 0 and B(0) > 0. However, that point is not
in Xo.

3 ODE system with environmental transmission

To gain further insights into the global transmission dynamics of the disease governed by system
(2.1), we assume in this section that the infection rate of the disease and the treatment rate are
independent of the infection and treatment stages. We define these constant rates as [1(a) =
b1, B2(a) = B, v1(a) = v1,v2(a) = va,0(a) = o,m(a) = m,na2(a) = n.

Let the total infectives be I(t) := [;~i(a,t)da, and the total treated individuals be I.(t) :=
Jo~ ic(a, t)da. Integrating the equations for i(a,t) and ic(a,t) in system (2.1) with respect to a
and using the initial conditions i(t,0) and i.(¢,0) we reduce the system of PDEs to the following
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system of ODEs:

B~ A uS(0) - SOI) ~ BL()S(0) ~ pSHBL),

T~ SSWI0) + BLOSO) + pBOSE) — (a1 -+ o)1), -
djgt(t) =0ol(t) — (p+ve)L(t),

diit) =mlI(t) +n2l(t) — 6B(t).

Using the next generation approach and Theorem 2 in [25], it is easy to obtain the basic
reproduction number of system (3.1):

_ ABS(p + v2) + Bado + p(mi (1 + v2) + 120)) .

R
0 plp+vi+o)(p+12)d

System (3.1) always has the infection-free equilibrium Eo(%, 0,0,0). Direct calculation shows

that when Ry > 1, system (3.1) has a unique endemic equilibrium E*(S*, I*, I}, B*), where

yte

A
= A - 9 g pomletr)ime,

pRo’ B+ v 6(p+r2)

(3.2)

A 1
[=——~ (1 - 7).
w+uv+o Ro
For system (3.1), it is easy to show the uniform persistence of solutions. By constructing

Lyapunov functions, we can show global stability of the equilibria.

Define the following set:

A nA
Q={(S,I,I,B) eRL|S+T+1.<=, B<}
I po
where 77 = max{n1,n2}.
Theorem 5. For system (3.1), the infection-free equilibrium Ey is globally stable on the set Q) if

Ry < 1; the endemic equilibrium E* is globally stable in the set Q) if Rg > 1.

Proof. First we prove the global stability of the infection-free equilibrium FEy. Define the function

A(B26 + pnp)

pA
1(t) + 5 BO).

Along the solution of (3.1), directly calculating the derivative of Vi (t), we have

T~ (1) + Balu(t) + pBISE) — (1 + )1
Ao (320 + pna) A(B26 + pn2)
wa s T g el 3
pAm pAT pA
FE) + L)~ OB,
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Since S(t) < % for (S,1,1.,B) € Q, we have

avi(t) < <ﬂ1/\ N Ao (B20 + pn2) n pAn

” ’ T ” —(u—i—m—i—a))[(t)

(3.4)
:(/1,—|—1/1—|—0')(R0—1)[(t)§0, for Ry < 1.
dvi(t)

dt
obtain that I.(t) = B(t) = 0, and S(t) = A/u. Thus, the invariant set of system (3.1) on the set

{(S,1,1.B) € :dV1/dt = 0} is the singleton {Ey}. Therefore, it follows from LaSalle invariance

It is obvious that if Ry < 1, we have = 0 if and only if I(¢) = 0. From (3.1), it is easy to

principle (see, [8],Theorem 5.3.1) that Ejy is globally stable if Ry < 1.

Now we show the global asymptotic stability of the endemic equilibrium E*(S*, I* I*, B*).

y e

Set
o _ 5 I L B
I_S*a -

Thus, system (3.1) can be rewritten the following form

dx;t(” o [A (3511 ~1) = Bl (w2 = 1) = BT (s — 1) = pB* (24 — 1)),

dxa(t S*I* S* B*
[EZ( ) = 29 [ﬁls*(xl o 1) + /82 c (1'1.%'3 _ 1) + P (-%'1334 . 1):|,
dt I* o I* T
(3.5)
dxs(t) ol*  [xo
()
dt I* rs3
dry(t) mI* (332 nol* T3
L) ().
dt B* e T4 + B* T T4
Consider the following Lyapunov function:
Va(xy, w2, x3,24) = S* (1 — 1 —Inzy) + a1 [*(x2 — 1 — Inxe) + al(z3 — 1 — Inxy)
(3.6)

+asB*(xy — 1 — Inzy)],

where a; > 0,7 = 1,2,3 are to be determined later. Thus, the derivative of function Va(t) with

respect to time along the solutions of (3.5) is given by:

dVQ(t) _ % ‘Tll * xl2 * xé * SUZ
dt =5 (1'1 — 1);1 + a1[ (xg — 1);2 + GQIC (wg — 1);3 + CL?,[C ({/C4 — 1);4

— (11 -1) [A(i - 1) S I (s — 1) — BoS* I (a3 — 1) — pS*B* (x4 — 1)}
(3.7)
Var(zs — 1) [ﬁls*f*(xl 1)+ @S*I:(%”?’ - 1) + pS*B* (% . 1)}

Z2

x T
+CL20’I*(.’L'3 — 1)(;2 — 1) —i—a3(a:4 — 1)(771[*(;2 — 1) —‘1_772[: (? — 1)>
3 4 4

20



Thus, we have

dVa(t)
dt

=2\ — 315" — 625*1: — ,OS*B>|< 4+ a1/15* T + alﬁQS*IZ + alpS*B* + agol™* + (13771[*
* * T * T * Tk * T A * T
+asmnol; —:cl(A—mS I" — 3,8 1; —pS*™B* + a16,5%1 )— ; —$2(a1ﬂ15 I
1

+alﬁgS*Ij + alpS*B* — P1S*I* — agol* — a3771[*) — xll'g(ﬂzs*f* — alﬁQS*I*)

—x3(ag0l* — agnol} — 32S*IF) — x123(02S* I} — a1825*I}) — x4(azm ™ + azno 1}

—pS*B*) — x124(pS*B* — a1pS*B*) — alﬁQS*Ijxlxg — a1 pS*B* it aQJI*E
i) i) I3
W T x
—azmI* =2 — agnpl,=2.
Ty X4
(3.8)
_ L « P yrus
Choose the constants a; = 1, ag = T (TS IF + 52S*I)), a3z = SS . Using the fact that
o
S*, I*, I}, B* satisfy the equilibrium equations, we have
dVa(t . . e A
th( ) =2A + ﬁQS*Ic + agml* + 2a3772]C — xl(uS* + ,315 I ) — ;
1
—(2S* I s pS*B* nra agal*% - agnll*@ — (1317212‘E : (3.9)
X9 ) T3 T4 T4

= F(z1,x2,23,24)

Motivated by [10,17], we define the function P(x1,x9,x3,z4) = Zi:l Py(z1, 29,3, 24),where

1
Pi(xy, 22, 23,24) = by (2 — T — *)7

z1
1) 173 1
P2(.’131,.’1327I3,ﬂ74) == b2(3 - = - = - 7>’
N " o (3.10)
T2  T1T4 1
Ps(x1, 2, 23, 24) = b3<3 _zz o 7>’
L4 T2 T
X2 X3 124 1
Py(z1, 20,73, 24) = b4<4 28 T 7)
T3 T4 x9 T

Let the coefficients for the same terms between F(x1, 9,3, z4) and Zizl P, be equal. This

yields the following equations

2b1 + 3by + 3b3 + 4by = 2A + /BQS*I; + agml* + 20,37]2[:
bi+bg+b3+by =N, by+by=asol* (3.11)

bs + by = pS*B*.

Consequently, we can solve for by, ..., by:
by :,LLS*—FﬁlS*I*, by :,825’*[:, b3:a3771[*, b4:a3172]:.
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It is easy to verify that equations (3.11) are compatible, and by, by, b3 and by are all nonnegative.

Thus, we have

dVQ(t) . % % ¥ 1 - ) T1x3 1
pr = (uS* + 5151 )(Q—xl—x—l) + 328 10(3—;3—72_;1)
1
+ (PR gy 3,87 T (3 2 mm 7), (3.12)
o0 T4 T2 il

n2ly P2 s %
Lt Y/t At Rt et A
+a[*( 5 S*I* + (328 Ic)<

Since the arithmetic mean is greater than or equal to the geometric mean, we have

1 1

m+— 22, 24y >3,

xr xr
1 3 2 1 (3.13)
AT S B B
T4 X9 X1 xrs3 T4 ) 1
AV (t dVa(t

Thus, it follows from (3.12) and (3.13) that 2(1) _ in Q. The equality 2(8) _  holas if

dt dt
and only if 1 = z9 = x3 = x4 = 1. That is, S(t) = S*,I(t) = [*,I.(t) = I}, B(t) = B* in 2. The

maximal compact invariant set in

~dVa(t) B
{80, 1), 1(t), BO) € @ =2 =0}

is {E*} when Ry > 1. From the LaSalle invariance principle [8], we have that the unique endemic

equilibrium E* of the system (3.1) is globally asymptotically stable for Ry > 1.

4 Concluding remarks

In this paper, we first formulate a partial differential equations (PDEs) model describing the
transmission dynamics of an infectious disease with treatment and environmental bacterial in-
fection. An explicit formula for the reproduction number is obtained in the age-since-infection
structured case. By means of a suitable Lyapunov function and the LaSalle invariance principle,
we have shown that if the reproductive number R is less than or equal to unity, the disease-free
equilibrium of system (2.1) is globally asymptotically stable and the disease dies out while the
endemic equilibrium is not feasible. On the other hand, if the reproductive number R, is greater
than unity, then system (2.1) has a unique endemic equilibrium which is locally asymptotically
stable whenever it exists. Furthermore if Ry is greater than unity, then system (2.1) is permanent,
therefore the disease becomes endemic. Since the endemic equilibrium is unique and locally stable,
we conjecture that this endemic equilibrium is globally stable for Ry > 1. When the treatment
rate and the transmission rate are both independent of the infection age, the system of partial

differential equations (PDEs) reduces to a system of ordinary differential equations (ODEs). The
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global stability of the equilibria of the reduced system (3.1) is completely determined by its basic
reproductive number Ry. Hence, to control the disease, a strategy should be devised to reduce
the reproduction number to below unity.

Ro

2401
2.400

2399

2397 -

Figure 1: The reproduction number Ry of system (3.1) as a function of the treatment rate o
for three different values of (2. Clearly for larger values of (B2 the reproduction number is an

increasing function of o.

Examining the reproduction number more closely, however, reveals that the treatment in-
corporated in this model may not be sufficient to achieve the goal of reducing the reproduction
number below one. In particular, it can be shown that the reproduction number may, in fact,
increase with treatment (see Figure 1). Increase in Ry of system (3.1) with treatment occurs if

and only if
B20 + n2p S B10 + pm
u=+ v n=+ v

or in other words, if transmission through treated individuals plays more important role compared
to transmission through infectious but not yet treated individuals. The trend of the reproduction
number to increase (or decrease) is sustained for all values of the treatment. Consequently, once
the reproduction number starts increasing with treatment, it will be impossible to reduce it below
one independently how intensive the treatment becomes. The main reason for the increase in
the reproduction number is the fact that treatment is incomplete so if it does not reduce the
transmission rate and the shedding rate of treated individuals significantly, it may in fact hurt
elimination efforts. But even if the reproduction number Ry in system (3.1) is decreasing with
treatment, it may not decrease below one, since

lim Ry — A(B26 + m2p)

= Ro.
700 1y + v2)6

So, if Ry > 1, incomplete treatment cannot be used as elimination control strategy at all. In

summary, incomplete treatment can be effective for directly and indirectly transmitted bacteria
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Ro

Figure 2: The reproduction number Ry as a function of the delay in treatment A for three different

values of the treatment rate o.

if it reduces sufficiently both the direct transmission rate and the environmental shedding of the
treated individuals.

Age-structure does not seem to play a significant role in the dynamics of the model. However,
it may have epidemiological consequences. To understand the impact of age structure on the
reproduction number, we consider the case of delayed treatment. Suppose treatment does not
commence at the moment of infection but after some period of time A. The simplest way to

model such a scenario is to take o(a) to be the following step function.
0, 0<a<A;

o, a > A.

We assume all other parameters independent of age. In this case, the reproduction number Ry

takes the form

A p 1 — e~ (utr)A A P e~ (utvi+o)A
Ro="= (B4 2m) ———— + = (B + 2m)
0 M(ﬂﬁ-(sm) P +u(51+5771> PP

A p ge—(wtr)A
A 32+ §m) (Lt o1+ o) (it ve)

Plotting the reproduction number as a function of the delay in treatment A (see Figure 2)
reveals that small delays of treatment are actually beneficial to the control of the disease. The
reproduction number first decreases for small delays but then increases. Consequently, there is
some optimal delay in treatment A* for which the reproduction number is smallest. In addition,
the level of treatment after the delay o also impacts the reproduction number. Clearly the larger
the value of o the smaller the reproduction number and the bigger the effect of the delay in initial

decrease of the reproduction number.
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Appendix

A. Wellposedness. Here we apply the approach used by Martcheva and Thieme in [20] to
show that system (2.1) is well posed. In order to take into account the boundary condition, we

extend the state space and let
Z =R x L*0,00) x R x L'(0, 00).

Let A: D(A) C Z — Z the linear operator and is defined by

0 —¢1(0)

| e —(p+r+o)er—¢)

A =
0 —¢1(0)
©2 o1 — (1 + v2)pa — ¢y

with
D(A) = {0} x W10, 00) x {0} x W'(0, 00).
0
\ i(t,.)
Let i(t) = . By the above definition, system (2.1) can be rewritten as the following

0

ic(t> ')
ordinary differential equation coupled with a non-density defined Cauchy problem

dfb(f) = —uS(t) + Fi(S(t),i(t), B(t)),
O _ i) + BulS(0).i0). BO). Ay
diit) = —0B(t) + F3(S(t),1(t), B(t)),
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where

FL(S(),3(t), B(t)) = A — S(t)( 8, (a)i(a)da + [, ﬁg(a)ic(a)da> — pB(1),

S (Jo Bi(@ila)da+ [ Ba(a)ic(a)da) + pB)S(1)

0
Fy(5(t),4(t), B(t)) =

0

0

F3(S(t),i(t), B(t)) = [ m(a)i(a)da + ["* ma2(a)ic(a)da.

Set
Z =R xR x L*(0,+00) x R x L'(0,4+00) x R.

Z, =Ry xRy x L0, 4+00) x Ry x LY(0,+00) x Ry

Let A: D(A) C Z — Z be the linear operator defined by

S —uS S
0 0 r . 0
—un 0 0
1 | X 1
A =1 4 =l 0 Ao
0 0 0
0 0 O
e te B N te
B —0B B

with
D(A) =R x D(A) x R.

Thus, D(A) = R x {0} x L'(0,00) x {0} x L'(0,00) x R is not dense in Z. We consider
F : D(A) — Z the nonlinear map defined by
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S
0 .
F1(S(t),i(t), B(t))
Z’ A
F = | Fa(S(1),i(t), B(t))
0
. F3(S(t),i(t), B(t))
B
Set Zy := D(A), Z9 := D(A)(\ Z. Thus, system (A.1) can be rewritten as the following abstract
Cauchy problem:
du(t) . -
ke Au(t) + F(u(t)), for t >0 with w(0) =z € D(A). (A.2)

In general, the differential equation may not have a strong solution. Thus, we solve (A.1) in

integrated form

t t
Ult)x =x+ A/ U(s)xds + / F(U(s))xds, ¥t > 0. (A.3)
0 0
Let 7 = max{i1; N2}, 7 = esssupjy oo)|ni(a)l, i =1,2. From system(2.1), it is easy to obtain that
o0 A nA
S(t) + / (i(a,) +ic(a,1)da) < =, B@) < . (A4)
0 ju po

Using the fact that the non-linearities are Lipschitz continuous on bounded set, by using (A.4)

and by applying the results used in paper [20], we have the following result

Theorem A.1 The system of equations (2.1) represented by the integral equation (A.2) has a
unique continuous solution with values in Z?L. Moreover, the map ¥ : [0, 00) X Zg — Z?L defined by
U(t,x) = U(t) is a continuous semiflow, i.e., the map ¥ is continuous and ¥(t,¥(s,.)) = V(t+s,)
and V(0,) is the identity map.

B. Connection between the real part of the eigenvalues and the stability of the
equilibrium.

To establish the local stability of model (2.1), we use the approach taken in [20].

Definition B.1. T(t) is called quasi-compact if T(t) = Ti(t) + To(t) with operator families
T1(t), T5(t), where Ti(t) — 0, as t — 0, Ta(t) is eventually compact, that is, there exists tg > 0

such that Ts(t) is a compact operator for all t > tg.

Lemma B.1. Let T(t) be a quasi-compact Cy-semigroup and B its infinitesimal generator.
Then e®||T(t)|| — 0 ast — 400 for § > 0 if and only if all eigenvalues of B have strictly negative

real part.
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Set S(t) = S*+x(t), i(a,t) =i*(a)+y(a,t), ic(a,t) =ii(a)+y(a,t), B(t) = B*+ Z(t), where
u* = (8*,1*(a),i*(a), B¥) is any equilibrium of system (2.1).

Thus, the linearized problem for the above perturbations can read

X (8) = Ax(8) + F'()x(t),  x(0) =x". (B.1)
We rewrite the linearized problem (B.1) in the following form

X' (t) = Bx() + Kx(t),  x(0) =x",

where B : Z° — Z is defined as follows
—uzx
—(55 + n+uvi(a) +o(a))y
~(g5 + n+v2(a))ye +ola)y
-0z
—y(0)

_yc(o)

The operator K : Z° — Z is defined as follows

[—(Jy ™ (Br(@)i*(a) + Ba(a)ii(a))da) — S*( o (Bu(@)y(a,t) + Ba(a)ye(a. 1)) da)
—pS*2(t) — pB*u(t)]
0
0
T m(a)y(a,tyda + [7 na(a)ye(a, t)da
{2[Jy"™ (m(@)i*(a) + ma(@)iZ(a)da] + 577 (Br(a)y(a, 1) + Ba(a)ye(a, 1) dal

+pS*2(t) + pB*x(t)}

0

In the following, we observe that the powers of the resolvent of B satisfy the Hille-Yosida

estimate

Theorem B. The operator B is a closed linear operator such that X\ — B has bounded inverse for
A > —po, where pp = min{u,d} and

1

H()‘_B)inH < m
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for all positive integers n.

Proof. For an element f € Z?L with coordinates f = (f1, f2, f3, f4,&1,&2), we consider the equation

(A= B)v = f with A > —pg. This results in the following system

()\ + ,LL):E = fl’
Y (et vi(a) + o(a))y(a) + fo
y(O) - gl?
(B.2)
dye

da —(p+v2(a))yc(a) + o(a)y(a) + f3,

yC(O) = 527

A+06)z = fi.

Clearly, z > 0 and z > 0. The system (B.1) for y(a) and y.(a) can be explicity solved. Thus, we

have

y(a) = Ere—am () + / e LGRS
0

“ “\a—s)T2\0
el = e mafa) + [ NI D oy 6) 1 o),
0 a(s)
Thus, we have y(a) > 0 and y.(a) > 0. In addition, y(a),yc(a) € L'[a,o0). Thus, all the
solutions of the system (B.2) are nonnegative. Adding the equations for y(a),y.(a), dropping v

and 1o and integrating the inequality in the age variable and adding all equations, we obtain for

A > —po (po = max{p,d}):

1
[l + 1yl el | + Iyl < === (Al 120l + [ fs]] 4 Ll + 16 + [€21)
Ho
Hence, for f € Z9F, we have
1
A=B)7 | < ——— .
it )Tl < (/\Jrﬂo)llfll

Notice that if f € Z, we have [|(A — B)"'f|| < [[(A = B)"!|||f|. Therefore, our conclusion

follows.

Thus, the part of B in Z° is a densely defined operator whose resolvents satisfy the Hille-
Yosida estimates and is the generator of a Cyp—semigroup on Z°, S(t). The Hille-Yosida estimate
in addition implies that

IS@)I] < e,
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Therefore, from the above discussion, we know that the nonlinear semiflow W(¢,z) of the
solutions of (2.1) satisfies the following properties:
If all eigenvalues of A + F'(u*) have strictly negative real part, then there exists w < 0 and

constants k > 0 and § > 0 such that
W (t,2°) — u*|| < ke |2 — u*]], (B.3)

for all 29 € Z9/ {0} with ||2° — u*|| < 6.

Inequality (B.3) implies that if «* is an equilibrium such that all eigenvalues of A + F’(u*)
have negative real part then u* is locally asymptotically stable, that is, trajectories which start
sufficiently close to the steady state u* remain close and return to the steady state when time

tends to infinity.
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