Global Stability for a Heroin Model with Two
Distributed Delays *

Bin Fang!?!  Xue-Zhi Li'f Maia Martcheva®} Li-Ming Cai'¥
! Department of Mathematics, Xinyang Normal University, Xinyang 464000, China
2 Beijing Institute of Information and Control, Beijing 100037, China
3 Department of Mathematics, University of Florida, 858 Little Hall, PO Box 118105,
Guainesville, FL 32611-8105, USA

Abstract

In this paper, we consider global stability for a heroin model with two distributed de-
lays. The basic reproduction number of the heroin spread is obtained, which completely
determine the stability of equilibria. Using the direct Lyapunov method with Volterra
type Lyapunov function, we show that the drug use-free equilibrium is globally asymp-
totically stable if the basic reproduction number is less than one, and the unique drug
spread equilibrium is globally asymptotically stable if the basic reproduction number is
greater than one.
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1 Introduction

It is well-known that Heroin is an opiate drug that is synthesized from morphine [1].
It is more soluble in the fat cells so it crosses the blood-brain barrier within 15-20 seconds,
rapidly achieving a high level syndrome in the brain and the central nervous system. Its
rapid action causes both the ‘rush’ experience by users and the toxicity [2]. Heroin users
are at high risk for addiction. It is estimated that about 23 percent of individuals who use

heroin become dependent on it. Over the past two decades, China has faced a dramatic
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increase in illicit drug abuse accompanying rapid economic reform and development [3]. In
addition to their deleterious somatic and psychological effects, heroin abuse and dependence
constitute one of the most important modes of transmission of human immunodeficiency
virus (HIV) and Hepatitis C virus (HCV) [4, 5]. This brings tremendous pressures and
damages to social and public health. However, treatment of heroin users or users of other
drugs such as cocaine not only is a costly procedure but also is a major burden on the health
system of any country. And it is unrealistic to repeat the experiment on the human body for
obtaining the statistic data. In fact, the spread of heroin habituation and addiction can be
well modeled by epidemic-type models as “transmission” occurs in the form of peer pressure
where establish users recruit susceptible individuals into trying and using the drug [6, 7, 8],
that is, mathematical modelling is a means to provide a general insight for how classes of
drug takers behave, and as such, could hopefully becomes a useful device to aid specialist
teams in devising treatment strategies.

Modeling heroin addiction and spread in epidemic fashion is not new [9]. More recently,
the spread of heroin addiction has already stimulated a number of works using mathemati-
cal modeling ([10]-[13]). Heroin epidemic models typically divide the population into three
classes, namely susceptibles, heroin drug users not in treatment, and heroin drug users under-
going treatment. The authors in [10, 11] considered susceptibles, untreated users, and treated
users model with standard incidence rate and showed that the steady states of the model of
the heroin epidemic are stable. Wang et al in [12] considered the mass action incidence
rate and proved that the drug use-free equilibrium and the unique endemic equilibrium are
globally asymptotically stable under some conditions by using the second compound matrix.
Samanta [13] considered a non-autonomous heroin epidemic model, and got the global asymp-
totic stability of the system under some sufficient conditions with the method of Lyapunov
functional.

However, the models considered in these articles are ODE models and the effects of the
time delay is not taken into account. In fact, as many infectious disease epidemics, the heroin
epidemic also shows the effects of the delay. Recognizing the delay experienced by a treated
heroin user who returns to use, [14, 15] introduced distributed delay in the relapse term. [15]
established the global stability for their heroin epidemic model by using a Lyapunov function.
Reportedly, most users begin using heroin out of curiosity [16] which may peak and lead to
use long after the first encounter with a user. Furthermore, heroin users rarely begin use with
heroin, undergoing several stages of drug use before switching to heroin [17]. To account for
this delay in heroin use after the contact with a user, in this article we incorporate time delay

to describe the time needed for a susceptible individual to become an infectious heroin user.



In particular, in this paper we present a heroin epidemic model with two distributed delays,
based on the principles of mathematical epidemiology. First, we introduce the progression to
use time delay to describe the time needed for a susceptible individual to become an infectious
heroin user. For more realistic consideration, we assume that this delay is a distributed
parameter over a finite interval. Second, we introduce the relapse delay to describe the time
needed for a treated drug user to return to untreated drug user which varies according to
the drug users’ different temporal, social, and physical contexts. We also assumed it to be
a distributed parameter over a finite interval. We analyze the existence and stability of the
equilibria of the model. It is shown that the existence, local and global asymptotical stability
of equilibria is completely determined by the basic reproduction number. Using a Lyapunov
function, we establish the global asymptotic stability of the heroin epidemic model with two
distributed delays.

The paper is organized as follows. A heroin epidemic model with two distributed delays is
formulated in Section 2. The existence of a unique drug spread equilibrium is also established
in this section. The local asymptotic stability of the drug use-free equilibrium and the drug
spread equilibrium is discussed in Section 3. The global asymptotic stability of the drug
use-free equilibrium and the drug spread equilibrium is investigated in Section 4 by the use

of a Lyapnuov function. Finally in the section 5 we summarize our results.

2 The Model

White and Comiskey [10] have produced an interesting model for the dynamics of heroin
users. Mainly motivated by this work, in this paper we have introduced two distributed
delays and considered the effects of distributed time delays in the following modified White-
Comiskey mathematical model for the dynamics of heroin users. The model is formulated on
the premise that drug use follows a process that can be modeled in a similar way to modeling

of infectious disease spread ([18]-[22]):

df;t) — A—BS(1) Ohl P — D)0 ar — us(t),
S =S Ohl £V = T)e™ 0D dr — (461 + p)UA()

+p /0 - g (1)UL (t — 1)~ PH02)7qr, 2
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Here N(t) = S(t) + Ui (t) + Ua(t) denotes the total number of high-risk human population at

time t. The meanings of all parameters in the above model are as follows:



4 S(t): the number of susceptible individuals at time ¢ in the population;

¢ U (t): the number of drug users not in treatment; initial and relapsed drug users;

¢ Us(t): the number of drug users in treatment;

¢ A: the number of individuals in the general population entering the susceptible popu-
lation;

¢ 5: the rate of becoming a drug user;

¢ p: the rate of drug users who enter treatment;

¢ J1: a removal rate that includes drug-related deaths of users not in treatment and a
spontaneous recovery rate; individuals not in treatment who stop using drugs but are no
longer susceptible;

¢ J2: a removal rate that includes the drug-related deaths of users in treatment and a
rate of successful “cure” that corresponds to recovery to a drug free life and immunity to
drug addiction for the duration of the modeling time period;

¢ k: the probability of a drug user in treatment relapsing to untreated use;

¢ 1 the natural death rate of the general population.

All parameters in model (2.1) are non-negative, A > 0, and p > 0.

Usually, there are stages of involvement with drugs. Most users after exposure to a user
begin using first alcohol, tobacco or inhalants. Then they progress through one or more less
potent drugs before they try and start using stronger drugs like heroin [17]. To account for
this delay in the start of heroin use, we incorporate a distributed delay in the progression of
a susceptible individual to a habitual use. Based on more realistic consideration, therefore,
in our model (2.1) the first time delay was incorporated and used to describe the time a
susceptible individual to become an infectious heroin user. In reality, however, the delay
period given by the stages of progression is not a fixed amount of time but varies from
individual to individual, i.e., this delay is not the same for the whole heroin use population.
Hence, we assume that this delay 7 is a distributed parameter [22, 23, 24] over the interval
[0, h1], where h; is the maximum of the delay and hy > 0 . As a result, the force of infection
becomes 55(t) 0h1 I (T)UL(t—7)e~ WH0HP)Tdr where the kernel function f/(7) represents the
distribution of the infectivity of heroin users in susceptible individuals where the time taken
to become infectious heroin users is 7, that is, those infected at time ¢t —7 become infectious at
time 7 (0 < 7 < hy) later with different probabilities. We assume that f’(7) is non-negative
and continuous, and satisfies fohl f'(r)dr = 1. e~ (WH01+P)T denotes the probability that a
susceptible individual will survive the stages of progression to be an infectious heroin user.

Similarly, drug users would return to untreated drug user class after cessation of a drug

treatment programme after a period of time. Therefore, in model (2.1) the second time delay



was incorporated and used to describe the time needed that a drug user returns to untreated
drug user. This delay varies according to drug users’ different characteristics and external
influence. We also assumed it to be a distributed parameter over the interval [0, ha|, where hs
is the maximum of the delay and hs > 0. We assume that ¢'(7 ) is the distribution function
of 7, which is non-negative and continuous, and satisfies fo (1)dT = 1. By the last term

in the equations of model (2.1), we have

ha t
p/o g (MUt = m)e” 027 dr = / g/t =mpUr(m)e” ¢y,
t—h2

At time ¢, the rate that the individuals in treatment have each acquired treatment at time
1 € (t — ha,t) is pUi(n), and the probability that the individuals will survive from becoming
treated at time 1 until relapsing to heroin users at time t is e~ (#T92)(¢=1)  Therefore, when
7 running from ¢ — hy to ¢, the last term in the equations of model (2.1) represents from all
possible times at which heroin users in treatment might have relapsed to the users not in
treatment.

The system is equipped with the following initial conditions:
S(0) =S U1(0) = ¢(0), U2(0) =UY, 6 € [~h,0], h = max{hy, ha}. (2.2)

For biological reasons, we further assume that S° > 0,¢(0) > 0,U > 0. And for the conti-

nuity of the solutions to system (2.1), in this paper, we require

ho 0
—p / / ¢ (1)UL ()0 dndr. (2.3)
0 —T

By the third equation of system (2.1) and the initial conditions (2.3), we have

h
/ : / VUL ()e= ) g g (2.4)
t—T1

We define the following space of functions
X =R" x C([-h,0],RT) x RT.

The Banach space C([—h,0],R") of continuous functions mapping the interval [—h, 0] into R
is equipped with the sup-norm || ¢ ||= sup_,<p<q [#(0)|. By the standard theory of functional
differential equation [25], with initial conditions (2.2) that belong to the positive cone X and
equation (2.4), it can be verified that the system (2.1) has a unique solution (S(t), Ui (t), Ua(t))
which remains non-negative for all ¢ > 0 [14]. Moreover, we can show the solutions of system
(2.1) are ultimately uniformly bounded in X. To see that fact, we add all equations of system
(2.1) and we have

d

2 (S0 + 010 + 1)) = A= u(S0) + U1(1) + Ua(t)) = 101(1) — 82U 1),
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hence

limsup (S(t) + Ua(t) + Ualt)) <

==

Let
Q- {(S, Uy, Us) € X|S(8) + U (t) + Un(t) < 2}

It is easy to see that the set () is positively invariant for system (2.1). We note that Us(t)
can be removed from the equations of system (2.1), it is sufficient to analyze the dynami-
cal behavior of solutions to system (2.1) without the equation of Us(t). For simplicity, we

introduce the following notation:
J(7) = F(r)e BT g(r) = f (r)e (0.

Furthermore, we impose the following assumptions:
Assumption 2.1 Let h be the same definition in (2.2). We assume that:
1. f(7) and g(7) are continuous on [0, h].
2. f(t) >0 and g(1) >0 forall 0<7<h.
3. f(1) and g(T) satisfy
hi ha
f(r)dr = a, / g(T)dT =b.
0 0

Obviously, we have 0 < a,b < 1.

Next, we investigate the dynamics of the following system

WG _y _sse) [ syt = r)dr - (o)
dt 0
hl h2
G ps) [ 5@ =r)ar+p [ g0 =) = o+ 51+ DU,
0 0

(2.5)
Now we introduce the reproduction number of the heroin epidemic model, which is given
by the following expression:
Bra
M .
(1 + 01 +p) —pb

To interpret formula (2.6) as a secondary number of heroin users produced by one heroin

Ro = (2.6)

user, that is Rg, we note that the average time in the drug users not in treatment class on

the first pass is

and the probability of surviving this class is Since b is the

1 p
pu+o1+p utoi+p°
probability of surviving the drug users in treatment class, thus, the total average time in the

drug users not in treatment class (on multiple passes) is

1
p+01+p

2
P P 1
p+01+p <M+51+P> ] (401 +p) —pb 27)



Multiplying this by g %a gives R, which is the average number of new drug users produced
by a typical drug users not in treatment introduced into a susceptible population [26]. Thus,
Ro is the basic reproduction number, and acts as a threshold as is shown in the following
result.
System (2.5) always has the drug use-free equilibrium. The drug use-free equilibrium, in
which the drug users are not present, is given by
Ey=(5;,0), S;= ﬁ
1
Now we show that there exists a drug spread equilibrium whose components are positive. For
system (2.5), the drug spread equilibrium (S*, U;) needs to satisfy the equations:
A= pBS*Ufa — puS* =0,
{ BS*Ufa+ pUib— (u+ 61+ p)Uf = 0.
Solving the last equation of (2.8), we get

(2.8)

1 Al
S* = — J —pbl = ——.
Substituting it into the first equation of (2.8), yields
1 A I
Uf = —(5z—p)=—-(Ro—1).
1= 5.5 "W =5, (Ro— 1)

Therefore, there is a unique drug spread equilibrium E*(S*,U7) if Rg > 1. So we have the
following result.

Theorem 2.1 System (2.5) always has the drug use-free equilibrium Eo(Sg,0). Further-
more, system (2.5) also has a unique drug spread equilibrium E*(S*,U{) if Ro > 1.

In the next section, we investigate the local stability of the equilibria of system (2.5).

3 Local stability of the equilibria

First, we investigate the local stability of the drug use-free equilibrium.

Theorem 3.1 The drug use-free equilibrium Ey is locally asymptotically stable if Rg < 1
and is unstable if Ry > 1.

Proof. Taking the linearization of system (2.5) at the point Ey, i.e., letting

S(t) = 2 +X(t), Ui(t)=Y(®),
we get
ha
CU;@ = A [T ey = P — ux ),
K Jo (3.1)
h1 h2
w5 ey A S LS TR )
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To analyze the asymptotic behavior around Ej, we look for solutions of the form X (t) =

XeM, Y(t) = YeM, where X and Y are to be determined. Thus, we can consider the

following eigenvalue problem:

_ A [ _
A+wX = -6 f(r)edr Y,

’ (32)
_ A [ _ ha _ .
A+ pu+6 +p)Y = ﬁﬁ f(r)e ™ dr-Y +p/ g(m)e Mdr - Y.
0 0

The characteristic equation of system (2.5) at Ejy is

h1 ha
arw{as raen - o% [C ey [Cgmevarf <o )

Hence, one characteristic root A = —pu is a negative, and another characteristic root is
determined by the following equation:

A h1 h2
HMN=A+p+d6+p— ﬁ; ; f(r)e Mdr — p/o g(T)e dr = 0. (3.4)

A
5,7a

> 1, th
(Wtor+p) —pb "

(i) Assume that Ro =

A
H(0) = pu+ 01 —i—p—ﬁ;a—pb <0, and H(+o0)= +oc.
Hence H(A) has at least one positive root. Thus, if Ry > 1, then Ej is unstable.
pha

o

(1 + 61+ p) —pb
h — AT

_ ﬁ% Jot f(r)e A dr

At p+01+p—p fy? glr)e>mdr

< 1. Let

(ii) Assume now that Ry =

G =1. (3.5)

Taking A = x + yi (z,y € R), and assuming that x > 0 gives

B B4 [ f(r)e > dr|
A+pu+d1+p— pf0h2 g(T)e = dr|

3 184 Jy" £ ()e ]

e+ pu++p— pf0h2 g(T)e *7dr]|

L=]G

83 J f(r)ar] (3.6)
T ut S+ p—p fi?g(r)dr]

|B2al
= |p+ 61+ p — pb|
=Ry < 1.




This is impossible, Thus, if Rg < 1, then x < 0, and Ej is locally asymptotically stable.
Now we investigate the local stability of the drug spread equilibrium E*. We have the
following result.
Theorem 3.2 The drug spread equilibrium E* is locally asymptotically stable if Rg > 1.
Proof. We linearize the system (2.5) about E*, by defining the perturbation variables:

S(t) = s(t) + S, Ur(t) = un(t) + U7 (37)
We have
h1
d‘jg) =5 [ fryualt — m)dr — BUTas(t) — ps(t),
0
h1 h1
W s [ f@unle =i+ pUTas) +p [ grunle = r)dr = (e b1+ pyua0)
0 0 ( 8)

3.
To analyze the asymptotic behavior around E*, we look for solutions of the form s(t) =
5eM, wuy(t) = aeM, where 3 and 4; are to be determined. Thus, we can consider the

following eigenvalue problem:

h1
(A + p+ BUfa)s = —BS* f(r)e Mdr ay,
0

(3.9)
hl h2
BUa § = </\ +p+01+p—pS* f(r)e ™ dr — p/ g(T)e)‘TdT> Uy.
0 0
The characteristic equation of system (2.5) at E* is
hl h2

A+ p+BUa) - <)\ +pu+61+p—BS* f(r)e ™ dr — p/ g(T)e)‘TdT>

0 0 (3.9)

h1
+8Uta - S* f(r)e dr = 0.
0
We also have

h ha
A+wBS* | f(r)e ™ dr + (A +p+ ﬁUl*a)p/O g(r)e\Tdr (3.10)

A 51 +p= 0
tpatotD A1+ BUa
We set
LHS = A+ p+ 61 +p,
I 2 3.11
AN+ w)85* | f(r)e>dr + (A + pu + BUFa)p / g(r)e > dr (3.11)
RHS = 0 0
X+ 1+ BUa



If X\ is a root with R\ > 0, it follows from Equation (3.11) that

ILHS| =[A+p+01+p| > p+d +p,

h1 h2
A+ wBS* [ f(r)edr + (A+ i+ BUTa)p / g(r)e N dr
0 0
A+ p+ BUfa

IRHS| =

h1
A 35" F(r)e>dr (3.12)

)\"‘M"’ﬁUika 0
ho
| otmar
0

IN

ha
+p/ g(T)e_)‘TdT
0

h1
< |BS* f(r)dr
0

= (BS5*a + pb

+p

= [+ 01+ p.
where for the last equality we used the equilibrium equation (2.8). Consequently, we have
|ILHS| > |RHS| which is a contradiction. Hence, using Rouche’s Theorem ([27], Theorem
9.17.4), we show that Equation (3.11) cannot have any roots with a non-negative real part.
Therefore, if Ry > 1, the equilibrium E* is locally asymptotically stable. This completes the

proof of this theorem.

4 Global stability of the equilibria

In the previous section we established the local stability of the equilibria, that is, given
the required conditions on the parameters, if the initial conditions are close enough to the
equilibrium, the solution will converge to that equilibrium. In this section our objective is
to extend these results to global results. That is, given the conditions on the parameters,
convergence to the equilibrium occurs independently of the initial conditions. Next, we
address global asymptotic stability of system (2.5) by constructing appropriate Volterra type

Lyapunov functions.

4.1 Global stability of the drug use-free equilibrium

As a first step, we establish the global stability of the drug use-free equilibrium. We will
use Lyapunov functional to approach the problem.
Theorem 4.1. Assume Rg < 1. Then the drug use-free equilibrium is globally asymptot-
ically stable.
Proof. We will use a Lyapunov function. We adopt the Volterra type Lyapunov function
used in [28]-[34]. Define
H(z)=z—1—Inz, zecR".

10



We note that H(xz) > 0 for all x > 0. H(z) achieves its global minimum at one, with
H(1) = 0. Additionally, we also have

H(z)=1- e

Because of the complexity of the expressions, we define the Lyapunov function in com-
ponents and take the derivative of each component separately. We consider the following

Lyapunov function:

V(t) = Vi(t) + Va(t) + Va(t), (4.1)
where g
W) =spr (5 ) + vt
0
h1
Va(t) = S§6 ; F(r)Uy(t — 7)dr, (4.2)
ha
Va(t) =p ; G(T)Ui(t — 7)dr,
and

d
We now show that %V is non-positive. For clarity, we first find the derivatives of

Vi(t), Va(t) and V3(t), respectively, before combining. Calculating the derivative of Vi(t)
in Equation (4.2) along the solutions of system (2.5), we obtain
1 1 \dS(t) dUi(t)
Viit) =S5 = —
1(®) °<Sg S(t)) dt dt

~ 55 (;0 ~5) (2950 " - - us(0))

0

h1 ha
; (ﬁS(t) Foe =) +p [ o) = )i~ (6 +p>Ul<t>) |

0
(4.3)
Here by using A = uS; , we have

1 1

Vi =85 (g~ g ) [0065 - 510) 9500 [ s)0nte — ]

0

h1 ho
; <ﬁ5(t) FE =)+ [ om0 = 7)dr = (o 61+ U <t>>

0

o Q*)\2 h1 hs
_ _u<5550> +055 | S =T +p /O 9(T)UL(t = T)dT = (p+ 81 + P)UL(1):

(4.4)

11



Next, calculating the time derivative of Va(t) along the solutions of system (2.5) and using
integration by parts, we have

h1

h1 . d
i =2 <505/ U t—T)dT> =538 [ PO G0 r)ar

d

:—Soﬂ F( )dT

Ui(t — 1)dr

T=h1 d

dTF(’T)dT

_[SakﬁF(T)Ul(t—T)} +505/h1 Ur(t—7)

=0
h1

hy
= 530 ; f(M)UL(t)dr — S56 ; f(UL(t — 7)dr.

Similarly, calculating the time derivative of V3(¢) along the solutions of system (2.5) and

using integration by parts, we have

ha ha
V3(t) 2575(}? ; G(T)Ul(t—T)dT> =p ; G(T)%U1(t—7')d7'

ho d

=-p | G(1)

Ui(t —7)dr
0 dT 1( T>

. e ; (4.6)
’ +p/0 Uit —T)d G(r)dr

T

~ PGt - 7)]

7=0

h2 h2
—» [ gt —p [ gt - i
0 0
Combining the equations (4.4), (4.5) and (4.6) above, we get

_ Qx)\2 ha ha
Vi) =PI st i [ st [ ot

_oQ*\2
= Sty p)UL) + SiBal (1) + pbU (1)

= S E Ly [+ o1+ p) - o] YU
= —MS_SSW + [(1 + 61+ p) — pb] (Ro — 1)UL (2).
(4.7)
Therefore, if Ry < 1, it follows that the positive-definite functional V(¢) has non-positive
derivative ¢ ﬂ Let M be the largest invariant subset of {(S(t),U1(t)) %/ = 0}. In order to
have ﬂ equal to zero it has necessary to have S(t) = S5, Ui(t) = 0. Hence, M = {Ep}.
By the LaSalle invariance principle [35, 36], every solution of (2.5) tends to the drug use-free

equilibrium Fy, which is globally asymptotically stable. The proof is completed.
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4.2 Global stability of the drug spread equilibrium

Now we are ready to establish the global stability of the drug spread equilibrium E*.
To demonstrate that with a suitable Lyapunov functional W (t), we have to establish that
W'(t) < 0 along the solution curves of system (2.5). The following Theorem summarizes the
result.

Theorem 4.2 Assume Ro > 1. Then, the drug spread equilibrium E* is globally asymp-
totically stable, that is, for any initial condition z° € X the solution of system (2.5) converges
to E*.

Proof. We use again a Lyapunov function. With H(z) =z — 1 —Inx (z € RT), we take

the Lyapunov function as follows

W (t) = Wi (t) + Walt) + Wi(t), (4.8)
where W) = S°H (Sbst)> LurH (U(;(;)) ’
Wa(t) = BS*UT /0 " FH (Ul(tUl_T)> dr, (4.9)
wat) =i [ atnm (BT ar
and

h1 ha
F(r)= f(s)ds, G(T):/ g(s)ds.

T

First, calculating the derivative of W7 (¢) in Equation (4.9) along the solutions of the

system (2.5), we obtain

ase) (1 1\ dUi()
tu <Ui“ U1<t>> it

)
_ s (;0 - S@) (A — 38(1) Ohl FEVUL(E = 7)dr — Msw)
1

(4.10)

13



Here by using A = 8S*U{a + pS* , we have
1 1 M
wiit) =5; <* - ) [,u(S* —S(t)) + BS*Ufa— BS(t) f(O)UL(t — 7)dr
Sg S(t) 0

11 m ha
+U] (Uf — Ul(t)> <BS(t) ; f(rUL(t — 7)dT —i—p/o g(M)UL(t — T)dr

—(p+ 01 +P)U1(t))

(S —5)?
S

* h1
+ﬂS*U1*CL—%ﬁS*U1*(I+ﬁS* f(D)UL(t — 7)dT
0

ha hi —r
A R R R R cmu O

ha Ui(t—71), ., .

—p/ g(T)MUl dr + (n+ 61+ p)U7.
0 Ui(t)

(4.11)

Second, calculating the time derivative of W (¢) along the solutions of system (2.5) and

using integration by parts, we have

, B d S ha Ul(t — 7')
wio) =5 (ssvr [ reom (24D ar)
oy h d Ui(t —7)
= pS*U; ; F(T)aH (Uf) dr
. I ha d Ul(t — 7')
T=h1 h1 _
S [ﬁS*UikF(T)H <U1([t]1*_ T>>] +ﬁS*U1*/O H (U1([t]1* T>> %F(T)dT
7=0
hl hl —
=ps*Uy | f(n)H (Ul (f)> dr —pS*Uy | f(r)H <W> dr
0 U1 0 Ul
e [ Ui(t) Ui(t—1) Ur(t—1)
=38 Ul/o f(T){ U — iR +In 0 }d’i‘
hl hl —
= 3S*U,(t)a — BS* ()Ur(t — 7)dr + BS*UT [ f(r)In Gl 1),
0 0 Ui(?)

(4.12)

Similarly, calculating the time derivative of V3(¢) along the solutions of system (2.5) and
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using integration by parts, we have

Wit) = % (pUl* 0h2 G(r)H <Ul(tUl_T)> dT)

h d . (Uit—1)
= pUt —H(———)d
P 0 G(T)dt < Uy > "

. [ d Ui(t—1)
= _pUl ) G(T)EH <[]ik> dr

= [pU{‘G(T)H (W)]:ZZ +pUt /0h2 H (Ul([t]l_T)> %G(T)df (4.13)

s [ s () [ s (4

. % ha Ul(t) . Ul(t—T) Ul(t—T)
=i [ o {5 - R e S

Ul(t — T)

UL () dr.

ha ho
:pUl(t)b—p/o g(T)Ul(t—T)dT+pr/o g(7) In

Combining the equations (4.11), (4.12) and (4.13) above, we get

S — S* 2 9*
W'(t) = _”(S) + {5S*Ufa — SLBS Ua+ (40 +p)Uf}
Uy M
H{BS 0+ pb— (et 00+ 9) JUI0) = B 8(0) | f@UE = m)ar
. ) ° (4.14)
ur ™ o M Ui(t — 1)
. - In 22 Ty
v [ s =i+ 5507 [ ) m
he Ui(t —7)
+pUT / n g
pYy 0 g(T) n Ul(t) T
From the second equation of (2.8), we know that
[BS*a+pb— (u+ 61+ p)|Ur(t) = 0. (4.15)
We also have
(uw+ 01 +p)Uf = BS*Uia+ pUTb. (4.16)
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Substituting (4.15) and (4.16) into (4.14), we get

S — 5%)2 5+
W'(t) = —’U(S) + {ﬁS*Ufa - FﬁS*Ufa + (B8S5*Uta —i—prb)}

Uik h1 (]1 ho
7, (t)S(t) ; f(UL(t — 7)dr — pUl(t) /0 g(T)Uy(t — 7)dT

hi _r
4507 [ f)m Ulé’i (t))

_Q¥\2
- —M(SSS>+ﬂS*U1*a (2_

—p

Ui(t—7)

0 dr

ha
dT—l—pUl*/ g(T)In
0
st S . .
Ui sy [ 1t — rydr — p-U /h2 (ULt — 7)dr
o)™ J ! o Jy 9

U, (t — 7')
Uy (t)

* h1 *
:—M+55*Uf/ f(7) <2_S_S> dr
0

—p

h1 h2 _
+o57U; [ f()n ar+p0t [ grym A= Ta
0 0

U, (t)

S

R St) S UL —7) Ui(t—7)
+3S Ul/o f(T)( o AT +IH7U1(15) >d7’

% ha Ul(t—T) Ul(t—T)
+pU1/0 g(7) <1 0 +In 0 >d7’

o M(S_S*)Q *T T o * . Ul(t_T)
=ML o5 [ smotar -t /0 o) H ( 0 > i,

(4.17)

B S*S(t) St) S UL(t—7) . Uy(t—1)
o0 = (-5 5) (-5 e )

S5 SO Uit —T) ln Ui(t —7)
S() S*  Ui(t) Up(t)

- s s S UI(t—7)  SU)Ui(t—7) (4.18)
= <1 O S(t)) + (1 T Ve o >

-1 (55) -7 (5 )

<0.
Hence, W'(t) < 0. Let

T = {(S,U1,Us) € QW'(t) = 0}. (4.19)
We want to show that the largest invariant set in T is the singleton {E*}. First, we notice

that equality W' (t) = 0 occurs if and only if S(t) = S*, Uy(t —7) = Uy(t) for all 7 such that
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< ds(t <
fyg > 0. Thus, at each point in Y we have S(t) = S*, and therefore =01in T, from

dt
the first equation of (2.5), we obtain

h1
0 =A-p35% f()UL(t — 7)dT — pS™
0

hy
=A—3S* | f(r)UL(t)dr — pS* (4.20)
0
=AN—pBS*Ui(t)a — pS*.

This holds for all ¢, which implies that U;(¢) = U for all ¢. Hence, we conclude that the
largest invariant set in T is the singleton {E*}. By the LaSalle invariance principle [35, 36],
every solution of (2.5) tends to the endemic equilibrium E*, which is globally asymptotically
stable. Therefore, we conclude that the drug spread equilibrium E* is globally stable. The

proof is completed.

5 Discussion

Recently, several mathematical models (as mentioned in introduction) have been developed
to describe the heroin epidemic. Most of these heroin epidemic models are ODE models and
do not incorporate the effects of the delays. In this paper, we present a heroin epidemic model
with two distributed delays, based on the principles of mathematical epidemiology. First, we
introduce the progression to use delay into our model (2.1) to describe the time needed that
a susceptible individual becomes an infectious heroin user. To be more realistic, we assume
that this delay 7 is a distributed parameter over the interval [0, h;], where h; is the maximum
of the delay. In addition, we introduced a relapse delay to describe the time needed by a
drug user to return to drug use after treatment. This time also varies according to drug
users’ personal characteristics. We assumed it to be a distributed parameter over the interval
[0, ho], where hg is the maximum of the delay. We analyze the existence and stability of
the equilibria of the model. We characterize the threshold conditions of the heroin epidemic
model with an explicit formula for the reproduction number of heroin use. The reproduction
number gives the number of secondary untreated users that one untreated user will cause in an
entirely susceptible population. The reproduction number is the threshold which completely
determines the stability of the equilibria. Using a suitable Lyapunov function, we show that
the drug use-free equilibrium is globally stable if Ry < 1. We also show that if Ry > 1 the
drug use-free equilibrium is unstable. In addition, there is a unique drug spread equilibrium

which suggests that the heroin use persists in the population. For Ry > 1 we show that the
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drug spread equilibrium is locally stable. Furthermore, using a suitable Lyapunov function,
we establish that the drug spread equilibrium is globally stable.

The reproduction number Ry is an increasing function of transmission coefficient § which
gives the rate of becoming a drug user, pb the probability of a drug user in treatment relapsing
to untreated use, and a decreasing function of p, the rate of drug users who enter treatment.
Our mathematical analysis suggest that the spread of the heroin use should be controlled
through stringent screening measures to reduce the values of §, through educational cam-
paigns at all social levels, and particularly to epidemiologists and treatment providers in

order to increase the values of p. Furthermore, we have

A
8R0 ﬂ ﬁp

O [(u+01+p) —pb®
which signifies that as b increases, Rg increases. Since b is the probability of leaving the
treatment class and then entering the untreated class, then long time treatment is beneficial
to control the spread of habitual drug use.

For practical purposes, these results suggest that prevention is better than treatment.
Efforts to increase prevention are more effective in controlling the spread of habitual heroin
use than efforts to increase the number of individuals who have access to treatment. These

results provide with a view to inform and assist policy-makers in targeting prevention and

treatment resources for maximum effectiveness.
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