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This paper introduces a time-since-recovery structured, multi-strain, multi-population model
of avian influenza. Influenza A viruses infect many species of wild and domestic birds and
are classified into two groups based on their ability to cause disease: low pathogenic avian
influenza (LPAI) and high pathogenic avian influenza (HPAI). Prior infection with LPAI pro-
vides partial immunity towards HPAI. The model introduced in this paper structures LPAI-
recovered birds (wild and domestic) with time-since-recovery and includes cross-immunity
toward HPAI that can fade with time. The model has a unique disease free equilibrium
(DFE), unique LPAI-only and HPAI-only equilibria and at least one coexistence equilibrium.
We compute the reproduction numbers of LPAI (Rr) and HPAI (Rp) and show that the DFE
is locally asymptotically stable when Ry < 1 and Ry < 1. A unique LPAI-only (HPAI-only)
equilibrium exists when Rz > 1 (Rg > 1) and it is locally asymptotically stable if HPAI
(LPAI) cannot invade the equilibrium, that is, if the invasion number R¥ < 1 (RE < 1).
We show using numerical simulations that the ODE version of the model, which is obtained
by discarding the time-since-recovery structures (making cross immunity constant), can ex-
hibit oscillations, and also that the pathogens LPAI and HPAI can coexist with sustained
oscillations in both populations. Through simulations, we show that even if both populations
(wild and domestic) are sinks when alone, LPAI and HPAI can persist in both populations
combined. Thus, reducing the reproduction numbers of LPAI and HPAT in each population
to below unity is not enough to eradicate the disease. The pathogens can continue to coexist
in both populations unless transmission between the populations is reduced.

Keywords: mathematical models, age-structured differential equations, reproduction
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1. Introduction

Infectious disease dynamics often occur within the context of complex ecological com-
munities [21]. Moreover, many important host-pathogen systems consist of multiple
pathogen strains, circulating among multiple species of hosts. Understanding how multi-
species transmission affects persistence of a given pathogen strain can help inform pre-
diction and management of infectious disease outbreaks, and understanding how such
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transmission among hosts modulates the coexistence of pathogen strains and thus the
maintenance of genetic variation within pathogens is essential for gauging how pathogens
are likely to evolve. This community dimension of epidemiology is widely recognized as
being a significant frontier in quantitative epidemiology and the public health sciences
[28].

These issues arise with particular urgency in the case of the avian influenza viruses
(AIVs), which present a global economic problem in the poultry industry costing annually
hundreds of millions of dollars [48] and pose a serious public health risk due to the threat
of emergence of a novel pathogen strain circulating among human hosts, with potentially
devastating consequences [62]. Influenza A viruses can infect many species of warm-
blooded vertebrates [63], but the great majority of viral strains appear to be found in
wild waterbirds, such as shorebirds and gulls (Charadriiformes) and ducks and geese
(Anseriformes) [32]. These species can come into contact with domestic poultry, which
can pose a direct threat to the poultry industry, and also provides a conduit for potential
transmission to humans.

Mathematical models can provide essential tools for understanding many aspects of
infectious disease dynamics [28], and become particularly important when grappling with
the complexities of multi-pathogen, multi-host systems, for instance when hosts them-
selves may mount strain-specific immune responses to infection. A realistic model of
avian influenza would be highly complex, since it would have to account for transmission
within and among multiple potential species of wild hosts, many of which are migra-
tory [58] and occupy seasonally forced environments (see refs. in [62]). As a way-station
towards such a realistic model, here we consider a system in which there are two host
populations, which we call domestic and wild bird populations, each of which has rela-
tively simple intrinsic dynamics. These two host populations are in turn infected by two
strains of avian influenza A, one of which is a strain of LPAI, and the other a strain of
HPAI. HPAI viruses are defined by the fact that they cause at least 75% mortality in
4-8 week chickens, infected intravenously [56]. HPAI strains are of influenza A subtypes
H5 and H7 (e.g. H5N1, H7N9).

The basic dynamics of each host consists of a steady flow of fresh susceptibles into each
host population, and a constant rate of intrinsic mortality. In the absence of the virus,
the hosts have very stable dynamics. (This assumption would need to be relaxed when
considering the detailed dynamics of natural populations, which fluctuate seasonally and
among years.) Transmission of the virus occurs in a density-dependent fashion, both
within and between these two populations. Hosts can recover from infection with LPAI,
and when they do recover, are immune for life from further infection by this viral strain.
However, LPAI-recovered birds can be infected by HPAI. Consistent with empirical evi-
dence, there is a degree of cross-protection in the immune response, so infection by LPAI
can protect against HPAI. However, this cross-immunity fades with time, and incorpo-
rating the dynamics of such time-dependent fadeout in immune protection is one of the
mathematical complexities of our model. By contrast, infection with HPAI is assumed
to always lead to death (possibly by culling) in domestic birds; in wild birds, HPAI leads
to death or recovery with permanent immunity to both strains.

Our focus will be on the implications of partial cross-immunity, but to put our results
into context, it is useful to consider what might be expected when cross-immunity is
complete. If cross-immunity is complete, then LPAI and HPAI simply compete for sus-
ceptible hosts. If there is only one population, within which each strain could persist
alone, whichever strain can persist at the lowest level of susceptibles will eliminate the
other strain. With two populations, there are two resources (the susceptibles in the two
populations), so there are other possibilities. One is that the two strains coexist, for ex-
ample if LPAI is better at exploiting wild susceptibles and HPAI is better at exploiting
domestic susceptibles. Another possibility is that each strain can exclude the other, in
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which case the first strain to arrive persists and the second strain cannot invade (al-
ternative equilibria). If cross-immunity is not complete, HPAI can infect at least some
LPAI-recovered birds, and so it has an additional resource. Therefore, coexistence is pos-
sible in a single population if LPAI is better at exploiting susceptibles; with complete
cross-immunity, LPAI would eliminate HPAI, but with partial cross-immunity it is some-
times possible for HPAT to invade and persist by infecting LPAI-recovered birds. With
two populations, of course, there is additional scope for coexistence. The analyses and
simulations presented below help illuminate the conditions that permit such coexistence.

We first present the basic model (for a flow chart of the model, see Figure 1). Then,
we characterize the conditions for each viral strain to be able to increase when rare and
alone. We derive expressions for the basic reproduction number for each strain, which
are functions of the joint densities of the domestic and wild bird populations. Next,
we consider the conditions for increase of each strain when rare, when the other strain
is present, and aim at characterizing conditions for the coexistence of the two strains.
Such coexistence is not guaranteed. The two viral strains can be viewed as interacting
in two distinct ways. First, they compete exploitatively for healthy hosts. Given that
there are two host populations, as noted above, there is the potential for a degree of
niche partitioning that could facilitate viral strain coexistence [21]. Secondly, the loss of
partial immunity means there is a partial, time-lagged facilitation of the dynamics of
HPAI, emerging from hosts who get infected with LPAI, but recover. This means that
even if all hosts have been infected by LPAI (so no fully susceptible hosts are available
at all), some hosts can become available for infection by HPAI

This replenishment of hosts for HPAI involves a lag, relative to LPAI infection. We
will use numerical simulations to demonstrate that this permits the entire system to
persist, but at times with sustained, large-scale oscillations in infection by each viral
strain. Such oscillations can emerge even if each viral strain on its own tends towards a
stable equilibrium when it alone is infecting the two host populations.

2. The Model

We consider a time-since-recovery structured model to study the dynamics of low and
high pathogenic avian influenza (indicated by L and H subscripts or superscripts, re-
spectively) in wild and domestic bird populations (indicated by w or 1 subscripts for
wild birds and d or 2 subscripts for domestic birds). The wild bird population is divided
into nonintersecting classes of susceptible (S,,), infected with HPAT (I, ), infected with
LPAI (I,), recovered from LPAI (rp ), and recovered from HPAI (Rpy, ). Similarly,
the domestic bird population is divided into susceptible (S;), infected with HPAI (Ip,),
infected with LPAI (Ir,) and recovered from LPAI (rz,) classes. Since the detection of
even one HPAI-infected domestic bird results in culling the entire farm and the death of
the infected bird, we do not include a HPAI-recovered class for the domestic bird popu-
lation. The LPAI-recovered classes rp, (7,t), rr,(7,t) denote the density of (per unit 7)
recovered birds at time ¢ with time-since-recovery equal to 7.

The susceptible bird populations are generated by the recruitment/birth rates (A,
and Ag) and reduced by the natural death rates (u, and pg) and by infection with
HPAI or LPAI. The new infections with LPAI and HPAI, respectively, per unit time per
susceptible host are modeled by Az, and Mg, in wild birds. The forces of infection for
LPAI and HPALI, respectively, in the wild bird population are given by

A, = BhIL, + BhIL,, A, = BE Iy, + B8 Iy, .

Similarly, the forces of infection for LPAI and HPAI, respectively, in the domestic bird
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Table 1. Definition of the variables of model (1)

Variable  Meaning Variable  Meaning

Sw Population of susceptible wild birds Sa Population of susceptible domestic birds

It Population of LPAI-infected wild birds I, Population of LPAI-infected domestic birds

I, Population of HPAI-infected wild birds Iy, Population of HPAI-infected domestic birds

"L Density of wild birds that have recovered from LPAI rq Density of domestic birds that have recovered from LPAI
Ry, Population of wild birds that have recovered from HPAI

population are given by
Ao = Bilr, + Bl M, = B3I, + BobIn, -

The aggregate [ parameters can be interpreted as the product of rate of contacts be-
tween a susceptible (wild or domestic) bird and an infected (LPAI or HPAI) bird and
the probability that the contact resulted in transmission. For instance ﬁfé is the HPAI
transmission rate to wild birds from domestic birds; similarly, Ble is the LPAI transmis-
sion rate to domestic birds from wild birds (per susceptible bird per infected bird). Thus,
the rate of change of the population of susceptible wild and domestic bird populations
are given by

dS.,
2 = Mo = AL, Sw = A, Sw — puS
ds
d_td =Ag — A0,S0 — Aty Sa — paSa -

The infected wild birds recover from LPAI infection at a rate ay, and the domestic
birds recover at a rate ay. LPAI causes mild infection in domestic and wild birds [66],
hence we neglect the LPAl-induced death rate. The LPAl-infected wild and domestic
bird populations increase by the new incidences Ap S, and Ap,Sq, respectively. Thus
the wild and domestic bird populations infected with LPAT satisfy the equations

dly,
2= w w I ;
i AL, Sw — (pw +ap, )1,
dIy.,
di = Ar,Sq¢ — (pa + ca)Ir, .

The HPAI-infected wild and domestic bird populations increase by the new incidences
Ai,Sw and A, Sg, respectively. Wild birds infected with HPAI can recover at a rate
ag,; domestic birds do not recover from HPAI. Studies show that an earlier infection
with LPAI provides temporary immunity toward HPAI and this immunity fades with
time-since-recovery from LPAI [14, 53]. Since 7 is the time elapsed since the recovery
from the last LPAT infection, the additional new HPAI infections per unit time from wild
birds that have recovered from LPAI are given by the term

Am, / Gw(T)rp, (T, t)dT |
0

where ¢, (7) is the susceptibility to HPAI of a wild bird that recovered from LPAI 7 time
units ago relative to that of a naive wild bird. Similarly, the new HPAI infections per
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Table 2. Definition of the parameters of model (1)

Parameter  Meaning

Aq Birth/recruitment rate of domestic birds

Aw Birth/recruitment rate of wild birds

d Natural death rate of domestic birds

Haw Natural death rate of wild birds

VH, HPAI-induced mortality rate for domestic birds

VH,, HPAI-induced mortality rate for wild birds

ag Recovery rate of domestic birds from LPAI

AL, Recovery rate of wild birds from LPAI

aH,, Recovery rate of wild birds from HPAI

BILI /BlHl LPAI/HPALI transmission rate to susceptible wild birds from infected wild birds
BlLQ/BlHQ LPAI/HPALI transmission rate to susceptible wild birds from infected domestic birds
BQLQ/BQHQ LPAI/HPALI transmission rate to susceptible domestic birds from infected domestic birds
B%l /BzHl LPAI/HPALI transmission rate to susceptible domestic birds from infected wild birds
Gw (T) Relative susceptibility of LPAI-recovered wild birds toward HPAI

qq(T) Relative susceptibility of LPAI-recovered domestic birds toward HPAI

unit time of the domestic birds recovered from LPAIT infections are given by the term

Y / qa(T)rq(T, t)dT
0

where g4(7) is the relative susceptibility to HPAI of an LPAl-recovered domestic bird.
Thus the wild and domestic bird populations infected with HPAI satisfy the equations

dl ©
e i Su M [ (T (7007 = i, + v ),
0
dly, 0
pral A, S+ Am, ; qa(T)ra(r, t)dr — (pa + ve, ) 1H, »

where vy, and vy, are disease death rates induced by HPAI in wild and domestic
birds, respectively. We combine these differential equations with those for LPAI-recovered
classes, rr, (7,t) and rr,(7,t), which have relative susceptibilities to HPAI of ¢, (7) and
q4(T), respectively, where 0 < g, (7) < 1, 0 < g4(7) < 1 for every 7 > 0. Thus the
differential equations modeling the recovered classes are

(97‘ L 87‘ L

8t + 67— = _Qw(T))\HwTLw - )u’erw )

r.,(0,t) = ar,IL,
8T’d 8T’d
ot + D —qa(T)A\H,Td — pdTd

rd(O,t) = adILd .

We note that in the above equations we have assumed mass-action incidence. Since the
contacts in influenza (avian or human) scale with the total population size, most influenza
models are built with mass action incidence (see e.g [4]). With the above notation, we
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have the following time-since-recovery structured, multi-strain, multi-population model

dSy
0 - Aw - A w A w T MwPw;

dt LwS HwS % S
dl

de = A0, Sw — (pw + oz, )L,

t
8T’L 8T’L
= == —qQy A - Hw

5 T o quw(T)AH,TL, — HwTL,
TLw(O,t) = aLwILw
dls. o0

o = A, Sw +An, [ qu(T)re, (7, 0)dT — (pw + an, + v, )1m,

0

dR

dfw =ag, g, — pwla, (1)
ds
Tﬁ? = Ay — AL, Sa— Mg, S84 — 1aSa,
diy,
d—i :)\Lde—(,ud—i—ad)ILd
87}1 87}1 .
B + or —qa(T)AH,Td — pard
74(0,1) = aglyp,
dly, &

7t :)\Hde—ir)\Hd ; qd(T)Td(T,t)dT—(Md-i-VHd)[Hd.

A schematic flow diagram of model (1) is given in Figure 1, and the associated model
variables and parameters are defined in Table 1 and Table 2, respectively.

3. LPAI-HPAI dynamics in wild and domestic bird populations

We first examine the existence and stability of equilibria of system (1). Model (1) has 4
equilibria: the disease free equilibrium (DFE); two boundary equilibria, LPAI-only and
HPAI-only; and the coexistence equilibrium.

3.1 Disease-Free Equilibrium

System ( ) has a disease—free equilibrium ° given by £ = (5%,0,0,0,0,5%,0,0,0) , where
Sk o= u ,and S =

The LPAI and HﬁAI basic reproduction numbers for the wild bird population are
denoted by R and RH, respectively, and are given by

BHEA,
o (o + @, + V)

The epidemiological meaning of basic reproduction number R¥, (RI) is the number of
secondary cases produced by one LPAI (HPAI) infected wild bird during its infectious
period in an entirely susceptible population of wild birds. Similarly, the basic reproduc-
tion numbers for LPAI and HPAI in the domestic bird population are denoted by RQLQ
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Figure 1. Flow chart of model (1)
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and Rg , respectively, and are given by
L H
RL _— 22Ad H _ 22Ad
22 = 22 =

pa(pa + aq)’ pd(pa + ve,)

We also define the reproduction numbers between populations. In particular, the LPAI
and HPAI reproduction numbers of domestic birds in the wild bird population are de-
noted by RlLQ and R{é , respectively, and are given by

BisAy

RL B%2Aw H .
o (pta + vH,)

2 Nw(ﬂd + aq) ’ 2

The reproduction number RE, (RI) gives the number of secondary cases one LPAI
(HPAI) infected domestic bird will produce during its lifetime as infectious in an entirely
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susceptible wild bird population. Similarly, we denote the LPAI and HPAI reproduction
number of wild birds in the domestic bird population as R, and RE | respectively, which
are given by

ﬁ2L1Ad H BﬁAd
21

RE = [21¢ =
21 ) .
pa(pw + ar,) pa(fiw + mr, + V)

The reproduction number R%; (RZ) gives the number of secondary cases one LPAI
(HPAI) infected wild bird will produce during its lifetime as infectious in an entirely
susceptible domestic bird population.

We call the reproduction numbers RY, ..., R, population-specific reproduction num-
bers and the reproduction numbers RY;, ..., RE cross-population reproduction numbers.

We denote the basic reproduction number of LPAI for the full system (1) as R, , which
is given by

2
Riy + R + \/(R%l —R%)" +H4ARLRE
L = .
2

Similarly the basic reproduction number of HPAT for the full system (1) is given by

2
R +RE A+ \/(R{{ — R +ARERE
— 5 ,

H

These basic reproduction numbers R, R g are threshold values which determine whether
LPAI or HPAI can invade the disease-free equilibrium. The basic reproduction number
Ry of the full system (1) is the maximum of the LPAT and HPAI reproduction numbers:
that is,

Ro=max{Rr,Ry}.

Theorem 3.1. If Ry, < 1 and Ry < 1 then the DFE, €°, is locally asymptotically stable.

PT’OOf. Let (UUH U’UN xUM yun 2’!1)7 uda Ud7 xda yd) = (Sun —[Lw7 7qu Y IHw7 RHw Y Sd7 ILd7 rda IHd) -
€0 denote the perturbations around the DFE; then we obtain the following linearized
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system.
duﬂ) L ox L ox H ox* H ox*
—dt = _ﬂuSwa - ﬁmSwUd - ﬁuswyw - 512Swyd — MUy,
de L gx L gx
o Bi1Swvw + B1aSyva — (Hw + L, )V

0ry  Oxy
ot or HrwTw
$w(07t) =ar, Uy

dy % *
d—: = {{Swyw + /Bl%swyd - (Nw +apg, + VHw)yw

dz

d—:} = O0H,Yw — HwRw (2)
E = _/82Llsde — /82I/2Sd'Ud — BQI—{dew - 5g5dyd — HdUd,

d?)d

o = B3 Sivw + B3 Siva — (fta + 0a)vg

Ova | O%a _ .
ot or Ha%d
xd(O,t) = O qUq

dyq

o 5£S§yw + 52%53% — (pd + vH,)Yd

Suppose that the perturbations z,,(t,7) and z4(t,7) have exponential forms such as

Ty = My (1) and zq = eMZ4(7) . After dropping the bars, we obtain the following first
order ODEs:
dx dx
ATyt — = — T, Tw(0) =ar, vy, and )\xd+—d = —pugrq, x4(0) = agqug.
dr dr
Solving these differential equations, we obtain:
Ty (T) = avawe_()‘ﬂ‘w)T , xg(r) = advde_()‘Jr“d)T .

The infected compartments x = (vy, Vg, Y, Ya) of the linearized system (2) are decoupled
from the remaining equations. Using the next generation matrix approach, the linearized
system for the infected compartment x = (vy, Vg, Y, Yq) can be rewritten as

¥ =(F-V)x
where
B Sy BaSy 0 0 pw +ar, 0 0 0
F= 52%53 55252 HO HO V= 0 d + g 0 0
0 0 BudSy Pade |’ 0 0 jpw+am,+vg, O
0 0 pYsy pRS; 0 0 0 fta + v,
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The next generation matrix X = FV ! is a matrix of reproduction numbers:

RERE 000
R21 R22 0 0
0 0 RERE
0 0 RERLE

K=

The LPAI basic reproduction number R, is the principal eigenvalue of the matrix

KL — <R£1 R§2>
R21 R22

7211‘*‘7222"‘\/7211 RE)” +4RLRE,
L=
2

Similarly, the HPAI reproduction number Ry is the principal eigenvalue of the matrix

v (RERH
K <R7z

+¢R 2 L ARHRH

H —

The reproduction number Rg is given by the principal eigenvalue of the next gen-
eration matrix K. Thus the basic reproduction number of the full system (1) is
Ro = max{Rr,Ry}. Note that if Ry < 1, then all eigenvalues of the subsystem in-
volving infected compartments (vy, V4, Yuw,yq) have negative real parts [12] (Theorem
2, page 33). For values of A\ different from the eigenvalues of the subsystem, we have
(Vw, Vd, Yw, Ya) = (0,0,0,0), which leads to x4 (7) = x4(7) = 0. The remaining eigenval-
ues of the full system are A5 = — i, Ag = — o and Ay = —pug. Hence all the eigenvalues
are negative or have negative real parts. Thus, the DFE is locally asymptotically stable
when Ry < 1. If Ryp > 1, then the (vy,v4, Yw, yq) subsystem has an eigenvalue with a
positive real part, thus the DFE is unstable. O

Furthermore, we can show the global stability of the disease-free equilibrium.

Theorem 3.2. Assume Rog < 1. Then the disease-free equilibrium is globally stable.

Proof. Integrating the PDEs and adding all equations for wild birds in system (1), we
have the following inequality for the total population size N, of wild birds:

dNy,
—— < Ay — Ny
dt v
Hence lim sup; N, < A Slmﬂarly we have for the total domestic bird population Ny

the inequality lim sup, Nd < “d. That means that the set

Ay A
T = {(Nu, Ng) : Ny < =2, Ng < =2
Haw Hd

10
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is invariant. For initial conditions in the set I" we have

dl %

d?” < (BlIL, + BialL,)Ss — (b +on,)IL,
d’[Ld L L *

i < (By11L, + B2lL,)S; — (ta + aa)lL,

(3)

dI .

< (Bl I, + 813 11,) S, — (oo + an, + v n,
d’[Hd H H *

o7 < (Bo1ln, + Bpln,)S; — (pa +ve,) Iy, -

where we recall that S} = 2—5 and S = % We note also that since ¢,(7) < 1 and

qqa(7) < 1, the integral is smaller than the total population size of recovered individuals,
and the sum of the susceptible and recovered individuals is smaller than S; and S}
respectively. The right-hand side of the above system is linear. Furthermore, if Ry < 1,
that implies (see [12]) that the matrix of the right-hand side above has only eigenvalues
with negative real parts. Therefore,

Ip,, —0 as t— o0
I, — 0 as t— o0

Iy, —0 as t — o0 (4)
Iy, —0 as t— o0
Thus, the disease-free equilibrium is globally stable. This completes the proof. O

The global stability of the disease-free equilibrium means that the model does not
exhibit backward bifurcation.

3.2 LPAI-only and HPAI-only Equilibria

System (1) has two boundary equilibria: the LPAI-only equilibrium denoted by & =
(Sxb T *i,rﬁ,0,0, S;L ,IZ?,TZL,O) and the HPAI-only equilibrium denoted by ¢/ =
(S37,0,0, IiT, Rif!, S37,0,0, I57T) .

The invasion number of HPAI when the system is at the LPAI-only equilibrium is 7@?
and it is given by

2
. aRE L 0RE, + \/ (aRE — bRE)? + 4abRERY

RL — 2 ) (5)
where
x L * L B o] o]
o= tlSitBu) g W SE LB o [T it (i, Ba= [ it
w d 0 0

(6)
Similarly, the invasion number of LPAI when the system is at the HPAI-only equilib-
rium is Rff and

. RE +dRE, +/(cRY — dRE,)? + 4cdRbLRE,

11
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where

MwaUH ,udS*H

As with the reproduction numbers, the invasion reproduction numbers are also obtained

through the next generation approach [12] where the next generation operator of HPAI
invading the equilibrium of LPAI is given by

KH _ <CLR{{ CLR%)
L VR BRE )

Correspondingly, the next generation operator of LPAI invading the equilibrium of HPAI
is given by

KIL{ _ <CR{[’} cR%) .

We call the main diagonal entries of the next generation matrices the population-specific
invasion numbers, and denote them by R1L17 oo ,R% 1, Where

5H H pH _ 3ppH HL  _ L HL  _ 3pL
Rll,L =aRy 7R22,L = bRy 77211,1{ =Ry 77222,1{ =dRy, .

We call the off diagonal entries the cross-population invasion numbers, and denote them

L H

by R12,H= e 7R21,L , where
5H H pH _ 3pH HSL L HL L
R12,L = aRiy 7R21,L = bRy ’R12,H =Ry ,R21,H =dR3;

We denote the forces of infection of LPAI when wild and domestic bird populations are
at the e equilibrium by )\*Lﬁ and )\25 respectively:

)‘ﬁ = ﬁﬁﬁﬁ + ﬁlefﬁ ) )\ﬁ = ﬁ2L1IZﬁ + ﬁ2LzIZ§ . 9)

Substituting LPAI-only equilibrium e” into system (1) and setting the time derivatives
to zero, we can show that

rib(r) =ag, Jibe ™ and  rit(r) = agljle M

Furthermore, we have:

S*L — Aw I*L — AwA*LI;u
Y )‘zﬁ + Foo ()‘*Lﬁ + pow) (pw + L,
Gl _ Ag *L _ Ad)‘zi
UM T N ) (pa + 0a)

We show the existence and uniqueness of an LPAI-only equilibrium by showing the
existence and uniqueness of )\*Li and )\*Lg . Solving the equations in (9) for Iﬁ and sz ,
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we see that if )\*Li and /\Eﬁ are unique, so are Iﬁ and Iﬁ if and only if 85 8L, # Bl 3L .
We then substitute the expressions for IZﬁ and IZS into (9) and obtain

*L L *L *L
A )\Ld )\Lw )\Ld

)\*LL = K1 Lo + Ko ) /\EL = K3 + K4 )
v N+ N+ ! NiE A+ pa N+ g

(10)

A A
fz%, K3 = R%l’ui—w and Ky = R%g/id . Based on equations
w d

(10), setting u; = )‘ﬁ and up = )\25 we define a nonlinear operator P in the following
way. Let u = (u1,uz); then

where k1 = R1L1Mw ko =R

u u u u
Pu) = (k1 1y K2 2 , K3 L Ky 2
U1 + fo Uz + g UL+ fhw U2 + g

)=u.

For any two u = (u1,u3) and v = (v1,v2), we say that v > v provided that u; > v
and ug > vy. Then, K = {u € R?s.t. w > 0} is a positive cone in R2. If we set
C = [0,k1 + k2] X [0, k3 + K4], then the operator P maps C into itself.

Theorem 3.3. There exists a unique LPAI-only equilibrium, €, if Ry, > 1.
Proof. Let u = (u1,u2) and v = (v1,v2) s.t. u > v, then by the Mean Value Theorem,

oy
(ug + pw)?

Hd

P(u1,u2) — P(v1,v2) = K1 (ug + f1q)?

(’LL1—U1)—|—/€4 (UQ—’UQ) >0

Hence P is monotone in K. If u; and ug are less than € > 0, then the operator P(u)
satisfies P(u) > Acu, where

K1 K9
A, = € "Esﬂw € "E4Nd

€+ [y €1 g

Notice that when e = 0, the principal eigenvalue of the matrix A.—g is Rz > 1. Determine
€ > 0 such that the principal eigenvalue of A, is RS = 1. Let v be the eigenvector
corresponding to the principal eigenvalue R} of A.. Therefore, Acv = v, such that v > 0.
Rescale v so that its components are less than €, that is v = (v1,v3) where v; < € and
vy < €. Then, it is clear that P(v) > v. To show the existence of LPAI-only equilibrium,
we define an increasing sequence; vg = v and v; = P(vj_1). Note that ||v;|| < & where
K < K1+ Ko + K3 + K4. Since {vj}?zl is a increasing bounded sequence, it converges.
Namely, v; = © as j — oo. Since P(0) = 0, ¥ is a fixed point for P.

Suppose there are two fixed points u! and u? which are ordered, that is u! < w2, then

u? —ul = P(u®) - P(u') = DP(§)(u® —u'),

where DP(u) is the derivative of P with respect to u (see Appendix A) and u! < ¢ < u?.
Notice that if w < v and u > 0, then DP(v)u < DP(w)u. Thus, we have

DP?)(u? —u') < DP(&)(u® —u') < DP(ub)(u? —ul).
Repeating n times, we obtain

(DP(uz))n (u? —ul) <u?—ul < (DP(ul))n (u? —ul),

13
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since DP(&)(u? —u!) = u? —u'. Since p(DP(ul)) < 1 and p(DP(u?)) < 1 (see Appendix
A), therefore (DP(u?))" — 0 and (DP(u!))" — 0. Thus, we have u* = u%. Now, suppose
that there are two fixed points u! and u? ordered as u! <y u?, which means u < u?
and u3 > u3. Then

u=u' —u?=P(u') — P(u?) = DP(¢)(u! — u?) = DP(&)u

where v = (u1,u2) with u1 < 0 and uz > 0, and u' <y & < u?. Notice that for any
w < v, we have DP(w)u < DP(v)u since u; < 0 and ugy > 0. That is we have,

DP(u')(u?® —u') < DP(&)(u® — u') < DP(u?)(u® — u').

Applying the same steps as before, we arrive at u' = u?. So in either order, there exists
a unique fixed point, and therefore a unique equilibrium. O

Theorem 3.4. Assume Ry > 1. Then the LPAI-only equilibrium is locally asymptoti-
cally stable iff Rf <1.

Proof. We obtain the following linear system for perturbations.

duw * * * * *

W - ()‘LI;,, + Nw)uw - /BlLlswLUw - /81L2SwLUd - ﬁSwLyw - gSwLylh
de * * *

d =AiEwy + (BHSEE — (Hw + ar,))vw + BlaSiFvg

0xyw Oy

o T o Qw(T) (Bliyw + Baya)TT: — pawTu

24,(0, 1) =ar, Uy

d w * *

% =61 5* Ly, + B S Ly + (B + BILya) By — (1w + am, + v, )y
ddi:} =C0H, Yw — Hbwrw (11)
g — (N + pa)ua — B3 S5 vw — BESE va — B S5 yw — B35S Ya,
dvd *

»r =Nihua + B S5 v + (B35S — (1a + aa))va

8xd 8xd *

ot + 9 0a(7) (B31yw + Basya)rs” — Haza

a:d(O, t) =QqUq

dya

o =831 S5y + B S ya + (B yw + Basya) Ba — (ta + vi,)ya

where B, and By are as defined in (6). Considering the exponential solutions such as

Ty (T,t) = eMTy(7), 24(1,t) = eMTy(T), yu = My and y4 = eMijy we obtain two

non-homogeneous linear first order differential equations. Solving them, we get:
Zu(T) = ap, Bye” AT (511yw+ﬂ12yd)/ qu(s)r- (s)e” )T s,
0

Za(7) = agvge” MHHOT (521yw+522yd)/0 qa(s)rik(s)e ~OFna)(7=9) g
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For the remaining equations, which do not depend on Z,,(7) and Z4(7), we suppose that
the perturbations are exponential functions of the form wuy, = My, ug = eMiy, vy =
My, vg = eMig, 2z = eMZ,. We get the following eigenvalue problem after dropping

the bars,
(1))

where z = (Uw,Ud,’Uw,'Ud,Zw), Y= (ywayd)a

—(NPE + ) 0 —Bh Sk — Bl Sk 0
0 —(AtE + pa) —pB5 St — B3 S5t 0
A= Ak 0 BSiE — (pw +ar,) Bh,SxL 0o |,
0 A B85 S5* BESHE — (pa+aq) 0
0 0 0 0 —

—Bgsfui —5%5222
_52153 _52253

B = 0 0
0 0
o, 0
o= (5{{(5;;L+Bw)—(uw+an+un) 5{5(5;L+Bw)> .
B3 (S5 + Ba) BI(S3E + By) — (Ha + va,)

The equations involving high pathogenic avian influenza, that is y,, and y4 in the above
eigenvalue problem, decouple. Thus, two eigenvalues of the system will be determined
by the subsystem involving equations of y,, and y; (matrix C; the other eigenvalues
are the eigenvalues of A). The eigenvalues of the Jacobian matrix C' have negative real
parts if and only if the spectral radius of the next generation matrix is less than 1 [12]
(Theorem 2, page 33). Following the next generation matrix approach, we obtain the
next generation matrix K = FV =1 where

P <ﬁﬁ(S:;L + Bu) 6{5<S;L+Bw)> and V= <uw+an +vm, 0 >
B (S5E + Ba) BE(S3" + Ba) 0 o+ v )

The principal eigenvalue of the next generation matrix K f gives the invasion number of
HPAI which is denoted by 7@? ; if this is greater than or equal to 1, then at least one
eigenvalue of C' has a positive real part, so the LPAI-only equilibrium is unstable.

Thus the eigenvalues of C' have negative real parts if 7@? < 1. By contradiction, we

show that if 7@? < 1 then the eigenvalues of the matrix A do not have non-negative real
parts. The characteristic equation of A is:

— B SiEBE S5 (1 + N (i + N) + [(d + g + N) (NE + g+ A) — 85855 (g + )]

[(Nw +ar, + )‘) (Aﬁ + tw + )‘) - /BILlSZ;L(Nw + )‘)] =0
(13)

15



October 9, 2015 Journal of Biological Dynamics LPAI-HPAI'Model V11R5

We rewrite the (13) as:

((na +aa+N) (N + pa+A) = B5S5E (a+ X)) (o + o, +A) (A2 + pw + X) = BALSH (1w + V)

(ta +A) (pw + A)

= By Sy B3 S"
(14)
If R(A) > 0, then
(ta+aa+X) (\h+pa+A) = 8BS  (na+ 2| | (mataa+2) (Nh+pa+A) 4L gt
S - Sy 252
|ta + g + A N+ g + A . . .
= |Ha ‘+LA| - Baa St > |pa + caa + A — B Si" > pa+ oa — B5Si"
(15)
Similar analysis yields
b + ., + A AE + o + A \ )
L _‘i_ iw ‘ - ﬁILISwL 2 Hw + ar, — 5%ISwL . (16)
So the characteristic equation (14) leads the following inequality
5%25;L52L15§L > (Md +ag — 52%5?1%) (Nw tag, — BlLlS:IJL) . (17)

From the equations for the LPAI-only equilibrium we obtain ju, + ap, — Sl =
LIl S5k BhI;E S5

T and pg + ag — B SHE = e Thus the inequality (17) becomes

L 7L gxL QL 7*L Q+L
521[Lde BlZILdSw
* L *L
ILd ILw

51L25{kuL52LlS§L > = 51L25{kuL52LlS§L . (18)

This contradiction completes the proof. Hence, the characteristic equation (13) cannot
have roots with non-negative real parts. O

Theorem 3.5. Assume Ry > 1. Then there exists a unique HPAI-only equilibrium.
The HPAI-only equilibrium is locally asymptotically stable if R%{ < 1 and unstable if

RE > 1.

Proof. Proof of Theorem 3.5 is very similar to the proof of Theorem 3.3 and Theorem
3.4, and will be omitted. O

3.3 Coexistence Equilibrium

In this subsection, we investigate the existence of the coexistence equilibrium (i.e., in-
terior equilibrium), that is, the equilibrium in which both low pathogenic and high
pathogenic avian influenza are present in wild and domestic bird populations. We sup-
pose that all the S parameters, BlLl ,ﬁlLQ yeee ,Bg ,Bg are positive. Special cases can be
obtained by setting some or all the cross-coefficients to zero. For instance, the LPAI
and HPAI might coexist only in the wild bird population, and only HPAI persist in
the domestic bird population. In this paper, we will only consider the case when both
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pathogens coexist in both populations. Thus, the coexistence equilibrium is given by
e = (Su I it Iy Ry, Sy I, vy, Ipp,). We study the existence of the interior
equilibrium by showing the existence of the forces of infections A7* , A7*, A7 and A, .

*k

We solve equations of the equilibrium for S3*, I7* ,r1* I Sy*, IT" ri", and Ij7 , and

obtain:
o
. o Qi Nt T)rp (T)dt
e _ Ay e )\ngw o _ /\ngw Hw/o quw(T) Lw( )
CUNE AN e P pwton, T et am, +va, pw + o, +vh,
o
Kk QEkk k% QRk 37 T)ry*(7)dT
§F* — Ad K ALd d K AHdscl Hd/() qd( ) d ( )
TN AN, e Y maraa T g v, Ha +vH,
T T
—\i7, / Guw(s)ds — pwT —\i, / qa(s)ds — pa
Setting, IL,(7) = e 0 and IIg(1) = e 0 , we
obtain
ri (1) = ap, 17" Iy (1), ri(7) = agl Ty (T) .

Using above expressions and the definitions of forces of infections, we arrive at the fol-
lowing equations

o AaBhAT, AuwBRAE
)\Lw = ) ok + ) *x ) ) (19)
(aqg + pa)(pa + Mg, + A7) (an, + pw) (e + A7, +AT)
oo _ NPT, N AwBE NG 0)
P (g + pa) (pa + N, + A7) (on, + ) (w + Njf, + A5
Aw H/\** ar M\ 0o
A = DA, — ( ek / qw(r)nw(r)d7> (21)
v (pw +am, vm,) (e + A, AL o + ar. Jo
Adﬁg)\g < ad)\z* [e%e) )
S |1+ 4 / ) IIg(r)dr )
(ta +va,)(pa + Ni, + A7) La + aa Jo 94(T)L4(7)
Aw,@g)\zk ( ar, )\z* oo
N = w 1—|—#/ wTHwTdT> 22
M (o + am, +vm,) (o + A5, +AT) o t+ar, Jo 7 (ML (7) (22)
Adﬁg)\ﬁ ( Oéd/\*L* o >
‘ 1+ 4 / T)g(7)dr ) .
(a4 va,)(pa + Nip, + X15) pa + aq Jo 9a(7)Ma(7)

Note that I1,,(7) and I14(7) depend on A} , A7, . Using (19) - (22), we define a non-linear
operator T in the following way. Let u = (A7" , AT", Aj7 , Aff,), then
T(u) = (Ty(u), T2 (u), T3 (u), Ta(u)) = u (23)

For vectors, u' = ()\iw,)\id,)\}{w,)\}{d) and u? = ()‘%w’)‘%w)‘%{w’)‘%{d)’ we define a
partial order and say that u' < w2 if and only if

1 2 1 2 1 2 1 2
A< AL < A2 AL >y AL >0

17
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With this partial order >, K7 = {u € R* u >k 0} is a positive cone in R*. We
define the set Cp to be C' := [0, K1] x [0, K3] x [0, K3] X [0, K4], where

A A A
L d +5L d K3:2<ﬁﬁ +5H d>,K4:<

K, = +B a2 Ad) .
,u

w

The non-linear operator 7' maps Cp into itself, and it is monotone in the cone Kp (see
Proposition B.1 in Appendix B).

Let el = (AZ%U,)\*Lg,O,O) denote the LPAI-only equilibrium, e = (O,O,AEZ,)\*HI;I)
denote the HPAI-only equilibrium and ** = ()\*L’iu AL s AH L )\*H*d) denote the coexistence
equilibrium. In the previous section, we showed that if both invasion numbers are greater
than unity, then both LPAI-only and HPAI-only equilibria are unstable. Next, we show
that in such a situation, there exists a coexistence equilibrium, £**

We first linearize the non-linear operator T around the LPAI-only and the HPAI-
only equilibria, and denote the linearization by DT(¢’) for j = L,H. For any u =
()\Lw, )\Ld, )\Hw, )\Hd), we have

T(e +u)=¢ + DT()u+ N(u) j=1L,H. (24)

Let p; be the spectral radius of DT (/) for j = L,H, then by the Perron-Frobenius
Theorem p; is an eigenvalue of the linear operator DT (¢7). By Proposition B.1, DT (¢7)
is a positive matrix in the order created by the cone Kp. Thus, the spectral radius is a
simple eigenvalue to which there corresponds a “positive” eigenvector in the cone Kr.
In particular

DT (") = pro,
DT (e™u = pyu,

where v > 0 and u > 0.

Theorem 3.6. Assume 7@% > 1 and 7@? > 1, then there exists at least one coexistence
equilibrium e = (N7* , A7, N S AT) -
w d w d

Proof. Since 7@% > 1 and 7@? > 1, Proposition B.2 (Appendix B) implies that py > 1
and pg > 1. Note that we also have

H <K el
For given u > 0 and v > 0, there exist small positive numbers £ > 0 and n > 0 s.t.
EH+7]U <K el —&v.

We apply the operator T' to the above inequality to obtain

T(EH +nu) = T(&?H) + nDT(aH)u + nzN(u)
="+ nu+n(pr — Du+n°N(u)

Note that n(pg — 1)u >k 0 and (pg — 1)u + nN(u) >k 0 for n small enough. Thus,
T(e +nu) >k e + nu. Similarly, T(e¥ — €v) = & — ¢v — £(p* — 1)v + €2N(v) . For
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small enough &, we have —(pr — 1)v 4+ EN(u) <g 0. Thus, we have
T(e" —¢v) <k " — v

T is a monotone operator, so we apply the operator T' to the above inequality repeatedly
and obtain

T (el —&v) <g T (el —&v) <k - <g el —¢€w.
Hence, T" (el — ¢v) is a decreasing sequence. In addition we have
e 4nu <g T(e +nu) <g T(e* —¢v).
Similarly, applying the non-linear operator T n times, we have
e 4 nu < T"(e — ¢v).

Hence T™ (el — €v) is a decreasing sequence bounded below by something strictly larger
than €. Thus, the sequence converges to something with strictly positive components.

T(eF —¢v) » ™ > el 4+nu as n— 0.

Thus e = (A}, AL, Aff, Af,) is such that A7* > 0, A" > 0, A7, > 0 and A7, >
0. Hence, there exists a coexistence equilibrium. Our numerical simulations have not
revealed alternative equilibria. O

4. Simulations

Understanding how LPAI and HPAI compete and coexist in wild and domestic bird
populations can further be approached through simulations. To do so, it is necessary to
assess some reasonable values for parameters in the models. The parameter values we
choose are for illustrative purposes, grounded in empirical studies, but to ascertain more
accurate values requires more detailed empirical studies in the future.

4.1 FEstimating Parameter Values

Determining realistic or at least plausible parameter values is obstructed by the enormous
diversity of wild and domestic bird species that can be affected by avian influenza and the
lack of time series data. Avian influenza A LPAI viruses have been isolated from more
than 100 different species of wild birds. Avian influenza A viruses are predominantly
found in gulls, terns and shorebirds or waterfowl such as ducks, geese and swans [66].
These wild birds are considered as reservoirs (hosts) for LPAI viruses. HPAI viruses
also infect these species predominantly, killing some species within days and infecting
others without symptoms. Average lifespan varies dramatically from species to species.
Mallards have a lifespan of 3 years [67] while albatrosses can live up to 38 years. A table
of various birds’ maximum lifespan is given in [68]. We assume LPAI is not virulent to
wild birds [31]. We further take wild birds to be infected with LPAI for a range of 2-21
days. We assume the same duration for HPAI infection. Hence, ar,,, ag, and vy, range
from 365/2 — 365/21. The recruitment rate of wild birds is unknown. We take A,, in the
range 1000 — 3000 birds per year. This implies a carrying capacity of wild birds from
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500 to 15,000. We use a similar parameter range for domestic fowl. This might literally
pertain to say the wild waterfowl populations found in a single small lake in China,
interacting with a local population of domestic waterfowl. Alternatively, this could refer
to population “units”, and thus larger spatial areas.

|| Parameter || Range || Average ||
Lo 0.027-1 year—! 0.1
Ay 1000 — 3000 birds/year 1500
ar., 365/21-365/2 year—! 36.5
o, 365/21-365/2 year 1 36.5
VH, 365/21-365/2 year 1 36.5
Gw 0-1 0.5
1 0.2 — 2 year ! 0.5
Ay 1000 — 3000 birds/year 1500
ar, 365/21-365/2 year ! 36.5
VH, 365/5-365/2 year—! 80.0
qd 0—-1 0.5

Table 3. Parameter ranges

Poultry is infected with LPAI viruses mainly through contact with infected wild birds
or contaminated surfaces and /or water. LPAI is a mild illness in poultry typically leading
to recovery. We assume an infection period for LPAI of 2 — 21 days in poultry. HPAI
is extremely virulent in poultry and causes severe illness and death, typically within 48
hours. We assume no recovery from HPAI in poultry since affected individuals either die
or are destroyed for security reasons. Poultry is usually kept for 2 years [41]; we take a
range 0.5 — 5 years, so that juqg = 0.2 to 2 year~!. There are 20.4 billion poultry units in
the world [41]. We take A; in the range 1000 — 3000 with average value of 1500. This is
consistent with the number of poultry units estimated from literature values if they are
measured in units of 107.

4.2 Main questions

AT’s rich ecology and evolution is a source of novel mathematical models capable of ad-
dressing new questions in biology. Theoretically, each population may be a source for a
pathogen, where the intra-population transmission of the pathogen allows the pathogen
to sustain itself within the focal population, or a sink, where the intra-population trans-
mission is not sufficient to sustain the pathogen but transmission in the sink popula-
tion is maintained by spillover infection from a source population [11]. Naturally, the
pathogen persists if at least one of the host populations is a source. However, a single
pathogen might also persist if both host populations are sinks (basically because cross-
transmission in effect increases the the number of available hosts). In the case when
two host populations and two pathogens are present, the situation is more complex. We
will call population A a sink for pathogen p if pathogen p cannot persist in population
A if population A is isolated from population B. Could a pathogen persist in sink-sink
host populations when under competition from another pathogen? If “yes”, under what
conditions? Could two pathogens persist if both host populations are sink populations for
each one of them? The status of wild birds and domestic birds as source/sinks for LPAI
and HPAI viruses in some cases is known. Wild birds are a source host population for
LPAI viruses, as some species of wild birds are a natural reservoir for them. There is
little discussion in the literature about whether LPAI viruses are endemic in domestic
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bird populations. Based on the data, however, our results in [37] concluded that domestic
birds are a sink host population for the LPAI viruses. Although we estimated the LPAI
virus reproduction number to be above one, LPAI cannot persist on its own in poultry
because it is out-competed by HPAIL. On the other hand, HPAI viruses are now endemic
in domestic bird populations in some countries in Asia and Africa [51], and our model
captures that scenario [37]. The source/sink status of wild and domestic birds for HPAI
and LPAI are summarized in Table 4.

[ | LPAI || HPAI ||
|| wild birds || source || ? ||

|| domestic birds || sink || source ||

Table 4. Source-sink status of birds to Al viruses.

The source/sink status of wild birds for HPAI viruses is an open question of significant
interest [54, 56]. Is the HPAI virus capable of sustained transmission in the wild bird
population? What is the role of cross-immunity? We address these questions as well as
the question of oscillatory coexistence of LPAI and HPAI through the ODE version of
model (1) (in which ¢,, and g4 are constants rather than functions of time-since-infection)
in the next subsection.

4.3 Swmulations with the full ODE system

We explored conditions for coexistence by conducting simulations of the ordinary dif-
ferential equation (ODE) system corresponding to model (1). In the ODE system, the
relative susceptibilities of LPAI-recovered birds, which in (1) were g, (7) and g4(7), are
set to constants g, and gy, meaning that cross-immunity does not fade with time. There-
fore, all LPAI-recovered birds in each population are the same, and so can be combined
into variables Ry and Ry, with the rate of change for the wild population given by

ARy,
dt

=ar,Ir, — qwia,Rr, — powlr,

(and an analogous equation for the domestic population). In the HPAI-infected equations,
the integrals are replaced by ¢, Rr, or gqRL,, giving a system of nine ODEs.

We investigate scenarios of coexistence of LPAI and HPAI in wild and domestic birds
in the form of an equilibrium or in the form of sustained oscillations. We will call the
order of prevalences “realistic” if in the wild birds LPAI prevalence is higher than HPAI
prevalence, and in domestic birds HPAI prevalence is higher than LPAI prevalence. We
expect our prevalences in the simulations to be in this realistic order.

Figure 2 shows a coexistence equilibrium with realistic parameter values and realistic
prevalence order, that is HPAI prevalence in domestic birds is higher than that of LPAI
and LPAI prevalence for wild birds is higher than that of HPAI. The solution stabilizes
to an equilibrium. We note that in Figure 2 at equilibrium 16.63 domestic birds are HPAI
infected out of a total of 826 domestic birds at equilibrium (both times 107), giving as
infection rate of 1 in 50. Just for a comparison, in a recent outbreak of HPAI in the
United States poultry industry approximately 50 million birds were affected out of 2
billion birds [69] which is 1 in 40. Thus, our figure is a reasonable approximation of
reality.

For Figure 2 the LPAI reproduction numbers are R, = 2.05, RY, = 0.91. RY, = 0.835,
RE, = 0.984. In addition, the HPAI reproduction numbers are RY = 0.546, RY, = 0.432,
R =0.0863 and RE, = 2.7. The invasion numbers are 7@? = 1.75 and 7@% = 1.98. We
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Infected 107

20§

Figure 2. Coexistence with realistic parameter values. The parameter values used in the figure are: A,, = 2000,
pw = 0.25, vgr,, = 36.5, ag, = 36.5, ar,, = 73, gquw = 0.5, BlLl = .018776, BlHl = 0.005, Ay = 1020, pg = 0.5,
vi, = 36.5, ag = 52.14, g4 = 0.5, L, = .02539, BLL = 0.04897, B, = 0.006, 8% = 0.03, B} = 0.002, 8Ll = 0.031.
The reproduction numbers are Ry = 2.54 and Ry = 2.71. The invasion coefficients are as follows: fzf = 1.75

and ’f%%{ = 1.98. The red line shows HPAI in wild birds, the orange dashed line shows HPAI in domestic birds,
the blue line shows LPAI in wild birds, the green dashed line shows LPAI in domestic birds.

see that, as we expect, the population-specific reproduction numbers of LPAI in wild
birds and HPAI in domestic birds are higher than one; all other numbers are lower than
one. With these parameters, wild birds are a sink for HPAI with realistic parameter values
and a realistic order of prevalences. We note that we can obtain with realistic parameters
and realistic prevalence order a case where HPAI in wild birds is a source. However, the
Iy, would be larger and a larger Iy, should be more detectable in practice. Thus with
the available information we cannot deduce for sure whether HPAI will persist on its
own in wild birds; however, the model suggests that the situation is closest to reality if
HPALI is a sink for wild birds.

Figure 3 shows that the full system can exhibit sustained, complex oscillations. We
note that the prevalences are generally in realistic order and the parameters used in the
examples are biologically reasonable. For wild birds LPAI is generally higher than HPAT.
The reversed order is observed for domestic birds. The oscillations of LPAT and HPAI
are shifted half a period both in wild and domestic birds. That is, when LPAI is at high
values, HPAI is at low values and vice versa. This is a manifestation of the competition
of LPAT and HPATI for susceptible hosts in both wild and domestic birds. We note that
in the full system oscillations can be obtained for relatively intermediate or low values
for g, and g4, which shows that even intermediate levels of cross-immunity to HPAI can
destabilize the system. The parameters vy, and vy, change the shape of the oscillations.
In general, oscillations, whenever found, are observed in a moderate neighborhood of the
parameters for which they occur.

Furthermore, we note that oscillation and persistence of HPAI occurs in the case when
Bg = 0, that is when transmission from domestic to wild birds of HPAI does not occur.
In this case persistence of HPAI is only possible if R{{l > 1. We note that HPAT in wild
birds emerges (or is likely detectable) only from time to time.

Figure 4 is an illustration of a sink-sink scenario for both pathogens. A sink-sink
scenario is a scenario where both pathogens are sinks for each of the populations but
they can persist together in a coexistence equilibrium. We say that a sink-sink scenario
occurs if the following is satisfied in each of the populations if they are isolated (no
cross-transmission):

e The reproduction numbers and the invasion numbers of both pathogens are smaller
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Figure 3. Oscillations with realistic parameter values. The parameter values used in the figure are: A,, = 2000,
pw = 0.25, vy, = 36.5, apr, = 36.5, ar,, = 73, quw = 0.45, ,81L1 = .018776, ,81}{ = 0.015, Ay = 1020, pug = 0.5,
vy, = 36.5, ag = 52.14, q4 = 0.5, 8L, = .025, L} = 0.04897, Bf, = 0.006, 8L, = 0.03, Bf = 0.0, BLf = 0.031.
The reproduction numbers are Ry, = 2.54 and Ry = 2.7. The invasion coefficients are as follows: 7A2L = 1.37 and
7A2H = 1.86. The red line shows HPAI in wild birds, the orange dashed line shows HPAI in domestic birds, the
blue line shows LPAI in wild birds, the green dashed line shows LPAI in domestic birds.

Infected 10°7
405

20}

10§

I I | years
30 40 50

Figure 4. Coexistence with realistic parameter values. The parameter values used in the figure are: A,, = 2000,
pw = 0.25, vy, = 36.5, ag, = 36.5, ar,, = 73, qu = 0.426, BlLl = .0086, 6{{1 = 0.005, Ag = 1020, pg = 0.5,
vh, = 36.5, ag = 52.14, q4 = 1, B, = .02539, Bl = 0.0166, B, = 0.0043, 8L = 0.0131, B, = 0.0014,
62H1 = 0.0332. The reproduction numbers are Ry = 1.45 and Ry = 1.29. The invasion coefficients are as follows:

Rr =1.17 and Ry = 1.22. The red line shows HPAI in wild birds, the orange dashed line shows HPAI in domestic
birds, the blue line shows LPAI in wild birds, the green dashed line shows LPAI in domestic birds.

than one.

We were able to produce an example of this scenario, where all intra- and cross-population
components of the reproduction numbers and invasion reproduction numbers are smaller
than one. The coexistence of LPAI and HPAI under a sink-sink scenario is shown in
Figure 4. All components of the reproduction numbers and the invasion reproduction
numbers are smaller than one:
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Reproduction numbers | Values | Invasion Numbers | Values
RE 0.94 RiL 0.46
R, 0.65 RE L 0.26
RY 0.36 RE L 0.92
R, 0.98 RE L 0.91
RE 0.55 RY 0.86
RE 0.3 RY b 0.6
RY 0.92 RY g 0.26
R 0.91 R o 0.69

In this case, if all cross-coefficients 7, = 85, = 0 where p = L, H, then both LPAI
and HPAI will die out. Persistence of both pathogens occurs only through the cross-
population transmission. This scenario is easy to find with no constraints on parameters,
but in our example the parameters are plausible and we have a realistic prevalence order
in wild and domestic birds.

4.4 LPAI and HPAI dynamics in the wild bird system only

We saw that the full ODE system corresponding to system (1) can exhibit oscillations
where LPAI and HPAI coexist. An interesting question occurs whether the coexistence
equilibrium can lose stability if restricted to just the wild bird system. This question is of
particular importance in the ODE case as it is well known that alternative ODE models
with cross immunity do not always lead to oscillations. For instance, Castillo-Chavez et
al. found that age structure or quarantine needs to be introduced for a cross-immunity
model to show oscillations [7, 8]. However, it turns out that this is not the case with
system (1) with wild birds only. The characteristic equation of the coexistence equilib-
rium looks “almost” stable but for some parameter values the coexistence equilibrium
can be destabilized (the analytical expression giving parameter combinations for which
the system is unstable is too complicated to interpret, so we illustrate instability with
numerical examples). Figure 5 shows sustained oscillations for both LPAI and HPAI
The oscillations in LPAI have much larger amplitude. HPAI peaks follow LPAI peaks
by about 1/4 period which is typical for classical predator-prey dynamics. The param-
eters chosen including the reproduction numbers and invasion reproduction numbers
have plausible values. To obtain oscillations with these parameter choices, our simula-
tions suggested that we need to choose ¢, =~ 1. That suggests that oscillations, which
often mimic outbreaks, occur if the LPAI cross-immunity to HPAI is nearly or com-
pletely non-existent. Figure 6 also shows sustained oscillations. Looking more closely at
the figure we can see two oscillation patterns superimposed, differing in period. With
the short period oscillations, the peak of LPAI is followed by a peak of HPAI, some-
what resembling predator-prey oscillations. The unstable equilibrium values are given
by (Sw,Ir,,Rr,,Im,, Ra,) = (5301.83,38.2707,12316.7,16.3273,26426.1). In the sim-
ulation in Figure 6 the reproduction number of LPAI is somewhat high to be realistic.
Decreasing ¢q,, to 0.9 from the parameter listed in Figure 6 allows the oscillations of LPAI
and HPAI to be shifted so they are half the period out of phase, so that the maximum
of HPAI occurs at the same moment as the minimum of LPAI In this case we say the
the system exhibits fully competitive oscillation.

It is useful to develop some intuitive understanding for why oscillations arise in this
system. Biologically, the system is not really analogous to a predator-prey system. Recall
that LPAI and HPAI both attack susceptible hosts. If ¢,, = 0, there is complete cross-
immunity, and the relation between LPAI and HPALI is simply that of being competitors
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Figure 5. Sustained oscillations in the wild birds only system. Parameter values are Ay, = 2000, p = 0.14,
vH, = 49.5, am, = 51.6, ar,, = 73, qw = 0.98, B = .018776, B = 0.015, S\, (0) = 3449.72, I1,,, (0) = 14.684,
Ry, (0) = 3366.78, Iy, (0) = 7, Rp,, (0) = 769.5. The reproduction numbers are Ry, = 3.66 and Ry = 2.116.

The invasion coefficients are as follows: 7A2L = 1.73 and 7A2H = 2.08. The red line shows HPAI and the blue line
shows LPAI
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Figure 6. Sustained oscillations in the wild birds only system. Parameter values are A, = 3810, p = 0.054,
vy, = 87.5, ag, = 874, ar,, = 69.4, qw = 0.99, BlLl = .0131, 6{{1 = 0.01, Sw(0) = 5000, I, (0) = 40,
Ry, (0) = 12000, If, (0) = 15, R, (0) = 25000. The reproduction numbers are Ry, = 13.3 and Ry = 4.0. The
invasion coefficients are R r = 3.3 and R g = 4. The red line shows HPAI and the blue line shows LPAIL

for susceptible hosts. One does not find coexistence in this case in a single population.
In this model, infection by HPAI always gives complete immunity to LPAI. However, if
Gw > 0, there is only partial (or no) immunity to HPAI conferred by prior infection by
LPAI, so LPAI-recovered hosts can be infected by HPAI. A direct predation analogue
in this system would be if HPAI could infect LPAl-infected hosts and eliminate the
LPAI infection, thereby directly reducing the number of LPAl-infected hosts. In our
model, HPAI does not have this direct effect because it just attacks LPAI-recovered
hosts. However, attacking LPAI-recovered hosts increases the prevalence of HPAI, and
allows it to infect more susceptible hosts, for which it is competing with LPAI. It would
therefore be analogous to a system in which one competitor can consume the carcasses of
the other. For the parameters of Figure 6, the number of LPAl-infected hosts increases
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whenever
Sw > (pw +ar,)/BL, = 5302

and decreases otherwise. As Iy, increases, it decreases S, until it is below this value
(HPAT also helps decrease S,,, but it is less common, especially when I is near its
peak). For HPAI to increase requires

Sw + quRr, > (pw + am, +vg,)/BE, = 17495.

Even though this threshold is higher (due to the high death rate), it applies to the sum
of susceptible and LPAlI-recovered hosts (the latter discounted by g¢,). Because most
LPAl-infected birds recover, as the peak in Iy, draws down S, it also increases Ry, , so
that the condition for HPAIT to increase can sometimes continue to be met after LPAI has
started to decrease, as in the figure. For the parameters of the figure, HPAI relies mostly
on LPAI-recovered birds, the peak of which is after the peak in Iy, . HPAI therefore
is increasing most rapidly after the LPAI peak. Eventually, HPAI depletes the hosts it
attacks, and starts to decrease. By this time, the susceptible hosts have started to increase
(because of the low level of I, ), but they then increase faster until they are high enough
for Ir,, to start to increase. So oscillations in this system arise because of a combination
of competition, and a phenomenon analogous to “scavenging” among carnivores.

We next address the question of whether we can reduce ¢,, and still obtain oscillations.
The most influential parameter for that to occur is p,,, which needs to be fairly low (0.14
in Figure 5 and 0.054 in Figure 6, both reasonable for wild birds) to produce oscillations
with smaller q,,. Raising A,, allows oscillations without ., becoming excessively small
and therefore unrealistic for wild bird populations. Raising the sum ay, +vpg, also allows
for lowering q,,. Still with nearly realistic other parameters, g, needs to stay above 0.9
for oscillations to occur.

LPAT persists at higher levels than HPAT in Figures 2-4, which is the realistic scenario
for wild bird populations. However, raising q,, as in Figures 5-6 leads to oscillations but
also increases the prevalence of HPAI at times to levels higher than LPAT which in wild
birds is unrealistic. Lack of cross-immunity from LPAI in domestic birds may explain
why HPAT persists in domestic birds at higher prevalence levels.

For realistic parameter values, it appears that in most cases oscillations of LPAI have
larger amplitude and go to higher values compared to oscillations in HPAI. In the future,
we expect that long-term empirical time-series of avian influenza will become empirically
available. There is considerable temporal variability in avian flu prevalence, and the
processes we have explored could help explain some of the drivers of these dynamics. Our
model predictions about phase shifts and differences in amplitude for flu strains differing
in pathogenicity and cross-infectivity should be useful in future studies in interpreting
patterns in such data.

5. Discussion

Avian influenza continues to be a threat to human health. Recently, strains of HPAI
H7N9 have started infecting humans and hold potential to turn pandemic with deadly
consequences. Studying avian influenza in birds and humans is of paramount importance
if we are to be prepared for the next deadly pandemic.

In this paper we introduce an avian influenza model for multiple bird populations.
The model incorporates two strains, one low pathogenic (LPAI) and one high pathogenic
(HPAT). We are interested in studying the dynamics of LPAI and HPAT in wild and do-
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mestic birds. Our model builds on previous work. Several models published before have
studied the interplay between LPAI and HPAI. Lucchetti et al. [37] were the first to
introduce LPAI and HPAI but the wild bird population in that article is taken as a peri-
odic source, not as a dynamical variable. Bourouiba et al. [6] studied the transmission of
LPAT and HPAI in wild bird populations only. They assumed no cross-immunity and that
LPAI-recovered birds can get infected by HPAI with the same transmission coefficients as
do susceptible birds. However, reinfected wild birds can show higher survivability. The
results of this article are mostly obtained through simulations and are specific to the
parameters chosen. A model close to the one considered here is introduced by Augusto
and Gumel [4]. This model studies LPAI and HPAT in both wild and domestic birds and
assumes reinfection by HPAI of exposed and infectious birds with LPAI. It assumes that
the partial immunity to HPAI conferred by LPAI infection is fixed, whereas we allow it
to wane with time (so their model is a pure ODE model, whereas ours includes PDEs).
Also, their model includes exposed (infectious but asymptomatic) classes, and includes
two mechanisms by which LPAI can change into HPAI. One is mutation, which takes
place in LPAI-exposed birds but produces HPAI-exposed and HPAI-infected birds. In the
other process, when LPAl-exposed birds become symptomatic (enter an infected class),
a fraction of them become LPAl-infected and the rest become HPAI-infected birds. (In
addition, birds with LPAI can become infected by HPAI, as in our model.) This article
finds backward bifurcation and multiple coexistence equilibria which are caused by the
reinfection with HPAT of LPAI-exposed birds and LPAl-infected birds. The article makes
two conjectures which are both true and are explained in the case of wild birds only in
[61]. One of our main contributions here relative to article [4] is that we provide rigorous
analytical results for when each strain persists and when it dies out, and when the two
strains coexist for the case when both reproduction numbers are greater than one. These
are quantified in terms of the invasion reproduction numbers and are satisfied for all pa-
rameter values. One difference from the model in [4] is that our model does not exhibit
backward bifurcation. Also, of course, we allow cross-immunity to fade with time.

We compute theA reproduction numbers Ry and Ry and the invasion reproduction
numbers Rf and R% The model has a unique disease-free equilibrium which is locally
and globally stable if both reproduction numbers are smaller than one. The global stabil-
ity of the disease-free equilibrium rules out backward bifurcation. There are also a unique
LPAT-only and a unique HPAI-only equilibria which exist if the LPAI (HPAI) reproduc-
tion number is larger than one. The LPAl-only equilibrium is locally asymptotically
stable whenever it exists if Rf < 1. The HPAT-only equilibrium is locally asymptoti-
cally stable whenever it exists if 7@%{ < 1. We show that if 7@% > 1 and 7@? > 1 then
a coexistence equilibrium exists. The question about the uniqueness of the coexistence
equilibrium remains open.

Simulations suggest that the coexistence equilibrium is not stable for all parameter
regimes. In fact, the coexistence equilibrium can be destabilized even in the corresponding
ODE system in which ¢, and ¢4 are assumed constant. Since the semi-trivial equilibria
are locally stable, this clearly suggests that the interaction between the strains, that is
qw # 0 and/or g4 # 0, is necessary for the destabilization of the coexistence equilibrium.
Next, we asked whether the presence of both populations and transmission between the
populations were necessary for instability. Investigating the wild bird system only (see
[60]), we find numerically that the ODE model of wild birds with LPAI and HPAT also
can exhibit oscillations in which both LPAI and HPAI persist. In the wild bird system,
oscillations are found with high values of g, &~ 1, which means that destabilization of the
system occurs if cross-immunity is very low. In the full system oscillations can be found
for larger ranges of q,, and ¢4. Thus, transmission between the two populations allows
for destabilization of the system for a variety of cross-immunity levels. For sustained
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oscillations in a single population considered alone, LPAI-recovered birds must be almost
as susceptible to HPAI infection as are naive birds.

Simulations suggest that for plausible parameter values we can also produce realistic
prevalences. In particular, in wild birds the LPAI prevalence is higher than the HPAI
prevalence, while in domestic birds it is vice versa. Of particular interest is the case when
a population is a sink for a pathogen but persistence in a multi-population multi-pathogen
system is still possible. We call population A a sink for pathogen p, where p = LPAIT or
HPALI if pathogen p cannot persist alone in population A, if isolated. It is well-known
that, in a system with two sink habitats, a population can sometimes persist by using
both habitats. We have investigated this question in the case of competition of pathogens.
In the case of competition, we say that a population A is a sink for pathogen p if its
within-population reproduction number is less than one, or if its reproduction number is
greater than one, its within-population invasion reproduction number is smaller than one
and the other pathogen is present. We show through simulations that coexistence of both
pathogens is possible, if all their within-population and cross-population reproduction
numbers are smaller than one. This observation is very important since estimates of the
reproduction number of HPAT H5N1 in poultry vary around one ([41, 46, 62]) but our
results imply that even if the reproduction number is below one, HPAI may persist in the
wild-domestic bird system, even under competition with LPAI. We note that in the sink-
sink scenario, even though the species-specific, strain-specific reproduction and invasion
numbers are below one, the overall strain-specific reproduction and invasion numbers are
above one, which gives persistence.

Future empirical studies will be required to refine parameter estimation and ascertain
the likelihood of observing the complex dynamics revealed by this model. Also, in the
future it would be useful to explore alternative models of recruitment instead of the
constant rate of input assumed in model (1). Finally, it is likely that spatial dynamics
are significant in this system. Many wild waterfowl are migratory and can move over large
areas. Some birds may return to the same area each winter, but others may move among
regions. Domestic fowl are concentrated in more discrete locations, with less mobility,
one expects. Dealing with spatial patchiness, migration, and heterogeneity will likely be
important in more realistic future characterizations of cross-population transmission in
avian influenza.

Acknowledgment

The authors acknowledge support from the NSF under grant DMS-1220342. RDH and
MB thank the University of Florida Foundation for support.

References

[1] D.J. ALEXANDER, An overview of epidemiology of avian influenza, Vaccine, 25 (2006), p.
5637-5644.

[2] A. APISORNTHANARAK, M.D., L. MunDY, M.D. Infection control for Avian Influenza
(H5N1) in Healtcare Settings. Chapter 3. Avian Influenza REsearch Progress. E.P. Allegra
(Editor), (2008) p.73-78.

[3] F.B. AcusTo, A.B. GUMEL, Theoretical assessment of avian influenza vaccine, Dis. Cont.
D. Sys. B13(1) (2010), p. 1-25.

[4] F.B. Agusto, A.B. GUMEL, Qualitative dynamics of lowly and higly-pathogenic avian
influenza strains, Mathematical Biosciences 243 (2013), p. 147-162.

[5] R.B. BELSHE. The origins of pandemic influenza-lessons demo the 1918 virus N. Engl. J.
Med. 353(2005) 2209-11.

28



October 9, 2015

Journal of Biological Dynamics LPAI-HPAI'Model V11R5

(6]

L. BourouiBa, A. TESLYA, J. Wu, Highly pathogenic avian influenza outbreak mitigated
by seasonal low pathogenic strains: Insights from dynamic modeling, JTB 271 (2011), p.
181-201.

C. CASTILLO-CHAVEZ, H. HETHCOTE, V. ANDREASEN, S. LEVIN, W.M. Liu, Epidemio-
logical models with age structure, proportionate mixing and cross-immunity, J. Math. Biol.
27 (1989), p. 159-165.

C. CAsTILLO-CHAVEZ, H. HETHCOTE, V. ANDREASEN, S. LEvVIN, W.M. Liu, Cross-
immunity in the dynamics of homogeneous and heterogeneous populations, Mathematical
Ecology (Trieste, 1986), World Sci. Publishing, Teaneck, NJ, (1988), p. 303-316.

L. CLARK, J. HALL, Avian influenza in wild birds: status as reservoirs, and risks to humans
and agriculture, Ornithol. Monogr. 60 (2006), p. 3-29.

E. Crass, et al., Human influenza A H5N1 virus related to highly pathogenic avian influenza
virus, Lancet 351 (1998), p. 472-477.

J. J. DENNEHY, N. A. FRIEDENBERG, R. C. McBRIDE, R. D. HoLt, P. E. TURNER,
Experimental evidence that source genetic variation drives pathogen emergence,Proc. R.
Soc. B 277 (1697) (2010), p. 3113-3121.

P. VAN DEN DRIESSCHE, J. WATMOUGH, Reproduction numbers and sub-threshold endemic
equilibria for compartmental models of disease transmission, Mathematical Biosciences180
(2002), p.29-48.

A. DoBsON, Population dynamics of pathogens with multiple host species, The American
Naturalist 164, (2004), p564-576.

E. O’NEILL, J.M. RIBERDY, R.G. WEBSTER, D.L.. WOODLAND, Heterologous protection
against lethal A/Hong Kong/156/97 (H5N1) influenza virus infection in C57BL/6 mice, J.
Gen. Virol.81, (2000), p. 2689-96.

S.R. FEREIDOUNI, E. STARICK, M. BEER, D. KALTHOFF et al., Highly pathogenic avian
influenza virus infection of mallards with homo- and heterosubtypic immunity induced by
LPAI viruses, PLoS One 4 (8), e6705.

N.M. FERGUSON, D.A.T. CuMmMINGS, S. CAUCHEMEZ, C. FRASER, S. RILEY, A. MEEYAI,
S. TAMSIRITHAWORN, D.S. BURKE, Strategies for containing an emerging influenza pan-
demic in Southeast Asia, Nature 437 (2005), p. 209-214.

B.N. FieLps, D.M. KnipE, P.M. HowLEY(eds), Fields Virology, 3" Ed., Lippincott—
Raven, Philadelphia, 1996.

T. C. GERMANN, K. Kapau, I. M. LoNGINI, JR., C. A. MACKEN, Mitigation strategies
for pandemic influenza in the United States, PNAS 103(15) (2006), p. 5935-5940.

R. F. Grais, J. H. ELLis, G. E. GLASS, Assessing the impact of airline travel on the
geographic spread of pandemic influenza, Fur. J. Epidem. 18 (2003), p. 1065-1072.

A .B. GUMEL, Global dynamics of a two-strain avian influenza model, Int.J. Comp. Math.
86(1) (2009), p.85-108.

R.D. Hort, A.P. D0OBsON, Extending the principles of community ecology to address the
epidemiology of host-pathogen systems, in “Ecology of Emerging Infectious Diseases” (S.K.
Collinge and C. Ray, eds.), OUP, Oxford, 2005, p. 6-27.

H. InaBA, Endemic threshold and stability in an evolutionary epidemic model, in Mathe-
matical Approaches for Emerging and Reemerging Infectious Diseases: Models, Methods and
Theory, IMA Vol. Math. Appl. 126, Springer, New York, (2002), p. 337-3509.

S. Iwawmr, Y. TAKEUCHI, X. Liu, Avian-human influenza epidemic model, Math. Biosci.
207 (2007), p. 1-25.

S. Iwami, Y. TAKEUCHI, X. Liu, Avian flu pandemic: Can we prevent it?, JTB 257 (2009),
p. 181-190.

S. Iwawmr, Y. TAKEUCHI, A. KOROBEINIKOV, X. L1U, Prevention of avian influenza epi-
demic: What policy should we choose?, JTB 252 (2008), p. 732-741.

V.A.A. JENSEN, J. YOSHIMURA, Populations can persist in an environment consisting of
sink habitats only, PNAS 95 (7) (1998), p. 3696-3698.

D. KALTHOFF, A. BREITHAUPT, J.P. TEIFKE, A. GLOBIG, et al. Pathogenicity of highly
pathogenic avian influenza virus (H5N1) in adult mute swans, EID 14 (2008), p. 1267-1270.
M.J. KEELING, P. ROHANI, Modeling infectious diseases in humans and in animals, Prince-
ton University Press, Princeton, 2008.

29



October 9, 2015

Journal of Biological Dynamics LPAI-HPAI'Model V11R5

29]

[30]

31]

32]

33]

K.I. KM, Z. LiN, L. ZHANG, Avian-human influenza epidemic model with diffusion, Nonlin.
Analysis: RWA 11 (2010), p. 313-322.

S. Krauss, D. WALKER, S.P. PrYoR, L. NiLEs, L. CHENGHONG, V.S. HINsHAW, R.G.
WEBSTER, Influenza A viruses of migrating wild aquatic birds in North America, Vector
Borne Zoonotic Dis. 4(3) (2004), p.177-189.

T. KUIKEN, Is low pathogenic avian influenza virus virulent for wild waterbirds? Proc Biol
Sci. 280 (1763) (2013):20130990. doi: 10.1098/rspb.2013.0990.

LATTORE-MARGALEF, N. ET AL. , Long-term variation in influenza A virus prevalence and
subtype diversity in migratory mallards in northern Europe, Proc. Roy. Soc. B 281 (2014),
20140098

A. LE MENACH, E. VArGu, R. F. Grais, D. L. SmMITH, A. FLAHAULT, Key strategies
for reducing spread of avian influenza among commercial poultry holdings: lessons for trans-
mission to humans, Proc. R. Soc. B 273 (2006), p. 2467-2475.

X.Z. L1, J.X. Liu, M. MARTCHEVA, An age-structured two-strain model with super-
infection, Math. Biosci. Eng. 7 (1) (2010), p. 125-149.

R. Liu, V.R.S.K. Duvvuri, J. Wu, Spread pattern formation and its implications for
control strategies, Math. Model. Nat. Phenom. 3(7) (2008), p. 161-179.

I.M. LoNGINT, A. N1zaMm, S. XU, K. UNGCHUSAK, W. HANSHAOWORAKUL, D.A.T. CuMm-
MINGS, M.E. HALLORAN, Containing pandemic influenza at the source, Science 309 (2005),
p. 1083-1087.

J. LuccHETTI, M. ROy, M. MARTCHEVA, An avian influenza model and its fit to human
avian influenza cases, in “Advances in Disease Epidemiology” (J.M.Tchuenche, Z. Mukan-
davire, eds.), Nova Science Publishers, New York, NY, 2009, p. 1-30.

B. LupiaNi, S. REDDY, The history of avian influenza, Comp. Immunol. Microbiol. Infect.
Dis. 32(4) (2009), p.311-323.

P. MaGAL, S. RUAN Sustained oscillations in an evolutionary epidemiological model of
influenza A drift, Proc. R. Soc. A 466 (2116) (2010), p. 965-992.

M. MARTCHEVA, An evolutionary model of influenza A with drift and shift, J. Biol. Dy-
namics (in press).

M. MARTCHEVA, Avian influenza: modeling and implications for control, J. Biol. Systems,
(to appear).

C.E. MiLLs, J.M. RoBins, C.T. BERGSTROM, M. LirsiTCH, Pandemic influenza: risk of
multiple introductions and the need to prepare for them, PLoS Medicine 3 (6) (2006), p.
1-5.

V.J. MUNSTER, A. WALLENSTEN, C. BaAAs, G.F. RIMMELZWAAN, M. SCHUTTEN, B.
OLSEN, A.D. OSTERHAUS, R.A. FOUCHIER, Mallards and highly pathogenic avian influenza
ancestral viruses, Northern Europe, EID 11(10) (2005), p. 1545-1551.

M. NuNo, Z. FENG, M. MARTCHEVA, C. CASTILLO-CHAVEZ, Dynamics of two-strain
influenza with isolation and partial cross-immunity, STAM J. Appl. Math. 65 (3) (2005), p.
964-982.

J. OTTE, J. HiNRrICHS, J. RUSHTON, D. ROLAND-HOLST, D. ZILBERMAN, Impacts of
avian influenza virus on animal production in developing countries, Perspectives in Agr.,
Vet. Sci., Nutrition, Nat. Resources 3 (2008), No. 080.

P.S. PanpiT, D.A. BUNN, S.A. PANDE, S.S. ALy, Modeling highly pathogenic avian
influenza transmission in wild birds and poultry in West Bengal, India, Scientific Reports 3,
2013, 2175.

C.M. PEASE, An Evolutionary epidemiological mechanism with applications to type A in-
fluenza, Theor. Pop. Biol. 31 (1987), p. 422-452.

PepPIN, K.M. ET AL. Using quantitative disease dynamics as a tool for guiding response to
avian influenza in poultry in the United States of America, Preventive Veterinary Medicine
113 (2014), p376-397.

R.S. SCHRIJVER, G. KOCH (EDS.), Avian Influenza: Prevention and Control, Springer, The
Netherlands, 2005.

I. SconEes, The international response to avian influenza: science, policy, politics, Avian
Influenza: Science, Policy and Politics, (I. Scoones, ed.), EarthScan, London, (2010), p.
1-18.

30



October 9, 2015

Journal of Biological Dynamics LPAI-HPAI'Model V11R5

[61] I. SconEs, P. FORSTER, Unpacking the international response to avian influenza: actors,

[52]

[53]

networks and narratives, Avian Influenza: Science, Policy and Politics, (I. Scoones, ed.),
EarthScan, London, (2010), p. 19-64.

K. F. SHORTRIDGE, Poultry and influenza H5N1 outbreaks in Hong Kong, 1997: abridged
chronology and virus isolation, Vaccinel7(1999)S26-S29.

S.H. SEO, R.G. WEBSTER, Cross-reactive, cell-mediated immunity and protection of chick-
ens from lethal H5N1 influenza virus infection in Hong Kong poultry markets, J. Virol. 75
(2001), p. 2516-2525.

E. SPACKMAN, A brief introduction to the avian influenza virus, in Avian Influenza Virus
(E. Spackman, eds.), Humana Press, (2008), p. 1-6.

D.E. STALLKNECHT, J.D. BROWN, Ecology of avian influenza in wild birds, Avian Influenza,
(D.E. Swayne, ed.), p.43-58, (2008).

D.L. SUAREZ, Influenza A virus, in Avian Influenza, (D.E. Swayne, ed.), p.3-17, 2008.
D.E. SWAYNE, Epidemiology of avian influenza in agricultural and other man-made system,
in Avian Influenza, (D.E. Swayne, ed.), p.59-85, 2008.

TAKEKAWA, J.Y. ET AL. ,Movements of wild Ruddy Shelducks in the Central Asian Flyway
and their spatial relationship to outbreaks of highly pathogenic avian influenza H5N1, Viruses
5 (2013), p2129-2152.

T. TIENSIN, M. NIELEN, H. VERNOOL1J, et. al, Transmission of the highly pathogenic avian
influenza virus H5N1 within flocks during the 2004 epidemic in Thailand, JID 196 (2007),
p. 1679-1684.

N. TUNCER, J. TORRES, M. MARTCHEVA, Dynamics of Low and High Pathogenic Avian
Influenza in Wild Bird Population, in Dynamical Systems: Theory, Applications and Future
Directions, (J. Thuenche, ed.), Nova Publishers, New York, 2013, p. 235-259.

N. TUNCER, J. TORRES, M. MARTCHEVA Dynamics of low and high pathogenic avian
influenza in birds, Biomath Communications 1 (1), 2014, p. 5-11.

N. TUNCER, M. MARTCHEVA, Modeling seasonality in avian influenza H5N1, J. Biol. Sys-
tems, 21 (4) 2013, 14500009.

R.G. WEBSTER, W.J. BEAN, O.T. GORMAN, T.M. CHAMBERS, Y. KAWAOKA, Evolution
and ecology of influenza A viruses, Microbiol. Rev.56 (1) (1992) p. 152-179.

USDA, An Early Detection System for Highly Pathogenic HSN1 Avian Influenza in Wild
Migratory Birds, www.usda.gov/documents/wildbirdstrategicplanpdf.pdf

WORLD ORGANIZATION FOR ANIMAL HEALTH, Avian influenza 2.7.12, Terrestrial animal
health code-2006, World Organization for Animal Health, Paris, France, 2006.
http://www.cde.gov/flu/avianflu/avian-in-birds.htm

http://en.wikipedia.org/wiki/Mallard
http://web.stanford.edu/group/stanfordbirds/text/essays/How Long.html

USDA, Animal and Plant Health Inspection Service, http://www.aphis.usda.gov/
wps/portal/aphis/ourfocus/animalhealth /sa_animal_disease_information/sa_avian_health/
ct_avian_influenza_disease/

Appendix A. LPAI-only Equilibrium

Proposition A.1. Let DP(u) denote the derivative of the operator P; then the spectral
radius of DP(u) is less than 1.

fid

Nt P "l g i
Proof. The derivative of the operator P is DP(u) = b L Hw 2 1L d,u d

w
K3 K4
(u1 + pw)? (U2 + p1a)?

Note that DP(u) is a positive matrix, since all its entries are positive. Let A be a 2 x 2
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K1 K2

square matrix given as: A = (w1 ,f%”w) (”2,3{4“61) . Clearly, DP(u) < A. Since

(w1 + pw) (uz + p1a)
P(ui,u2) = (u1,u2), dividing by u; we obtain

K1 K2 U2 K3 K4

+ z, + z,
U + fw U2+ pg Uy U + fy U2+ pg

where z = 22 Let v = (i), then Av = v. Thus 1 is an eigenvalue of A corresponding

Uy
to a positive eigenvector. By Perron-Frobenius Theorem, the spectral radius of A is
p(A) = 1. Furthermore, p(DP(u)) < p(A) since DP(u) < A. O

Appendix B. Coexistence Equilibrium

Proposition B.1.1) Derivatives of the nonlinear operator T satisfy the following in-

equalities:
oT; oT; oT; oT; .
>0 >0 <0 <0 =12
AL~ g X o oxg, o
oT; oT; oT; oT; .
<0 <0 >0 >0 =34
ar S o X oxg,

2) T is monotone in K, that is u' <y u?> = T(u') <g T(u?).
3) T maps the set C into itself. T : C — C.

oT; oT
Proof.1) We only prove the inequalities B\ 21 > 0 and ﬁ < 0, since the inequalities
of other derivatives when 7 = 1,2 can be derived by apﬁulying the same steps. Note
that
AaBiT, AuwBfAT,

Tl(/\?;ﬂ A*LZ7 )‘Ew s /\Ed) =

+ .
(@ pa)(a + X7, A7) (L, + ) (s + A, T 7)

Thus —8 *i = S o Hw) 52 > 0 and 0 *i —
Ny (ar, + pw)(pw + N57, + A7) Ny
—MuBHAT
*k *k )2 <0.
(oL, + pw)(pw + A, +AT)
. .. 0Tz OT; .
Next, we prove the inequalities < 0 and —— > 0. Inequalities for the other
ON* oNyy

derivatives when ¢ = 3,4 can be shown in a similar W?ly. Note that

*k *k *k *k _ *k
T3( va/\Ld’ H,» Hd)_/\Hw
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as in (22). The derivative of T3 with respect to A7" is

aT3 _Aw ﬁ)\ﬁ < o, )\z* /OO >
rral mvr s 1+ —— Qu (T)Iy (7)dT
a)‘Lw (o + vmr,, +VHw)('uw+/\Hw+/\Lw)2 Pw +ar, Jo w( ) w( )
+ = ~ )Ly (T)dr ) .
(b + am, +vi,) (o + X + A7) \w + oz, Jo 4u()u (7)
Combining the terms, we obtain
oT: — Ay BN o 4N oo
S — WO A, <1 _ oz, (e T AR,) / qw(T)Hw(T)dr> .
Uw + L, 0

ONy (o + am, +vm,) (e + N + AT )2

oT:
Clearly, 8)\—*?‘ < 0 is negative, provided that
Ly,

o+ ) [ aulr)Lu(r)dr < 1. (B1)
0
Since 0 < (1) < 1, the left side of (B1) is less than the following integral
/ (AH, quw(T) 4 pr) oy (T)dT = 1, (nOteE that/ qu(8)ds = 00).
0 0
The derivative of T5 with respect to A} is
T Aw H w 4 PN ar A\ o)
o N (1 el qwmnwmdf)
ONyp . (pw +am, v, ) (e + Aff, +AT) Bw + L, Jo
Aw H)\** ar N 00 T
- 511 o Kok %ok < L Lo / qw(T) / qw(s)dsﬂw (T)d7_>
(ﬂw+an+VHw)(Mw+)\Hw+/\Lw) My +ar, Jo 0
Aw H w+ AE* ar M\ o
_ 511(:u Lw*)* — <1 + Ly, / qw(’T)Hw(T)dT
(o +am, +vm,)(Hw + AF, +AL) o+, Jo
ar \EE O w+ NEE L\ 1S9 T
A AGTR Y M / Gu(7) / qu (8)dsIL, (T)dr | .
(Nw+aLw)(Nw+)‘Lw) 0 0
Reorganizing the terms, we obtain
T Aw H w +)\** a w}\** 0o
8 *i’ = BH(M Lw*)* *k )2 1 + - L (/ qw(T)Hw(T)dT
oNif (pw +am, +ve,)(pw + A, +AT) pw + ar, \Jo
(B2)

oy /0 ” () /0 " () dsTLy (7)dr — % /0 ™) /0 qu(s)dsnw(T)dT”.

is positive if the term inside the square brackets in (B2) is

The derivative 0T
Z?Aﬁw
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oT:
positive. Thus 3 S 0if
ONT

/0 qw(T)Hw(T)dT—)\*H*w/O qw(T)/O Guw(s)dsILy,(T)dr >0, (B3)

and

- OLAL, A 2 / ” () / " gu()dsTly(7)dr > 0. (B4)
(fw + ap,)(pw + ATF) Y o b '

Applying integration by parts, (B3) becomes

oo

/0 qw(T)Hw(T)dT—I-/O Guw(8)dse™HTIL, (1)

0

- /0 Sy () <qw(7)e—w = /0 ' qw(s)dse_“”> dr
. /Ooo /0 Gu()dsTL, (T)dr > 0.

kK

w )\Lw
Moy + QL oy + /\zz

ar

Since < 1, the expression in (B4) is greater than the following

1-Xy 2/ qw(T)/ Guw(8)dsILy, (T)dT . (B5)
0 0
By integration by parts, (B5) becomes

1—/\’;I*w/0 qw(T)Hw(T)dT+,uw)\§‘w/0 qw(T)/O Qu(8)dsILy,(T)dr,

o
which is positive, since A}; / Gu(T) My (T)dT < 1.
0

2) We prove the monotonicity of the operator T', by showing that T3(u') > T3(u?) when-
ever (u!) < (u?). Because of the symmetry, the steps for proving the rest of the
inequalities Ty (u') < Ty (u?), To(u') < To(u?) and Ty(ul) > Ty(u?) are similar.

T3(u') — T3 (u?) = T5(AL,, AL Mg s M) — Ts(OAL LA A A3)
T3(AL,» ALy Mgy s Air,) — T3(A2,, ALy Mg, » Al

+T3(AD, AL Al M) — TOAL, AT Al s Al

+ 15N}, A7, ,)\H ,)\H) T5(A\7,, A7, ,)\2 ,)\H)

+T3(A2, A7, A ) — Ts(AL A7, A )
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Using the Mean Value Theorem we obtain

oT:
T3(ul) - T3(u ) 8/\:1 (517)‘Ld7>‘H 7/\H )(/\iw - /\%w)
013
+ W(A%w7£27 )\}‘IUNA}{CL)(A%@ - A%d)
Lq
T3
+ W()‘%UNA%CN 537 A}{d)(A}{w - A%{w)
T3
+ 8)\** ()\ )\Ld7 w7£4)(A}{d - A%{d) °
Hy
013 T3 013 T3 .
h —_— —_— . <
We just proved that —— 8)\** <0, o <0, N > 0, o > 0. Since (u') <g
u“), we have — <0, — <0, — > 0, — > 0.
2 h )\L )\2 )\id )\%d )\}{w )\%,w )\}{d )\%{d

Thus T3(ul) — T3(u?) > 0.
3) Next, we show that 7" maps the set C' into itself by showing it for 77 : C — C'. Since
L L o
4 < 1 and v < 1, it is clear that
pd + N, AL P + g AT
Aq
Ty(u) < Biy =+ Bt
w
O

Proposition B.2. The spectral radius pr, > 1 if and only if 7@? > 1, and the spectral
radius pg > 1 if and only if RILLI > 1.

Proof. We only show that pr > 1 iff 7@? > 1, since the other case is similar. We have
DT (v = pro

where v is the positive eigenvector, v > 0. The linearization matrix DT (EL
LPAI-only equilibrium is given as follows;

) at the

8T1 8T1 8T1 0 Tl

L L L
oty a1y oty oty
2 () o (1) o (€7) o (€9
DT(EY) = Y ONE N N
- 8T3 (EL) aTg (E‘L) 8T3 (E‘L) 8T3 ( )
8T4 8T4 8T4 8T4

oL oL oL
which is equivalent to the following block triangular matrix,

DTE, DTH
Ly _ 1,2 1,2
DT(e") = < 0 DTﬁ)
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The 2 x 2 block diagonal matrices are as follows;
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A B oo ANaBhpa
prL — | (@r, + Hw) (i + N2 (an, + pa)(pa + AjE)?
1,2 Awﬁle,uw Ad52L2,Ud
(ar, + pw)(pw + A32)? (an, + pa)(pa + NjE)?
—Ay %1/\26, _Adﬁle/\zﬁ
pri | @z + sw)(pe + N2 (an, + pa)(pa + NjE)?
L2 —AuwBH i —AaBop ;"

(ap, + pw) (pw + NE)? (ap, + pa) (g + X5E)?

and the components of the 2 x 2 matrix DTg{{1 are as follows;

oy v u 913 v _u
a)\*H*w ( ) aRll 8A*I}<d ( ) CZR12
O N I P Ay
a)\*H*w (6 ) - bR21 a)\*H*d ( ) bR22

The principal eigenvalue of DT. ?ﬂ is 7@5 . The eigenvalues of DTf2 are smaller than one,

as we showed in Proposition A.1. Therefore, the principal eigenvalue of DT (%) is greater
than 1 if and only if Rf > 1. O
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