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Abstract. Spatially implicit metapopulation models with discrete patch-size structure and
host-macroparasite models which distinguish hosts by their parasite loads lead to infinite
systems of ordinary differential equations. In several papers, a this-related theory will be
developed in sufficient generality to cover these applications. In this paper the linear founda-
tions are laid. They are of own interest as they apply to continuous-time population growth
processes (Markov chains). Conditions are derived that the solutions of an infinite linear
system of differential equations, known as Kolmogorov’s differential equations, induce a
Cp-semigroup on an appropriate sequence space allowing for first moments. We derive
estimates for the growth bound and the essential growth bound and study the asymptotic
behavior. Our results will be illustrated for birth and death processes with immigration and
catastrophes.

1. Introduction

Spatially implicit metapopulation models with discrete patch-size structure [2,4,
6,29,31] and host-macroparasite models which distinguish hosts by their parasite
loads [5,10,16,17,27,28,35,36] lead to infinite systems of ordinary differential
equations (or partial differential equations if host-age is included),

w = f(t,w,x), (1)

o
Xp=> o+ gitwx),  j=012....
k=0

where x(¢) is the sequence of functions (x; (t))?oz . The connection between these
types of models is not incidental as a macroparasite population is a metapopulation
with the hosts being the patches. In the equations above, x; denotes the number
of patches with j residents (number of hosts with j parasites) and w the average
number of migrating individuals, or wanderers (average number of free-living par-
asites). The coefficients « j; describe the transition from patches with k residents
(hosts with k parasites) to patches with j residents (hosts with j parasites) due to
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deaths, births and emigration of residents (release of parasites). They have the prop-
erties typical for infinite transition matrices in stochastic processes with continuous
time and discrete state (continuous-time birth and death chains, e.g., see [1,12,13]
and the references therein). Typically the sequence of diagonal coefficients oy is
unbounded. The function f gives the rate of change of the number of dispersers
(free-living parasites) due to patch emigration, immigration and disperser death.
The functions g; describe the rate of change of the numbers of patches with j
residents (hosts with j parasites) due to the immigration of dispersers (invasion of
parasites). One possible approach to these equations, chosen by Karl-Peter Hadeler
and collaborators [10,16,17,28], derives and analyzes partial differential equations
for the moment generating functions of x (¢). This even works for infinite systems
of partial differential equations and yields impressive and illuminating results, but
requires the matrix o to be essentially tridiagonal and o j; to depend on j and
k in a rather restricted way. It is our aim to develop a theory of semiflows on an
appropriate sequence space which works without these restrictions [29,30] and in
particular to establish conditions for the solution semiflow to be dissipative [18],
have a compact attractor for bounded sets [18,39], and be uniformly persistent [19,
42,4,44]. We choose a somewhat more abstract approach than the ones in [2] and
[4] from which we have received much inspiration in order to include a variety
of models (in [29] we assume that only juveniles migrate) and to include state
transitions which are not of nearest-neighbor type.

The biological interpretation gives us guidance how to choose the appropriate
state space [2]. Assuming that meaningful solutions are non-negative, the number
of patches (hosts) is given by Z?OIO xj and the number of residents (in-host para-
sites) by 2.7 jx;. In a population growth process, .72 x; = 1 and 372, jx;
is the expected population size. We recall the standard sequence space notation

o0
=1 xj €R D x| < 00 2)
j=0
with norm
oo
Ixll =D 1l x =), 3)
j=0

and introduce the first-moment space [2]
o0
e =1 xj eR D jlxjl < oot 4)
j=0

As norm on ¢! we choose

Ixlh =D A+ Dlxjl, x =) ®)
j=0
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Other, equivalent, choices are possible, of course. In [29,30], we treat (1) as a
semilinear operator differential equation

w = ft,w,x), x =Ax+glt w, x) (6)

on the non-negative cone of the Banach space R x £!! where A1 is the infinitesimal
generator of a Co-semigroup on £!! and the functions f and g (L)) = (g | (I_I));io are
locally Lipschitz continuous. In this paper, we will concentrate on the linear prob-
lem which is of its own interest and a classic known as Kolmogorov’s differential
equations [26]; among other things, it is associated with continuous-time Markov
chains which describe population growth (Sect. 2). See [12, XVIL.9, 13, XIV.7,
24, Sect. 23.10-23.12, 25, 37, 38] and, for more recent references, [3,45]. We first
construct a Co-semigroup on £! (Sect. 3). The approximation we use, as natural as it
is, seems to be different from the ones used before [24, Sect. 23.10-23.12, 25, 46],
[25,46] and is fundamental not only for this paper, but also for the analysis of (6) in
[29,30]. Under an additional assumption, this semigroup leaves £!! invariant and
its restriction to £!! is a Co-semigroup as well (Sect. 4). Interestingly enough, the
role of the first moment space £!! suggests a new condition for substochastic semi-
groups to be stochastic [45]. In Section 5, we derive estimates for the growth bound
of the semigroup and conditions for the semigroup to converge to 0 as time tends
to infinity. Using a sequential characterization of the Kuratowski measure of non-
compactness, we find estimates for the essential growth bound and conditions for
convergence towards a non-zero steady state (Sect. 7). These results are illustrated
in Sect. 8 for birth and death processes with immigration and catastrophes.

2. The Markov chain connection

We write Z for the set of non-negative integers and N for the natural numbers
starting at 1, Z; = N U {0}. We study the linear infinite system

o
x} = Zajkxk, Jj € Zy, 7
k=0

known as Kolmogorov’s differential equations [26,12,25,24]. In a Markov chain
modeling population growth, x = (x;) is the probability distribution of the popu-
lation size, i.e., x(¢) is interpreted as the probability that the population size is j
at time ¢,

x;(1) = prob{X (1) = j}.

Here X (¢) is the random variable describing the population size at time ¢. The
coefficients o j are the transition rates between the population sizes. To see this,
we introduce the transition probabilities

pjk(t,s) = prob{X (1) = j|X(s) = k}

which are the conditional probabilities that the population size is j at time ¢ provided
it has been k at time s < ¢. (Cf. [13, XVIL9, 24, 23.10-23.12].) Obviously
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Pkt 1) = [(1, ’J;'jc ] =t 8k ®

with the usual Kronecker symbols § ;. Then the transition rates o j; satisfy

o — lim pjk(t +h,t) — 3k
K= 50 h ’

provided that these limits exist and do not depend on ¢. Since 0 < pj; < 1, this
implies that ajx > 0if j # k and «;; < 0. Further

ijk(t +h,t) = prob {X(t +h) € Zo|X (1) =k} = 1.
j=0

Formally interchanging the limit and the series suggests that Z?O:O ajr = 0 for
all k € Z4. An infinite matrix with these properties is often called a Kolmogorov
matrix [24, Sect. 23.12].

Notice that Zi‘;l JPjk(t, s) is the expected population size at time ¢ under the
condition that the population has size k at time s. Again, formally interchanging
the limit and the series, we see that Z;’il Jja i is the expected population growth
rate at population size k.

Equation (7) follows from the Markov property:

xj(t +h) = prob{X (t + h) = j}

= Zprob{X(t + h) = j|X(t) = k} prob{X (t) = k} )

k=0
o
= ijk(t + h, )x(t).
k=0
So

xXj(t+h) —xj(t) = D (pjklt + h.t) = 8j)xi(t).
k=0

The differential equations (7) follow by dividing by / and taking the limit as
h — 0+. Equation (9) also shows that the solution of (7) is given by

xj(1) = > pjr(t, 0)xx(0). (10)

k=0

The right hand side of this equation defines the semigroup generated by the infinite

matrix (o ). In this section, we have considered the transition probabilities p jx as

given and found the transition rates o as their derivatives. In the following we

will reverse the process and start from the transition rates o j;. Our considerations

Zugg;st that meaningful assumptions should relate to ijo ajx and ijl Jjk,
€Zs.
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3. Construction of the semigroup

The considerations in the preceding section motivate the following assumptions for
the transition rates o jy.

Assumption 1. (a) Forall j, k € Zy, ajr > 0if j #k, aj; <0.
o0

(b) a® = sup,‘?iOZajk < 00.
Jj=0

Notice that the sequence (o ;) may be unbounded and is so in many applications.
Recall the standard sequence space £! in (2); £ i_ denotes the cone of non-negative
sequences in £!. Rather than Kolmogorov’s differential equations (7) we consider
the essentially finite linear system

n
o [Sent 0 )
a7 ] k=0 . an
n

Oljjxj s J > n.

For given initial data, this system has a unique solution. It corresponds to (7) with the
infinite matrix (o k)?,ok _ being replaced by the infinite matrix (a%‘(])fk —0o €Ly,

given by

aji;  j.k<n
a%: @jji; j=k>nt, jkneZ;. (12)
0; otherwise

Theorem 1. Let S ()% = x1"1(¢) denote the unique solutions of system (11) with
initial data X = (Xj). Then S n e N, is a sequence of Cy-semigroups on 1.
There exists a Co-semigroup S on £' such that S" ()X — S(1)X in €' for every
Yethr>01Ix e, sy e Zh_, S(t)X € £}, and the convergence of
St ()% to S(t)X asn — oo is monotone increasing. The following estimates hold,

IS @) < IS@I < e, t>0.

Proof. One readily checks that the infinite matrices (015.’,1]) satisfy Assumption 1.
The system (7) with (015.',’{]) instead of (« ) is identical with (11) and basically is a
finite linear system of ordinary differential equations with a quasi-positive matrix.
For every X € ¢ L and n € N, there exists a unique non-negative solution x!"! € ¢ _li_
with x"1(0) = *. In fact, (xl["], ..., x™Y is the unique solution of a finite system
of ordinary differential equations while

ey = %6, >, (13)

We define S (1)x = x["1(¢). It is not difficult to see that, for each n € N, this defi-
nition provides a family of bounded linear operators {S (] (t);t >0} on 2! which is
strongly continuous in # > 0. Uniqueness of solutions implies that, for eachn € N,
we obtain a Co-semigroup S"1,
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The following estimates hold for m,n € N, m < n:
aE’Z] < a[’}j <aj; Vj,keN. (14)
Consider X € EL. We claim that
0<x"@n <2 vieNrt>o. (15)

Indeed: For j > n > m, x}m](t) = Xje%il = xﬁ."](t). Ifm < j <n,

We integrate this inequality and use (13),
(t) > Xjei’ = x (t)

Forj =0,...,m,

Recall that we have equality for x!". Since the matrix (« jk)o<jk<m 1S quasi-
positive, it follows that x}m](t) < xﬁ."](t) for j =0, ..., m[41, Theorem B.1]. We
add the equations in (11) and, by Assumption 1,

n n n oo n
= Z(Zajkx,?’]) DD g |5 e D>
j=0 j=0 \k=0 k=0 \ j=0 k=0
We integrate this differential inequality,
n
>y < e . (16)
j=0
This inequality together with the inequality (15) implies that
xg’l](t) — xj(1), n—o0, jeEN, 1>0,
where x; are Borel measurable functions on [0, c0). By (16),
o
D xjp) <X
j=0

By Beppo Levi’s theorem of monotone convergence, |lx(r) — x"I()]
= ZjO:O (xj (t) — xﬁn](t)) — 0 as n — oo, pointwise in ¢ > 0. As pointwise
limit of continuous functions, x is strongly measurable in ¢ > 0.
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If ¥ € £', we can find a representation X = ¥, — X_ and || X|| = [|[X4 || + [ X_|.
We perform the previous procedure separately for X, and X_ and find that the
following limits exist and define strongly Borel measurable functions:

lim SM@Hx, — lim S (Hx_ = Lim "X = S()¥.
o o e
Moreover
IS @)z = [s" @i, — ST x|
< IS @4 + 1S OF_| < [SOFL] + [1S@)F—|l
< e I(IF4 ] + I15- 1) = |1,
and so
IS @] < 1S@OF] < (¥
By the triangle inequality,
HS(t)S(s))E — st sl (s)x H

< H [S(r) - S[”](t)] s +

< ” [S(t) — S (1)]S ()

— 0, n — oo.

s (p) [S(s))? - S[”](s))?] H

+ ea°t

S(s)% — S (s)x ”

This implies that S is a semigroup which is strongly Borel measurable in ¢ > 0. By
[24, Theorem 10.2.3], S(¢) is strongly continuous in # > 0. To see the strong conti-
nuity at# = 0 we proceed as in the proof [46, 1.4 (a)]. Pick any of the C-semigroups
"l and let x € £].. Then

IS()x — x|l < IS@)x — S"@Ox || + 1S (0)x — x].
Since S(t)x > S"(r)x,

IS()x — x| < IS@x) — IS™@)x | + 15" (1)x — x|
< e x|l — 1S™(@O)x | + 1S™(@0)x — x| = 0, 0.

O

We see from (13) that the Co-semigroup S has the infinitesimal generator A1,

00 o0
Alnly = (Zay;{]xk) . x = ()i
k=0

i=0 (17)
o0
D(Aly = [x et D ol Il < oo] =: Dy.

k=0
The following operator, also defined on Dy, will be useful,

00 o0
Ax = (Zajkxk) s x € Dy. (18)
k=0 j=0
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Lemma 1. Dy is dense in €', A : Dy — €' is well-defined and linear and has the
following properties:

(a) the estimates and equality

I = A)xll = A —a”)lxll VxeDo.keR,

o0 o0 oo

DA =D D ej | =e®lxll VxeDynel,
j=0 k=0 \ j=0

ZZm,knxu <ol +2Z|a,,| lxjl - Va € Do.
j=0k=0

(b) For x € Dy, A"lx > Ax asn — oco.

Proof. Letx € Dgy. Then

(o olNee] o0 0 0
ZZ|ajk||xk| z z Oljklxkl-l-ZIOtjjllle
j=0k=0 j=0k=0,k#j Jj=0
oo o0 oo
=20 D e | el 4+ Dl
k=0 \ j=0,k#j Jj=0

M

o0 o0
D aji | bl 2D lerjjllxj ]
j=0 j=0

~
Il
o

o
< ®lxl 42D lajjlixgl.
j=0

This estimate implies that Ax is well-defined for x € Dy. Obviously A is linear
and Dg dense as it contains each sequence all terms of which are zero except one.

(a) For x € Dy, choose x* € £*° as

* ]’ x]ZO7
—1, Xj < 0.

Then (x, x*) = ||x|| and
[o e ) (o lNe )
(0= A)x, x*) = Allxll = DD ajpnex = Al = D0 erjelxl.
Jj=0k=0 Jj=0k=0
Since Z?io Z/fio lejk|lxk| < oo, we can change the order of summation,

o0

o
(0= A)x, x*) = Allxll = D7 [ Do e | Il = Allxll — x|l

k=0 \ j=0
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By the same token, for all x € Dy N o,

S (4, = z(z ) S (S e ) = el

j=0 j=0 \k=0 k=0 \ j=0

(b) Let x € Dy. By the definitions of A in (18) and A" in (12) and (17),

o0
Zajkxk; j=1...,m
(Ax); — (A["]x)j =1 =

Z ajrx;  j=n+1,....
k=0,k+#j

Since all occurring « j; are non-negative,

n o0 o o
Z Z ojiklxk| + Z z okl Xkl

- ]
j:O k=n+1 Jj=n+1k=0,k#j
SN “zk+2|xk| S an
k=n+1 Jj=0,j#k j=n+1

By Assumption 1, the first term can be estimated by

9]

> (@ + lexl)

k=n+1

and converges to 0 as n — oo because x € Dgy. The second term con-
verges to 0 by Lebesgue’s dominated convergence theorem because x € £

and 377, ajx — Oasn — oo by Assumption 1.

The following result is derived in [45] which also contains a more semigroup-
oriented proof of Theorem 1 than the one given here. It is also proved in [25,24,

46] based on other approximation procedures.

Proposition 1. The infinitesimal generator of the Co-semigroup S in Theorem 1
is an extension of A. Further S is minimal with respect to this property: If S is a
positive Co-semigroup on L' whose generator extends A, then S(t)x < S(t)x for

allx € ¢, 1> 0.

4. The semigroup on its natural state space

In view of our applications, the state space of main interest is the first moment space

o0
M=1xe Kl; Zjlxﬂ < 0
Jj=l1

with norm ||x[l1 = [lx|l + 252, jlxjl-
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Assumption 2. There exist constants cg, ¢y > 0, € > 0 such that
(0.¢]
Zjajkfco+clk_€|akk| Vk € Z.
j=1
Since aj; > 01if j # k, this assumption implies that the series converges. To
appreciate this assumption, notice that Z;’O: 1(j/k)aji is the expected per capita
growth rate at population size k. So the assumption in particular states that these
per capita growth rates are bounded. The term —e|oyy| is difficult to interpret, but
neither restricts the applicability of the assumption too much (Sect. 8) nor is of
completely technical nature. When this term is present in Assumption 2, the gener-
ator of the semigroup S in Theorem 1 is the closure of the operator A in (18) [45],
while, without it, this may not be the case [3, Theorem 7.11] [25] and solutions to
(7) may not be uniquely determined by their initial data [37, Sect. 6].
We now turn to the state space £'1.

Theorem 2. Let the Assumptions 1 and 2 be satisfied. Then the following hold:

(a) The Cy-semigroup S on ¢V in Theorem 1 leaves £'! invariant. Its restriction to
1Sy, is a Co-semigroup on €' which is generated by the part of A in €11,
denoted by Ay, i.e., A1 is the restriction of A to

D(A)) = {x € "' N Dy; Ax € £},

Further ||S1(t)|l1 < e®! forall t > 0, with ® = max{cy, a°® + co}.
(b) The semigroups SU in Theorem 1 leave £'" invariant. Their restrictions to £'1,
SE"], are Co-semigroup on Y and also satisfy the estimate ||SE"](I) Ih < et

forallt > 0. The domain of their infinitesimal generators, A[ln], are

o
D (A) = Jx e "> jlayjlljl < oo f =: Dy,
Jj=1
Finally, for all ¥ € ¢, Si"l(t)i — S1()X in €'Y, with the convergence being

uniform in bounded intervals in R,..

Proof. We first show that 4 — A has a bounded inverse and that ||(A — A1)~ !||; <
(A —w) forall L > w. Let ¥ € Eﬂ. Revisit the construction in the proof of
Theorem 1. We apply Laplace transforms to (11),

[”]—)Z] Za]kxk], j=0,...,n, A>a". (19)

"] ) = [ e Mx ."](t)dt denotes the Laplace transform of xE."] evaluated at

The Laplace transforms exist for A > «® by (16). For convenience, we have
dropped A in the equation above. We take sums,

AZA["] Zx —Z S oz]kxkn fz Zoz]k xk .

Jj=0£k=0



Semigroups on Sequence Spaces

By Assumption 1,
n n n
~[n] v oaln]
DR ARDITED I
j=0 j=0 k=0

We reorganize,

=
=

We apply Beppo Levi’s theorem of monotone convergence to the Laplace trans-
forms,

M %5 n— o0, jezy,

where x;(t) = lim,_ x}”](t). We take the limit as n — oo in the previous
inequality,

(r = a”)|IX] < [I%]. (20)
Here X = (X;) is the Laplace transform of x. We take weighted sums of (19),

n n n n

DD WIED I DI &
k

j=1 j=1 j=1 k=0
n o0
< Z Zjajk )?Ign].
k=0 \ j=1
By Assumption 2,
n n n o
=) D M 4 €D et < DTk 4o D #M.
j=1 k=0 j=I k=0

Let & > max{cy, «®} and take the limit n — oo,

o0 o0 o0
A—e) D j&j+e D lalie < D j¥; +col2ll.
j=1 k=0 j=1

This implies that £ € Dy N £'!. We add this inequality and inequality (20),

o
MIEI = (co + IRl —c1 D % < %]
Jj=1

Set w = max{ci, a® + ¢o}. Then

(=o)Xl = X1 VA > o.
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We reorganize (19),

n
()L—Oljj)flgn]=fj+ Z Oljk)?,En], j=0,...,n
k=0.k#

We apply Beppo Levi’s theorem of monotone convergence,

00
(A —ajjpXj =%+ Z ojiXk, J € Zy.
k=0kj

We conclude that AX = A — % € €11, % € D(Ay),and (A — AX = x. If x € ¢1,
we split X in positive and negative part and obtain the same results. By Lemma 1,
there is at most one solution x € D(Aj) of the equation of (A — Aj)x = X for
A > w, because it also solves (A — A)x = ¥ and A — A is injective in £! for A > a®
by Lemma 1. Summarizing, we have shown that A — A is invertible for A > @ and
Il =AD" < (0 —w)~ ! forall A > w. In order to show that D(A1) is dense,
we establish that D(A|) contains all the sequences all terms of which are 0 except
one. Let j € Z be fixed and e/ = jk)/fio where 6 j; are the Kronecker symbols
(8). Obviously e/ € Dy N 2", Further Ae/ = (ij)72,- By Assumption 2,

o0 o0 o
ZiI(Ae/)il = Zilaijl = Zi“ij +2jlajjl <co+c1j+2jlajj| < oo.
i=1 i=1 i=l1

Hence Ae/ € ¢!' ande/ € D(A)).

(a) By the Hille—Yosida generation theorem [34, Sect.1.3: Corollary 3.8], A}
is the infinitesimal generator of a Cy-semigroup S (¢) in ol satisfying ||S1(¢) |1 <
e® . In particular (A — A1)~ is the Laplace transform of Sj for A > w. The unique-
ness properties of the Laplace transform imply that Sy (#)X = x(¢) = S(#)x for all
t > 0. This implies that S;(¢) is the restriction of S(z) to £!1.

(b) Since a&';{] < ajy, the Assumptions 1 and 2 also hold for the infinite matrix

055.','(] and the previous conclusions hold for § (7] a5 well. Let X € Elrl ,t > 0.By The-
orem 1, [S")(#)¥]; 7 [S1(1)¥]; foreach j € N. Since S;(t)¥ € £'!, Beppo Levi’s
theorem of monotone convergence implies that "/ ()X — S (¢)% in £!'. Finally,
since ||S(1)% — S"1()%|| is a continuous function of # which converges pointwise
and decreasing to 0, the convergence is uniform on every compact interval in Ry
by Dini’s lemma. O

An alternative proof can be found in [45]. The next result sheds some light on
the relation between D (A1) and the set D in Theorem 2 (b) which is the domain
of the operators A[I"].

Lemma 2. Let the Assumptions 1 and 2 be satisfied. Then D1 € D (A1) and for all
x € Dy,

o0

o
DD dlejud | 1l < oo

k=0 \ j=1
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Proof. By Assumption 1 and 2,

o0
Zﬂajkl < 2klagk| + co + cik Vk € Zy.

j=I1
For x € Dy,
oo 0 o0 o oo
DD dlejel ) 1l <2 klewllxel +co D lxkl +¢1 D kx| < oo.
k=0 \ j=1 k=1 k=0 k=1

Obviously D; € Dy and, for x € Dy,

o o0 oo o
ZJ(Z |a,~k||xk|) =D | Do jlejil | lal < o0
j=1

k=0 k=0 \ j=I
which implies that Ax € ¢!" and x € D(A). O

Remark 1. Let X € €', x(t) = S1(t)%. By standard semigroup theory [34, Chapter
1, Theorem 2.4], folx(s)ds € D(Ay) and
t
x(t) =X+ A4 /x(s)ds. (21)
0

Writing this equation term by term, we see that (7) is satisfied in an integral sense,

t
o0
xj(t) = X + Zajk/xk(s)ds, t>0. (22)
k=0
Further, fort > r > 0,
o0 o0 o0 4
D@ =x] =D D e /xk(s)ds. (23)
=0 k=0 \ j=0 ,

Proof. For the proof of (23), it is sufficient to consider X € Eﬂ. Let x"l(r) =

S%"](t))f with the Cp-semigroups S%"] from Theorem 2. The same proof as in
Theorem 1 provides

My <xMay <My <xj@) jezyt=0mneNm<n

Further

o ]

[m]
k=

[n )
j Sa/‘k Sajk'

Since D(A[I"J) = D1, we can change the order of summation and obtain

) t

Sello oy =3 (Sail) [
j=0 j=0

k=0 .
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By construction, for each k € Z,
o0 o0
n kol
gk =< Zaﬁ-k] /! Z(Jljk <o, n— oo.
j=0 j=0

Recall that 0 < x}"1(r) /' xx(¢) forall t > 0, k € Z asn — 0. So

t

t
o
Za% /x,&nj(s)ds < max{a®, |Olkk|}/xk(s)d5-
=0 ’

r

Since f: x(s)ds € D(A1) € Dy, the sum of the right hand sides of this inequality
over k € Z is finite. Equation (23) now follows from the dominated convergence
theorem. O

The following special case is important for Markov chains which describe pop-
ulation growth.

Lemma 3. Let the Assumption 1 and Assumption 2 be satisfied and Z(;O:O ajr=0
for all k € Zy. Then the functional v* defined by (x, v*) = Z?io xj is an ele-
ment in D(AY) and Ajv* = 0. In particular, 0 is a spectral value of Ay. Further
(S(X, v*) = (X, v*) forall ¥ € €' and ||S)X|| = |IX| for all ¥ € €' and all
t>0.

Proof. Letx € D(A1). Thenx € Dy andZ?O:O > oo lajkllxk| < oo by Lemma 1.
Since we can change the order of summation,

(A1x,v™) = Z(Zajkxk) = Z ZOljk xe = 0.

=0 \k=0 k=0 \ j=0

By definition of a dual operator, v* € D(AY) and Ajv* = 0. In particular O is an
eigenvalue of A7. Since A; and A7 have the same spectrum, O is a spectral value
of Aj. Let X € ¢}, x() = Si(t)X. We apply v* to (21),

‘
(x(),v*) = (X, v™) + </x(s)ds, ATv*> = (¥, v").

0

Since x(t) € £, (x(t),v*) = ||x(#)||. Hence ||S;(1)X|| = ||X|| for all ¥ € ¢}1.
Since /¢ ﬂ is dense in EL and ¢!! dense in ¢! and S an extension of Sj, the assertion
follows. ]
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4.1. Semigroups on higher moment spaces

The m"" moment (sequence) space is defined as

o0
e =1y el ij|x,-| <00
j=1

with norm [|x 1, = Ilx|| + 2272 j™ Ix;1.

Assumption 3. There exists constants ¢,, and ¢, such that

o
D"k < cm+ Enk™ Yk €Ly
j=1

Theorem 3. Let the Assumptions 1 and 2, and, for a given m € N, m > 1, the
Assumption 3 be satisfied. Then the Cqy-semigroup S in Theorem 2 leaves ¢\
invariant and the restrictions Sy, (t) of S(t) to pim form a Cy-semigroup on oim,
S, is generated by the part of A in £ and || Sy, ()| < e for all t > 0 with
Wy = max{Cpm, a® + cn}.

Proof. The proof is similar to the proof of Theorem 2 with j being replaced by ;™
and the eayy terms being dropped. We can now use the result from Theorem 2 that
x = Ap)~! maps 21 and so £1™ into Dy which implies that A,, is one-to-one. O

5. Better estimates for the growth bound and population extinction

The growth bound of the semigroup S is defined as
1
w:=w(Sy) :=inf —In||S1 (). 24)
>0t

In Theorem 2 we derived the estimate @ (S7) < max{ci, a®+co} with the constants
from Assumption 1 and 2. In this section we will derive better estimates under stron-
ger assumptions. In particular, we will present conditions for the growth bound to
be negative. For a Markov chain modeling population growth this means that the
expected population size tends to O (exponentially fast) as time tends to infinity.

Assumption 4. There exist m € N and €; € R such that
o
Zjotjk < —€ik VYk>m.
j=1

z;oz] (j/k)a ji can be interpreted as expected per capita population growth rate at
population size k. So —e| can be interpreted as a bound of the expected per capita
population growth rates at sufficiently large population sizes. Most of the time, but
not always, we will use this assumption with €; > 0. Then the expected per capita
growth rates are negative at large population sizes.
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Lemma 4. Let the Assumptions 1, 2, and 4 be satisfied. Then, for all ¥ € £'! and
x(t) = 81 (0%,

o o0 m !
Dkl =e D jlE |+ Zsk/e*“’*snxk(snds Vi >0,
j=1 j=1 k=0 0

with & = 2?0:1 jajk + €1k < oo.

Proof. Letn > m with m from Assumption 4, ¥ € €!1. Let xI"1(r) = s (1)x. By
(1D,

N

n n
PONEEE PIAECED S
k=0 \ j=1 k=0
with& = >°721 jajk. In the last inequality we have used thatx}"! > Oandarji > 0
for j # k (Assumption 1). By Assumption 4, §k < —¢1k forall k > m, and

m

ZJ A< E M — e Z k) Zsuxk |—e121x

k=0 k=m+1

with & = & + €1k. We integrate this inequality,

Z]x[n](t) <e GIIZij‘i'Z/ —€1(t— r)%-k‘ [n](s)‘ds

k=07

By Theorem 2, we can take the limit for n — oo and obtain the statement for
x(®) = S;(1)x with x € Eﬂrl. We use that every X € £!! satisfies ¥ = ¥, — x_
with ¥ € ¢}! and || X[|; = | ¥4/l + [IX_|l1. Since x*(r) = 1 (1) ¥+ and |x;(1)| =
xf (1) + xj_ (1), the statement follows for every X € e |

In the next theorem notice that Z k can be interpreted as the expected
per capita population growth rate at populatlon size k.

Theorem 4. Let the Assumptions 1 and 2 be satisfied. Then, for every w € R with

Jjo k
a)>sup2a1k and a)>11msup2 St
k= =0 k— 00 =1

there exists some M > 1 such that ||S1(¢)||1 < Me®' forallt > 0.

Proof. Let x(t) = Si(t)X. We can choose a® = sup;2,, ZC/’O 0 O jk in Assumption

1. Further we choose some €; € R such that o > —e; > limsup;_, o Z 0 ]D;{’k

and —e; # «®. Then Assumption 4 is satisfied with some m € N. By Theorem 1,
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lx(@®)] < et |X|| for all # > 0. We substitute this inequality into the inequality of
Lemma 4. With & = maxj’_ &,

o0 o 4
> o) fe—ﬂ’Zﬂins/e—‘”e“ =I)%)ds Ve = 0.
0

j=I j=1
The statement follows from evaluating the integral and w > «°, ® > —¢]. O

Corollary 1. Let the coefficients aji, j, k € Z, satisfy the following assumptions:
(1) ajx > 0for j #k ajj <0forall j, keZ,.
o0

(2) D ajx < 0forallk € Zy.
j=0
(3) There exist constants cg, c1, € > 0 such that

)
Zjotjk§C0+C1k—6|akk| Vk € Z.
j=1

1 o
(4) lim sup — jo i < 0.
k—o00 k zj !
j=1
Then the semigroup {S1(t)} is bounded on ¢'1.

Proof. The Assumptions of Theorem 4 are satisfied with w = 0. O

6. Exponential stability

Proposition 2. Let the coefficients aji, j, k € Zy, satisfy the following assump-
tions:

(1) aj >0 forj #k aj <0.
o0

(2) D aj <O0forallk € Z,.
j=0
(3) There exist constants cy, ci, € > 0 such that

o0

Zjajk§C0+C1k—E|Olkk| Yk € 7.
=1

(4) ajo =0 forall j € N.
(5) For all k € N there existn € N, jo, ..., ju € N, such that j, =k, aj,_, j, >0
fort=1,...,n a9, >0.

Let ¥ € €' and x (1) = S1(t)X. Then the following hold.

o0
(a) / lxj(s)|lds < oo  forall j € N.
0
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(b) If apo = 0 and X € Zﬂrl, xo(t) is monotone increasing int > Q.

00 o0 o0
(c)Ifhmsup E Joz]k<0then/ Zjlxj(s)| ds<ooand2j|xj(t)|—>
k— 00 - N
0o \J=l1 j=1

Oast—>oo.

Proof of (a) (b): We can assume that ogg = 0. For, if agp < 0, the solutions to
(7) are dominated by those of the modified system where «gg = 0 [46, 1.1]. Since
ajo = 0forall j € N, assumption (2) is valid in either case.

Let ¥ € ¢! and x(1) = S)(1)X. By Theorem 1, [|x(r)|| < ||X|| for all # > 0.
By (22),

t

o0
xj(t)z)fj—i-Zozjk/xk(s)ds, je€Zy,t>0. 25)
k=0

Since x;(¢) > 0 and agx > 0, xo(¢) is monotone increasing in ¢ > 0.
Let k € N. Choose numbers jo, ..., j, according to assumption (5).
Further, forall j,k € Z, j #k,and ¢t > 0,

t

t
anwmz—wm/kwMHwﬂ/mmM&
0

0
For j =0, k = jo, since agg = 0,

e ¢]

|Mz%w/%@w

0

Step by step, fooo xj(s)ds <ooforalll =0,...,n,in particular for j, = k. Since
every X € £!! canberepresentedas ¥ = X, —X_ Wlthx:t € £ fo [xj(s)|ds < o0
forall j € Nand all X € ¢!

(c) By Assumption (4) in Corollary 1, we can choose m € N and €; > 0 such
that Assumption 4 is satisfied. The integrability to infinity follows by integrating
the inequality in Lemma 4. The convergence to 0 as t — oo follows by apply-
ing Lebesgue’s theorem of dominated convergence to the inequality in Lemma 4.
Notice that &y = 0 because ajo = O forall j € N. O

We use the last result to formulate conditions for semigroups to have a strictly
negative growth bound (type). To this end consider the Banach sequence space

M=y =05 vl an<m (26)

with norm || U ||”.
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Corollary 2. Let the assumptions of Proposition 2 be satisfied.
Then the Co-semigroup Sy on £'! satisfies

o0 o
> lsiox1;| < Mem D jlxj| Ve
j=1 j=1

with appropriate M, € > 0. If in addition

ok
o0 < 0 and sup — < oo,
keN

then
IS10)ll < Me™" Vi =0,
with appropriate constants M > 1, € > 0.

Proof. Since ajo = 0 for all j € N, [S;(¢)X]; does not depend on Xy for j € N.
So we can define an operator family on £'! by [S‘(t)()?k)]fil]j = [S1(O) K)ol
j € N, with an arbitrarily chosen xo. Then

[305013] = 15108100, D) = (16 + . ) = [Su+n3] .

So § is a Co-semigroup on £'! and fooo IS~ dr < oo forall ¥ € £'! by Prop-
osition 2 (c). By the Datko/Pazy theorem [34, Chapter 4, Theorem 4.1], there exist
constants € > 0, M > 1 such that ||S‘(t)||~ < Me™¢ for all t > 0. This implies
the first assertion. Let x () = S;(¢)X. Then

t

o0
xo(t) = Xo + ZOlOk/xk(S)dS-
By the triangle inequality and the additional assumptions,

t

4 o0
xo(t) < [%o| — |aoo|/xo<s>ds+c/e‘“dstlm
0

0 Jj=l

for some constant ¢ > 0. By a Gronwall inequality, xo(f) < Mp||X||;e =" for some
Moy > 1landd > 0,68 < |agol, €. In a similar way, we derive the same estimate for
—x0(t). This implies the assertion. |

Obviously the semigroup S in the previous proof is associated with the infinite
matrix (ajk)‘]’.okzl.

Proposition 3. Let the coefficients oji, j € Zy, k € N, satisfy the following
assumptions:

(1) ajx > 0for j #k ajj <O0.
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o0
(2) D aji <0forallk € N.
j=0
(3) There exist constants cg, c1, € > 0 such that
o0
Zjajk <co+ crk — €logk| Yk € N.
Jj=1
(4) For all k € N there existn € N, jo, ..., ju € N, such that j, =k, aj,_, j, > 0
fort=1,...,n, a9, >0.

Then the operator A with [Ay]j = 21311 ok yk with domain

o
DA) =1y el; D lajjllyjl < oo, Ay e I
j=1

is the generator of a positive Co-semigroup S(t), t > 0, on €'1, and there exist
€ >0, M > 1 such that

ISO)I~ < Me™" Vi >0,

Proof. We set ajo = 0 for all j € Z, and obtain the result from the proof of
Corollary 2. O

7. Essential growth bounds and asymptotic behavior

The (Kuratowski) measure of non-compactness [22, Sect. A.3.2, 18, Sect. 7.3, 39,
Sect. 2.2] has the following sequential characterization in a metric space (X, d).
It can be proved basically in the same way as the equivalence of sequential com-
pactness on one hand and total boundedness and closedness on the other hand. If
Y C X, the measure of noncompactness of ¥, a(Y), equals

a(Y) = inf[c > 0; each sequence (x,) in Y has a
(27)

subsequence (x, /.) with lim sup d(x;, ;o Xp) < c].
’ Jk—00 ’

Theorem 5. Let the Assumptions 1 and 2 be satisfied and sup; aki < oo for
each j € 7. Then, for every bounded set Y in €11,
S1(O)Y) <ef'a(Y), & =lims Eant iy
a(S1(OY) <ea(y),  é=limsupD =

k— o0 =1

Proof. Let Y be a bounded subset of ¢!, ¢ > «(Y). Fix t > 0 and let (%,) be a
sequence in S (¢)Y. Then x,, = S;(¢)y, with (y,) being a sequence in Y. By (27),
(yn) has a subsequence ( ynj) such that

lim sup ”)’n,- - Yy Ih <ec.
Jjk—o00 ’



Semigroups on Sequence Spaces

By Remark 1(22),

00 1t
[$1009m,], = 151003 = Dy 151601
j=0 r

By our additional assumptions,

t
[(S1@)yn)i = (S1(F)yn il < aio/ 1S1(8) yny llds

t

O{l‘j
+sup —= [ 1S1(s)yn, [l1ds.
jeN J

Since Y is a bounded set in ¢!!, Theorem 4 implies that, for each i € Z,,
{(S1(8)yn,)is k € N} is equi-continuous in s > 0. Similarly one shows that
it is equi-bounded on every bounded interval. By the Arzela—Ascoli theorem,
we can assume, after choosing another subsequence and a diagonalizaton pro-
cedure, that, for each i € Zy, (S1(s)yn,)i converges as k — oo uniformly in
s € [0,¢]. Let 0 > —e; > limsup;_, z;”;l D%k By Lemma 4, with x(-) =
Sl(~)y,,j —S1)yn, = Sl(~)(ynj — Yu), for large enough m € N,

IS1(@)yn; = S1(O)yn 1

< D S1OYn))i = (S1E) )i

i=0
1 o
+ (E + 1) > SOy — S1 O]
i=0

1 - m
< (1 + %) eV lyn, — v 1 + ZO |(S1 0yt = (S1 (v ]
1=
t

UyS
‘*‘Z (Z + 1) Si/efﬂ(tis) |(S1(8)yn,)i = (S(®)yn)i|ds  ¥1>0,
i=0 0

with & = Z;’ozl Jjoji + €1i < oo. By our choice of subsequences, we have
t
/e—ﬂ(H) |(S1()yn;)i = (S yn)ilds >0, j k— o0, i€Zy.
0
So

limsup [|S1(1) yn; — S1(0) yni Il1

J.k—00

1 1
< (1 + —) e " lim sup Iyn;, = Yl < (1 + _) e—€ll o
m : m

Jjk—00
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We take the limit m — o0,

€t

limsup [[X,; — Xp, | e e,

Jjk—00
By (27), since (x,) has been an arbitrary sequence in S1(¢)Y,
a(S@Y) <e Ma(Y).

Since this holds for every —e; > limsup,_, oo > 72, %% and for every 7 > 0, the
assertion follows. m]

There are various equivalent characterizations of the essential type (essential
growth bound) of an operator semigroup [11, Chapter I'V, Definition 2.9] which are
related to the various equivalent characterization of the essential spectral radius of
a bounded linear operator [9, Sect. 9.8, 18, Lemma 2.3.3]. The one in [21, (8.6)]
directly applies to our situation.

Corollary 3. Let the assumptions of Theorem 5 be satisfied. Then the essential type
(essential growth bound) of Sy equals or is smaller than

[ee] .
lim sup Z ]aT/k.
j=1

k—o00

Theorem 6. Let the coefficients oji, j, k € Zy, satisfy the following assumptions:
(a) ajxr =0if j #k, ajj <0.

o
(b) D ajx=0 Vkel,.

i=0

(c) There exists constants cg, c1 > 0, € > 0 such that

o0
Zjajk <co+cik —€logr| Vk eN.
j=1

1 o0
(d) lim sup % Zjajk < 0.
k— 00 =1
ai
(e) stﬁopi <ooforall j € Z,.
k=1 k
Then Z(;io[sl (Hx]; = ij:o Xj forall ¥ € £1!, t > 0. Further there exist a
non-zero positive linear operator P of finite rank on £'! and some €, M > 0 such
that ||S1(t) — P|ly < Me™¢ forallt > 0. P is a projection, P2 =P, and maps
'V into the null space of Ay. Further | PX| = ||X|| for all X € Ei_l.

Proof. By Lemma 3, v* defined by (x, v*) = Z?OIO xj is an element in D(AY)
and A’l‘v* = (. In particular, O is a spectral value of Aj. Since S;(-) is a bounded
semigroup by Corollary 1, 0 is the spectral bound of Ay, s(A1).
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Step 1: 0 = s(A}) is a first order pole of (A — A1)~! with finite multiplicity.

By Corollary 3 and assumption (d), the essential growth bound of S7(-) is less
than 0. Then O = s(A1) is not an essential spectral value of A by [21, Proposition
8.6], and 0 is a pole of (A — A;)~! and the associated residue P has finite rank
[21, Theorem A.3.3]. Moreover P = lim)_ 0+ AP (A — Al)_1 with p being the
order of the pole. Since S;(-) is a positive semigroup, P is a positive operator and,
as residue, not the 0 operator. Let x € Zﬂr]. Then

(Px,v*) = lim AP((A — A" 'x, vy = lim A7~ 1(x, v¥).
A—>0+ A—>0+
Ifp>1,(Px,v*) =0.Since Px € Zﬂrl, Px =0.Sincex € E}r] has been arbitrary,
P =0, a contradiction. So 0 is a first order pole.

Step 2: Conclusion

Since the essential growth bound (or essential type) of Si(-) is less than 0 =
s(A1) (whichis also the type of S1(-)), we have wess (A1) < wo(A1) in the terminol-
ogy of [23, Theorem 9.11] and our statement follows from its part (b). The additional
properties of P follow from the fact that P is the limit of S (¢) as t — oo. O

In terms of population growth, Theorem 6 means that the probability distribu-
tion of the population size always converges toward a stationary distribution.

Corollary 4. Let the assumptions of Theorem 6 be satisfied. Then every population
size probability distribution x (t) converges to a stationary distribution ast — oo. If
oo < 0, the stationary limit distribution is not trivial, i.e., the expected population
size has a non-zero limit, lim;_, o Zj‘;l Jjxj) > 0.

Proof. Let X € £, %] = 1, x(r) = S1(¢)X. By Theorem 6, ||x(¢)| = 1 for all
t > 0. Since x(r) — PXinboth ¢!" and ¢!, || PX| = 1. Since P maps into the null
space of Aq,

o0
0= ZaOk[Pﬂk-
k=0

Since agp < 0, [PX]; > 0 for some k € N. This implies the assertion. m]

Without further assumptions, the limit distribution in Corollary 4 may depend
on the initial size of the population. In the next theorem, the uniqueness of the limit
distribution is enforced by irreducibility assumptions.

Definition 1. The infinite matrix (@ i) j kez, is called irreducible if, for every j,
ke€Zs, j+#k, thereexistsn € Nandiy,...,i, € Z4 such thatiy =k, i, = j
anda; i >0forl=1,...,.n—1;

If ko € N, the finite matrix (o jk)];‘(,)k:o is called irreducible if the analogous
statement holds with the set 7 be replaced by {0, . . ., ko}.

A number kg € Nis called the irreducibility bound of the infinite matrix (a ji.), if
the matrix (ajk)];?kzo isirreducible, o j, = Owhenever j > koandk =0, ..., j—1,
and oy, < 0 for k > k.
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Notice that the irreducibility together with the assumptions Z?‘;o ajr <0,
aji > 0 for j # k, implies that ag; < O for all k € Z . It is easy to see that the
irreducibility bound (if there is one) is uniquely determined.

Theorem 7. Let the coefficients o ji, j, k € Zy, satisfy the following assumptions:
(a)aje =z 0if j #k ajj <0.

o0
(b) Zajk =0 keZg.

j=0

(c) There exists constants cg, ¢c; > 0, € > 0 such that

o
Zj(x]'k§C()+C1k—€|(xkk| Vk € N.
j=1

1 o0
(d) lim sup % Zjozjk < 0.
k— 00 =1
(e) s(l)fp % <ooforall j € Zy.
k=1
(f) Further assume that the infinite matrix (« jk)?,ok:o is irreducible or has a irre-

ducibility bound ko € N.
Then there exists some v € Elﬂ, v # 0, such that 3 ;2 g ajkvr = 0 for all
Jj €Zy and

oo
2 i=0%j
o
=0 V)
v is uniquely determined up to a scalar factor. If (Oljk)?ok:o is irreducible, v; > 0

forall j € Z.; if there is a irreducibility bound ko € N, v; > 0 for j =0, ..., ko
andvj =0 forall j > k.

S1(H)x — v, t—>o00 Vxeel

Proof. 1f (a; k)??kzo is irreducible, the semigroup S is irreducible and the assertion
follows from [23, Theorem 9.11]. We assume that there is an irreducibility bound
ko € N for (o) and show that the null space of A; is one-dimensional. Let v be
an element in the null-space of Ay, v € ZL‘.

Claim: v; = O for all j > ko.

Suppose v; > 0 for some i > kg. Since ko is an irreducibility bound and
A] V= 0,

o0 oo
OZZO{jkvk:ZO{jkvk VJZI
k=0 k=j

We add the last equations over j from i to co. Since v € Dy, we can interchange
the summation and

0=

k
Z(Xjk Vk.

(9]
k=i \ j=i
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Since i < O and 35 arjx < 35 arjx < Oforall k > i,

00 k
O=aivi+ > [ D e | v < aivi <0,
k=i+1 \ j=i
a contradiction. Hence v; = 0.
We consider the subspace

Xo={x=(x;)el'sx; =0,j > ko).

It follows from assumption (f) that this subspace is invariant under S; and that the
restriction of S to X is irreducible. By our claim, the null space of A is contained
in X and is thus contained in the domain of the part of A in Xo. This implies
that the null space of A is one-dimensional [21, Theorem 8.17] and spanned by a
positive vector.

Since P maps into the one-dimensional null space of A; which is spanned by
some v € Zﬂrl, # 0, PX = ¢v for some scalar ¢. By Theorem 6, ¢ Z?‘;o ﬁj =
D 020(PX)j =272 %j. We solve for ¢, ¢ = % m
8. Continuous-time birth and death processes with immigration
and catastrophes

If the size of a population is k, let S be the population birth rate, 1) the population
death rate, and ¢, the population immigration rate. We set n; = B + tx with the
understanding that Sy = 0. A possible population emigration rate is absorbed in 1.
We also allow catastrophes which wipe out the whole population, the associated
rates are denotes by k. The rates of transition from population size k to population
size j, o i, are given by

01,k = Nk keZy,
Uk—1,k = Uk, keNk=>2,
ape = —( + pk +x1), kel
Qoo = —1No = —Lo, (28)
Qok = Kk, keNk=>2,
ool = K1 + U1,
ajr =0, otherwise.
Then
o0
Dlajp=0 k=01,.... (29)
i=0
and

o
> e = (k+ Dk + (k — Dpg — k(e + i+ k1), k €N,
Jj=1

o
> jajo=mno.
j=1
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If we define g = 0 = «o,

o0
> jaje = — ik — ke, k€ Zy. (30)
j=1

Obviously the Assumptions 1 are satisfied with «® = 0. There are many possible
assumptions which imply Assumption 2. The following one has been chosen for
brevity, not generality.

Assumption 5. (a) 9, x, >0, u, > O0foralln € N,

20, —
(b) supy~; “EFE < oo.

Theorem 8. Let the Assumptions 5 be satisfied. Then there exists a Co-semigroup
St on £ such that x (t) = S1(¢)% is the unique continuous solution x : Ry — el

of
t 00 t t
x0(1) =)Eo+,u1/xl(s)ds+Zlcj/xj(s)ds—to/xo(s)ds,
0 =l 0
X =X + paxa — (1 + P+ w1 +enx, - x1(0) =,
Xy = (Bj—1 + )Xo+ wjri X — (G + B+ KX,
Xj(O) =)\éj,

with the property that 37| (Bj +tj + 1t + k) ‘fot xj(s)ds‘ < ooforallt > 0.
Further Z?io xj(t) = Z?io Xjforallt > 0.

Proof. By (30), fork € N,

o0

1 1 1 2 1
> o< 1+ 2 ) mo— (1= 3 ) i — Slowkl = S @ — i) — Il
Jotjk_( +3)77k ( 3)Hk 3IOlkkI 3( Nk — k) 3IOlkkI

j=1
Further, again by (30) and by ago = —no,

0]

. 4 ll |
ain= = — — — | .
j§=11 jo =10 = 370 = 300

So Assumption 2 is satisfied with ¢ = 1/3, ¢ = (4/3)no, and c; = (2/3)
SUPLeN Z"k;“k. By Theorem 2, the part in £!'! of the operator A in (18) gener-
ates a Cp-semigroup S; on I x () = S1(0)%, xj (1) satisfies (22). Notice that, in
this case, the equations can be differentiated for j € N. The last statement follows
from Lemma 3. O

In order to motivate some stronger assumptions than Assumption 5, we revisit
the simple birth and death process where , = 0 = «,, foralln € Z and 8, = np,
Un = nuy. Let x(r) = S1(r)X be the probability distribution of population size.
Assume that the initial population has size N, X = (8n). By Proposition 1, xo(¢)



Semigroups on Sequence Spaces

is monotone increasing in t > 0 and x;(z) — O ast — oo forall j € N. Let

N
B1 > 1. Then lim,_, oo x0(f) = (%) < 1[1,(6.8)]. However, X% x; (1) = 1
forallt > 0. So, foreach k € N,

00 N
Z)@(t)—)l—(%) > 0, t — o0.

j=k !

Further Z?‘;l Jjxi@) = eBI—1DIN 5 00 as 1 — oo [1, Table 6.1].
Motivated by this example, we make the following assumptions.

Assumption 6. (a) n,,, k, > 0, u, > O0foralln € N,

(b) inf°, £2 >0,  limsup,_, Z_:: < 1.

(c) sup)? | “ < oo.

Unde_r these assumptions, the Assumptions 1, 2 and 4 are satisfied. Further
supp? 0% <ooforall j € Zy.

8.1. Population extinction
The population goes extinct without immigration.

Theorem 9. Let the Assumptions 6 be satisfied. If 1o = O, then there exists some
€ > 0 such that

o0 o
Dl 0ldt < Me D> (1 + )]

j=1 j=1

for all solutions x in the sense of Theorem 8.

8.2. Population survival and asymptotic behavior

We now assume that an extinct population can be resurrected by immigration,
i.e., to > 0. Since this means that «gp < 0, we obtain the following result from
Corollary 4.

Theorem 10. Let the Assumptions 6 be satisfied and 1y > 0. Then every population
size probability distribution x (t) converges to a stationary distribution ast — 00.
The stationary limit distribution is not trivial, i.e., the expected population size has
a non-zero limit, lim;_, Zj:l Jjxj(t) > 0.

We now assume that either births and immigration do not completely stop how-
ever large the population or that there is a birth and immigration threshold kp € N
at which births and immigration stop, i.e. gy > Ofork =0, ..., kp—landn =0
for all k > k.

Theorem 11. Assume that the Assumptions 6 are satisfied. Further assume that the
coefficients Ny = Br + i satisfy one of the following two assumptions:
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(i) nk > Oforallk € Z,.
(ii) There exists some ko € N such that ny > Ofork =0,..., ko — landny =0
for k > k.

Then there exists some v € £ _1,_1, v # 0, such that
o0

2 j=0%j
o0

2 i=0Vj

v is uniquely determined up to a scalar factor. If (i) holds, v; > 0 forall j € Z;
if (ii) holds, vj > O for j =0, ..., ko and v; = 0 for all j > ko.

S1(Hx — v, t— o0 Vxetl

In terms of the probability distributions of population size this means the fol-
lowing: There exists a unique stationary probability distribution v (with one of the
two properties spelt out in Theorem 11) such that x(r) — v for all probability
distributions x(-).
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