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Abstract

In this paper, a partial differential equation (PDE) model is proposed to explore the trans-
mission dynamics of vector-borne diseases. The model includes both incubation age of the
exposed hosts and infection age of the infectious hosts which describe incubation-age dependent
removal rates in the latent period and the variable infectiousness in the infectious period, re-
spectively. The reproductive number R is derived. By using the method of Lyapunov function,
the global dynamics of the PDE model is further established, and the results show that the basic
reproduction number Ry determines the transmission dynamics of vector-borne diseases: the
disease-free equilibrium is globally asymptotically stable if Ry < 1, and the endemic equilibrium
is globally asymptotically stable if Ry > 1. The results suggest that an effective strategy to

contain vector-borne diseases is decreasing the basic reproduction number Ry below one.
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1 Introduction

Vector-borne diseases are infectious diseases caused by pathogens and parasites in human popula-
tions that are transmitted to people by blood-sucking arthropods, such as mosquitoes, ticks and
fleas. They include some of the world’s most destructive diseases, for instance, malaria, schis-
tosomiasis, plague, and dengue fever. According to WHO [1], vector-borne diseases account for
more than 17% of all infectious diseases, causing more than 1 million deaths annually. In the past
two decades, some vector-borne diseases, such as as malaria and schistosomiasis, have continued
to threaten human health. Furthermore, other vector-borne diseases have reemerged and broken
out in different parts of the world, such as the 2014 Guangzhou outbreak of dengue fever and
the outbreak of West Nile virus in North America since 1999. Any outbreak of the vector-borne
diseases causes great harm to public health. As far as the 2014 Guangzhou outbreak of dengue
fever is concerned, the total number of dengue fever cases reached 36,889 as of October 21st, 2014
[2], according to the provincial health and family planning commission. Due to the great harm to
the public health caused by the vector diseases, it is imperative to understand the transmission
dynamics of the vector-borne diseases firstly, and then discuss strategies to prevent and contain
their outbreaks.

Mathematical modelling has contributed significantly to our understanding of the epidemiology
of infectious diseases [3, 4]. Over the past two decades, there have been many published mathe-
matical models focused on understanding the transmission dynamics of the vector-borne diseases
([5, 6, 7, 8,9, 10] and references therein). These models provided useful insights into the trans-
mission dynamics of the vector-borne diseases. Almost all of the above models are described by
ordinary differential equations (ODEs); therefore, some of the assumptions implicitly made in the
formulation of these models [11] include: (1) infectious individuals are equally infectious during
their infectious period; (2) the stage durations of the latent and infectious periods are exponen-
tially distributed. Although in many cases these simplifying assumptions may provide a reasonable
approximation to the biological process being modelled, it is important to examine how the model
results may be influenced by these assumptions, which calls for an investigation of models that use
more realistic assumptions [11].

In this paper, we develop an age-structured model to study how transmission dynamics of the
vector-borne diseases are affected by the incubation and infectious ages. The model studied in
the paper incorporates both incubation age of the exposed hosts and infection age of the infectious
hosts. Incubation age of the exposed hosts describes the different removal rates in the latent period,
and infection age of the infectious hosts describes the variable infectiousness in the infectious period.
Several recent studies [12, 13, 14, 15, 16, 17, 18] on age structured models have shown that age of
infection may play an important role in the transmission dynamics of infectious diseases. Thieme
and Castillo-Chavez [13] studied the effect of infection-age-independent infectivity on dynamics of
HIV transmission, and showed that undamped oscillations may occur in particular if the variable

infectivity is highly concentrated at certain parts of the incubation period. Lloyd [12, 14] studied



the epidemic model with the inclusion of non-exponential distributions of infectious periods. The
results indicated that the inclusion of more realistic description of the recovery process may cause
a significant destabilization of the model, and less dispersed distributions are seen to have two
important epidemiological consequences: (1) less stable behavior is seen within the model; (2)
disease persistence is diminished.

Epidemic models with age of infection are usually described by first order partial differential
equations, whose complexity makes them more difficult to theoretically analyze, particularly, their
global behavior. Most existing studies on age-structured models focus only on the existence of non-
trivial steady states [19, 20] or give local stability results [21]. The stability analysis of nonlinear
dynamical systems has always been a topic of both theoretical and practical importance since global
stability is one of the most important issues related to their dynamic behaviors. However, proving
the global stability is a very challenging task, especially for nonlinear systems described by PDEs
due to the lack of generically applicable tools. The global stability results for the age-structured
epidemic models were first obtained in [22, 23, 24]. The method of Lyapunov functions is the most
common tool used to prove the global stability, especially for ODE models [25, 26, 27]. In recent
years, Lyapunov function has been also used to study the global stability of epidemic models with
age of infection [28, 29, 30].

In this paper, we also use Lyapunov functions to study the global dynamics of a vector-borne
disease model with incubation age of the exposed hosts and infection age of the infectious hosts.
By using a class of global Lyapunov functions we show that the global dynamics of the system is
completely determined by the basic reproduction number Rq: if Rg < 1 the disease-free equilibrium
is globally asymptotically stable; if Ry > 1, a unique endemic equilibrium is globally asymptotically
stable.

This paper is organized as follows. In the next section we formulate a vector-borne epidemic
model with incubation age of exposed hosts and infection age of infectious hosts. The two infection
ages describe the different removal rates in the latent stage and the variable infectiousness in the
infectious stage, respectively. We obtain an explicit formula for the basic reproduction number of
system. Then we discuss the trivial and non-trivial equilibria and their stabilities. In Section 3,
the global stability of the infection-free equilibrium of the system is analyzed by constructing a
Lyapunov function. In Section 4, we show uniform strong persistence of if R¢ > 1. In Section 5, we
again use a Lyapunov function to derive the global stability of the epidemic equilibrium. Finally,

a brief discussion is given in Section 6.

2 The vector-borne disease model with two ages of infection and

the local stabilites

To introduce the model, we divide the host population under consideration into four groups: sus-

ceptible hosts at time ¢, denoted by S (t), infected but not infectious individuals Ej,(7,t), infected



and infectious individuals Ij(a,t), and the number of recovered or immune individuals, denoted
by Rp(t). The vector population, on the other hand, is divided into three compartmental classes:
susceptible vector at time ¢, denoted by S, (), the number of recovered or immune vectors, denoted
by R,(t), and infected/infectious vectors I,(t).

With the above notation, we study the following infection-age-structured mosquito-borne model

of Dengue virus.
SI(t) = A, — Sv(t)/ Bu(a)Ip(a,t)da — pySy(t),
0

1(t) = 5(t) /0 " Bu(a) (e t)da — (s + ) L(t),
Ry(t) = aply(t) — Ry (),

Sp(t) = A = BrSu(t) 1y (t) — pnSw(t),
OE(T,1) N OE},(1,t)
or ot
Ep(0,t) = BrSu(t) 1, (1),
Ol(at) | Olh(a,)
Oa ot

I(0,t) = /000 m(7)Ey (7, t)dr,

= —(pn +m(7)) Ep(7, 1), (2.1)

= —(pn + an(a) + rr(a))Ip(a,t),

Ry,(t) = /000 rr(a)In(a, t)da — ppRRp(t).

Here, A, is the birth /recruitment rate of the vectors. Ay, is the birth /recruitment rate of the host
population. Let i, up be the natural death rate of the vectors and the host, respectively. m(7)
denotes the removal rate of the infected hosts with age of incubation 7 from the latent period. ap(a)
gives the additional disease induced death rate due to vector-borne disease at age of infection a.
a,, denotes the recovery rate of the infected vectors. r,(a) denotes the recovery rate of the infected
hosts with age of infection a. Furthermore, (,(a) is the transmission coefficient of the infected
host individuals at age of infection a, and 3}, is the transmission coefficient from infected vectors
to healthy host individuals.

To understand the model, notice that susceptible host individuals are recruited at a rate Ay,
Susceptible host individuals can become infected by an bite of an infected mosquito with disease.
Upon infection through biting by infected mosquitoes, the newly infected individuals move to the
latent class, then progress into the infectious class with the progression rate m(7). The non-
infectious and infectious individuals infected by disease with age-since-infection equal to zero move
to the boundary condition. The number total recovery rate from the infected class Iy (a,t) is given
by the integral over all ages-since-infection. The susceptible vectors are recruited at a rate A,.
Susceptible mosquitos can become infected through biting on an infected individual of any age-
since-infection at a specific age-infection transmission rate. As a consequence, the force of infection

of susceptible vectors is given by the integral over all ages-since-infection. The total recovery rate



from the infected vector class I,(t) is given by oI, (t).
We notice that the equations for the recovered individuals and the recovered vectors are decou-

pled from the system and the analysis of system (2.1) is equivalent to the analysis of the system
%@yq%_sxn/ Bu(a) I (a, )da — 1y Su(t),
0
1) = 5.0 [ Au(@(a.0da — (u, + a)L0)
0

Sp(t) = A — BrSn(t)1y(t) — pnSu(t),
OEp(T,1) N OEy(1,1)
or ot
Ep(0,t) = BrSu(t) L (t),
Iy (a,t) n 0Iy(a,t)
da ot

QQQZAWMﬂ&ﬁﬁM

= _(Mh + m(T))Eh(T7t)7 (2'2)

= —(pn + an(a) + rp(a))In(a,t),

Model (2.2) is equipped with the following initial conditions:
Sy(0) = Sy, I,(0) = I, Sp(0) = Shy, Ep(1,0) = (1), I(a,0) = 9¥(a).

All parameters are nonnegative, A, > 0, Ay > 0, and u, > 0, up > 0. We make the following

assumptions on the parameter-functions.

Assumption 2.1 The parameter-functions satisfy the following.

1. The functions (3,(a) is bounded and uniformly continuous. When f3,(a) is of compact support,

the support has non-zero Lebesgue measure;
2. The functions m(7), ap(a), rp(a) belong to L (0, 00);
3. The functions ¢(7), ¥ (a) are integrable.
Define the space of functions
X =R xR xR x (L'(0,00)) x (L'(0,00)).

It can be verified that solutions of (2.2) with nonnegative initial conditions belong to the positive
cone for t > 0. Furthermore, adding the first and the second equations we have

8 (50 +10) = 408,00+ 10,

Hence,

(%

m§@<&@+5@>gﬂ.

The number of the hosts can be bounded as follows:

% (Sh(t)+ /OOO En(r,t)dr + /OOO I(a, t)da>
< Ap — pp <Sh(t) + /000 Ep(r,t)dr + /000 Ih(a,t)da>.
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Hence,
lim sup (Sh(t) +/ Eh(T,t)dT—i—/ Ih(a,t)da> < —.
t 0 0

Therefore, the following set is positively invariant for system

Q — {(Sln[vyshthth) € X+

(5.0 +1,0) < 2.

<Sh(t) + /000 En(r,t)dr + /000 Ih(a,t)da> < %}

Finally, since the exit rate of exposed host individuals from the incubation compartment is given

by pp + m(7), then the probability of still being latent after 7 time units is given by
m (1) = e T e Jo m@))do (2.3)

The exit rate of infected individuals from the infective compartment is given by pp, + ap(a) +ry(a),

thus the probability of still being infectious after a time units is given by

7o) = et J5 On@)ri(e))do (2.4)

The reproduction number of disease in system (2.2) is given by the following expression

BrAyAp

Ro=—"—""—"
Nvﬂh(ﬂv + av)

/0 m(F)m (7)dr /0 B, (a)ma(a)da. (2.5)

The reproduction number of disease gives the number of secondary infections produced in an entirely
susceptible population by a typical infected individual during its entire infectious period. R gives
the strength of vector-borne disease to invade when rare and alone. In particular, we notice that
the reproduction number for vector-borne diseases is a product of the reproduction numbers of the
two transmission processes: human-to-vector R; and vector-to-human R,

A o0
7,&}1(5}: +h04v)/0 m(7)m1(7)dT,

Ay [
Ry =— By(a)m2(a)da, Ry =
Ho Jo
that is Rg = R,Rp. In the next section we compute explicit expressions for the equilibria and
establish their local stability.

System (2.2) always has a unique disease-free equilibrium £y, which is given by

& = (S;;Ov 0, S;:Ov 0, 0>7

where
« A RV
S’U() - —U, Sho - —.
Ho HKn

In addition, for Dengue virus there is a corresponding endemic equilibrium &; given by

5l = (S:7 I:u S;;,? E;(L(T)7 I;;(CL))



We denote by
_ BrAy

,uh,uv (,Uv + av

_ /0 P (F)dr / By (a)ma(a (2.6)

b(\) = /000 m(T)e_ATm(T)dT/O By(a)e *mo(a)da.

The non-zero components of the equilibrium &; are given by

Y Bh(ARb+ ) Y fo LT BT
Ep (1) = E,(0)m1(7), E,(0) = BrSp1y, (2.7)

Ii(a) = I (O)ma(a),  T;(0) = E;(0) /0 " (r)m (r)dr.

Next, we turn to the linearized equations for the disease-free equilibrium. To introduce the lin-
earization at the disease-free equilibrium &, we let S,(t) = Sy + x,(t), L,(t) = yu(t), Sp(t) =
Spo tan(t), En(,t) = 2(7,t), In(a,t) = yn(a,t). The linearized system becomes

) s, /Ooo Bol@)yn(a, t)da — oy (t),

wel) s, /OOO Bol@)yn(a t)da = (o + cw)yu(2),

da:gt(t) — 85}, Yo (t) — pna(t),

8%6(:’ 29 aZha(Z D) (+ m(r)) (1), >

zn(0,1) = BrSpyyo(t),

Oy (a,t) N Oyn(a, t)
da ot

yn(0,t) = /000 m(7)zp (7, t)dT.

—(pn + an(a) +ru(a))yn(a,t),

To study system (2.2), we look for solutions of the form z,(t) = Z,e*, y,(t) = Gpe, z,(t) =
e, z(1,t) = Z,(1)eM and y,(a,t) = gn(a)e™. We obtain the following eigenvalue problem
( o
A, = =85, [ B~ .,
0
AYy = S:() /0 Bv(a)gh(a)da - (Mv + av)gva

AZp = —BnSpy¥v — WnZh,

dzc}lf) — (A pn 4 m(7))Zn(7), 2
zp(0) = 5’“92037”’
dycfll(ga) = —(A+ pp + apa) + rp(a)gn(a),




We notice that the two equations for Z, and Zj; are decoupled from the equation for ¢,, Zp, ¥n.
Hence, the equations for z, and Z; are independent from the equations for ¥,, Zn, yn. Solving the

differential equations for zj, ¥, we have
Eh(T) = Eh(O) 6_)‘77'('1(7') = ﬁhS;;Ogv e_)\Tﬂ'l(T),

o (2.10)
gn(a) = gn(0) e my(a) = BrShybv e_>‘“7r2(a)/0 m(r) e (7)dr.

Substituting for g (a) in the second equation of (2.9), we can obtain the following equation

A+M+%:ghs;05;;0/ m(r)e > x dT/ By(a)e=m5(a)da. (2.11)
0

Now we are ready to establish the following result.
Proposition 2.1 If
Ro <1,
then the disease-free equilibrium is locally asymptotically stable. If Ro > 1, it is unstable.
Proof. Assume

Ro < 1.

We set .
LHS “ )\t 1y + au,

de 00 AT o —a
RHS “ Gi(\) = 8,55, S;, [ m(r)e= > my(7)dr [ B,(a)e > *ma(a)da.
Consider A with ®A > 0. For such ), following from (2.12), we have that

(2.12)

|ILHS| > py + o,
[RHS| < Gi(RN) < G1(0) = 3,57 57, / Py (r)dr / Bu(a)ms(a
:M/ . dT/ B,(a)ma
Mo b 0
= R(py + ) < |LHS)|.

This gives a contradiction. Hence, we have shown that equation (2.11) cannot have any roots with
non-negative real parts. Therefore, the disease-free equilibrium £y depends on the eigenvalues of the
equations for x, and zp. It is evident that A = —pu, and A = —pup, so the disease-free equilibrium
&y is locally asymptotically stable if Ry < 1.

Now assume
Ro > 1.

We rewrite the characteristic equation (2.11) in the form

(A 1o + o) — B S% S / m(r)e N (7)dr / By(a)e 7 (a)da = 0. (2.13)
0
We denote

Go(A\) = (A =+ pho + ) — BuS%, Sf, /0 T n(r)e T (r)dr / By(a)e>my(a)da. (2.14)
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Thus equation (2.13) has turned into the following characteristic equation

Go(N) = 0. (2.15)
For )\ real we have
Go(0) = (o + o) — G5, S5 / " () (r)dr / " Bu(a)ms(a)da
0 0
— (o + aw)(1 — Ro) < 0.

Furthermore, limy_,o, G2(A) = +o00. Hence, the characteristic equation (2.15) has a real positive
root. Therefore, the endemic equilibrium & is unstable. This concludes the proof. O
Now we turn to the local stability of the endemic equilibrium &1 if Ry > 1. The result on local
stability of the single-strain equilibrium &; is summarized below
Proposition 2.2 Assume Rg > 1, then the endemic equilibrium &1 is locally asymptotically stable.
Proof. We study the linearized equation around the endemic equilibrium £;. We introduce the
following notation for the perturbations S,(t) = S; + x(t), I,(t) = I} + yu(t), Su(t) = S; +
xp(t), En(r,t) = Ep (1) + 2n(7,t), Ip(a,t) = I} (a) + yn(a,t). The system for the perturbations
becomes (2.16)

d:c;t(t) == /OOO Bu(a)yn(a,t)da — ,(t) /Ooo Bo(a)I: (a)da — pymy(t),

dygt(t) = 5 /0 N Bu(a)yn(a; t)da + x(t) /0 h Bo(a) Iy (a)da — (piy + a)yu (),

d$£t(t) = —BnShy(t) — Bran(t) 1y — ppan(t),

d%f) = —(A+ pu, +m(7))zn (7, 1), (2.16)
21,(0,t) = BrShyo(t) + Bran(t) I,

dygifla) = ~(A+pn +ap(a) +ri(a))yn(a,t),

yn(0,t) = /Ooo m(T)zp (T, t)dT.

An approach similar to [23] (see Appendix B in [23]) can show that the linear stability of the system
is in fact determined by the eigenvalues of the linearized system (2.16). To investigate the point

spectrum, we look for exponential solutions (see the case of the disease-free equilibrium) and obtain



a linear eigenvalue problem.
ATy = _S:;/ ﬁv(a)yh(a)da - xv/ ﬁv(a)lit(a)da — Moy,
0 0

Ao = S /0 Bu(a)yn(a)da + o /0 Bo(a) I} (a)da — (1o + )y,

Az, = —2,(0) — ppen,

ED) — (3t g+ mle) (), (2.17)
2r(0) = BrSpyw + Brlywn,
dng(La) = —(A + pn + anla) + ri(a))yn(a),

yn(0) = /0 () ().

\
Solving the differential equation, we have

21 (1) = 2 (0) e i (7),

yn(a) = yn(0) e **mo(a) = 2,(0) e **my(a) / m(7) e Ty (7)dr.

0
Substituting for y;, in the second equation of (2.17), we can obtain the following equation
(it [ Bu@iaddais, + S;pN)(0) =0,
0
i, / Bu(a)T (a)da + (A + 1o + aw)ys — STH(\)z1(0) = 0,
) (2.18)

()\ + uh)xh + Zh(O) =0,
—Brlyzn — BaSpyw + 21 (0) = 0.

By direct calculation, we obtain the following characteristic equation:

A+ 1o + /0 " Bu(@)TE(@)da) A+ 1+ 6w) A+ i+ BTZ) = BuSTSTHONA + ) A+ jin)-

(2.19)
We divide both sides by (A + py)(A + p), then we introduce the following notation.
Gs(\) = (A + o + fooo ﬁv(a)fi(a)da)@ + o + ) (N + pp 4 Brly)
Ga(\) = BaSESTB(N) = BaS; S / m(r)e=>m (r)dr / By (a)e=>ma(a)da.
0 0
Thus (2.19) can be expressed as the the equation
G3(A) = Ga(N). (2.21)
If A is a root with A > 0, it follows from equation (2.20) that
Gs(N)] > (A + pio + | = pao + .
(2.22)

10



From system (2.2), we have

BuS7 S /0 () ()dr /0 " Bu(a)ma(a)da = 1o + .

Hence,

Ga(N)| < 1Ga(RA)| < Ga(0) = BnS, S, /OOO m(7)my (T)dr /Ooo Bu(a)m(a)da (229

=t + @ < [G3(A)].

This leads to contradiction. Hence, for R\ > 0, (2.21) has no solutions. Thus, the characteristic
equation has only solutions with negative real parts. Therefore, the endemic equilibrium &; is

locally asymptotically stable if Ry > 1. This concludes the proof. g

3 Global stability of the disease-free equilibrium

In the previous section, we have established that equilibria are locally stable, that is, given the
conditions on the parameters, if the initial conditions are close enough to the equilibrium, the
solution will converge to that equilibrium. In this section our objective is to extend these results
to global results. That is, given the conditions on the parameters, convergence to the equilibrium
occurs independently of the initial conditions.

As a first step, we establish the global stability of the disease-free equilibrium. We will use a
Lyapunov function to approach the problem. We need to integrate the differential equation along

the characteristic lines. Denote the initial condition by Bg(t), Bi(t):
Bp(t) = En(0,t),  Bi(t) = Ix(0,1).

Integrating along the characteristic lines, we obtain

Bg(t —1)m (1), t>T,
Eh(T t) = (
y 1 7—)
—1 t
S N (3.)
Br(t — a)ma(a), t>a,
Ih(a t) T (
5 9 CL)
— t
Y(a )Ma_t), <a
Theorem 3.1 Assume
Ro < 1.

Then the disease-free equilibrium &£y is globally asymptotically stable.
Proof. We will use a Lyapunov function. We adopt the logistic function used in [22, 31, 32]. Define

fle)=2z—1—Inx.

11



We note that f(z) > 0 for all z > 0. f(x) achieves its global minimum at one, with f(1) = 0. Let
/ Bu(s fas(#h-l-ah (o)+ry (U))dgds,

Bnlnh /°° — 2 m(o))d
- =  q(0 m(s)e” Jr \HRTMNT))AT Jg.
Nhﬂv(///v + av)q( ) T ( )

(3.2)

We notice that
p(0) = Ro.

Differentiating (3.2) first, we obtain

q'(a) = —Bu(a) + (pn + an(a) + rr(a))q(a),

(3.3)
T a(Q)m(r) + (. + m(r))p(7).

/
p\T)=—
( ) ,uhluv(,uv +

According to (2.6), we have A = % So we define the following Lyapunov function:

U (t) = U11 (t) + U12 (t) + U13 (t) + U14 (t) + U15 (t)a (34)

where A S
* h
S_*Iv(t)7 U13( ) = Shof(s;zo

U11( ) Af( U12(t) = )7

5 )
UL, (1) = /0 () B ) N / o) Iy (a, 1)d

Because of the complexity of the expressions, we take the derivative of each component of the

Lyapunov function separately

, A Sao o0
U (t) = 5 <1 ~ 5, ) <AU — SU/O By(a)Ip(a,t)da — ,uUSU>

A S >
. <1 o ><Ms;50 S-S, [ ﬁm)fh(a,t)da) (35)
V0 v 0
Apy(Sy — S;ﬁo)2

A o0 o0
o | onanda+a [ s@ia. e

UL(t) =55, [ Bu@li(atda = (n,+ )1

N (3.6)
) / Bu(a) I (a, )da — GuS}, I,
Svo 0
Noting that E}(0,t) = 8, Sh1,, we have
, S
U, =(1- S— Ap — BrSnly — pnSh
h
Sho
1- S—h PnShy — BrSh — BuSnly (3.7)
(S — Si ) .
= —S—hho — Eu(0,t) + B1,Sp, L

12



oEn\T,t) 4

UL = | e,
- [ o[PS G i) ar

——| [T owantro+ [+ miepiomear]

(3.8)
— B 0F - [ B0+ [ m(e e B0
= pO)EN0.1) = 3q(0) | m(r)En(r.tydr
0
= REL(0,1) — Ag(0)T(0,1).
Similarly to (3.8), we obtain
o oIy (a,t
U0 == [ a0 28 4y + (o) + ra(@) a0 da
0
o (3.9)
— Ag(O)In(0,8) — A / 8y (a) Iy (a, t)da.
0
Now differentiating (3.4) we have
A v Sv _S* 2 [e'e) (o)
vl =SB =SS A / Bo(a)In(a, t)da + A / B,(a)In(a, t)da
SUS:;O S:;o 0 0
a)In(a,t)da — B Sh I,
3.10
pn(Snp — S; )2 ( )
_S— ER(0,t) + BrSh, Lo + RER(0,1) — Aq(0)11,(0,t)
+Aq( Ih 0 t / Bv Ih a, t
Canceling all terms that cancel, we simplify the above expression:
Apo(So = 55> 1n(Sh — S;,)°
Ui(t) =- 5,57 - S “— + (Ro — 1) Ex(0, ). (3.11)

The last inequality follows from the fact that Ry < 1. Notice that U] equals zero implies that
Sy =83, Sn =154, En(0,t) = 0. We define a set

Vo’

91 = {(SU7IU7Sh7Eh7Ih) S Q‘U{(t) = 0}

LaSalle’s Invariance Principle [24] implies that the bounded solutions of (2.2) converge to the largest
compact invariant set of ©1. We will show that this largest compact invariant set is the singleton
given by the disease-free equilibrium. First, we notice that equality in (3.11) occurs if and only if
5, =55,

line (3.1), we have that Ey(7,t) = Ep(0,t — 7)m1(7) = 0 for all ¢ > 7. Hence, tlim En(r,t) =0 for
—00
t > 7. Noting that

Sy = S}’;O, Ep(0,t) = 0. Thus, from the solution for the equation along the characteristic

I,(0,t) = /000 m(T)E(T,t)dr.
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So we have tlim I1,(0,t) = 0. Thus, we have
tlim In(a,t) =0, t > a.

Therefore, we conclude that the disease-free equilibrium is globally stable. This completes the

proof. O

Our next step is to show the global asymptotic stability of the epidemic equilibrium in system
(2.2)

4 The uniform strong persistence of vector-borne disease

In the previous section, we saw that if the reproduction number is less or equal to one, The vector-
borne disease dies out. In this section, we assume that for Ry > 1,we will show that the vector-borne
disease persists.

From Proposition 2.2 we know that under the specified conditions the equilibrium & is locally
asymptotically stable. It remains to be established that £ is globally stable. We expect to show this
result using a Lyapunov function, similar to the one used in [22, 31, 32]. With f(z) =2z —1—Inuz,

we define the following Lyapunov function

Ua(t) = Uz, (t) + Uz, (t) + Uy (t) + Uz, () + Usy () + Uz (t) + U, (t) + Ung (1), (4.1)

where

R Jo Ej(T) (4.2)
1 00 . Ip(a,t)
Ut = i o A (B
U, (t) = too Sf(;kls)Eh(()’ s)ds,
[ Sule) (E2(0)?
U27(t)—/t Sy mds,

Us, (t) = 2B (0)t.

One difficulty with the Lyapunov function Us above is that the component Us, is not defined if
Sy = 0, the component U, is not defined if I, = 0, the component Us,, Uy, is not defined if
Sp = 0, the component Us, is not defined if Ej(7,t) = 0, and the component Us, is not defined

if I,(a,t) = 0. To show that the Lyapunov function above is valid, we need to show that Dengue
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virus persists both in the hosts and in the vector. For this to be the case, we need to guarantee
that the initial conditions we start from are non-trivial, that is, the initial conditions are such
that they lead to new infections of individuals and mosquitoes either initially or at some future
point. Mathematically speaking this means that the support of the initial density of susceptible
individuals Sj, intersects the support of 3 or the support of the initial density of susceptible
individuals Sy, intersects the support of (3,(a) either initially or at some future point. Thus, we

define the following set

O = {90 € L1 (0,00)

ds>0: /OOO m(1 + s)p(T)dr > O},

Q2

{veriow

ds>0: /OOO Bv(a+ s)Y(a)da > O}.

Define
90:R+XR+XR+XQ1 x Qo.

Finally, define Xy = QN Qy. We notice that Xg is forward invariant. It is not hard to see that
Q is a forward invariant. To see that €y is forward invariant, let us assume that the inequality
holds for the initial condition. The inequality says that the condition is such that if the support of
By(a) is transferred s units to the right, it will intersect the support of the initial condition. But if
that happens for the initial time, it will happen for any other time since the support of the initial
condition only moves to the right. Similarly, Q) is also forward invariant.

We want to formulate the persistence result for Dengue virus which on one side will justify the
use of the Lyapunov functional Us(t), and on the other, will show that when Ry > 1 the disease
persists in the form of Dengue virus. Consequently, we identify conditions which lead to the
prevalence in individuals and mosquitos being bounded away from zero. There are many different
types of persistence [28]. We identify here the two that we will be working with. We call strain one
uniformly weakly persistent if there exists some v > 0 independent of the initial conditions such

that
lim sup/ Ey(r,t)dr >~ whenever / p(r)dr > 0,
0 0

t—o0

lirnsup/ In(a,t)da >~ whenever / P(a)da > 0,
0 0

t—o0

and

limsup I, (t) >y whenever I,, > 0.

t—o0
for all solutions of model (2.2). One of the important implications of uniform weak persistence of
the disease is that the disease-free equilibrium is unstable. We call Dengue virus uniformly strongly
persistent if there exists some « > 0 independent of the initial conditions such that
oo oo
lig(i)gf/o Ep(r,t)dr >~ whenever /0 o(T)dT > 0,
0o

lim inf In(a,t)da > v whenever / Y(a)da > 0,
0

t—o0 0

15



and

liminf I,,(t) > v whenever I, > 0.
o0

t—
for all solutions of model (2.2). It is evident from the definitions that, if the disease is uniformly
strongly persistent, it is also uniformly weakly persistent. To show uniform strong persistence for

the vector-borne disease, we need to show two components.

1. We have to show that the vector-borne disease is uniformly weakly persistent.

2. We need to show that the solution semiflow of system (2.2) has a global compact attractor

<.

First, we show uniform weak persistence of Dengue virus. The following proposition states that
result.

Proposition 4.1 Assume Rg > 1. Then, for all initial conditions that belong to Xo, Dengue virus
is uniformly weakly persistent, that is, there exists v > 0 such that

lim sup B 1, (t) > 7, limsup/ m(7)Ep (7, t)dr > 7, limsup/ Bv(a)Ip(a,t)da > .
t t 0 t 0

Proof. We argue by contradiction. Assume that Dengue virus dies out. In particular, assume that

for every € > 0 and an initial condition in Xy we have

limsup 6,1, (t) < ¢, limsup/ m(7)Ep(7,t)dr < e, limsup/ By(a)Ip(a,t)da < €.
t t 0 t 0

Hence, there exist T' > 0 such that for all ¢ > T, we have

BuL,(b) < e, /0 T n(r) By (r t)dr < e, /0 " Bu(@)n(a, )da < e.

By shifting the dynamical system we may assume that the above inequality holds for all ¢ > 0.

From the first equation in (2.2), and taking into account the above inequality, we have
SI(t) > Ny — Sy — 1Sy, Sy (t) > Ap, —eSh — nSh-

Therefore,

AU . . . Ah
li Sy(t) > liminf S, (t) > C 1 Sp(t) > liminf Sy (t) > :
im sup (t) = lim inf S, (t) cr ., lmsup n(t) = lim inf S (¢) .

Recall that we are using the following notation Bg(t) = Ep(0,t), Br(t) = I;(0,t). Using the
inequality above we obtain

Ay,
€+ Un

Bg(t) = Ex(0,t) = BrSply > On

dl,(t) _ A, [®
> v 1 7t - v vIv-
20> 2 [ @ h(a o = (u,+ o)

L,
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Now, we apply expression (3.1) to obtain the following system of inequalities in Bg(t), Br(t) and
I,(t):

Bp(t) = 5h€ f;h I,
Bit) = /OOO m(r) En(r t)dr > /O m(r) By (t = 7)mi (7)dr, (4.4)
\ d];ft) > c —‘/:Uluv /0 Bv(a)Bj(t - a)ﬂ?(a)da - (Mv + av)Iv-

We will take the Laplace transform of both sides of inequalities (4.4). Since all functions above are
bounded, their Laplace transform exists for A > 0. We denote by Bg()\) the Laplace transform
of Bg(t), by Br()\) the Laplace transform of B;(t), and by I,(\) the Laplace transform of I,(¢).

Furthermore,
Ki(\) = /000 m(T)mi(T)e M dr,  Ky(\) = /000 By(a)ma(a)e ™ da. (4.5)

Taking the Laplace transform of inequalities (4.4) and using the convolution property of the Laplace

transform, we obtain the following system of inequalities for Bg()), Br(\) and I,(\).

(. A
Bp(\) > B, —"

(),
e (A)

Bi(\) = K1(\)Bg(\), (4.6)

M, () — 1,(0) > A

L €+ NUK2()\)BI()\) - (Nv + Oév)jv()\).

Eliminating B7(\) and Al,(\) from the system above, we obtain

, BrAo AR K1 (V) Ko () A BrAn
Be®) 2 i) E+ m)O et o) PN T a0t v o)

1,(0).

This last inequality should hold for the given € =~ 0 and for any A > 0. But this is impossible since
for e ~ 0 and \ & 0, the coefficient in front B () on the right hand side is approximately Rg > 1,

that is, ) )
BNy Ap K1 (A) Ka(A)
(e + po) (e + pn) (A + po + )
In addition, there is another positive term on the right side of this equality. This is a contradiction

~Ryg>1.

with our assumption that
o o
limsup B, 1,(t) <e, lim sup/ m(7)Ep (7, t)dr < e, lim sup/ By(a)Ip(a,t)da < €.
t t 0 t 0
Therefore, there exists v > 0 such that for any initial condition in Xg, we have
o0 o0
limsup Bx1,(t) > v, lim sup/ m(T)Ep(T,t)dT >, lim sup/ Bu(a)In(a,t)da > ~.
t t 0 t 0

In addition, the differential equation for I, can be rewritten in the form

dl, S Ay
dt = v+ o




which in turn, implies a lower bound for I,,. This concludes the proof. O
Our next goal is to prove that system (2.2) has a global compact attractor T. As a first step,

we define the semiflow ¥ of the solutions of system (2.2)

(1 Sy g S 0000 ) = (100 01 5100 Entrt) o))

The semiflow is a mapping ¥ : [0, 00) x Xg — Xj. A set T in Xy is called a global compact attractor
for ¥, if ¥ is a maximal compact invariant set and if for all open sets { containing ¥ and all
bounded sets B of X there exists some 7" > 0 such that ¥(¢,8) C U, for all ¢ > T". The following
proposition establishes the presence of a global compact attractor.

Proposition 4.2 Assume Rg > 1. Then, there exists T, a compact subset of X, which is a global
attractor for the solution semiflow VU of (2.2) in Xo. Moreover, ¥ is invariant under the solution
semiflow, that is

\I’(t,:no) CX forevery z°€%, Vt>0.

Proof To establish this result, we will apply Lemma 3.1.3 and Theorem 3.4.6 in [29]. To show
the assumptions of Lemma 3.1.3 and Theorem 3.4.6 in [29], we split the solution semiflow into two
components. For an initial condition 20 € X, we have W(t,2°) = W(t, 2°) + ¥(t,2°). The splitting
is done in such a way that \i/(t,xo) — 0 as t — oo for every 2° € Xy, and for a fixed ¢ and any
bounded set B in X, the set {U(¢,2°) : z° € B} is precompact. The two components of the

semiflow are defined as follows:

\if(t : SUO,IUO,ShO,go(.),w(-)> = <0,0,0,Eh(-,t),fh(-,t)>,

\i’(t : Svovlvovsho’@(')vw(')> = (Sv(t)alv(t)7Sh(t)aEh('7t)vfh('7t)>’ (47)

where Ej, (7_7 t) = Eh (7_7 t)+Eh(Ta t)a Ih(aa t) = fh(aa t)"'jh(a’ t) and Eh (7_7 t)? jh(a’a t)v Eh (7_7 t)? fh (a7 t)

are the solutions of the following equations (the remaining equations are as in system (2.2))

OF, 0B, .
wre + o —(pn +m(7)) En(7,1),

Ey(0,t) =0, (48)
En(,0) = o(7),

oI, | o1, i
a—th + 8—: = —(un + an(a) +ry(a)) Iy (7,t),

1,(0,t) = 0, (4.9)

In(a,0) = (a).

and ~ ~
OB, 0B, -
ot T o (1 +m(7))En(T,t),
En(0,) = BuSil, (4.10)
Ey(7,0) = 0.
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% + % = —(up + ap(a) + rh(a))fh(T, t),
1,(0,t) = /0 m(7)Ey (1, t)dr, (4.11)
{ I,(r,0) = 0.

System (4.8) is decoupled from the remaining equations. Using the formula (3.1) to integrate along

the characteristic lines, we obtain

0, t>T,

Ep(1,t) = ™ (7) (4.12)
o(r —t m t<T,
0, t>a,

jh(avt) - 7T2(a) (413)
Y(a — t)m, t<a

Integrating E), with respect to T, we obtain:

- 77T1(T) = - TLI(t_FT)T e Hnt - )dr —
/t w(r—ww_t)df—/o o ar < o /0 p(r)dr — 0,

as t — oo. Integrating I, With respect to a, we obtain:

/1/1 7r2a—t /1/1 7T2t+a)al<_uht/ Y(a)da =0,

as t — oo. This shows the first claim, that is, it shows that W(t,2°) — 0 as t — oo uniformly for
every ¥ € B C Xy, where B is a ball of a given radius.
To show the second claim, we need to show compactness. We fix t and let 2° € X,. Note that

X is bounded. We have to show that for that fixed ¢ the family of functions defined by

U(t,2") = <Sv(t),fv(t),5h(t),Eh(T, t),fh(a,t)>,
obtained by taking different initial conditions in Xg is a compact family of functions. The family
{\i’(t, SL’O)|£L'0 € Xo,t — ﬁxed} C Xo,

and, therefore, it is bounded. Thus, we have established the boundedness of the set. To show
compactness we first see that the remaining conditions of the Frechet-Kolmogorov Theorem [12].
The third condition in the Frechet-Kolmogorov Theorem for compactness in L is trivially satisfied
since Ej,(7,t) = 0 for 7 > t and Ij,(a,t) = 0 for a > t. To see the second condition of that Theorem,
we have to bound by two constants the Ll-norms of dE, /01 and 0I;/da. To derive that bound,
first notice that

) Bg(t — 7)m (1), t>,
En(r,t) =
0, t<T,
~ (4.14)
. Bi(t — a)ma(a), t>a,
Ih(aat) -
) t < a,
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where
Bp(t) = BuSh(t)L(t),

00 - t - (4.15)
Bi(t) :/ m(7)Ey (1, t)dT :/ m(7)Bg(t — 7)m1(7)dr.
0 0
First, we notice that for 2% € Xy, B £(t) is bounded. We can see that by recalling that S;, and I,
are bounded. Hence, the Bp(t) satisfies
BE(t) < k.
Therefore, we obtain

Bi(t) = /0 () Ba(t — 1)my (1)dr < o /0 Bt — ) = ks /0 " Bp(r)dr < ikt

Next, we differentiate (4.14) with respect to 7 and a:

O t)\ _ [ 1Bt - D) + Bet -l >
or a 0, t <,

8I~h(a,t)‘ g | By (t — a)|m2(a) + Bi(t - a)|m(a)l, t>a,
da a 0, t <a.

We have to see that | B, (t — )|, |B}(t — a)| are bounded. Differentiating (4.15), we obtain

Bly(t) = b <Sg<t>fv<t> T sh<t>fz<t>),
(4.16)

BI() = m(t) Bp(0)m () + /0 m(F) Bly(t — 1) (7)dr

Taking an absolute value and bounding all terms, we can rewrite the above equality as the following
inequality:

1Be()| < ks,  [Bi(t)] < ka.

Putting all these bounds together, we have
0.y || < kg/ w1 () + Er (o + m)/ 1 ()dr < by,
0 0
” 8ajh H < k4/ Wg(a)da + klkg(uh + ap + Th)t/ Wg(a)da < bg,
0 0

where m = sup.{m(7)}, a, = sup,{an(a)}, 7 = sup,{rr(a)}. To complete the proof, we notice
that ~
/ \Bn(r + hot) — En(r,Oldr <|| 0,8y || |h] < balh],
0

/ \Fn(a + hot) — Tn(a, 8)]dr <|| 9uly || |B] < blh].
0
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Thus, the integral can be made arbitrary small uniformly in the family of functions. That establishes

the second requirement of the Frechét-Kolmogorov Theorem. We conclude that the family is

compact. Il
Now we have all components to establish the uniform strong persistence. The next proposition

states the uniform strong persistence of i,, and Ej,.

Proposition 4.3 Assume Ro > 1. Then, for all initial conditions that belong to Xy, The vector-

borne disease persists, that is, there exists v > 0 such that

hmmfﬁhI (t) >, hmlnf/ T)ER (1, t)dT > 7, hmlnf/ Bu(a)Ip(a,t)da > ~.

Proof. We apply Theorem 2.6 in [13]. We consider the solution semiflow ¥ on X,. We define

three functionals p; : Xo —R4, j = 1,2, 3 as follows:

p1(U(t,2°)) = Bl (1),

pa(U(t, %)) = / m(1)Ey (7, t)dr,
0

= /OO 5v(a)jh(a7 t)da’
0

Proposition 4.1 implies that the semiflow is uniformly weakly p-persistent. Proposition 4.2 shows

that the solution semiflow has a global compact attractor €. Total orbits are solutions to the
system (2.2) defined for all times ¢ € R. Since the solution semiflow is nonnegative, we have that

for any s and any ¢t > s

Brly(t) > Bply(s)e Hotav)i=s)

t
JoSm T)Ey(r,t)dr = By(t / m(7)Bg(t — 7)mi(T)dT > k:l/ Bg(t — 1)dr
0

! /0 Bp(r)dr = k' /0 BuSu(7) L (7)dr

t t
> k‘z/ I,(1)dr = krz/ Iv(s)e_(“”Jra”)(T_s)dT
0 0

B k2I,(s)
B Moy + Oy

/ By(a)Ip(a,t)da /ﬁv 1(t —a)ma(a )da>k:3/Bjt—a)d

= i3 /0 Bi(a)da

21.3 ¢
Z L_[U(S)e(uv-}-av)s/ (1 _ e—(Mv-i-av)a)da.
My + O 0

Therefore, B,1,(t) > 0, [;°m(7)Ey(r,t)dr > 0, [;° Bo(a)ln(a,t)da > 0 for all t > s, provided
I,(s) > 0. Theorem 2.6 in [13] now implies that the semiflow is uniformly strongly p-persistent.

e(ﬂv+0¢v)5(1 _ e_(ﬂv +0¢v)t)

)

Hence, there exists v such that

hmmf Brly(t) >, hmlnf/ T)ER (1, t)dT > 7, limtinf/ Bu(a)Ip(a,t)da > .
0
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Corollary 4.1 Assume Ry > 1 . There exists constants ¥ > 0 and M > 0 such that for each orbit
(Sy(t), Iy, Sp(t), Ep(7,t), In(a,t)) of ¥ in T, we have

¥ < Sy(t) <M, 9 < Sy(t) <M, VteR,

and
V< Bply(t) <M, 9< / m(7)E (7, t)dr < M, VteR.
0

In the next section we show that equilibrium & is globally stable.

5 Global stability of the strain one equilibrium

Now we are ready to establish the global stability of the equilibrium £;. To demonstrate that with
the Lyapunov function defined in (4.1) we have to establish that Uj(¢) < 0 along the solution curves
of system (2.2). The following proposition summarizes the result.

Proposition 5.1 Assume Ry > 1. Then, equilibrium &1 is globally asymptotically stable, that is,
for any initial condition z° € X the solution semiflow converges to ;.

Proof. Since R; > 1, for any initial condition 2° € X we can find a complete orbit (S, (t), I,(t),
Sp(t), En(7,t), In(a,t)) of ¥in ¥ (similarly to the proof of Proposition 4.2) for which the inequalities
in Corollary 4.1 hold and, consequently, there exist €1 > 0 and M7 > 0 such that

I E t
€1§I—Z§M1, €1<M

< — < My, 61§M§M1-
Eh(T)

I3(a)

v
This makes the Lyapunov function defined in (4.1) well defined.
Because of the complexity of the expressions, we make the derivative of each component of the

Lyapunov function separately (see (4.1)).

Ub(t) = . /Ooo ;mmmm (1 - ‘;—) <Av s, /0 " Bo(a)Iu(a, )da — uvsv)
= k- FﬁAw&WNﬂ@m+uﬁ?ﬂ%Aw&wﬂMme—m&l

—ﬁﬂmémmMmﬁMT
_ Nv(Sv - SZ)2
%&mmA m(r)m (r)dr

1 S: o SUIh(CL?t) Ih(a’t)>da

+ 9 Ooﬁv(a)IZ(a) 1-=2 — +
Q(O)/O m(7)m1(T)dT /0 < Sy Syly(a) I;(a)

(5.1)
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Next, we need to take the time derivative of Us,.

-7

S;a(0) [ m(rm(r)ar

0

1_£ ﬁv Ih
= Ly < /‘ﬁv Matda— 0 Q

S14(0 >/°°m< o (7)dr

oy / By(a) T3 (a (sz;*? 1;) Iz)da (52
S*<>/ m(r)m ()dr

Svln(a,t) I, SUIh(a,t)I:
/ Pula)li(a <S*I*<> L sihwnL )™

) [ " n(r)m ()

S
(1 - S—h> <Ah — BrSnly — Mh5h>
h

(1 - g—z> <Eh( ) + unSh — Ex(0,t) — Mh5h> (5.3)

Sp, — S Sh Sh
_ (S — Sp)* 4 (E;;(o) — E(0,t) — Z2E;(0) + —hEh(Oat)>-
Sh Sh Sh

Us,(t) =

<sv / " ul@) T, t)da — (g + amv)

and
Uy, (t)

Differentiating Uy, (t), we have

,( Ep(7,t) 1 OFE(7,t)
U0 R/ () o

E
En(r, t)> 1 <6Eh(7, )
)

0 G+ (B0 ) dr

Her)l, L () omo)
-z PoE0s (G ) -0 [ me et ) o

o * Eh(7—7t)
[ moE

| mom(iar

N~—
&
2
<
7N
&

2
S
>

o
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The above equality follows from (4.1) and the fact
o (VB (7) + p(r) B (1)
= [~ 200)m(r) ¢ G+ )| Ei) = ) + () B ()
— —AqOm(DEL().
We also have
¢ () (@) + a(@1} )
= [~ @)+ G+ n(@) + m@)a@)| @)~ @)+ anla) + ) T
)

Similar to the differentiation of Uy, (t), we have

’ 1 & * ’ Ih(a,t) 1 Z?Ih(a,t)
Us,(t) = — @) T ) da
q(o)/o m(T)7r1 (T)dT /0 ( [h( ) > [h( ) ot

o a njmm(f)df I Q(am(a)df<%>
0

(1O - [~ m@ri@ D 5.5

h
q(0) /0 m(7)m(T)dT

e " Ih(O,t) Ih(O,t) > N Ih(a,t)
| B - mSshar [ @i

/0 m(7)m(T)dT q(O)/O m(7)m(T)dT

Finally, we differentiate Us,(t), Uz, (t) with respect to ¢, and we have

*

Use(t) = _%:Eh((),t)» (5.6)

_ Sh (E,(0))°

/ _
Ual) = =5 B0,0)
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Adding all five components of the Lyapunov function, we have
po(Sy — S5)°
55,40 [ m(rym (r)dr
0

1 o * S;k Sth(aat) Ih(aat)
"o ) [ mir) / o)1~ - G+ )

S Ih a t) Iv SUIh(a,t)I;j
/ Gul@)ia <S*I*<> I S )"

Uyt) =~

q(0) /0°° m(7)my(7)dr
_Q*)\2 x ;
S5 (0) - B0~ ) + %Ehmw) 6.9

Eh(w)_/0 m(r) B} (r) (5 ()w
5;(0) /

o (0 .1
| g - / Bu)li0) (oo

| mmar 4(0) /0 m{r)m (r)dr

+E3,(0,t) — E;(0) — E}(0) In

+

_S_ZE (0,1) — & E:(O,t) + 2E5(0).

Canceling all terms that cancel, we simplify (5.8):

/ o NU(SU - 53)2 :uh(Sh - S*)2

UZ(t) - . 9 - Sh h

SxSuq(0 ) m(r)m(7)dT
I, S, Ih(a,t)lj Ih(a,t)
/ L@ - g - - S+ e
q(O)/O m(7)my(7)dT
Sh Sh (Bj(0) Ep(0,1) . (5.9)
550 - F iy~ B0 g +25(0)

]
o0 Ih(O t) Eh(T,t) Eh(T,t) I (0)
|, memio 0 B T EO n00)"

- m(7)my (7)dr
0

+

Noting that

(5.10)




Indeed,

Z( )
_ In(0,2) -~
= I;;(O) Ih(O) —I(0,t) =0, -~
" mngin (B0 GO )
E;;(T) Ih(Ovt)
= I;:(O) - — OomT “(r)dr
- 5 / m(D)Balr.)ir = [ m(r)Ei(r)d
_ I;E(O))I (0,4) — I7(0) = 0.
Using (5.10) to simplify (5.9) we obtain
v = - polSv — Sy)? B uh(ShS— Si)?
S25,4(0) / m(F)m (7)dr h
[ BRI G + s
q(0) [ m(r)mi(7)dT (5.12)

~E}(0) [f @—Z) +f (%—: EEhht()Oi >] ’
1(

(0,1)
1 = B0 (0)
[ T>dr/o B (5 )
0

Hence, Uj(t) < 0. Define,

62 - {(SU,Iv,Sh,Eh,Ih) S XO

Us(t) = 0}.

We want to show that the largest invariant set in O is the singleton &;. First, we notice that

equality in (5.9) occurs if and only if S,(t) = S5, Si(t) =S}, I,(t) = I, and

Ih(a, t)
I (a)

Ei(0) . E(n0)Ii0)
En0.) 7 BOI0,1)

=1, (5.13)

Thus, we obtain
In(a,t) =1I;(a), ER(0,t) = E;(0).

According to (4.1),
En(1,t) = BE(t — 7)m1 (1) = ER(0,t — 7)m1(7) = E;(0)mi(7) = Ej (1), t > T.

Furthermore, we obtain Ej(7,t) = E; (7). We conclude that the largest invariant set in ©5 is the

singleton &;. Reasoning similarly to [22] can show that the compact global attractor € = {£;}. O
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60 Discussion

In this paper, we formulate a partial differential equation (PDE) model describing the transmission
dynamics of a vector-borne disease that incorporates both incubation age of the exposed hosts and
infection age of the infectious hosts. An explicit formula for the basic reproduction number R g is
obtained for the infection-age structured vector-host epidemic model. We show that if R of system
(2.2) is less or equal to one, the disease-free equilibrium is locally and globally asymptotically stable.
That means the disease dies out while the endemic equilibrium is not feasible. On the other hand,
we show that if R is greater than one, system (2.2) is permanent and the endemic equilibrium
is globally asymptotically stable. Therefore the disease becomes endemic. As a result, the global
stability of the equilibria of system (2.2) is completely determined by its basic reproductive number
Ro. Hence, to control the disease, a strategy should be devised to reduce the reproduction number
to below one.

Examining the reproduction number more closely reveals that the relative impact of the recruit-
ment rate of susceptible vectors A,, the transmission rate 85, and the specific age-since-infection
transmission coefficient (3,(a) of the infected host individuals increases Ro. It is easy to see that
Ry is an decreasing function of the death rate of the vector individuals u, and the recovery rate
of the infected vector individuals a,,. It is also evident that Ro decreases with the rates r,(a) and
ap(a) that give recovery and disease-induced mortality of infected hosts.

Furthermore, to see the link between Rg and the removal rate of the exposed host individuals
with the incubation age 7, we first need to transform the reproduction number Ro. We will use
the representation of R¢ given in (2.3) and (2.5).

S (LS o
Ko = Mv#h(qurav)/O m(7) 1(7)‘17/0 By(a)ma(a)da

On Ay Ay, /OO it = [T m(o)d /oo
- @ m(T)e ﬂ'e Jo mlo O'dT ﬁv a7 (a da
/Lvﬂh(:uv + av) 0 ( ) 0 ( ) 2( )

Ay A o0 L 00
- %[— /0 (un — pu, — m(7))e HnTe™ Io m(a)dUdT:| /0 By(a)ma(a)da

BrlyAp [ /°° e (T oo
= - -  |1- e HRT o Io m(o)dodT / B8,(a)ms(a)da
Pofth(po + ) i 0 0 (a)m2(a)

Denoting by
o)
p — / e_lLLh,Te_ fOT m(o)dUdT.
0

M/ B.(a)ma(a )da<1—,uhp>

Pobtn(fo + )

We obtain

Taking the p derivatives of Rg

dRo By An /
— = —Up— (@) da < 0.
dp Hh :uv,u'h My + Oév ﬁ 2( )
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We have that p decrease with the increase of m(7) and R¢ decreases with increase of p. Thus we
have that increasing m(7) increases the reproduction number R .

In conclusion, our model and its analysis suggest that a better strategy of beginning mosquito
control is to remove possible breeding grounds, because the larvae and pupae cycle of the mosquito
is aquatic. Mosquitoes lay eggs in stagnant water, that is to say, larvae need standing water to
prosper, so we must remove items that retain standing water or construct ways to keep the water
moving. Furthermore, we can look for shaded rest areas used by adult mosquitoes and eliminate
them. When we are outside during the day and evening hours, we can wear long sleeves and pants
to prevent the bites of mosquitoes and the transmission of disease. If the infected host individuals
who are in the latent period take an active drug therapy in time, the total number of the infected
hosts with the virus may become small. At last it is interesting that the disease prevalence will

decrease with the increase of the disease induced death rate ay(a) at the age of infection a.
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