ALEKSANDROV-CLARK THEORY FOR DRURY-ARVESON SPACE

M.T. JURY AND R.T.W. MARTIN

ABSTRACT. Recent work has demonstrated that Clark’s theory of unitary perturbations of the
backward shift restricted to a deBranges-Rovnyak subspace of Hardy space on the disk has a
natural extension to the several variable setting. In the several variable case, the appropriate
generalization of the Schur class of contractive analytic functions is the closed unit ball of the
Drury-Arveson multiplier algebra and the Aleksandrov-Clark measures are necessarily promoted
to positive linear functionals on a symmetrized subsystem of the Cuntz-Toeplitz operator system
A+ A*, where A is the non-commutative disk algebra.

We continue this program for vector-valued Drury-Arveson space by establishing the existence
of a canonical ‘tight’ extension of any Aleksandrov-Clark map to the full Cuntz-Toeplitz operator
system. We apply this tight extension to generalize several earlier results and we characterize all
extensions of the Aleksandrov-Clark maps.
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1. INTRODUCTION

The Drury-Arveson space, Hg, of analytic functions on the open unit ball B¢ := (C%); of
d—dimensional complex space is the reproducing kernel Hilbert space (RKHS) H (k) of functions on
B¢ corresponding to the positive kernel function & : B¢ x B¢ — C:

1

Faw) =g

zZ,w € B<.

Here zw* := (w, 2)ca = 21W1 + ... + 24W4, all inner products are assumed conjugate linear in the first
argument. In the case where d = 1 we recover the classical Hardy space H?> = H?(D) of analytic
functions on the disk D which have non-tangential boundary values almost everywhere on the unit

circle T with respect to normalized Lebesgue measure m.
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Any reproducing kernel Hilbert space H(k) on a set X is naturally equipped with a multiplier
algebra, Mult(H(k)), the algebra of all functions on X which multiply elements of H (k) into H(k):

Mult(H(k)) == {F : X — C| Fh € H(k) Yh € H(k)}.

Identifying Mult(H(k)) as linear transformations on H(k), a closed graph theorem argument shows
that Mult(H(k)) C Z(H(k)) consists of bounded linear maps. It is also straightforward to check
that the multiplier algebra is closed in the weak operator topology (WOT).

The Schur-class for Drury-Arveson space is the closed unit ball [H3°]; of the multiplier algebra.
Again in the case where d = 1, we recover the usual Banach algebra H* = H>(D) of bounded

analytic functions on D and the Schur class of contractive analytic functions on the disk.
Given any Schur class b € [H3®]1,

_1- b(z)b(w)*

b
1 — zw*

kb (z,w) :
defines a positive kernel function on B? and one defines the deBranges-Rovnyak space K (b) := H (k)
to be the corresponding reproducing kernel Hilbert space (RKHS) of analytic functions on B¢. One
can check that k — k® is again a positive kernel function and standard RKHS theory then implies
that K (b) is contained contractively in H7 [1, Corollary 5.3]. Recall that multiplication by the
independent variable z defines an isometry S on H? = H?(D) called the shift. The shift plays a
central role in the theory of Hardy spaces [2]. The adjoint S* of the shift is called the backward
shift,

) = 1B SO e ep

Every deBranges-Rovnyak subspace of H? is invariant under S*, and the restrictions of the backward
shift to deBranges-Rovnyak spaces can be used to construct a functional model (a special case of the
deBranges-Rovnyak functional model) for arbitrary completely non-coisometric (c.n.c) contractions
[3, 4, 5, 6, 7, 8]. (The full deBranges-Rovnyak model is constructed using a two-component RKHS
with K (b) as its (1,1) entry).) This is one important reason for interest in these spaces from the
point of view of operator theory. The theory we develop in this paper can be applied to extend this
deBranges-Rovnyak model to a class of generally non-commuting row contractions which generalize
c.n.c. contractions with equal defect indices [7, 9]. Standard references for the theory of deBranges-
Rovnyak spaces on the disk are [8, 3], and most of the basic theory we will generalize can be found
in [8].

We are motivated by the theory developed by D.N. Clark in [10] concerning unitary perturbations
of the restriction of the backward shift to a deBranges-Rovnyak space K(b). Clark considered the

case of inner b in which case K (b) is a co-invariant model subspace of H2. We will closely follow the
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extension of this theory to the Schur class of contractive analytic functions on the disk as presented

in [8], and as extended to Drury-Arveson space in [11].

1.1. Clark Theory in the classical (d = 1) case. There is a natural bijection between the Schur
class [H*]; of (purely) contractive analytic functions on the unit disk and the Herglotz class of all
analytic functions on the disk with non-negative real part given by

140 H-1

b— Hy = ——; and H— by = —.

YTy T H11
(Any Schur class b is either purely contractive, i.e. |b(z)|] < 1,V z € D or b is a unimodular
constant.) There is also a natural bijection between Herglotz functions modulo imaginary constants
and non-negative Borel measures on the unit circle given by the Herglotz representation formula:
given any Herglotz function H on the disk, there is a unique non-negative Borel measure p on the

unit circle so that

(1.1) H(z):z’Im(H(O))—I—/Tii—zg:,u(dC).

In the above ¢* := { denotes complex conjugate. Conversely, given any non-negative Borel measure
on T (and any imaginary constant), this formula defines a Herglotz function on the disk. It follows
that one can associate a unique non-negative Borel measure p; on the unit circle to any Schur class b.
We will refer to this measure as the Herglotz measure of b. More generally there is a U(1)-parameter
family (the one-dimensional unitary group, identified with the unit circle T) of measures naturally
associated with b, the Aleksandrov-Clark measures. Namely, given any contractive analytic function
b and any « € T, the Aleksandrov-Clark (AC) measure pu, is defined to be ppa+, the Herglotz

measure of the contractive analytic function ba*,

1+0b(z)a* . 1+ 5(0)a* 1+ 2¢*
1—b(z)a* im (1 - b(O)a*) +/£r 1- z(*'ua(do'

For any non-negative Borel measure p on the circle T, let L?(u) denote the Hilbert space of
p—square integrable functions on T. Since p = u;, for a unique Schur class b € [H*];, we will often
use the notation L?(b) for L?(u). Let P?(b) denote the closure of the analytic polynomials in L2(b),
i.e.

n>0

and let P2(b) be the closed linear span of the non-constant monomials in L2(b),

P5(b):=\/ ¢* c P*(b).

n>1
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The Schur class is a convex set and b € [H*]; is an extreme point if and only if 1 — |b| fails to

be log-integrable:
/ln(l —[b(¢)]) = —oc0 & b is extreme,
T

[2, Chapter 9]. Since the Radon-Nikodym derivative of any AC measure p, for b with respect to

normalized Lebesgue measure m is [12, Proposition 9.1.14]:
%(C): 1_|b(<)|2
dm [1—0b(C)a*|?’

it follows that b is an extreme point if and only if

/ln (%) dm = —o0,
T dm

so that Szegd’s theorem implies that b is an extreme point if and only if P%(b) = P§(b), i.e. if and
only if the closed linear span of the non-constant analytic monomials contains all of the analytic
polynomials in L?(b) [2, Chapter 4]. It is not further not hard to show that P?(b) = PZ(b) if and
only if P%(b) = L?(b).

In the seminal paper [10], D.N. Clark established the following results for the case of inner b (the

general versions below can be found in [8, Chapter III]).

Theorem 1.2. For any « € T and any b € [H*]; the weighted Cauchy or Fantappié transform
Fo defined by

Faf)e) = (1= [ L e

is a unitary transformation from P%(u,) = P?(ba*) onto the deBranges-Rovnyak space K (b).

Given any Schur class b and o € T, let Z := Z**" denote the unitary operator of multiplication
by the independent variable in L%(u,) = L?(ba*). Clearly P?(ba*) is an invariant subspace for
Z“. Let Y := Z% p2(,,), an isometry which equals Z¢ if and only if b is an extreme point. For
simplicity assume b(0) = 0 and let X := S*|k ).

Theorem 1.3. Given b € [H*®]; (assume b(0) = 0), the weighted Cauchy transform F, intertwines

the co-isometry (Y*)* with a rank-one perturbation of X :
X :=F(Y)'TF: = X + (-, 1)S"ba™.

The point evaluation vector at 0, k§ =1 € K(b) is cyclic for each X.
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If b is an extreme point of the Schur class then Y = Z< is unitary so that each X is a rank-one
unitary perturbation of the restricted backward shift X. In this case if P, denotes the projection-
valued measure of X then 1y (1) = (Pa(2)1,1).

Remark 1.4. In the case where b is an extreme point, the inverse of the weighted Cauchy transform

F, implements a spectral realization for the unitary operator X .

1.5. The several variable case. These and other related results were recently generalized to
the several variable case of Drury-Arveson space H7 by the first author [11]. The several variable
generalizations of Clark’s results as presented in [8] demonstrate that many of the proofs are algebraic
and dimension-free. Fascinatingly, as soon as d > 1, this theory applied to the commutative operator
algebra H3° reveals fundamental connections to non-commutative operator algebra theory, namely

to Popescu’s noncommutative Hardy space theory, and free semigroup algebra theory [11, 13, 14].

In contrast with the d = 1 case, it is well known that not every bounded analytic function on the
ball B¢ is an element of HZ°. Tt is not difficult to show that a contractive analytic function b on the

unit ball B¢ belongs to the Schur class [HS°]; if and only if the deBranges-Rovnyak kernel:

_ 1 —b(z)b(w)*

1 — zw*

K (z,w) : )
defines a positive kernel function on B¢ [15]. Similarly, not every analytic function H with non-
negative real part on the ball can be realized as Hj, := (1 — b)~!(1 +b) for a Schur class b € [H5°];
(16, 17]. If H = H, for some Schur class b € [H3°]; we say that H belongs to the Herglotz-Schur
class. Perhaps even more remarkably, and again in contrast with the d = 1 case, the direct analogue
of the classical Herglotz representation formula does not hold in the several variable setting: not

every H in the Herglotz-Schur class can be realized as the integral of the Herglotz integral kernel

142¢*
1—2¢*

as shown in [16, 17, 11], one needs to replace the Herglotz integral kernel with a ‘non-commutative

with respect to a non-negative Borel measure p on the boundary of the ball BY. Instead,

kernel” which takes values in a certain operator subsystem of the Cuntz-Toeplitz operator system,

and the measure p with a positive linear functional on this operator system [16, 11].

Beginning with this observation, natural analogues of the above theorems of Clark and related
results were obtained in the several variable case of b € [H$°]; [11]. To obtain a suitable gener-
alization of the unitary perturbation theorem it was assumed that the Schur class function b was
quasi-extreme, a property generalizing the Szegd approximation property: L2?(b) = P2(b) = PZ(b)
from the classical single variable case. An open problem that made further generalization difficult in
the several variable setting was whether or not any AC functional p;, had a canonical tight extension

to the full Cuntz-Toeplitz operator system [11, Question 3.6].

Instead of providing a full summary of the results of [11], we will proceed with developing the

theory for the multiplier algebra of vector-valued Drury-Arveson space H 5 ® H. In this setting
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the AC maps are promoted to completely positive maps into .Z(H). This does not significantly

complicate the analysis from the scalar-valued case, for the most part.

1.6. Outline. In the following section, Section 2, we develop the noncommutative Cauchy or Fan-
tappie transform and Herglotz representation formulas for the vector-valued case. Our approach is
slightly modified from that of [16, 11] and makes use of a partial d-isometry V? acting on a repro-
ducing kernel Hilbert space .2 (b) which we call the Herglotz space associated to b € [H3® ® Z(H)]:.

In Section 3 we apply our Herglotz space framework and the partial isometry V?® to construct
a natural completely positive (CP) extension v}, of the Aleksandrov-Clark CP map up to the full
Cuntz-Toeplitz operator system, and we prove that this extension is the unique tight extension in the
sense of [11, Definition 3.2]. We then show that the set of all extensions of u, can be parametrized
by cyclic isometric extensions of this partial isometry V? and several equivalent characterizations

of the quasi-extreme Szegd approximation property are developed.

Section 4 contains our results on the Gleason problem for K (b) and our generalization of Clark’s
unitary perturbation results [8]. Solutions to the Gleason problem are the appropriate several
variable analogue of the restriction of the backward shift to a deBranges-Rovnyak space in the single
variable case. We show that the set of all contractive Gleason solutions for K (b) is parametrized by
the set of all contractive extensions of the partial d—isometry V' on the Herglotz space .Z(b). The

equivalent characterizations of quasi-extremity are summarized in Theorem 4.19.

Finally, Section 5 gives some examples of the foregoing constructions in the case of inner b.

1.7. Vector-valued RKHS. We will be working with vector-valued reproducing kernel Hilbert
spaces (RKHS) of analytic functions on the unit ball B = (C?);. Recall the following basic facts
from RKHS theory:

Given a set X C C%, and an auxiliary Hilbert space H, a vector-valued RKHS X on X is a

Hilbert space of H-valued functions on X so that for any = € X the linear point evaluation maps
K} e (K, H) defined by

K}F = F(z) € H; F,eX

are bounded. We write K, := (K})* € Z(H,X) for the Hilbert space adjoint. The operator-valued
function K : X x X — Z(H):

K(z,y) = K; K, € Z(H); z,y € X,

is called the reproducing kernel of X. One usually writes X = H(K). The reproducing kernel K of
any vector-valued RKHS on X is a positive kernel function on X: A function K : X x X — Z(H)
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is an operator-valued positive kernel function on X if for any finite set {:ck}szl C X, the matrix
(K (z,2)] € L(H) @ CV*N,

is non-negative. The (vector-valued extension of the) theory of RKHS developed by Aronszajn and
Moore (see e.g. [1]) shows that there is a bijection between positive .2 (H)-valued kernel functions
on X x X and RKHS of H-valued functions on X. Namely, given any positive kernel K on X there
is a RKHS X on X so that K is its reproducing kernel, X = H(K). If F': X — JH is a function in
XK, then the kernel K reproduces the value F(z) € 3 at the point © € X in the sense that for all
h e X,

(F(2), h)ac = (F, Kzh)ae(x).-

1.8. Drury-Arveson, deBranges-Rovnyak and Herglotz spaces. This paper takes place in
the setting of vector-valued Drury-Arveson space H2®H, where K is finite dimensional or separable.
This is the vector-valued reproducing kernel Hilbert space H(k) of H-valued functions on the ball

X =B? = (C%); corresponding to the several variable operator-valued Szegé kernel:

1
k = —I5.
(Zv ’LU) 1 — 2™ H
We will use the notation H3® @ Z(H) := Mult(H3 ® H) (the multiplier algebra is the closure of
this algebraic tensor product in the weak operator topology on H3 @ H). The Schur class is the

closed unit ball of this multiplier algebra, [H® ® Z(H)]1.

Recall that not every contractive analytic £ (H)-valued function b belongs to [H® @ Z(H)l;.
Given such a b, it is not hard to check that b belongs to the Schur class of vector-valued Drury-

Arveson space if and only if

_ I —b(2)b(w)*

EP(z,w) - T

€ L(H); z,w € BY

defines a positive .Z(H)-valued kernel function on B? x B¢ [18, 15]. The deBranges-Rovnyak space
K (b) := H(k®) is defined as the corresponding RKHS of H-valued analytic functions on BY. As in
the classical case it is straightforward to verify that k — k® (where k is the Szegé kernel for H2 ® 3()
is again a positive .Z(H()-valued kernel function on B? so that vector-valued RKHS theory implies
that K (b) is contained contractively in H? ® 3 [1, Theorem 10.20]. That is, K(b) C H? ® H as

vector spaces, and the injection is a contraction.
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The Herglotz-Schur class is the set of all £ (3)-valued functions H on B¢ with non-negative real
part so that
1H(z) + H(w)"

K(zw) = 21— zw*

€ Z(HN),

defines a positive kernel function on B?. A similar argument to [19, Proposition 2.1, Chapter V]
shows that any b € [H® @ Z(J)]1 decomposes as b = by + by on I = Hy @ H; where ||by(2)]| < 1,
Vz € B¢ is purely contractive, or pure, and by is a constant isometry on B? from J; onto its range in
H. We assume throughout that b = by is purely contractive so that I — b(z) is invertible for z € B<.
As before, there is a bijection between purely contractive Schur class functions b € [H3® ® Z(3H)):
and pure Herglotz-Schur functions H (Herglotz-Schur functions for which H(z) + I is invertible on
B) given by:

H(z) = Hy(2) == (I = 0(2)) "I +b(2)); b€ [HF @ LI,
and
b(z) = br(2) := (H(z) + 1) (H(z) = I).
If H = H, is a pure Herglotz-Schur function, then the kernel K can be expressed as

_ le(Z) + Hb(w)*

1.2 K?
(1.2) (2, w) 5 1w

= (I = b(2)) " kb (2, w)(I — b(w)") .

In this case where H = Hy, for a purely contractive Schur class b € [H}® ® .Z(H)]1, we define the
Herglotz space of b to be Z(b) := H(K?), the RKHS of H-valued functions on B¢ with reproducing
kernel K. The above relationship between the kernels k® of K(b) and K° of Z(b) (for purely
contractive b) implies that there is an isometric multiplier Uy : K (b) — Z(b):

Lemma 1.9. The map U, : K(b) — Z(b) defined by multiplication by
(1.3) Up(2) := (I = b(2)) ™",
is an onto isometry. The action of Uy on point evaluation kernels is

Upk® = K2(I — b(2)").

We will omit the superscript and subscript b when this is clear from context.
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2. HERGLOTZ REPRESENTATION FORMULA AND FANTAPPIE TRANSFORM

A bit of straightforward algebra using the formula (1.2) above for the Herglotz reproducing kernel
K = K?, shows

(Kz — Ko)*(Kw — K()) = Z’IU*K:KU)
= ("K.)"(w'Ky);  zweB

In the above, z is viewed as a strict contraction from Z(b) ® C? into £ (b) so that 2*K, €
ZL(H, Z(b) ® C?) obeys

ZiKLh zZ1
ZFK.h=1| | =|!|KheZLboCh
ZaK:h Zd

It follows that one can define a partial d—isometry on .Z(b) as follows: Set

Dom(V) := \/ w*K,h C Z(b) @ CY,
weBe; heH
and
Ran (V) := \/ (Ky,—Ko)hC Z(b).
weB; heH

Here and throughout \/ denotes closed linear span. The above calculations show that the linear
map V : Dom(V) — Ran (V) defined by

w* Kyh e (Ky — Ko)h,

is an isometry from its domain, Dom(V) onto its range, Ran (V) Let V = V? be the partial
isometric extension of V to all of Z(b) ® C* (which is zero on the orthogonal complement of
Dom(V) in Z(b) ® C%). Then V is a partial d-isometry on the H-valued RKHS .Z(b).

It will be helpful to describe the orthogonal complements of the initial and final spaces of V:
First observe that F' € Z(b) is orthogonal to Ran (V) = N, cpaKer((K, — Kp)*) if and only if for
all w € BY,

0= (K, - Kg)F = F(w) - F(0),

in other words, F(w) = F(0) for all w and thus F : B — J is constant. Note that ¥ may be that

V is surjective in which case .Z(b) contains no non-zero constant functions.
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Similarly, a d-tuple F = (Fy,... Fy)T € £(b) @ C? (the superscript T denotes transpose) belongs
to Ker(V) = Dom (V)" if and only if

d
0= (wKy,)'F=> wF;w).
j=1

When d = 1 this condition can only hold if F = 0, so that Ker(V)+ = £ (b). On the other hand

when d > 1 there can exist nontrivial solutions (F1,... Fy) to 27:1 w;Fj(w) = 0in Z(b). One can
show that Ker(V?) is never trivial when d > 1, see Remark 3.18.

2.1. A CP map on a symmetrized Cuntz-Toeplitz operator subsystem. Recall that the
full Fock space F2 over C? is the direct sum of all powers of tensor products of C¢ with itself:

F} = CeC'e (C'2CY) o (C'@C'eCh@..
T (cH™®.
k=0

Given a fixed orthonormal basis {ey} of C%, the left creation operators Ly, € £ (F7) are defined by

tensoring on the left with eg:
Lif =ex@f;  feF]

Each Ly, is an isometry, the Ly have orthogonal ranges (LiL; = 6;;1) and L := (L1, ..., Lq) : F7 ®
C? — F? defines a non-commuting row-isometry on F2 which we call the free or non-commutative
shift. The non-commutative disk algebra A := A, is the unital norm-closed algebra generated by

the left creation operators,
A= \/ Le.
a€Fd
Here F¢ denotes the unital free semigroup on d letters (the unit is the empty word () and one defines

LY = I). We call the corresponding operator system (A 4+ A*)~I'l the Cuntz-Toeplitz operator

system (we will simply write A + A* for this norm-closure).

By the Bunce-Frazho-Popescu dilation theorem [20], V = V? has a minimal isometric dilation
W =W?"on Ky O Z(b) obeying W*| &) = V*. This shows that W* is a d—contractive extension
of V* in the sense that W* agrees with V* on the final space of V: W*(VV*) = V*. We use the
notation D O V for any d—contractive extension of V on J D Z(b). The following is a general fact

that holds for contractive extensions of any partial isometry between Hilbert spaces:

Lemma 2.2. If D is a d—contraction on J D Z(b) then V C D if and only if V* C D*.
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Proof. Suppose that V C D. Since D(V*V') = V(V*V) it follows that (VV*)D(V*V) = D(V*V) =
V(V*V) = (VV*)V. Taking adjoints shows V*(VV*) = (V*V)D*(VV*). It follows that if f =

VV*f is a unit norm element in Ran (V') then

,_.
Y

1D FI = |(V-V)D* FI? + (I = V*V)D* £
IV AP + 11— V*V)D* £
— 14— VYD

This proves that D*(VV*) = (V*V)D(VV*) = V*(VV*) and V* C D*. The converse is similarly

easy to prove. O

It follows that when J = .Z(b), any d—contractive extension D of V has the form V(V) =V 4+Y
where Y : Ker(V) — Ran (V)™ is a contraction.

Lemma 2.3. A d-contraction D acting in a Hilbert space J D £ (b) is an extension of V if and
only if

K.h= (I — 2*D)"'Kyh.
In particular this holds for D =V or D = W, the minimal isometric dilation of V.

Proof. Since the initial space of V is spanned by vectors of the form z*K_.h and D extends V, it
follows that for any z € B¢ and h € h,

D(z"K,h) =V (z*K,h) = (K, — Ko)h.
Writing this out then shows:
(D171 + ... + D4zZa) K. h = (K. — Ko)h.

Solving for Kyh yields
Koh = (I — Dz")K,h,

and since Dz* is a strict contraction, one can invert this expression to obtain

K.h= (I - Dz*)"'Kyh.

On the other hand, if K,h = (I — Dz*)"1Kyh for all z and h, then the above steps reverse to
show that D(z*K,h) = (K, — Ko)h = V(2*K,h), and thus D extends V. O
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Lemma 2.4. Let W be a d—isometry on a Hilbert space H. The map mw : A — L (H) defined
by mw (L®) := W is a completely isometric unital homomorphism which obeys my ((L*)*LP) =
(WO‘)*W'B, for all o, B € F. Moreover myy extends to a completely contractive unital *—homomorphism
Oy : € =C*(A) = L(H) defined by My (L*(LP)*) := myw (L) 7w (L?)*.

Any such map myy is the restriction of a x-representation Iy of €, and is hence x-extendible in
the sense of [21].

Proof. Since W is a row-isometry it follows that (Wy)*W; = &;;I3c, and the relation 7((L*)* L) =

(W)*W?# follows from this. The remaining assertions are standard results of Popescu [13, 22] O

Note here that by results of [11],

Va-zrnt=\ 1»=38

z€B neNd

is the norm-closed operator subspace of A spanned by the symmetrized monomials L™. Here recall
that N is the unital additive semigroup of all d-tuples of non-negative integers, and if A : (F¢,.) —
(N9, +) is the letter counting map,

L* = Z L.

A(a)=n
For example, if d = 2,

L2 = [ L2 4+ L2Ly + LoLy Lo.

Also if n = (ny, ...,ng) € N¢ define |n| := ny + ... + ng. The symmetrized operator system 8 + 8*, as
well as the full Cuntz-Toeplitz operator system A 4+ A* enjoy the semi-Dirichlet property [23, 11]:

$*$c (8+8) I and  A*Ac (A+A5)I

To simplify notation we will simply write 8 + 8* and A + A* in place of the norm-closed operator
Il |-

systems 8 + s and 7 + A We will use the notations CP(8,H) and CP(A,H) for the sets

of all completely positive maps from 8 + 8* and A + A* into Z(H).

Proposition 2.5. Define pp, : 8 + 8* — Z(H) by
py (I —2L*) "I = Lw*) ™) = K(z,w).
Then up is a completely positive map obeying

o (I —2L*) (I = Lw*)™") = K§(I — 2V*) "' (I — Vw*) "' Ko,
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and pup(L™) = KV K.

Proof. Given any d—contraction 7' on a separable Hilbert space H the map ¢ (L%) := T, o € F?
defines a completely contractive unital map and so extends to a CPU map on A + A* [13, Corollary
2.2]. Tt follows that (L") := KV™ K, belongs to CP(8,H). However, since V' is not an isometry,
it is not obvious that , (I — 2L*) "' (I — Lw*) ™) = K§(I —2V*) (I = Vw*) ' K. Indeed, given
any d-contraction T' on K, the relation ¢7((L*)*L?) = (T*)*T? holds for all o, 3 € F? if and only

if T is an isometry.

Let W be the minimal isometric dilation of V' = V® on X, D Z(b). Then for any n € N9,
up(L?) = KEW™P K. Since W D V extends V, we have that for any z,w € B¢,

o (I —2L*)"(I — Lw*)™") = Ki(I—2W*)"'I—-Wuw*) 'K
= KK, by Lemma 2.3
= K%z w)

= Ki(I—2V*)"YI-Vw) 'Ky by Lemma 2.3 again.

The first line in the above equation can be verified using that both W and L are row isometries so

that their component operators obey L;L; = 0;1 and 0y;1 = WEW;. O

Observe that

2K(z,0) = H(z) + H(0)" Hy(2) + Re (Hp(0)) — iIm (Hp(0))

Hy(2) + K(0,0) — iIm (H,(0)) .

One can then express the Herglotz-Schur function Hy(z) as
H(z) = 2K(z,0)— K(0,0)+ilm (H(0))
= K (20 —2V*)"' —=1) Ko + ilm (H(0))
= Ki(I—2V*)"YI+ 2V*)Ko + ilm (H(0))
= (I —2L%)""(I + 2L*)) + ilm (H(0)) .

The span of all (I — Lz*)~1(I + Lz*) for z € BY is dense in § so that y; is uniquely defined by
this formula. Moreover, given any p € CP(8,H), it is not hard to see that

H(z):=p (I —2L*)"'(I + L") € L(H),
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defines a pure Herglotz-Schur function so that the map b — wu; is bijective (modulo imaginary

constants).

‘We then have:

Theorem 2.6. (Noncommutative Herglotz formula) For any b € [H® @ £ (H)], there is a unique
CP map pp : 8+ 8 — ZL(H) such that

1) Hy(2) = L+ ()1 b)) =y (T4 2L — 2L%) ") + il (H,(0))

The map b — pp s a bijection (modulo Im (Hy(0)) € Z(H)).

Observe that (I — 2L*)~1(I + zL*) is a direct analogue of the Herglotz integral kernel appearing

in the classical Herglotz representation formula (1.1). The above defines bijections between:

(1) purely contractive elements in the closed unit ball of H® ® Z (7).
(2) the (purely contractive) Herglotz-Schur class of Z(H) valued functions H on B<.
(3) completely positive maps from the operator system 8 + 8* into .Z(H) (modulo imaginary

constants).

2.7. Noncommutative Fantappié transform. Given p € CP(8,H), we have by the previous
section that p =y, for some b € [H3® @ Z(H)):.

We can use p to construct a Stinespring-GNS type Hilbert space which (following [11]) we will
call P%(p). This space will play the role of the ‘closure of the analytic polynomials in the measure
space L%(p)’ in this several variable case. First consider the algebraic tensor product 8@ equipped

with the sesquilinear form:

(p®h,q® g)u = (h, u(p"q)g),

for any p,q € 8§ and any h,g € . This is well-defined since the operator space § has the semi-
Dirichlet property 8*8 C WIH [11]. As in the usual proof of Stinespring’s dilation theorem, the
fact that p is completely positive ensures that (-,-), is a pre-inner product on 8 ® 3. If N, is the
set of all elements r € 8§ ® I3 which have zero length, (r,7), = 0, then N, is a subspace of 8§ ® H

and (-,-), defines an inner product on the quotient

S H
N,

Let P2?(u1) be the Hilbert space completion of this inner product space. We will also use the notation
P2(b) for P?(uu) when p = .
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We will define unweighted and weighted versions of a Cauchy (Fantappié) transform, imple-
menting a unitary equlivalence between P?(b) and .Z(b), K (b) respectively. For z € B¢ define the

non-commutative Cauchy kernel
C.(L):=(I-Lz*)"tes.
Then for any h,g € H,

<Cz(L) & h, Cw(L) 02y g>u = <h7,u ((I - ZL*)il(I - Lw*)il) g>f}f
(h, K®(z,w)g) 5 by Proposition 2.5
= (Klh, Kb g)2@).

Thus, the Cauchy transform on P?(u), defined by

(2.2) (Co(p @ h)(2) := p(C=(L)"p(L))h,
is unitary from P?(b) onto Z(b).

Since the multiplication F(z) + (I —b(2))F(z) = Uy(2) "' F(z) is a unitary map from .#(b) onto
K (b) (Lemma 1.9), we obtain the weighted Cauchy transform by composition

p&@h— (I =0b(2))u(C=(L)"p(L))h.

This defines a unitary from P2(b) onto K (b).

Theorem 2.8. (Noncommutative Fantappié transform) Given any CP map p = pp : 8 + 8* —
ZL(H), the formula

(2.3) (Fop® h)) (2) = (I = b(2)u ((I = L*2)"'p(L)) h,

defines a unitary transformation of P?(b) onto K(b).

Comparison to Theorem 1.2 shows this is a natural generalization of the single variable fact. For
this reason we view P2(b) as the several-variable analogue of the ‘closure of the analytic polynomials’.
Under the unitary transformation induced by €y, the partial isometry V : Z(b) ® C? — Z(b) is
conjugate to the map V : P%(u) ® C% — P2(u) defined by

(2.4) V(w*(I —w*L) ' @h+ N,) =w*L(I —w*L) @ h+ N,,

and extended to be 0 on C*Ker(V).
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3. EXTENSIONS TO THE CUNTZ-TOEPLITZ OPERATOR SYSTEM

Let pp: 848 — Z(H) be a CP map. Recall that we use the notation CP(8,H) for the set
of all completely positive maps from 8 + 8* into £ (H) and CP(A,H) for all CP maps on A + A*
into £ (H). Further recall that any such CP map pu € CP(8,H) is equal to up for a unique b in the
operator-valued Schur class of H3 @ H.

It will be convenient to briefly review the Stinespring dilation of a CP map ¢ : A + A* — Z(H)
to a unital completely isometric isomorphism of the operator algebra A into Z(H). First, the
Stinespring GNS Hilbert space Q?(¢) is constructed in the same way that we constructed P?(pu).
As before, the construction of @Q?(¢) relies on the semi-Dirichlet property of A: A*A C m”'”.

Consider the algebraic tensor product A ® 3, and the sesquilinear form (-,-), on A ® H defined

on elementary tensors by

(a®@h,b® g)y = (h, d(a™)g)a.

and extend linearly. Again, the facts that ¢ is CP and A has the semi-Dirichlet property implies
that this is a well-defined pre-inner product obeying the Cauchy-Schwarz inequality. Taking the
quotient of A ® H by the subspace

Ny :={z e A® H| (z,x)4 = 0},

yields an inner product space whose completion is denoted by Q?(¢).

Remark 3.1. Since ¢ extends g, the map p®@ h+ N, +— p® h+ Ny from P?(u) into Q*(¢) is a
well-defined isometry, and hence one can view P2(u) as a subspace of Q%(¢). We will often identify
P2(u) with its image under this isometry in Q?(¢), and we will sometimes write P?(¢) for the
embedding of P?(u1) in Q?(¢).

One can construct a Stinespring dilation of ¢, 7, : A — £ (Q%*(¢)) as in the usual proof of Stine-
spring’s theorem. Namely, for any a € A, let m4(a) € Z(Q%*(¢)) be defined by left multiplication:

Te(a)(b@h+ Ny) = (Lo @I)(b®h+ Ny)
ab® h + N¢.

It is easy to check this is a well-defined, contractive and unital linear map. Repeating the construc-
tion of Q?(¢) for the matrix operator algebras A @ CF**,

(A®CFH*) @ (HoCF)
Ny ’

Q*(¢) ® CF ~
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where ¢(F) : A ® CF*F + A* @ CF*F — £(H @ CF) is the k-fold ampliation of ¢, shows that 7,
is a completely contractive unital homomorphism of A into .Z(Q?(¢)). The square brackets in the
above formula denote completion. Recall here that for [a;;] € A ® C*** one defines the ampliation
o®) by ¢*) ([ai;]) = [#(aij)]. The map m, is a dilation of ¢: if [I®], : H — Q3(¢), is the linear
map defined by [I®]sh =1 ® h+ Ny, then

¢la) = [lyme(a)[I®]s;  a €A,

and [I/®], has norm

iZ&]s)* = lle(D)]-

The bounded linear map [I®)], is an isometry if and only if ¢ is unital (if and only if x is unital).

Remark 3.2. By definition, m4(Ly)*74(L;) = 6x;1 so that my(L) is a row-isometry, and Lemma
2.4 implies that 7, : A — Z(Q%*(¢)) is a completely isometric unital homomorphism which obeys
me(a*c) = mg(a)*my(c) for all a,c € A, and is *-extendible to a representation II; of the Cuntz-
Toeplitz C*-algebra & = C*(A).

3.3. Tight extensions. Given any CP pu: 8 4+ 8* — Z(H) as above, let ¢ : A + A* — Z(H) be
a CP extension of p. In this section we will show that one can construct an extension ¢ of p which

is tight in the sense of [11].
Recall that P?(u) can be viewed as a subspace P%(¢) of Q%(¢). Let P denote the orthogonal

projection onto this subspace. Also define the spaces

Pi(¢):=\/ L* @ h C P*(¢),
n#0

with projection Py and

Q3(¢) ==\ L*®h C Q*(¢),
a#)

with orthogonal projection Qo and note that PZ(¢) C Q3(¢) so that Py < Qo. The space PZ(¢) is
our analogue of the closed linear span of the non-constant analytic monomials in the single variable
theory. Also note that QF(¢) is invariant for m,(L) =: R.

Define the d-contraction S on Pg(¢) by compression of ms(L):
S = P07T¢(L)P0 = PoRpo.
Similarly let

T :=ms(L)lz(e) = Rloz(e):
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this is a d-isometry using that Q%(¢) is invariant for m4(L).
Definition 3.4. The extension ¢ of p is tight if T is a dilation of S [11, Definition 3.2].

Since Py < Qo, it will follow that ¢ is tight if we can show that P, is semi-invariant for 7,4 [24],
that is, if for any k,j € {1,...,d},

PoRyPoRjPy = FPomy(Li)Pomg(Lj) Py
= P07T¢(Lij)P0 == PoRkRjPQ.

We now define a natural CP extension v : A + A* — Z(H) of pu: By Theorem 2.1 there is a
unique b € [H® @ Z(H)]; such that p = pp. Recall that by Proposition 2.5,

py (I —2L") NI — Lw*)™Y) = (K§)*(I—2V*)"'(I-Vw) 'K}
= Kb(z,w),

and
(L7 = (KD'VPKY; nend
Definition 3.5. Define v € CP(A,H) by

v(L*) := KJV*Ko; o€ T

We will show that this v is always the (unique) tight extension of u. If p = up we will often write
vy for the (tight) extension defined above. Similarly we will often write Q?(b) for Q*(v) and m, for

.

Remark 3.6. As before, let (W,X;) be the minimal isometric dilation of V = V? on K; > .Z(b).
The space

K=\ WKh,

a€cld

is equal to X since Lemma 2.3 implies the right hand side contains £ (b), and .Z(b) is cyclic for

the minimal isometric dilation of V.

Proposition 3.7. (Estended Cauchy Transform) Consider the linear map €, : Q*(b) — K = XK,
defined by

Cy(L* @ h) = WKoh.

Then Cyp is unitary and intertwines R = my(L); that is, Cpmy(L) = WCy.
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The restriction of C, to P?(b) is the Cauchy transform onto £ (b) from Section 2, P%(b) is

co-invariant for R = my(L) and R*|p2() = V* = @;V*Cy is a partial isometry.

Proof. This is a straightforward computation: If L% ® h, L® ® g belong to Q?(v) then

(L*® h,LP @ g), (h,v ((L*)*L") g)3c

(WKoh, WP Kog) .

since W dilates m,. The intertwining relation is also easily verified:
Crp(L")(L* @ h) = C(L"T* @ h) = WC(L* ® h).

The map € is onto X = K; by Remark 3.6, and it is clear that its restriction to P?(b) is the Cauchy
transform onto .Z(b) defined in equation (2.2).

Since Z(b) is co-invariant for W, the minimal isometric dilation of V', the intertwining relation
shows P?(b) is co-invariant for R = m(L). By the intertwining relationship, the fact that W*| g =
V*, and co-invariance, R*|pz(y) = C*W*C|p2) = C*V*C = V*, as defined in equation (2.4). O

The above result also shows that P, = CPC*, where P, projects the space X = K of the minimal
isometric dilation W onto .Z(b) so that P : Q?(b) — P?(b) is a co-invariant projection for m,(L).

The next lemma records the relationships between the projections Py and Qg in P%(b) C Q?(b).

Lemma 3.8. With notations as above,

i) Qo = RR",
i) Py =CiVV*C,
iti) Py = QoP = PQy.

Proof. First Ran (Qo) = Q3(b) := Vazo LY @ H = Ran(my(L)) = Ran(R). (Actually this holds
not only for Q?(b) := Q?(v), but for any Q?(¢) where ¢ is a CP extension of u. ) Since R is an
isometry, we conclude Qo = RR*. This proves (i).

TItems (ii) and (iii) will be proven simultaneously. Consider first Qo := CQuC* = CRR*C = WW*,
the projection onto Ran (W). Then,

OoPy = WW*P,=WV*P,

W(VV)V*P, = V(V*V)V*P,
VV*P, = VV*.
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In the above, the identity W (V*V) = V(V*V) holds since W* is a contractive extension of V*
(and hence W is a contractive extension of the partial d—isometry V, see Lemma 2.2). This
shows that @on and hence QyP is a projection. By the von Neumann alternating projection
formula Qo P is the projection onto Q3(b) N P%(b). Now clearly PZ(b) C Q2(b) N P%(b) so that
Py < QoP. Conversely QoP = C;VV*C, = VV*is unitarily equivalent to V'V*, the projection onto
Ran (V) =V, cge (K. — Ko)JH. For any h € H, Lemma 2.3 implies

(K. — Ko)h = ((I-Vz")"'=1I)Koh
= (I-wz)™' ~1)Koh
= &)UVzﬂkah

k=1

Since Qo P projects onto C;Ran (V') and
C; Y (Wz")'Koh =Y (Lz*) @ h € F§(v),
k=1 k=1

it follows that Qo P < Py. We conclude that Py = QyP. O

Corollary 3.9. The projection Py of Q*(b) onto PZ(b) is semi-invariant for R = mp(L) and v =
vy € CP(A,H) is a tight extension of p = up € CP(8,H).

Proof. As before, let R := m,(L). Then,

PoRyPoR;j Py = QoPRyPQoR;QoP
= QoPRiLQoR;QoP (By co-invariance of P)
= QoPRiR;QoP (By invariance of Qo)
= PR.R;Pp.

To see that T := 7, (L)Qo = RQo is a dilation of S := PyRPy, apply the semi-invariance of Pj.

S.S; = PyTWRT;R
—  PRyRuPoR; Py = PyRyR; Py
= PyRiR;QoPy = PyRyQoR;QoP
(3.1) = RTLIP.

This proves that v is tight. (Il
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Remark 3.10. The tight extension of any p € CP(8,H) is necessarily unique [11, Theorem 3.5].
(The result there is stated and proved only for scalar-valued p, but the proof works mutatis mutandis
for general CP maps.)

Corollary 3.11. If p: 8 + 8* — Z(H) has a unique extension ¢ : A+ A* — ZL(H) then ¢ = 1y
is tight.

3.12. Extensions of y and cyclic isometric extensions of V. In this subsection we show
that given u € CP(8,H), the set of all ¢ € CP(A,H) extending p is naturally parametrized by
equivalence classes of cyclic isometric extensions of the partial d—isometry V = V?® acting on the

Herglotz space Z(b).

Definition 3.13. Let Ext(V') be the set of all d—isometric extensions D D V acting on a Hilbert
space J D Z(b) so that KyH is cyclic for D. Given Dy, Do € Ext(V), we say D1 ~, Dy if Dy, Dy
are unitarily equivalent via an isometry which restricts to the identity on .Z(b).

Lemma 3.14. Given any row contractive extension D 2 V on J D £(b), the CP map ¢p €
CP(A,H) defined by ¢p(L*) := KD*Ky is an extension of .
Proof. For any D O V', we can define a CP map by the formula in the statement above:

ép(LY) :== K;D“Ky.

Recall that 8§ =\/, ga(I — 2*L)~*. Then,

¢op (I—2"L)"") = K{(I-2"D) 'Ky
= K%0,2)
(3:2) = ((I-=1)7)
where we used Lemma 2.3 in the first line and Proposition 2.5 in the third line above. O

Proposition 3.15. Given any D1, Dy € Ext(V) defined on g, O £ (b) we have that ¢1 := ¢p, =
dp, =: ¢p2 € CP(A,KH) if and only if D1 ~p Ds.

Proof. If Dy ~p D, it is obvious that ¢; = ¢3. Conversely if ¢ = ¢ = ¢ suppose that Dy, are
d—isometries on Ji D Z(b). By assumption, KoK is cyclic for each Dy, so that

a="\/ DyKoH.

a€cFd
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Define a linear map U : J; — J2 by UD{ Koh := D§ Kyh. This is onto and it is an isometry:

(UDYKoh,UD{Kog)g, = (h,K;(D$)* D3 Kog)sc
(h, d((L*)* L) g)ac

= (h, K5 (D§)* DY Kog)s
(D Koh, Dy Kog)g, -

It is clear that UDy = DU and U restricts to the identity on .Z(b) since Dy, Dy € Ext(V') implies
that

UK.h = U(I—Dz*") 'Koh
= (I — DQZ*)ilKoh
= thv
by Lemma 2.3. ]

Corollary 3.16. There is a bijection between CP extensions ¢ of up € CP(8,H) to A+ A* and

~y, equivalence classes of Ext(V?).

Proof. Tt remains to show that the map D € Ext(V) — ¢p is onto the set of all CP extensions
of up. If ¢ € CP(A,H) extends pup, € CP(8,H) then we can identify (using the inverse Cauchy
transform) V = V? with the partial d—isometry V acting on P2(¢) with initial and final spaces:

Ker(V): = \/2*(I - Lz") ' @3,  Ran (V) = \/(L=)(I - L") o K,
and
V(I -Lz*)" " @h) = (L") I~ L") ' @ h.

Since ¢ extends y, P?(u) embeds isometrically as P?(¢) into Q*(¢), and is clear from the definition
of V that 74(L) is d—isometric extension of V with cyclic space [I®]3H = I @ H + Ny. Since
the Cauchy transform € : P%(u) — £(b) obeys C(I @ h + N,) = Koh, it follows that we can
construct a d—isometric extension D ~ 74 (L) of Vb ~ V with cyclic subspace KoK so that o(L%) =
K§D*K. O

Theorem 3.17. Assume that d > 1. A CP map pu = pp : S+ 8* — Z(H) has a unique extension
to A+ A* if and only if V is a co-isometry.

Proof. If V is a co-isometry, then given any D € Ext(V) we have that V* C D*, and since Ran (V') =
Z(b) it follows that .Z(b) is co-invariant for D and V*K,h = D*K_h for all z € B? and h € H. By
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Corollary 3.16, any CP extension ¢ of u = p;, has the form ¢ = ¢p for some D € Ext(V). Namely
¢(L*) = K5 D*Ky. Since D*| ) = V*, it follows that ¢ = ¢y = 1, the tight extension of py.

Conversely suppose that V = V? is not co-isometric so that Ran (V) # £ (b). In this case (using
the assumption that d > 1) one can construct a non-trivial d—contractive extension D O V acting
on Z(b). This relies on the fact that for d > 1, and any b € [H® ® Z(H)]1, Ker(V?) # {0} is
never trivial (see Remark 3.18 below). Even though D is generally not an isometry, we can define

a completely positive map ¢p(L?*) := KjD*Kj extending pp as in Lemma 3.14.

We claim that there exists an h € H such that D*Kgh # V*Kgh. Otherwise since V* C D*
it would follow that D*(K, — Kg)h = V*(K, — Ko)h for all h € 3 (recall here that Ran (V) =
V(K, — Ko)H). Hence if D*Kyh = V*Kyh for all h € H it follows that D*K,h = V*K_h for all
h € H and all z € B%. This would prove that D =V (since D* acts on .Z(b)).

It follows that if D # V| then there is an h € H such that D*Kyh # V*Kyh, so that there is a
1§k§d,z€Bd and g € H such that

(DrKoh, K.g)p # (Vi Koh, K.g)p.

By Lemma 2.3,
(DiKoh,K.g) = (h,KiDy(I —=2"D)"'Kog)
= (h,¢p (Lp(I—2z"L)7") g).
Similarly,
(ViKoh,K.g) = (h,¢v (Li(I — z*L)"") g).
This shows ¢p # Py = vp. O

Remark 3.18. When d > 1, the kernel of the partial d—isometry V® on the Herglotz space .Z(b)
is never trivial. We will present two (partial) proofs using the theory of solutions to the Gleason
problem in K (b) that will be developed in Section 4, see Proposition 4.14 and Proposition 4.17. The
first proof shows that V® has non-trivial kernel if there is a contractive solution B to the Gleason
problem in K (b), B € £ (3, K(b) ® C%) such that the closed span of the ranges of its component
operators is not all of K (b) ®C%. Although this condition is very restrictive, a proof that this is not
possible in the general vector-valued case remains elusive at this time. The second proof, an abstract
argument using the Cuntz relations, shows that Ker(V?) # {0} whenever b € [H® ® £ (H)]; and

X is finite dimensional (and of course d > 1).

There is a third argument that works in full generality. This proof uses the non-commutative
or free analogue of the theory developed here for the free multiplier algebra F° @ Z(H) of the
vector-valued full Fock space F g ® H over C?. Here the full Fock space FC% can be viewed as a
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non-commutative or free formal reproducing kernel Hilbert space, and the weak operator topology
closed unital operator algebra, F3°, generated by the non-commutative or free shift L (the left
creation d-isometry) can be viewed as the formal multiplier algebra of this free formal RKHS F?

[25, 26]. This proof is beyond the scope of this paper and will be presented in forthcoming work.

3.19. Quasi-extreme maps.

Definition 3.20. Following [11, Definition 3.7], a CP map p : 8 + 8* — Z(H) is called quasi-
extreme if P2(u) = P?(pn). Any CP map ¢ : A+ A* — Z(H) is called quasi-extreme if its
restriction to 8 + 8* is quasi-extreme. An element b € [HJ° ® Z(H)]; is said to be quasi-extreme if
w=pp € CP(8,H) is quasi-extreme.

This concept of quasi-extremity is a natural analogue of the Szegd approximation or analytic

polynomial density property L?(u) = P?(u) = PZ(u) from the single variable, scalar-valued case.

Corollary 3.21. A CP map p: 8 + 8* — L (H) is quasi-extreme if and only if R = m,(L) is a

Cuntz unitary. Here v is the tight extension of L.

Recall that a row isometry W € Z(H ® C% K) is a Cuntz unitary if it is also co-isometric,
WW* = I,

Proof. One direction is already proven in [11, Proposition 3.10], namely if p := v|g1s+ and u =
is quasi-extreme then R is a row unitary. (Again the result there is stated only in the scalar case
but the proof holds generally.) Conversely suppose that R = (L) is a Cuntz unitary. Then since
Q3(b) = Ran (R) it follows that Q3(b) = Q%(b) so that Qo = Q. By Lemma 3.8, we then have that
Py = PQo = PQ = P so that PZ(b) = P?(b). O

Corollary 3.22. A CP map u € CP(8,H) has a unique extension ¢ € CP(A,H) if and only if u
is quasi-extreme. In this case ¢ = v, the tight extension of p. Equivalently b € [HF® @ L(H)]1 is

quasi-extreme if and only if V® is a row co-isometry on Z(b).

Proof. As shown in [11, Theorem 3.8], if y is quasi-extreme, it has a unique extension. Since CPg(b)
is Ran (Vb), the converse follows immediately from Theorem 3.17. (]
Theorem 3.23. An element b € [H @ £ (H)]1 is not quasi-extreme if and only if there is a
non-zero h € H so that bh € K(b).

This is a direct analogue of a classical fact [8, IV-4,V-3], and generalizes [11, Theorem 3.13].

Proof. If b is not quasi-extreme then the partial d—isometry V on .Z(b) is not a co-isometry so
that Ran (V) # £(b). As discussed in Section 2, if F' € £ (b) is orthogonal to Ran (V) then F is a
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constant function, F(z) = F(0) =: f € K for all z € B?. Using the canonical unitary multiplier of
Z(b) onto K (b) it follows that (I —b)f € K(b). However we also have that k% f € K(b) and

kof = (1= bb(0)")f.

It follows that b(I — b(0)*)f € K(b). Since we assume b is purely contractive, b(0) is a strict
contraction and h := (I — b(0)*)f € H is non-zero and bh € K(b). (Here bh = Mpkoh, where kg is
the Szeg6 kernel map, could be zero if koh is in the kernel of Mj.)

The above argument is reversible: If h € H is non-zero and bh € K(b) then since b(0) is a strict
contraction we have 0 # f := (I —b(0)*)"'h € H and 0 # ki f = f — bb(0)* f € K(b). Then,

kof = (I—=b(0)")""h —bb(0)*(I —b(0)) 'R
= (I=b(0)*)"'h —b(I —b0)*)"'h+bh
(I —b)f +bh € K(b).

It follows that 0 # (I —b)f € K(b) for a non-zero f € H so that the constant function F(z) = f
is such that F' € Z(b) and necessarily F' L Ran (V). Hence V is not co-isometric and b is not

quasi-extreme. 0

Corollary 3.24. If b is quasi-extreme then so is ba* for any unitary o € L (H). That is, pp €
CP(8,H) is quasi-extreme, if and only if all of the Aleksandrov-Clark CP maps po = par are

quasi-extreme.

Proposition 3.25. Let py, us € CP(8,H) be such that ps is quasi-extreme and po > py. Then

is also quasi-extreme.

Proof. Since po > 1, p? (u2) is contractively contained in P2(u1). Also since pg is quasi-extreme
P3(p2) = P%*(p2). For any I ® h + Ny € P%(ug) choose a sequence H,, € Vizo L™ ® 3 (here
\/ is just linear span, not norm closed) so that H, — I ® h + Ny in the norm of P?(uy). If
E : P%(j3) — P?(u1) is the contractive embedding then

E: \/ (L@ H + Na) — P§(m),
n#0

so that G,, :== EH,, € P¢(11). Hence

1Gn = (T @R+ N1y I1E (Hn — (I ® b+ N2)) |,

”Hn - (I® h + N2)||M2 — 0,

IN

and it follows that Pg(u1) = P?(u1). O
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4. THE GLEASON PROBLEM IN K (b)

This section studies the Gleason problem in a deBranges-Rovnyak subspace of vector-valued
Drury-Arveson space. A solution to the Gleason problem in a deBranges-Rovnyak space K (b) is the
appropriate generalization of (the adjoint of) the restriction of the backward shift to K (b) in the
classical single variable theory. Our results here refine and extend those of [11, Section 4] obtained

in the scalar-valued setting.

Given b € [H® ® % (H)]1, consider the deBranges-Rovnyak space K (b) = 3(k?), the reproducing
kernel Hilbert space of H-valued functions on B? with kernel function

kP (z,w) = % € L(H); z,w € B

When d > 1, the appropriate analogue of the shift operator is Arveson’s d—shift S : H2 ® C* —
H?2, a partial isometry from d copies of Drury-Arveson space into itself whose component operators

commute and act as multiplication by the independent variables, [27]:

F
(SF)(2) =S| : | () = 2F(2) = 21 F1(2) + ...zaFa(2).
Fy

In contrast with the classical (d = 1) case, deBranges-Rovnyak subspaces of Drury-Arveson space are
in general not co-invariant for the component operators of the d-shift [28]. Instead, the appropriate
replacement for the restricted backward shift in this setting is a solution to the Gleason problem
[29, 30, 28, 31, 7]:

Definition 4.1. A row-operator X € .Z(K (b) ® C%, K (b)) solves the Gleason problem in K (b) if
(4.1) 2(X)(2) = 2(X1F)(2) + o+ 2a(X3 f)(2) = f(2) = f(0); Ve K(©b)
We say that a Gleason solution X is contractive if

XX*<T—kb(kb)*

)

and is extremal if equality holds in the above.

Solutions to the Gleason problem in the Herglotz space £ (b) are defined similarly although we
say that a Gleason solution for £ (b) is contractive if it is simply a d—contraction. In the case where
d =1 the unique solution to equation (4.1) is the adjoint of the restriction of the backward shift S*
to K (b), so that adjoints of Gleason solutions are natural analogues of the restricted backward shift

in the several variable setting. Many references define a Gleason solution for K (b) as the adjoint
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of our definition above, we prefer to view a Gleason solution as a row contraction. Contractive
solutions X to the Gleason problem in K (b) always exist, although they are in general non-unique
[31].

b1
Definition 4.2. A linear map B € £(H,X(b)®C?), B=|:|,b; € L(H,K()),1<j<d, isa

bq
solution to the Gleason problem for b € [H® ® Z(H)]; provided that

d
b(z) —b(0) =z B(z) := Z zibi(2).

We say that B is a contractive Gleason solution for b if
B*B < I-b(0)"b(0),

and an extremal Gleason solution for b if equality holds in the above.

Superscript and subscript b’s will be omitted for the remainder of this section when this is clear

from context.
Lemma 4.3. A d—contraction X solves the Gleason problem in K (b) if and only if
X2*k, =k, — ko; or equivalently, k.= (I —Xz*)" k.

An analogous statement holds in .Z(b) replacing K by k. Note that the analogue of the above
lemma in .Z(b) implies that D is a contractive solution to the Gleason problem in Z(b) if and only
if D D V is a contractive extension of the partial d—isometry V = V? on .Z(b). In particular, if b
is quasi-extreme then .Z(b) has V' as its unique contractive Gleason solution.

Theorem 4.4. X is a d-contractive solution to the Gleason problem in K(b) if and only if
X"ky = wky, — Bb(w)”,

where B € (3, K(b) ® C?) is a contractive Gleason solution for b. This defines a surjection from
contractive Gleason solutions B for b onto contractive Gleason solutions X for K(b), B — X(B).
If B is extremal then so is X (B).
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Proof. First suppose that X has the assumed form. Then,

(Xh)() = zwha(z) — 2B()b(w)’
= wtE(z,w) — (6(z) — B(O))b(w)*
= swE(z,w) + (11— b()b(w)") — (1 - b(O)b(w)")
= k(z,w) — k(0,w) = ky(2) — kw(0).

This proves that X is a solution to the Gleason problem in K (b).

It remains to check that the assumption that B is a contractive Gleason solution for b implies X

is a contractive solution: For any w € B?,

ke X X * ey

(4.2)

AN | (|

(K w — b(w)B*) (w* ke — Bb(w)*)

(
(

Kweky, — wB(w)b(w)” — b(w)Bw)*w* + b(w)B(w)* B(w)b(w)*

we k(w, w) — (b(w) — b(0))b(w)* — b(w)(bw)* — b(0)*) + b(w) Blw)" B(w)b(w)"
we k(w, w) — (b(w) — b(0))b(w)* — b(w)(b(w)” — b(0)*) + b(w)(L — b(0)*b(0))b(w)"
k(w, w) — k(w, 0)k(0, w)

k5 (I = kok?) .-

This proves that the contractivity condition

(4.3)

XX* <1 — koki,

holds on kernel maps k,,. Since the ranges of the kernel maps are dense in K(b), it follows that X

is a contractive Gleason solution. If equality holds in equation (4.2) then it holds in equation (4.3).
It follows that if B is extremal then so is X.

Conversely suppose that X is a contractive Gleason solution and for each w € B? define the map
Ay € L(H,K(b) ® C?) by

Ay = wky — X¥ky,.

Define an .Z(3()-valued kernel function k“ on B? by

EA(z,w) == AZA,.
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Some algebra similar to the first part of the proof shows

ATA, = klzwk, —2k(z,w) + Ek(z,0) + k0, w) + kX X"k,

2wt k(z,w) — 2k(z,w) + k(2,0) + k(0, w) + k(z,w) — k(z,0)k(0, w),
—(I = b(z)b(w)*) + k(2,0) + k(0,w) — k(z,0)k(0,w)

b(2)(I = b(0)"b(0))b(w)",

I IA

as positive kernel functions. Let F(z) := b(2)y/I — b(0)*b(0), and k¥'(z,w) := F(2)F(w)*, then
k4 < kT as positive .Z(H)—valued kernel functions on B?. Define the co-isometry U, : K (b)®@C? —
H(k™) by

UaAy, = k2.

This is a co-isometry with initial space \/,pa A.H since (k2') ki = k*(z,w) = A A, by definition.
Since H(k4) is contractively contained in H(kF), let E : H(k?*) — H (k') be the inclusion map.
Then E*kL = kA and

Ay = U*E*kE; w e B4,
Define the constant .Z(H)-valued kernel function
0(z,w) := I —b(0)*b(0); z,w € B,

It follows that my, : H(8) — H(kT'), multiplication by b(z), is a co-isometric multiplier of 3(§) onto
H(kF). Since the kernel §(z,w) is constant, the point evaluation maps obey d, = dy for all z € B?

and
A, = U'E*EL
= U E*mymjkL
= UjE"mpd,nb(w)*
Define,

B :=U3E*mydy € L(H, K(b) @ C?),

this is independent of w € B?. By construction

X'ky = wky, — Ay
= w¥ky, — Bb(w)*,
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and

B*B = 6&:miEUAUE*mydo
5(0,0) = I — b(0)*b(0).

IN

This shows that if B is a Gleason solution for b then it is contractive in the sense of Definition 4.1.

To see that B is a Gleason solution for b, calculate that
zB(z)b(w)* = zw'k(z,w) — kizX"ky
= zw'k(z,w) — (k. — ko) kw
= k(z,w) = (I = b(2)b(w)*) — k(z,w) + k(0,w)
= (b(z) = b(0))b(w)* Vz,w € B~

If 2zB(z) — (b(z) — b(0)) # 0 then there is a non-zero h,

weBd weBd

he ( Y, Ran(b(w»*) = [ Ker(b(w)).

so that

0 # (2B(z) — (b(z) — b(0)))h = zB(z)h.
However B = U} E*mydo so that zB(z)h = kizBh. We will show that h is in the kernel of mydo.

Recall that my, : H(8) — H(kT) is a co-isometry. Since mjkL = §ob(2)*, the initial space of my is

Ker( mb \/ dob(

z€B4
If h € NyepeKer(b(w)) then
(00h;d0b(2)"g) = (h,6(0,0)b(2)"g)
= (h, (I = b(0)"6(0))b(2)"g) = O,

(I =b(0)*b(0)b(2)*g € \/ b(w)*H L h.

weB?

This proves that doh € Ker(my) so that zB(z)h = 0 and

2B(z) = b(z) — b(0), Vze B
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Remark 4.5. One can develop an alternative proof of the above theorem, at least in the scalar

case, using the Douglas factorization lemma and a maximum modulus principle argument.
Lemma 4.6. Let D DV be a d—contractive extension of V on Z(b). Then

BP := U*D*Uko(I — b(0)*) (I — b(0)) = U*D*Ko(I — b(0)),

defines a contractive Gleason solution for b. If b is quasi-extreme then BY and XV := X(BV) are

extremal.

Proof. Since D is a d—contractive extension of V',

DK, = K, — K.

Consider

K*2D*Ky, = K(z,0)— K(0,0)

This proves that

(2D Ko)(2) = 3 2(D3 Ko)(2) = (1= b(2)) ™ (b(=) — b(0))(1 — b(0)) "
Solving for (b(z) — b(0)) in the above equation then yields
b(=) — b(0) = = (I — b(=))(D*Ko) (2)(I — b(0)).
It follows that
B(z) = (I — b(=))(D" Ko)(2)(I — b(0)),

defines a solution to the Gleason problem. Alternatively, using the canonical unitary multiplier
U=U,: K(b) — £(b) this can be written as

B(z) = (U*D*Uko)(2)(I = b(0)*) "' (I — b(0)).
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Since D is a d-contraction it follows that

B*B = (I -b(0)")K;DD*Ky(I — b(0))

(I = 6(0)*)K(0,0)(I — b(0)).

%(I = 0(0)")(1 + b(0)) + (I + b(0)*)(I — b(0))
(I = b(0)"b(0)),

(4.4)

I IA

and B is a contractive Gleason solution for b.

By Theorem 4.4, if BY is extremal, so is XV = X(BY). If b is quasi-extreme, V = V? is a
co-isometry so that equality holds in the second line, (4.4), of the above equation. This proves that

B = BY and hence XV are extremal if b is quasi-extreme. (Il

Let XP = X(BP) denote the contractive Gleason solution for K (b) constructed using the con-

tractive extension D D V? as in the previous lemma.

Theorem 4.7. The map D — BP is a bijection from contractive Gleason solutions for £ (b) onto

contractive Gleason solutions for b.

Proof. The previous lemma shows that given any contractive Gleason solution D C V = V? for
Z(b) that

P .= U*D*Ky(I — b(0)),

is a contractive Gleason solution for b. This map D +— BP is clearly injective since if B = B and
B’ = B¢ for C,D DV then

D*Ky = C*Ky.
Since C*, D* are both extensions of V*, we have
D*(K, — Ky) =V*(K, — Ky) =C*"(K, — Ky),

so that D*K, = C*K, for all z € B% and D = C.

To prove that this map is surjective, we will show that its inverse can be defined on the set of all
contractive Gleason solutions for b. If B is an arbitrary contractive Gleason solution for b, define a
bounded linear map (DB)* =: D* : Z(b) — Z(b) ® C¢ by

D*K, :=2"K,+UB(I —b0))"%;  zeB%
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This construction is based on the observation that if C D V and B = B¢ then

C*'K, = z'K,+ C*K,
= 2K, +UBY(I - b(0))7!

By construction,
D*(K, — Ky) =2"K,+UB({I —b(0)) —UB(I — b(0)) = 2" K,

and so if we can prove that D* is a contraction, the fact that D* O V* will imply that D D V is a

contractive Gleason solution for .Z(b) by Lemma 2.2. Calculate the norm of D* on kernel maps:

K:DD*K, = (Kiz+(I—-b0)")"'B*U*) (w*K,+UB(I—-0b(0))")
= 2w K(z,w)+ (I —b(0 )*)_IB*w*kw(I—b(w)*)_1
( b(2)) ki zB(I —b(0)) " + (I —b(0)*) "' B*B(I — b(0)) "
K(z,w) + (I = b(0)*) " (b(w)* — b(0)*)(I — b(0)*)~"
( b(2)) " (b(z) = b(0))(I — b(0)) ™" + (I = b(0)*) =" (I — b(0)*b(0))( — b(0))~*
)
1
2

IA

= K(z,w) + (K(0,w) — K(0,0)) + (K (z,0) — K(0,0)) + K(0,0)
(H(z)+ H(w)*) + K(0,w) + K(z,0) — K(0,0)

This proves that D* is a contraction so that D 2 V is a contractive Gleason solution for .Z(b).

This map B + D? is injective since if C = DB = D = DP2 for contractive Gleason solutions

By, By for b then necessarily

Bi(I =b(0))"! = Ba(I = b(0))~"
by the definition of DB. Moreover if D’ := DB” then

(D')'K, = z'K,+UBP(I-b(0)™"
= K.+ D Ko(I - b(0))(I — b(0))~"
= D*(K. - Ky) +D"Ky
(4.5) = D'K,,

so that D’ = D. It follows that the maps D — B and B — D?P are inverses to one another and
define bijections. O
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Corollary 4.8. The contractive Gleason solution BY for b is minimal and unique:
(BY)*BY < B*B

for all contractive Gleason solutions, B, for b. Equality holds if and only if B = BY. Similarly
(XVY(XV)* < XX* for all contractive Gleason solutions, X , for K(b), with equality holding if and
only if X =XV

Proof. Given any d—contractive extension D of V, D = V + C where C : Ker(V) — Ran (V)" is a
d-contraction so that DD* = VV* 4+ CC*. By Theorem 4.7, the map D ~ BP is onto, so that we
can assume B = BP for such a contractive extension D. Recall that

BP = U*D* A%,
where A* € Z(H,.Z (b)) is defined by
A* = Uko(I = b(0)")™(I = b(0)) = Ko(I — b(0)).
It follows that

(BPy*BP = ADD*A*
AVV*A* + ACC* A*
AVV* A
(BV)*BY.

AV

Moreover (BP)*BP = (BY)*BY if and only if C*A* = 0. Since Ran (A*) = \/ Ko} and Ran (C) C
Ran (V)J‘ is spanned by constant functions, it follows that C*A* = 0 if and only if C' = 0, which
happens if and only if D =V and BP = BY.

Similarly, and without loss of generality, we can assume that X = X? = X(BP) for some

contractive extension D of V on .Z(b). Then,

k:XD(XD)*kZ = (2. —BDb(z)*)*(z*kz —BDb(z)*)
(4.6) = 22°k(z,2) — (b(2) — b(0))b(2)" = b(2)(b(2)" = b(0)*) + b(2)(B")* B b(2)",
so that

K (XP(XP)y = XV(XY)) k. = b(2) (BP)*B” — (BY)*BY) b(z)* > 0.
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Equality holds if and only if
BYb(2)* = BPb(2)* VzeBY,
in which case XV = X(BY) = X(BP) = XP = X. O

Remark 4.9. It follows that if b is not quasi-extreme, then BY is not extremal so that (BY)*BY <
I —b(0)*b(0).

Theorem 4.10. Suppose thatd > 1. The map B — X (B) is a bijection if and only if \/ ,cpa b(2)*H =
H or equivalently (), cga Ker(b(2)) = {0}. If this condition holds then the contractive Gleason solu-

tion X (B) is extremal if and only if B is extremal. In particular this holds if b is quasi-extreme.

The condition [, g Ker(b(z)*) = {0} says that b has no identically ‘zero columns’, and this al-
ways holds in the scalar-valued case where b € [H7°];. One usually defines supp(b) := \/, s Ran (b(2)*),

as in [?].

Proof. By Theorem 4.4, given any contractive Gleason solution X for K(b), there is a contractive
Gleason solution B for b so that X = X(B), and the map B — X (B) from contractive Gleason

solutions for B to contractive Gleason solutions for K (b) is onto.

Suppose that \/, g« Ran (b(2)*) = H. If X = X(B) = X(B’) where B, B’ are two contractive

Gleason solutions for b. Then for all z € B,
Bb(2)" = B'b(2)",

and the assumption on the closed span of the ranges of the b(z)* implies that B = B’ so that the
map B — X(B) is a bijection.

Recall the notation of the proof of Theorem 4.4. The assumption that \/_ _ps Ran (b(2)*) = H
implies that mp : H(6) — H(kT) (as defined in the proof of Theorem 4.4) is an onto isometric
multiplier: Since 6(z,w) = (I —b(0)*b(0)) is a positive constant operator, any function G € H(J) is
a constant, G(z) = G(0) = g € H. Moreover G € Ker(my) if and only if

b(z)G(z) = b(z)g = 0; vz € B

By assumption N,cgaKer(b(2)) = {0} so that G = 0 and mjmy, = Iy ().

If X is extremal and b obeys this range condition then k¥ = k% and A, = UAkL so that
B = Ujmydy and

B*B = §mimydo = 6(0,0) = I — b(0)*b(0).

This proves that B is extremal.
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If 'V, cpa b(2)*H # JH then its orthogonal complement [, . Ker(b(z)) is non-trivial, so that
there is a non-zero h € 3 such that b(z)h = 0 for all z € B¢, and

bh =0¢€ K(b).

By Theorem 3.23, b is not quasi-extreme in this case.

Now suppose that there is a non-zero h orthogonal to \/b(z)*h. Recall by Remark 3.18 since
d > 1, the kernel of V = V? is non-trivial so that

UpKer(V)* =\/ 2"k,
is not all of K(b) ® C%. Recall by Lemma 4.6 that B := BY is given by the formula
B =UyV*Ko(I — b(0)),

and so by Remark 4.9 above, we can construct a rank-one map B’ from the one-dimensional span

of h into the orthogonal complement of \/ z*k,H such that
(B+ B")*(B+ B')=BB*+ B'(B')" <1—5(0)"b(0).

Here we used that B’ takes h into the orthogonal complement of the range of B = BY. Then B+ B’

is a contractive Gleason solution for b since
2B'(z) = (2"k.)*B' =0,
so that z(B + B')(z) = zB(z) = b(z) — b(0). Finally,

X(B+ Bk, = 2%k —(B+B)b(z)*
2k, — Bb(z)* = X(B).

This proves that the map B — X (B) is not injective. O

Corollary 4.11. The map D +— XP := X(BP) is a surjection from contractive Gleason solutions
D CV for £(b) onto contractive Gleason solutions for K(b). This map is injective if and only if

M.cpa Ker(b(2)) = {0}.

Corollary 4.12. A Schur class b € [HYP @ Z(H)]1 is quasi-extreme if and only if it has a unique
contractive and extremal Gleason solution B = BY. If b is quasi-extreme then K(b) has a unique
contractive extremal Gleason solution X = XV. If K(b) has a unique contractive Gleason solution
X and (,cga Ker(b(2)) = {0}, then b is quasi-estreme.
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Remark 4.13. Note that it can happen that b is not quasi-extreme but K (b) has a unique con-
tractive Gleason solution if \/Ran (b(z)*) # H. For example, if b € [HJ]; is not quasi-extreme
then one can construct an a € [H3°]; that is a several variable analogue of the outer function with
modulus m on the boundary of the circle in the case where d = 1 [8, IV-1]. In this case one

can prove that

b 0
c:= l 1 € [H® ® C**?)y,
a 0

and that any contractive Gleason solution X for K(c) is extremal so that K (c) has a unique con-
tractive Gleason solution by Corollary 4.8 above. In this example [, gs Ker(c(z)) = {e2}, where

{e1, €3} is the canonical orthonormal basis of C?, so that ce; = 0 € K(c) and ¢ is not quasi-extreme.

The construction of this ‘outer’ function a will be presented in a future publication where we
analyze the convex (and matrix convex) structure of [H3® ® .Z(H)]1, and the relationship between

quasi-extreme points and extreme points of this convex set.

Using Gleason solutions, we can prove in most cases that V® has non-trivial kernel when d > 1,

a fact we used in Section 2, see Remark 3.18.

Proposition 4.14. If b € [H® @ L(H)]1 where d > 1 has a contractive Gleason solution B =
(b1, ..., bq)T such that

\/ b3 # K(b),

1<j<d

then V' has non-trivial kernel.

Proof. Let X = XPB be a contractive Gleason solution for K(b). Then B € Z(H,K(b) ® C%).
b1
Choose any F' € K(b) orthogonal to the range of the b; € Z(3(,XK(b)) where B = | : | . It follows

by
that

(X;F),k.hy = (F.Zjk.h—bb(2)*h)
(2 F(2), h)ac.

This proves that for any 1 < j <d, S;F = G; € K(b) where G,(z) = z;F(z). This in turn implies
that H; := (I —b)"'G; € Z(b) and if we define H := (—Ha, H1,0, ...,0) € Z(b) ® C%, we then have
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that

(H,2*"K,h) = —z1(H2(z),h)+ 22(H1(2), h)
= (—z122 +2221)(I = b(2)) "' F(2) = 0.

It follows that Ker(V?) is non-trivial. O

4.15. Clark’s perturbations and Intertwining. In this section we verify the intertwining for-
mulas for perturbations of the minimal contractive solution X := XV to the Gleason problem in
K (b) and the compression of R := 7, (L) = m,(L) to P?(b). Here recall that v, is the tight extension
of pup and if P is the projection onto P2(b) = P?(u) then €;V°C, = V = PRP = PR since P2(b)

is co-invariant for R.

Let &, : P?(b) — K(b) be the weighted Cauchy transform. Recall that €, = U;JF, where
Up : K(b) — Z(b) is the canonical onto isometric multiplier. Also recall that €, R = WC; where
(W, XKp) is the minimal d—isometric dilation of (V,.Z(b)).

We will obtain the desired intertwining formulas by first calculating intertwining formulas for V'
and X via the unitary U = U, where X := XV is the minimal Gleason solution corresponding to
V =V’ We have that

X%k = w*ky — Bb(w)*,
where
B :=U"V*Ky(I — b(0)).
Compare this to
UV*Uk, = UV*K, —bw)")
= UV (Ky— Ko)(I—=bw)")+ UV Ko(I —bw)*)

= Wk + UV Ko(I — bw)*)
= W%y + B —b(0))" I — b(w)*).

Define T : K(b) — K (b) ® C¢ by

T := B(I — b(0))" kg
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Then
Tk, = B(I—b(0) " kiky,
= B(I —b(0))"k(0,w)
= B —b(0))""(I = b(0)b(w)")
= B —b(0))"" (I = b(w)* + b(w)* — b(0)b(w)")
= B((I=0(0)" (I = b(w)*) + b(w)*) .

It follows that

(X* +T)kw = w'ky — Bb(w)* + Bb(w)* + B(I — b(0)) (I — b(w)*)
= U*V*Uk,.

This proves the intertwining formula:

UV = (X*+T)U*
(4.7) = (X*+ B —b0) k) U™,
or equivalently,
(4.8) FV* = (X7 + B(I - b(0)) k) T,

where V = Pry(L)P = C;VC, and P : Q*(b) — P2(b) is orthogonal projection.

Recall that for any unitary A on J we define the Aleksandrov-Clark CP map pa := pp.a-. It is
clear that K (b- A*) = K(b). Let V4 be the compression of m,, (L) =: R* to P?(u4). Recall V4 is
a partial isometry which is unitarily equivalent via the Cauchy transform to V?4". Here v, is the
tight extension of 4. Let VA = V4" be the partial d—isometry on Z(b- A*), X* be the minimal
contractive Gleason solution in K (b) corresponding to V4, and B4 be the corresponding Gleason
solution for b. We will simply write X = X! and B = B’.

Theorem 4.16. (Partial isometric Clark perturbations) For any b € [H® ® Z(H)]1 and unitary
Ae ZL(H),

(4.9) Fpa- (VA = (X* + BA*(I - b(0)A*) " k) Fya-.

See [11, Theorem 5.1] for the case where b € [H3®]; is quasi-extreme.

Proof. As discussed above, let BA = BY" denote the Gleason solution in K (bA*) = K(b) cor-
responding to the partial isometry VA4 = Vb4" in Z(bA*). By Corollary 4.8, for any unitary
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A € Z(H), the Gleason solution B4 is the unique minimal contractive Gleason solution for bA*,
i.e. (BY)*BA < (BA)*B” for any other contractive Gleason solution B4 for bA*. Uniqueness
implies that B4 - A = B! = B for any unitary A € .Z(3) where B is the minimal contractive

Gleason solution for b. It follows that for any w € B<,

(XM hy, = wky, — B (b(w)A")"
= wkl, — Bb(w)*
= (XI)*an

so that X4 = X7 = X the minimal contractive Gleason solution for K (b). Repeating the arguments

preceding the statement of this theorem then yields the desired intertwining formulas. O

Also recall that if b is quasi-extreme then V is a co-isometry so that each of the Fya. VAT ,. =

U; VAU, are co-isometric perturbations of the (unique) contractive Gleason solution X for K (b).

The Clark-type intertwining formulas can also be used to provide a simple proof that the kernel

of V'’ is non-trivial in the case where d > 1 and K is finite dimensional:

Proposition 4.17. Ifb € [HP ® L (H)]1, d > 1 and dim (H) < oo then the kernel of V° is

non-trivial.

Proof. If H is finite dimensional then the formula of Theorem 4.4 implies that if X = XV is the
contractive Gleason solution corresponding to V' = V? then the commutators (X, Xe], 1 < 4,k <
d all have finite rank. By the intertwining formula of Theorem 4.16 above it follows that the
commutators [V}, V] also all have finite rank. If V had trivial kernel then I —V*V =0 and I -VV*

both have finite rank (since we assume H is finite dimensional).

Taking the quotient by the compact operators, the image of V' is a commutative d-contraction

obeying the Cuntz relations. This is impossible and proves the statement. O

4.18. Summary. The previous sections have developed several equivalent characterizations of the

quasi-extreme Szegt approximation property. These are summarized as follows:

Theorem 4.19. Let b € [HP @ ZL(H)]|1. The following are equivalent:

(1) b is quasi-extreme, i.e. P?(b) = PZ(b).

(2) The partial d—isometry V° on £ (b) is a co-isometry; equivalently £ (b) contains no constant
Sfunctions.

(3) The row-isometry my(L) on Q?(b) is a Cuntz unitary.

(4) The CP map pp : 8 + 8* — B(H) has a unique CP extension to A+ A*.

(5) There is no non-zero h € H so that bh € K(b).
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(6) There is a unique contractive solution to the Gleason problem for b, and this solution is
extremal.

(7) There is a unique contractive solution to the Gleason problem in K (b) and
N, cpa Ker(b(2)) = {0}. Such a solution is extremal.

5. EXAMPLES: INNER SEQUENCES

In this section we provide some examples in the case where b is a matrix-valued multiplier

associated to an inner sequence (defined below).

Definition 5.1. We will use the notation H3°®C"*™ := Mult(H2®C™, H3®C") for the multipliers
from H2 ® C™ into H2 ® C". We write H;° @ C™ for H® ® C*™.

As is well known, a linear map M € £(H3 ® C",H? ® C™) is a multiplier, if and only if
M(M,®1I,) = (M,®I,,)M for all ¢ € HJ® [15]. In this case M = Mg for some © € H® @ C"*"™.

Recall that a multiplier © € H3® ® C*"*" is called inner if Mg is a partial isometry. Any shift
invariant subspace M C H3 is the range of an inner § € H3° @ C" for some n € NU{oo} [32, 33, 34].
We embed H® ® C" in H ® C* = H® @ H in the natural way (add zeroes). We can further
embed H° ® C* into H® @ C*** = H® ® Z(H) via the map

(0r) = (01,62, ...) is called an inner sequence associated to M. It follows that if 6 € H3® ® C™ is
inner then © := 0 € [H3® ® C™"*"]; is inner and the reproducing kernel for K(O) is

k@ = kg S (k ®In—1><n—1) )

where k is the Szego kernel. The map 0 +— © = fis a completely isometric embedding of H* ® C™
into H*® ® C™**™,

Proposition 5.2. Suppose that © € [H® ® Z(H)]; is inner. Then © is quasi-extreme if and only
if Ker(Meo) N\ ko3 = {0}.

Proof. By Theorem 3.23, © is not quasi-extreme if and only if there is a non-zero h € H so that
©h € K(©). However, since © is inner, K(©) = Ran (Mg)" so that Oh € K(©) if and only if
koh € Ker(Mog). O
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The condition for quasi-extremity just given can be recast in a more elegant form when © = 0
comes from an inner sequence § = (0;) € H3® ® C". If (6,), e is an inner sequence for some (finite
or countable) index set J, observe that for each z € B? we have (0;(z)) € ¢*(J). Say that 0 is
minimal if

V (6;(2))jes = ().
z€EB

Proposition 5.3. Let 0 € H @ C", n € NU{oo}, 0 = (01,04, ...,6,) be an inner sequence. Then

the embedding © = 6 e HPF @ C**"™ is quasi-extreme if and only if 6 is a minimal inner sequence.

Proof. By the previous corollary © is quasi-extreme if and only if Ker(My) N'\/ koC™ = {0}. The

claim follows easily from this fact. O
Remark 5.4. We observe that a finite inner sequence 6 = (64, ...6,) is minimal if and only if
the functions 61,...6, are linearly independent (in the space of holomorphic functions on B?).

Now, it is known [32, 33, 34] that every closed S-invariant subspace M C H 3 is represented by an
inner sequence, in the sense that the multiplication operator My where 6 = (0;);cs is a partially
isometric multiplier of H2 @ ¢*(J) onto M. It is not difficult to see that § may always be chosen
minimal: Indeed, if § is any such multiplier, let 3 be the closed span of {(0;(2)) : z € B} in £2(J).
Identify 3 with ¢2(K) for an appropriate index set K; define 1(z) to be the compression of (%)
to 3. Expanding t(z) in an orthonormal basis for H = ¢?(K) gives a minimal inner sequence
Y = (¢r)kex which multiplies H? @ ¢*(K) onto M.

Example 5.5. Let d = 2 and let M be the orthogonal complement of the span of {1, 21, 2%, 22} in
H2. One may verify that the 4-tuple

(51) (Zf,Z%ZQ,\/i21ZQ7Z§),

is an inner sequence representing M, and since the monomials are linearly independent this sequence

is minimal, and hence the 4 x 4 matrix function

Z:f Z%Zg \/52’122 Z%
0 0 0
5.2 O(z1,22) =
(5.2) (21, 22) 0 0 0
0 0 0 0

is a quasi-extreme inner multiplier.

If b € [H ® Z(H)]1 is inner then by Proposition 5.2, Proposition 5.3 and Remark 5.4 it is
generally quasi-extreme. By Theorem 4.7, there is a unique solution to the Gleason problem in the

co-invariant model space K (b). This solution is given by the compressed shift, S, = P,S|x ;) where



AC THEORY FOR DRURY-ARVESON SPACE 43

P, projects onto K (b). Indeed, using that P, is co-invariant,

2*Sy) Pyk.h

2*Sp)Py(I — 2*S)1kSh
2*Sp)(Py — 2 Sp) "1k
Py — 2*Sy) YkSh — kbh
= kbh—k3h.

Spz*kbh =

(
(
(
(

A natural question is the following: what are the contractive Gleason solution components b,

associated to the unique solution S,? A natural conjecture is
bj(2)h == (S;b)(2)h.

For this to be the case it is necessary that S7bh € K (b) for all h € H. However, when d > 1, this is
not always so; in particular it fails for the example just considered above in Equation (5.2, b = ©.
Let 0 € H3® ® C* be the first row of b = O, an inner multiplier. Recall that the components S5 of
the backward Arveson d—shift act on monomials by

@

S§72% = ﬁzo‘_eﬂ ifo; > 1
o

and S¥2% = 0 otherwise [15, 27]. For this b we have

22 %2122 %22 0
0 0 0 0
(570)(21, 22) 0 0 0
0 0 0 0

But K(b) = [Ran(My)]* ® Hj ® C?, while for the basis vector e; € C* we have (S7b)ey =
(%leg,O,O,O)T (T denotes transpose) which does not lie in K(b) (since z1z5 lies in Ran (My)).

It is possible to compute that B; and B, are in this case given by

27 0 %zg 0 0 2i %21 22
B, = 0 0 0 0 By = 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

One may verify readily that z;B; + 22B2 = b(z) — b(0) = b(z) = O(z), and that these satisfy
BfB;y + B3 By = I, (and thus form a contractive solution to the Gleason problem, which is unique

since b = O is quasi-extreme).
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