NOTES ON MEASURE THEORY AND THE LEBESGUE INTEGRAL
MAA5229, SPRING 2019

1. 0-ALGEBRAS

Notation: Let X be a set, and let 2% denote the set of all subsets of X. Let E¢ denote
the complement of E in X, and for E, F C X, write £\ F = EN F°. Let EAF denote
the symmetric difference of E and F':

EAF :=(E\F)U(F\E)=(EUF)\ (ENF).

Definition 1.1. Let X be a set. A Boolean algebra is a nonempty collection & C 2%
which is closed under finite unions and complements. A o-algebra is a Boolean algebra
which is also closed under countable unions.

If # C ./ C 2% are o-algebras, we say that .# is coarser than A; likewise .4 is
finer than . . <

Remark 1.2. If {E,} is any collection of sets in X, then

) -0

Hence a Boolean algebra (resp. o-algebra) is automatically closed under finite (resp.
countable) intersections. It follows that a Boolean algebra (and a o-algebra) on X
always contains @ and X. (Proof: X = FUE® and @ = EN E°.) o

Definition 1.3. A measurable space is a pair (X, .#) where .# C 2% is a o-algebra.
A function f : X — Y from one measurable space (X,.#) to another (Y, .4") is called
measurable if f~'(E) € .4 whenever E € N N

Definition 1.4. A topological space X = (X, 7) consists of a set X and a subset 7 of
2% such that
(i) 0, X € 7;
(ii) 7 is closed under finite intersections;
(iii) 7 is closed under arbitrary unions.
The set 7 is a topology on X.

(a) Elements of 7 are called open sets;

(b) A subset S of X is closed if X \ S is open;

(c) Sis a Gs if S =N32,0; for open sets Oy;

(d) S is an F if it is an (at most) countable union of closed sets;
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(e) A subset C of X is compact, if for any collection F C 7 such that C C U{T : T € F}
there exist a finite subset G C F such that C C U{T : T € G};

(f) If 7 and o are both topologies on X, and o C 7, then we say that 7 is finer than o
(and o is coarser than 7) and

(g) If (X, 7) and (Y, 0) are topological spaces, a function f : X — Y is continuous if
S € o implies f71(S) € 7.

N

Example 1.5. If (X,d) is a metric space, then the collection 7 of open sets (in the
metric space sense) is a topology on X. There are important topologies in analysis that
are not metrizable (do not come from a metric). A

Example 1.6. Let X be a nonempty set.

(a) The power set 2% is the finest o-algebra on X.
(b) At the other extreme, the set {&, X} is the coarsest o-algebra on X.
(c¢) Let X be an uncountable set. The collection

A ={F C X : FE is at most countable or X \ E is at most countable } (2)

is a o-algebra (the proof is left as an exercise).
(d) If .# C 2% a o-algebra, and E is any nonempty subset of X, then

Mg ={ANE:Ac.#}cC2F

is a o-algebra on E (exercise).

(e) If {4, : a € A} is a collection of g-algebras on X, then their intersection Nyea
is also a o-algebra (checking this statement is a simple exercise). Hence given any
set & C 2%, we can define the o-algebra

M(E) = ﬂ{//l : M is a o-algebra and & C A }. (3)

Note that the intersection is over a nonempty collection since & is a subset of the
o-algebra 2%. We call .# (&) the o-algebra generated by &.

(f) An important instance of the construction in (d) is when X is a topological space
and & is the collection of open sets of X. In this case the o-algebra generated by
& is called the Borel o-algebra and is denoted Ax. The Borel o-algebra over R is
studied more closely later.

A

The following proposition is trivial but useful.

Proposition 1.7. If .# C 2% is a o-algebra and & C M, then M (8) C M . T

The proposition is used in the following way: suppose we want to prove that a
particular statement is true for every set in some o-algebra .# (say, the Borel o-algebra
PBx), which we know is generated by a collection of sets & (say, the open sets of X).
Then it suffices to prove that 1) the statement is true for every set in &, and 2) the
collection of sets for which the statement is true forms a o-algebra.
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A function f : X — Y between topological spaces is said to be Borel measurable if
it is measurable when X and Y are equipped with their respective Borel o-algebras.

Proposition 1.8. If X and Y are topological spaces, then every continuous function
f: X =Y is Borel measurable. T

Proof. The proof is left as an exercise. (Hint: follow the strategy described after Propo-
sition 1.7.) O

We will defer further discussion of measurable functions.

1.1. The Borel o-algebra over R. Before going further, we take a closer look at the

Borel o-algebra over R. We begin with a useful lemma on the structure of open subsets
of R:

Lemma 1.9. Every nonempty open subset U C R is an (at most countable) disjoint
union of open intervals. T

Here we allow the “degenerate” intervals (—o0, a), (a, +00), (—o0, +00).

Proof outline. First verify that if I and J are intervals and I NJ # (), then I U J is an
interval. Given x € U, let

a, =sup{a : [z,a) C U}
By =inf{b: (b,z] CU}

and let I, = (o, B;). Verify that, for z,y € U either I, = I, or I, N I, = (). Indeed,
x ~ yif I, = I, is an equivalence relation on U. Hence, U = U,y l, expresses U as
a disjoint union of nonempty intervals, say U = Upecpl, where P is an index set and
the I, are nonempty intervals. For each ¢ € Q N U there exists a unique p, such that
q € I,,. On the other hand, for each p € P there is a ¢ € QN U such that ¢ € I,,. Thus,
the mapping from QN U to P defined by ¢ — p, is onto. It follows that P is at most
countable. 0

Proposition 1.10 (Generators of %g). Each of the following collections of sets & C 2%
generates the Borel o-algebra By :

(i) the open intervals & = {(a,b) : a,b € R}
(i1) the closed intervals & = {[a,b] : a,b € R}
(111) the (left or right) half-open intervals & = {[a,b) : a,b € R} or & = {[a,b) : a,b €
R}
(iv) the (left or right) open rays & = {(—o0,a) : a € R} or & = {(a,+0) : a € R}
(v) the (left or right) closed rays & = {(—o0,a] : a € R} or & = {[a,+0) : a € R}

f

Proof. We prove only the open and closed interval cases, the rest are similar and left as
exercises. The proof makes repeated use of Proposition 1.7. To prove .Z(&1) = PBr, first
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note that since each interval (a, b) is open, .Z (&) C % by Proposition 1.7. Conversely,
each open set U C R is a countable union of open intervals, so .# (&) contains all the
open sets of R, and since the open sets generate %y by definition, Proposition 1.7 implies
f@R C %(é‘)l) Thus .//((g)l) = @R-

For the closed intervals &5, first note that each closed set is a Borel set, since it
is the complement of an open set; thus & C %Bg so (&) C Br by Proposition 1.7.
Conversely, each open interval (a, b) is a countable union of closed intervals [a + %, b— %]
More precisely, since a < b we can choose an integer N such that a + % <b-— %; then

(a,b) = D[aJr%,b—%].

It follows that & C .#(&3), so by Proposition 1.7 and the first part of the proof,
PBr = M(E) C M(E).

2. MEASURES

Definition 2.1. Let X be a set and .# a o-algebra on X. A measure on .# is a function
w: M — [0, +00] such that

(i) p(2) =0,
(ii) If {E;}52, is a sequence of disjoints sets in ., then

p (G Ej) = iM(Ej)-

If ju(X) < oo, then p is called finite; if X = U3, X with u(X;) < oo for each j
then p is called o-finite.

Almost all of the measures of importance in analysis (and certainly all of the mea-
sures we will work with) are o-finite.

A triple (X, 4, ) where X is a set, .# is a o-algebra and p a measure on ., is
called a measure space. N

Here are some simple measures and some procedures for producing new measures
from old. Non-trivial examples of measures—such as Lebesgue measure on R— will have
to wait for the Caratheodory and Hahn-Kolmogorov theorems in the following sections.

Example 2.2. (a) Let X be any set, and for £ C X let |E| denote the cardinality of
E. The function p : 2¥ — [0, +oc] defined by

|E| if E is finite
w(E) = e e o
+o0o if E is infinite
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is a measure on (X, 2%), called counting measure. It is finite if and only if X is finite,
and o-finite if and only if X is (at most) countable.

(b) Let X be an uncountable set and .# the o-algebra of (at most) countable and co-
countable sets (Example 1.6(b)). For E € .4 define pu(E) = 0 if E is countable and
w(E) = 400 if F is co-countable. Then p is a measure.

(c) Let (X, #, 1) be a measure space and E € .#. Recall the o-algebra .#p from
Example 1.6(c). The function ug(A) := u(A N E) is a measure on (E, #g). (Why
did we assume E € .#7)

(d) (Linear combinations) If u is a measure on .# and ¢ > 0, then (cu)(E) := ¢ - u(E)
is a measure, and if uq, ..., are measures on the same .#, then

(11 + - ) (E) = g (E) + -+ pin (E)
is a measure. Likewise an infinite sum of measures >~ ju, is a measure. (The
proof of this last fact requires a small amount of care.)
(e) (Point masses) Let X = R and 4 = %P (or .4 = 2%). Fix a point z € R and
Define for each £ € .#
1 if E
5.(E) = { nre

0 otherwise

Then J, is a measure, called the point mass at x (or Dirac measure, or, much worse,
Dirac delta function).

A

One can also define products and pull-backs of measures, compatible with the con-
structions of product and pull-back g-algebras; these examples will be postponed until
we have built up some more of the machinery of measurable functions.

Our next goal is to describe some basic properties of measures, but before doing so
make note of the disjointification trick, which is often useful.

Proposition 2.3 (Disjointification). If .# C 2% is a o-algebra if and G1,Gs, ... is a
sequence of sets from M , then there exists a sequence Fy, Fy, ... of pairwise disjoint sets
from A such that

for n either a positive integer or co.

If 0 # 4 C 2% is closed with respect to complements, finite intersections and
countable disjoint unions, then .# is a o-algebra. T

Proof. The proof amounts to the observation that if {G,} is a sequence of subsets of X,

then the sets )
F,=Gy\ (U Gk> (4)
k=1

are disjoint and in ., and Jj_, F; = Jj_, G; for all N (and thus U,;~, F\, = U2, G»).
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To prove the second part of the Proposition, given a sequence (G,,) from .# use
the disjointification trick to obtain a sequence of disjoint sets F;,, € .# such that UG,, =
UF,. O

Theorem 2.4 (Basic properties of measures). Let (X, ., ) be a measure space.

(a) (Monotonicity) If E.F € A and E C F, then p(F) = p(F \ E) + u(E). In
particular, W(E) < p(F) and if W(E) < oo, then u(F\ E) = u(F) — p(E).

(b) (Subadditivity) If {E; Y2, C A, then p(J2, By) < 50, n(E)

(¢) (Monotone convergence for sets) If {E;}5, C A and Ej C Ejy for all j, then
lim u(E;) exists and moreover p(UE;) = lim pu(Ej).

(d) (Dominated convergence for sets) If {E;}32, C A and E; D Ejyy for all j, and
w(Ey) < oo, then im p(E;) exists and moreover pu(NE;) = lim p(Ej).

Proof. a) By additivity, u(F) = u(F\ E) + u(E) > u(E).
b) We use the disjointification trick (see Proposition 2.3): for each j > 1 let

j—1
Fy = Ej\ (U Ek) :
k=1
Then the F} are disjoint, and F; C E; for all j, so by countable additivity and (a)
Iz (U Ej) = p (U Fy) =Y u(Fy) <Y (k).
j=1 j=1 j=1 j=1

c) The sets F; = E; \ Ej;_; are disjoint sets whose union is |J;Z, Fj, and for each j,
U._, Fx = E;. So by countable additivity,

d) The sequence p(E;) is decreasing (by (a)) and bounded below, so lim p(E;) exists.
Let Fj = F; \ Ej. Then .Fj C ‘Fj—l-l for all j, and U;il Fj = F \ m;il Ej. So by (C)
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applied to the F;, and since p(E;) < oo,

ME%W(V%=M&\OQ)

= lim p(F})
= lim(u(Er) — p(E;))
= p(Er) — lim pu(E;).
Again since u(E;) < 0o, it can be subtracted from both sides. O

Remark 2.5. Note that in item (d) of Theorem 2.4, the hypothesis “u(E;) < 0o” can
be replaced by “u(E;) < oo for some j”. However the finiteness hypothesis cannot be

removed entirely. For instance, consider (N,2Y) equipped with counting measure, and
let By = {k:k > j}. Then pu(E;) = oo for all j but u(NZ, £;) = (@) = 0. o

For any set X and subset F C X, there is a function 15 : X — {0,1} defined by

1 ifzeFl
1 —
5(7) ﬁ)ﬁx%E’

called the characteristic function or indicator function of E. For a sequence of subsets
(E,) of X, say (E,,) converges to E pointwise if 15, — 1 pointwise’. This notion allows
the formulation of a more refined version of the dominated convergence theorem for sets,
which foreshadows (and is a special case of) the dominated convergence theorem for the
Lebesgue integral.

Definition 2.6. Let (X, .#, ) be a measure space. A null set is a set E € .# with
wE)=0.If E € .4 and E° is null, we say E has full measure. N

It follows immediately from countable subadditivity that a countable union of null
sets is null. The contrapositive of this statement is a measure-theoretic version of the
pigeonhole principle:

Proposition 2.7 (Pigeonhole principle for measures). If (E,), is a sequence of sets

in A and p(UE,) >0, then p(E,) > 0 for some n. T

It will often be tempting to assert that if u(£) = 0 and F' C E, then u(F) = 0, but
one must be careful: F' need not be a measurable set. This caveat is not a big deal in
practice, however, because we can always enlarge the o-algebra on which a measure is
defined so as to contain all subsets of null sets, and it will usually be convenient to do
S0.

Definition 2.8. If (X, .#, 1) has the property that F' € .# whenever E € 4, u(E) = 0,
and F' C E, then pu is complete. N

IWhat would happen if we asked for uniform convergence?
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Theorem 2.9. Let (X, .#,u) be a measure space. Let N = {N € #|u(N) = 0}.
Define
M :={EUF|E€.#,FCN for some N¢c N}
Then A is a o-algebra, and
A(E U F) = u(E)
is a well-defined function from A to [0,00] and is a complete measure on A such that
Alw = p.

Proof. First note that .# and .4 are both closed under countable unions, so M is as

well. To see that .# is closed under complements, consider £ U F € .# with E €

M, F CNe . Using, F©*=NU (N \ F) gives
(EUF)=E‘NF‘=(ENN)°U(NNF°NE"°).

The first set on the right hand side is in .# and the second is a subset of N. Thus the
union is in .#Z as desired.

To prove that @ is well defined, suppose G = FUF = E'U F' for E, E' € .# and
F,F" € 4. In particular, there exists y-null sets N, N’ € .# with F C N and F' C N'.
Observe that

E\E' CG\E CcF cN"
Thus p(E \ £') = 0. By symmetry, u(E"\ £) = 0. On the other hand,
E=(ENE)YU(E\E.
Thus, u(E) = p(E N E'). By symmetry, u(E') = u(E' N E).

The proof that 7 is a complete measure on .# which extends y, is left as an exercise.

O

3. OUTER MEASURES AND THE CARATHEODORY EXTENSION THEOREM

3.1. Outline. The point of the construction of Lebesgue measure on the real line is to
extend the naive notion of length for intervals to a suitably large family of subsets of
R. We will accomplish this objective via the Caratheodory Extension Theorem (Theo-
rem 3.3)

Definition 3.1. Let X be a nonempty set. A function u* : 2X — [0, +00] is an outer
measure if:

(i) p(2) =0,
(ii) (Monotonicity) pu*(A) < p*(B) whenever A C B,
(iii) (Subadditivity) if {A;}32, C 2%, then
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Definition 3.2. If u* is an outer measure on X, then a set £ C X is outer measurable
(or p*-measurable, measurable with respect to p*, or just measurable) if

pr(A) = (ANE) + p (AN E°) (5)
for every A C X. <

The significance of outer measures and (outer) measurable sets stems from the following
theorem:

Theorem 3.3 (Caratheodory Extension Theorem). If u* is an outer measure on X,
then the collection A of outer measurable sets is a o-algebra, and the restriction of u*
to A is a complete measure.

The proof will be given later in this section; we first explain how to construct outer
measures. In fact, all of the outer measures we consider will be constructed using the
following proposition.

Proposition 3.4. Let & C 2% and po : & — [0,+00] be such that @, X € & and
po(@) = 0. The function pu* : 2% — [0, 00] defined by

w*(A) = inf {iuo(En) B, €& and A C O En} (6)

n=1

1S an outer measure. T

Note that we have assumed X € &, so there is at least one covering of A by sets in
& (take Ey = X and all other E; empty), so the definition (6) makes sense. To prove
the Proposition we need the following lemma on double sums, whose proof is left as an
(important!) exercise.

Lemma 3.5. Let (Gmn)pen=1 be a doubly indexed sequence of nonnegative real numbers.
Suppose there is a real number C' so that for every finite set ' C N x N,

Z A < C. (7)
(m,n)eF

Then for each n and each m, the sums Y °_| Gmn, vy Gmyp aT€ convergent, and

iiam,n:iiam,n < C.

m=1 n=1 n=1 m=1

f

Proof of Proposition 3.J. It is immediate from the definition that p*(@) = 0 (cover the
empty set by empty sets) and that p*(A) < p*(B) whenever A C B (any covering
of B is also a covering of A). To prove countable subadditivity, we make our first
use of the “¢/2" trick. Let (A,) be a sequence in 2% and let ¢ > 0 be given. If
Zzozl w1 (A,) = +oo there is nothing to prove, so we assume this sum is convergent. In
particular p*(A,) < +oo for each n. It follows from the definition of * that for each
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n > 1 there exists a countable collection of sets (E,, ;)72 in & such that A, C Ur—; Enx
and

Z po(Eng) < ' (A,) +e27.
k=1

One may now verify that the numbers a,, = 110(E,, ;) satisfy the hypothesis of Lemma 3.5.
We now have that the countable collection (E,x)5%—, covers A = [J;”, Ay, and using
Lemma 3.5

B <Y (B < (A + 2 = et 30 (A,
k,n=1 n=1 n=1
Since € > 0 was arbitrary, we conclude p*(A) <> 07 1*(An). O

Example 3.6. [Lebesgue outer measure] Let & C 2% be the collection of all open inter-
vals (a,b) C R, with —oco < a < b < +00, together with @ and R. Define mg((a,b)) =
b — a, the length of the interval; 10(@) = 0; and po(R) = +00. The corresponding outer
measure is Lebesgue outer measure and it is the mapping m* : 2% — [0, oo] defined, for
A€ 2R by

m*(A) = inf {Z(bn —a,):AC U(an,bn)} (8)

where we allow the degenerate intervals R = (—oo, +00) and (). The value m*(A) is the
Lebesgue outer measure of A. In the next section we will construct Lebesgue measure
from m* via the Caratheodory Extension Theorem; the main issues will be to show that
the outer measure of an interval is equal to its length, and that every Borel subset of
R is outer measurable. The other desirable properties of Lebesgue measure (such as
translation invariance) will follow from this construction. A

Before proving Theorem 3.3 we make one observation, which will be used repeatedly.
Namely, if ©* is an outer measure on a set X, to prove that a subset £ C X is outer
measurable, it suffices to prove that

p(A) 2 (ANE) + p (A\ E)
for all A C X, since the opposite inequality for all A is immediate from the subadditivity
of u*.
We also need one lemma, which will be used to obtain completeness. A set F C X
is called p*-null if p*(F) = 0.
Lemma 3.7. Fvery p*-null set is p*-measurable. T

Proof. Let F be p*-null and A C X. By monotonicity, A N E is also p*-null, so by
monotonicity again,

p(A) z p (AN E) = p (AN E) 4+ p*(A\ E).

Thus the lemma follows from the observation immediately preceding the lemma. U
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Proof of Theorem 3.5. We first show that .Z is a o-algebra. It is immediate from Defi-
nition 3.2 that .# contains @ and X, and since (5) is symmetric with respect to £ and
E¢, # is also closed under complementation. Next we check that .# is closed under
finite unions (which will prove that .# is a Boolean algebra). So, let £, F' € .# and fix
an arbitrary A C X. Since F' is p*-measurable,

p(ANE) = (ANEYNFE) + p (AN E°) N F°).
By subadditivity and the set equality AN (EUF)=(ANE)U (AN (FNE°),
P(AN(EUF)) <p (ANE)+ u (AN (FNEY).
Using the last two displayed equations and the outer-measurability of E,
WHAN(EU )+t (AN (EUF)))
<P (ANE)+ p (AN(FNE))+ p (AN (F°NE°))
= (ANE)+p (AN E°)
=" (A).
Hence F U F' is outer-measurable. By induction, .# is closed under finite unions.

It remains to prove that, for any disjoint sequence E, from .# and any A C X,

p(A) 2 (AN ) + (AN En).

n=1 n=1

For each N > 1, we have already proved that Uﬁ:[:l E, is outer measurable, and therefore

N N
p(A) > (AN En) +u(A\ | En).

n=1 n=1
By monotonicity, we also know that p*(A\ UN_, E,) > p*(A\ U2, E.), so it suffices
to prove that

N )
: * > * )
ngrgou(AﬁL_JlEn)_u(Aﬂt_JlEn) (9)

(By monotonicity of the outer measure, the sequence on the left is increasing, and so
the limit exists as an extended real number.) By the outer measurability of Ui:[:l E,

N+1 N
(AN E) = (A Ea) + 1 (AN Exya)
n=1 n=1
for all N > 1 (the disjointness of the FE, was used here). Iterating this identity gives
N+1 N+1
(AN E) =) w(ANE,) (10)
n=1 n=1

and taking limits,

lim p* (AN Ey) =) w(ANE,). (11)

N—oo
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But also, by countable subadditivity, we have

N 00 0
Aimpt(AN UE)=> w(AnE,)>p(An|JE.)
= n=1 n=1

which proves (9), and thus .# is a og-algebra. On the other hand, by monotonicity we
have for each N

N )
(AN U E,) <p (AN U E,)
n=1 n=1

so taking N — oo and using (11) we obtain

00 N ) 0
* — : * < *
Z_;,LL(AQEH) A}l_l)l;o,u (AﬂL_JlEn)_,u(AOL_JlE Z_: (ANE,)
In particular, choosing A = |J. -, E,, proves that p* is countably additive. Since it is
immediate that ©*(@) = 0, we conclude that u*| 4 is a measure.

Finally, that p* is a complete measure on .# is an immediate consequence of
Lemma 3.7. O

4. CONSTRUCTION OF LEBESGUE MEASURE

In this section, by an interval we mean any set I C R of the from (a, b), [a, b], (a, ], [a, b),
including @, open and closed half-lines and R itself. We write |I| = b — a for the length
of I, interpreted as +oc in the line and half-line cases and 0 for &. Recall the definition
of Lebesgue outer measure of a set A C R from Example 3.6:

:inf{i][n| AC Dfn}
n=1 n=1

where the [,, are open intervals, or empty.

Theorem 4.1. If I C R is an interval, then m*(I) = |I|.

Proof. We first consider the case where [ is a finite, closed interval [a, b]. For any € > 0,
the single open interval (a — €,b + €) covers I, so m*(I) < (b — a) + 2¢ = |I| + 2¢, and
thus m*(I) < |I|. For the reverse inequality, again choose € > 0, and let (I,,) be a cover
of I by open intervals such that »">°  |I,| < m*(I) 4+ €. Since I is compact, there is a
finite subcollection (I,,, ), of the I,, which covers I. Then

N
S L] >b—a=]I] (12)
k=1

To verify this statement, observe that by passing to a further subcollection, we can
assume that none of the intervals I,,, is contained in another one. Then re-index Iy, ... Iy
so that the left endpoints aq,...ay are listed in increasing order. Since these intervals
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cover I, and there are no containments, it follows that as < by, ag < by, ...ay < by_1.
(Draw a picture.) Therefore

N N N-1
Z\Iﬂ:Z(bk—ak):bN—al—l—Z(bk—akH)sz—a1>b—a:\I|.
k=1 k=1 k=1

From the inequality (12) we conclude that |I| < m*(I)+ ¢, and since € was arbitrary we
have proved m*(I) = |I|.

Now we consider the cases of bounded, but not closed, intervals (a,b), (a,b],[a,b).
If I is such an interval and I = [a, b] its closure, then since m* is an outer measure we
have by monotonicity m*(1) < m*(I) = |I|. On the other hand, for all ¢ > 0 sufficiently
small we have I, := [a+¢€,b—¢€] C I, so by monotonicity again m*(1) > m*(I.) = |I| —2¢
and letting € — 0 we get m*([) > |I].

Finally, the result is immediate in the case of unbounded intervals, since any un-
bounded interval contains arbitrarily large bounded intervals. 0

Theorem 4.2. Fvery Borel set E € $Bg is m*-measurable.

Proof. By the Caratheodory extension theorem, the collection of m*-measurable sets is a
o-algebra, so by Propositions 1.10 and 1.7, it suffices to show that the open rays (a, +00)
are m*-measurable. Fix a € R and an arbitrary set A C R. We must prove

m*(A) > m* (AN (a,+00)) + m* (AN (—o0,al).

To simplify the notation put A; = AN (a,+00), Ay = AN (—o0,al. Let (1,,) be a cover
of A by open intervals. For each n let I! = I,, N (a,+o0) and I = I, N (—o0,al]. The
families (1)), (/') are intervals (not necessarily open) that cover A;, A, respectively. Now

S =SS (13)
n=1 n=1 n=1

= Zm*(],g) + Z m* (1)) (by Theorem 4.1) (14)
n=1 n=1
>m (1) +m (| JI) (by subadditivity) (15)
n=1 n=1
> m*(Ay) + m*(As) (by monotonicity). (16)

Since this inequality holds for all coverings of A by open intervals, taking the infimum
we conclude m*(A) > m*(A;) + m*(As). O

Definition 4.3. A set £ C R is called Lebesgue measurable if
m*(A) =m*(ANE)+m" (AN E°) (17)

for all A C R. The restriction of m* to the Lebesgue measurable sets is called Lebesgue
measure, denoted m. N
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By Theorem 3.3, m is a measure; by Theorem 4.2, every Borel set is Lebesgue
measurable, and by Theorem 4.1 the Lebesgue measure of an interval is its length. It
should also be evident by now that m is o-finite. So, we have arrived at the promised
extension of the length function on intervals to a measure. (It turns out that this
extension is unique, but we do not prove this here.)

Next we prove that m has the desired invariance properties. Given £ C R, x € R,
and t > 0, let

E4+rz={yeR:y—x€FE}, —-E={yeR:—-yeck}, andtE={yecR:y/tecE}.

It is evident that pu*(E +z) = p*(E), p*(—F) = p*(E) and, p*(tE) = tu*(F) since, if 1
is an interval, then |I +z| = |I|, | = I| = |I| and [tI| = t|I|. In particular, if both E and
E + x are Lebesgue measurable, then m(E + x) = m(FE).

Theorem 4.4. If E C R is Lebesque measurable, v € R, andt > 0, then the sets E +x,
—FE, and tE are Lebesque measurable. Moreover m(E + x) = m(E), m(—E) = m(E),
and m(tE) = tm(E).

Proof. We give the proof for E + x; the others are similar and left as exercises. Accord-
ingly, suppose E is measurable. To prove E + z is measurable, let A C R be given and
observe that AN (E+2)=((A—z)NE)+zand AN(E+2z)°=((A—2)NE°)+x.
Thus,

m*(A) =m*(A—x) (18)
=m"(A—x)NE)+m*((A—z)N E°) (19)
=m"(A—z)NE+z)+m" ((A—2z)NE°+x) (20)
=m (AN (E+x)) +m" (AN (E+ x)°), (21)

where measurability of F is used in the second equality. Hence E + x is Lebesgue
measurable and m(E + z) = m(E). O

The condition (17) does not make clear which subsets of R are Lebesgue measurable.
We next prove two fundamental approximation theorems, which say that 1) if we are
willing to ignore sets of measure zero, then every Lebesgue measurable set is a Gy or
F,, and 2) if we are willing to ignore sets of measure €, then every set of finite Lebesgue
measure is a union of intervals. (Recall that a set in a topological space is called a Gs-set
if it is a countable intersection of open sets, and an Fj-set if it is a countable union of
closed sets.)

Theorem 4.5. Let E C R. The following are equivalent:

(a) E is Lebesgue measurable.

(b) For every e > 0, there is an open set U O E such that m*(U \ E) < e.
(c) For every € > 0, there is a closed set F' C E such that m*(E \ F) < e.
(d) There is a G5 set G such that E C G and m*(G \ E) = 0.

(e) There is an F, set F' such that E D F and m*(E \ F) = 0.
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Proof. To prove (a) implies (b) let E a (Lebesgue) measurable set and € > 0 be given.
Further, suppose for the moment that m(F) < oo. There is a covering of E by open
intervals I,, such that > 7 |I,| < m(E)+e Put U =J -, I,. By subadditivity of m,

m(U) <> m(l,) =Y || <m(E)+e

Since U D E and m(FE) < oo (and both U and E are Lebesgue measurable), we conclude
from Theorem 2.4 that m*(U \ E) = m(U \ E) = m(U) — m(E) < e.

To remove the finiteness assumption on E, we apply the €/2" trick: for each n € Z
let E, = EN(n,n+ 1]. The E, are disjoint measurable sets whose union is E, and
m(E,) < oo for all n. For each n, by the first part of the proof we can pick an open
set U, so that m(U, \ E,) < ¢/2I"l. Let U be the union of the U,; then U is open and
U\E c .~ ,(U,\ E,). From the subadditivity of m, we get m*(U\ E) = m(U \ E) <
> ez €27 = 3e.

To prove that (b) implies (d), let £ C R be given and for each n > 1 choose (using
(b)) an open set U, D E such that m*(U, \ E) < £. Put G = (", Uy; then G is a
G5 containing F, and G\ E C U, \ E for every n. By monotonicity of m* we see that
m*(G\ E) < * for every n and thus m*(G \ E) = 0. (Note that in this portion of the
proof we cannot (and do not!) assume FE is measurable.)

To prove (d) implies (a), suppose G is a Gy set such that £ C G and p*(G'\ E) = 0.
Since G is a Gy, it is a Borel set and hence Lebesgue measurable by Theorem 4.2. By
Lemma 3.7, every m*-null set is Lebesgue measurable, so G \ E, and therefore also

E =G\ (G\ E), is Lebesgue measurable.

To prove that (a) implies (c¢), suppose F is Lebesgue measurable and let € > 0
be given. Thus E° is Lebesgue measurable and, by the already established implication
(a) implies (b), there is an open set U such that £E¢ C U and m(U \ E¢) < e. Since
U\Ec=UNE = FE\U° it follows that u(E \ U°) < e. Observing that U¢ is closed
completes the proof.

Now suppose £ C R and (c) holds. Choose a sequence of closed sets (F},) such that
F, C E and p*(E\ F,) < +. The set F = U2, F} is an F, and, by monotonicity, for
each n we have p*(E\ F) < p*(E\ F,) < =. Hence p*(E\ F) = 0. Thus (c) implies (e).

Finally, if (e) holds, then £ = FU(E\ F) for some closed set F' C E with pu*(E\F) =
0. Thus, FE is the union of a closed (and hence Lebesgue) set and a set of outer measure
zero (which is thus Lebesgue). Since the Lebesgue sets are closed under union, F is
Lebesgue and the proof is complete. 0

Remark 4.6. The conditions in the theorem are regularity conditions which link the
topology on R to Lebesgue measure. This theme leads to the notion of a regular Borel
measure, discussed in further detail below. o

Theorem 4.7. If E is Lebesgue measurable and m(E) < oo, then for each € > 0 there
exists a set A which is a finite union of open intervals such that m(EAA) < e.
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Proof. Let (I,,) be a covering of E by open intervals such that

[e.9]

D || < m(E) + €/2. (22)

n=1
Since the sum is finite there exists an integer N so that

o0

> L] < e/2. (23)

n=N+1

Let U=, I, and A =J"_, I,. Then A\ E C U\ E, som(A\E) <m(U)—m(E) <
¢/2 by (22). Similarly E\A C U\A C U~y In, 5o m(E\ A) < ¢/2 by (23). Therefore
m(EAA) <e. O

Thus, while the “typical” measurable set can be quite complicated in the set-
theoretic sense (i.e. in terms of the Borel hierarchy), for most questions in analysis
this complexity is irrelevant. In fact, Theorem 4.7 is the precise expression of a useful
heuristic:

Littlewood’s First Principle of Analysis: Every measurable set E C R with m(E) <
00 1s almost a finite union of intervals.

Definition 4.8. Let X be a topological space. A neighborhood U of a point x € X is
an open set such that x € U.

A topological space X is locally compact if for each x € X there is a neighborhood
U, of z and a compact set C, such that x € U, C C,.

A topological space is Hausdorff if given x,y € X with x # y, there exists neigh-
borhoods U and V' of z and y respectively such that U NV = (). (Distinct points can
be separated by open sets.)

A Borel measure is a measure on the Borel g-algebra of a locally compact Hausdorff
space.

A Borel measure p is outer regqular if, for all £ € ¥,
p(E) =inf{u(U): U D F and U is open}

and is inner reqular if

pu(E) =sup{u(K): K C F and K is compact}.
Finally p is regular if it is both inner and outer regular. <
Theorem 4.9. If E C R s Lebesque measurable, then

m(E) =inf{m(U) : U D E and U is open}

=sup{m(K): K C E and K is compact}

That is, m is a regular Borel measure.
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Proof. The first equality follows from monotonicity in the case m(E) = +o0, and from
Theorem 4.5(b) (together with the additivity of m) in the case m(E) < oo.

For the second equality, let v(E) be the value of the supremum on the right-hand
side. By monotonicity m(E) > v(FE). For the reverse inequality, first assume m(F) < oo
and let € > 0. By Theorem 4.5(c), there is a closed subset F' C E with m(E \ F') < ¢/2.
Since m(E) < oo, we have by additivity m(E) < m(F) + €/2, so m(F') > m(E) — €/2.
However this F' need not be compact. To fix this potential shortcoming, for each n > 1
let K,, = FN[—n,n|. Then the K, are an increasing sequence of compact sets whose
union is F. By monotone convergence for sets (Theorem 2.4(c)), there is an n so that
m(K,) > m(F) —e€/2. It follows that m(K,,) > m(E) — €, and thus v(E) > m(E). The
case m(E) = 400 is left as an exercise. 0

Remark 4.10. In the preceding theorem, for any set £ C R (not necessarily measurable)
the infimum of m(U) = m*(U) over open sets U D FE defines the Lebesgue outer measure
of E. One can also define the Lebesgue inner measure of a set E C R as

m.(E) =sup{m*(K) : K C E and K is compact}.

By monotonicity we have m,(FE) < m*(E) for all E C R. One can then prove that if
E C R and m*(E) < oo, then E is Lebesgue measurable if and only if m*(E) = m.(E),
in which case this quantity is equal to m(E).(Some care must be taken in trying to use
this definition if m*(E) = +00. Why?) o

Example 4.11. [The Cantor set] Recall the usual construction of the “middle thirds”
Cantor set. Let Ey denote the unit interval [0,1]. Obtain F; from Ej by deleting the
middle third (open) subinterval of Ey, so Ey = [0,3] U [2,1]. Continue inductively; at
the n'" step delete the middle thirds of all the intervals present at that step. So, E,, is a
union of 2" closed intervals of length 37". The Cantor set is defined as the intersection
C =,—y Ey. It is well-known (though not obvious) that C' is uncountable; we do not
prove this fact here. It is clear that C is a closed set (hence Borel) but contains no
intervals, since if J is an interval of length ¢ and n is chosen so that 37" < /¢, then
J ¢ E, and thus J ¢ C. The Lebesgue measure of E, is (2/3)", which goes to 0 as
n — 00, and thus by monotonicity m(C') = 0. So, C' is an example of an uncountable,
closed set of measure 0. Another way to see that C' has measure zero, is to note that at
the n'" stage (n > 1) we have deleted a collection of 27! disjoint open intervals, each
of length 37", Thus the Lebesgue measure of [0,1] \ C'is

iQ”_liﬁ_"—l =1
— S =1
o 2112

Thus m(C) = 0. A

W

Example 4.12. [Fat Cantor sets] Let {g,}2%, be an enumeration of the rationals in
[0,1]. Fix a number 0 < € < 1. For each integer n > 1, let U,, be the open interval
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centered at g, of length €/2. Let
U=|JU. and E=10,1]\U.
n=1

We estimate m(U) using the union bound:

I
[~
:|”‘
—~
©)
o)
N—

2

It follows that m(U N[0,1]) < m(U) < ¢, and we can then estimate m(FE) as
m(E) =m([0,1]\U) =1-m(UnNI0,1]) > 1 —e.
We thus have the following facts about the set £ C [0, 1]:

e F is closed,
e F contains no intervals (since any interval would contain a rational), and
el—c<m(E) <Ll

From this one can prove that F is a Cantor-like set (e.g. with slightly more care one
can arrange that F has no isolated points) but unlike the classical Cantor set, E has
positive Lebesgue measure. In particular we have constructed a closed set with positive
measure but which contains no intervals. A

Example 4.13. [A Lebesgue non-measurable set] Define an equivalence relation on R
by declaring x ~ y if and only if x —y € Q. This relation partitions R into disjoint
equivalence classes whose union is R. In particular, for each = € R its equivalence class
is the set {x + ¢ : ¢ € Q}. Since Q is dense in R, each equivalence class C' contains an
element of the closed interval [0, 1]. By the axiom of choice, there is a set E C [0, 1] that
contains exactly one member x¢ from each class. We claim the set F is not Lebesgue
measurable.

To prove the claim, let y € [0,1]. Then y belongs to some equivalence class C, and
hence y differs from z¢ by some rational number in the interval [—1,1]. Hence

01c |J E+9.
qe[—1,1]NQ
On the other hand, since E C [0,1] and |¢q| < 1 we see that

U E+qcl-12.

q€[-1,1]nQ
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Finally, by the construction of E the sets £+ p and E + ¢ are disjoint if p, ¢ are distinct
rationals. So if E were measurable, the the sets F + ¢ would be also, and we would have
by the countable additivity and monotonicity of m

1< Y m(E+q) <3
¢€[-1,1]nQ

But by translation invariance, all of the m(E+¢) must be equal, which is a contradiction.

A
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5. MEASURABLE FUNCTIONS

We will state and prove a few “categorical” properties of measurable functions be-
tween general measurable spaces, however in these notes we will mostly be interested in
functions from a measurable space taking values in the extended positive axis [0, +00],
the real line R, or the complex numbers C.

Definition 5.1. Let (X, .#) and (Y, .4") be measurable spaces. A function f: X — Y
is called measurable (or (.#,./") measurable) if f~(F) € # for all E € 4. A
function f : X — R is measurableif it is (.4, Pr) measurable unless indicated otherwise.
Likewise, a function f : X — C is measurable if it is (.#, %) measurable (where C is
identified with R? topologically). <

It is immediate from the definition that if (X,.#), (Y, A4),(Z, 0) are measurable
spaces and f : X — Y, g : Y — Z are measurable functions, then the composition
go f: X — Z is measurable. The following is a routine application of Proposition 1.7.

Proposition 5.2. Suppose (X, . #) and (Y, A") are measurable spaces and the collection
of sets & C 2V generates N as a o-algebra. Then f : X — Y is measurable if and only
if f[TYE) € . forall E € &. t

Proof. The collection of sets {E C Y : f~1(E) € A4} is a o-algebra which contains &,
it therefore contains .4”. The converse implication is trivial.

O

Corollary 5.3. Let XY be topological spaces equipped with their Borel o-algebras
By, By respectively. Every continuous function f : X — Y is (Bx, By)-measurable
(or Borel measurable for short). In particular, if f : X — F is continuous and X is
given its Borel o-algebra, then f is measurable, where F is either R or C, T

Proof. Since the open sets U C Y generate %y and f~1(U) is open (hence in By) by
hypothesis, this corollary is an immediate consequence of Proposition 5.2. [l

Definition 5.4. Let F = R or C. A function f : R — F is called Lebesgue measurable
(resp. Borel measurable) if it is (£, Br) (resp. (PBr, PBr)) measurable. Here £ is the
Lebesgue o-algebra. N

Remark 5.5. Note that since #Br C .Z, being Lebesgue measurable is a weaker con-
dition than being Borel measurable. If f is Borel measurable, then f o g is Borel or
Lebesgue measurable if g is. However if f is only Lebesgue measurable, then f o g need
not be Lebesgue measurable, even if ¢ is continuous. (The difficulty is that we have no
control over g~ *(FE) when E is a Lebesgue set.) o

It will sometimes be convenient to consider functions that are allowed to take the
values +o0.

Definition 5.6. [The extended real line] Let R denote the set of real numbers together
with the symbols +00. The arithmetic operations + and - can be (partially) extended
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to R by declaring
+oo+ 2 =2+ oo = o0
for all x € R,
‘o0 - =2 -4+00=+00
for all nonzero x € (0,+00) (and similar rules for the other choices of signs),
0400 ==00-0=0,
The order < is extended to R by declaring
—o0o < T < +00

for all x € R. <

The symbol +o0o0 + (—o0) is not defined, so some care must be taken in working
out the rules of arithmetic in R. Typically we will be performing addition only when
all values are finite, or when all values are nonnegative (that is for x € [0, +oc]). In
these cases most of the familiar rules of arithmetic hold (for example the commutative,
associative, and distributive laws), and the inequality < is preserved by multiplying
both sides by the same quantity. However cancellation laws are not in general valid when
infinite quantities are permitted; in particular from z-4o00 = y-+00 or x++00 = y++00
one cannot conclude that x = y.

The order property allows us to extend the concepts of supremum and infimum, by
defining the supremum of a set that is unbounded from above, or set containing 400, to
be +oo; similarly for inf and —oo. This also means every sum ), with z,, € [0, +00]
can be meaningfully assigned a value in [0, +00], namely the supremum of the finite
partial sums ) _p 2.

A set U C R will be called open if either U C R and U is open in the usual sense,
or U is the union of an open subset of R with a set of the form (a, +oc] or [—00,b) (or

both). The collection of these open sets is a topology on the set R.

Definition 5.7. [Extended Borel o-algebra] The extended Borel o-algebra over R is
the o-algebra over generated by the Borel sets of R together with the sets (a, +00] for
a > 0. <

Definition 5.8. [Measurable function| Let (X,.#) be a measurable space. A function
[ X — Ris called measurable if it is (.# , Bg) measurable; that is, if f~(E) € .4 for
every open set U C R. <

In particular we have the following criteria for measurability which will be used
repeatedly:

Corollary 5.9 (Equivalent criteria for measurability). Let (X,.#) be a measurable
space.

(a) A function f: X — R is measurable if and only if the sets
FH(t Ao0]) = {z: f(2) >t}

are measurable for allt € R; and
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(b) A function f : X — Ror f: X — (—o0,00] is measurable if and only if f~Y(E) € .#
for all E € &, where & is any of the collections of sets &; appearing in Proposi-
tion 1.10.

A function f: X — C is measurable if and only if f~'((a,b) x (c,d)) is measurable for
every a,b,c,d € R. (Here (a,b) x (c,d) is identified with the open box {z € C : a <
Re(z) < b, cIm(z) < d}.) T

Example 5.10. [Examples of measurable functions]

(a) An indicator function 1g is measurable if and only if £ is measurable. Indeed, the
set {z : 1g(x) > t} is either empty, E, or all of X, in the casest > 1,0 <t < 1, or
t < 0, respectively.

(b) The next series of propositions will show that measurability is preserved by most of
the familiar operations of analysis, including sums, products, sups, infs, and limits
(provided one is careful about arithmetic of infinities).

(c) Corollary 5.19 below will show that examples (a) and (b) above in fact generate
all the examples in the case of R or C valued functions. That is, every measurable
function is a pointwise limit of linear combinations of measurable indicator functions.

JAN
Proposition 5.11. Let (X,.#) be a measurable space. A function f : X — C is
measurable if and only if Ref and Imf are measurable. T

Theorem 5.12. Let (X, . #) be a measurable space.

(a) If f,g : X — C be measurable functions, and ¢ € C. Then cf, f + g, and fg are
measurable.

(b) If f,g : X — R are measurable and, for each x, {f(x),g(x)} # {£oo}, then f + g
1s measurable.

(c) If f,g: X — R are measurable, then so is fg.

Proof. To prove (b), supppose f,g: X — [— 00, 00] are measurable and f + g is defined.
To prove f + g is measurable, observe that, for t € R given,

e e X f@)+g(@) >t} = | J{o: f2) > g} 0 {o: g(x) > t— g},
qeQ
where the fact that if g(x) < oo and f(z) > t — g(x), then there is a ¢ € Q such
that f(z) > g > t — g(x) was used to obtain the reverse inclusion in the last equality.
(If g(x) = oo, then z is evidently in both sets.) Since all the sets in the last line are
measurable, the intersection is finite and the union countable, it follows that f + ¢ is
measurable by Corollary 5.9.

Assuming f,g : X — [0,00| are measurable, a proof that fg is measurable can
be modeled after the proof for f + g. The details are left as an exercise. Likewise, it
is an exercise to show that if f : X — [—o00,00] is measurable, then so are f*(z) =
max{f(x),0} and f~(x) = —min{f(z),0}. Of course f = f* — f~. With this notation,

fo=Tg +f g )+ (g —fg)=F+G.
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Because f*,g* take values in [0,00] and are measurable all the products f¥g* are

measurable. Hence, using (b) several times, F' 4+ G is measurable (verify that F' + G is
defined).

The proof of (a) is straightforward using parts (b) and (c) and Proposition 5.11. [

Proposition 5.13. Let (f,) be a sequence of R-valued measurable functions.

(a) The functions

sup f,, inf f,, limsup f,, liminff,
n—00 n—00

are measurable;
(b) The set on which (f,) converges is a measurable set; and
(c¢) If (fn) converges to f pointwise, then f is measurable.

f

Proof. Since inf f,, = — sup(—f,,), it suffices to prove the proposition for sup and lim sup.
Let f(z) = sup,, fn(x). Then for any real number ¢, we have f(z) > t if and only if
fn(z) >t for some n. Thus

{z: fl@) >t} = J{z: fulx) > t}.

It follows that f is measurable. Likewise inf f,, is measurable. Consequently, gy =
sup,,>y fn is measurable for each positive integer N and hence lim sup f,, = inf gy is also
measurable.

Finally, if (f,,) converges to f, then f =limsup f,, = liminf f,, is measurable. [

In the previous proposition it is of course essential that the supremum is taken only
over a countable set of measurable functions; the supremum of an uncountable collection
of measurable functions need not be measurable. (Exercise: give a counterexample.)

One simple but important application of this proposition is that if f, g are R-valued
measurable functions, then f A g := min(f,g) and fV g := maz(f, g) are measurable; in
particular f* := max(f,0) and f~ := —min(f,0) are measurable if f is. It also follows
that |f| := f*+ f~ is measurable when f is. Together with Proposition 5.11, this shows
that every C valued measurable function f is a linear combination of four unsigned
measurable functions (the positive and negative parts of the real and imaginary parts
of f). Thus many statements about general measurable functions can be reduced to the
unsigned case.

In discussing convergence of functions on a measure space (X,.Z, 1), we say that
fn — f almost everywhere (or u-almost everywhere), abbreviated a.e. or p-a.e., if
fn — f on a set of full measure. (That is, there is a set ' € .# with u(FE°) = 0 and
fu(x) = f(x) forallz € E. )

The next two propositions show that 1) provided that p is a complete measure, a.e.
limits of measurable functions are measurable, and 2) one is not likely to make any
serious errors in forgetting the completeness requirement.
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Proposition 5.14. Suppose (X, 4, 1) is a complete measure space and (Y, A") is a
measurable space.

(a) Suppose f, g: X = Y. If [ is measurable and g = [ a.e., then g is measurable.
(b) If fn : X — R are measurable functions and f, — f a.e., then f is measurable. The
same conclusion holds if R is replaced by C.

f

Proposition 5.15. Let (X, .4, 1) be a measure space and (X, 4 ,Ji) its completion. If
f: X — R is a .#-measurable function, then there is an . -measurable function g such
that f = g i-a.e.

In particular, if (f,) is a sequence of .# measurable functions, f, : X — R, which
converges a.e. to a function f, then there is a .4 measurable function g such that (f,)
converges a.e. to g. Again, the same conclusion holds with R replaced by C. T

Since our primary interest is in Lebesgue measure, which is already complete, we
will not prove these propositions.

Definition 5.16. [Unsigned simple function] A function f on a set X is unsigned if its
codomain is a subset of [0, 00]. An unsigned function s : X — [0, +00] is called simple
if it can be expressed as a finite sum

s = Z cjlg, (28)
=0
where each E; is a subset of X and each ¢; € [0, +00]. <

A partition P of the set X is, for some n € N, a set P = {Ey,..., E,} of pairwise
disjoint subsets of X whose union is X. If each Ej is measurable, then P is a measurable
partition.

Proposition 5.17. A function s : X — [0, 40| is simple if and only if its range is a
finite set if and only if there exists a positive integer m, a partition P = {Fy, ..., F,},
and dg, . . ., d,, in [0,00] such that

k=0

Thus, a function s is simple if and only if it has a representation as in Equation (28)
where {Ey, ..., E,} forms a partition of X.

Finally, s is a measurable simple function if and only if it has a representation as
in Equation (28) where {Ey, ..., E,} is a measurable partition. T

Theorem 5.18 (The Ziggurat approximation). Let (X,.#) be a measurable space. If
f X — [0,+00| is an unsigned measurable function, then there exists a increasing
sequence of unsigned, measurable simple functions s, : X — [0, +00) such that s, — f
pointwise increasing on X. If f is bounded, the sequence can be chosen to converge
uniformly.
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Proof. For positive integers n and integers 0 < k < n2", let B, = {z : & < f(z) <
EHLY let Eppon = {2 :n < f(z)} and define
n2m k
() =Y s, (20)
k=0

Verify that (s,) is pointwise increasing with limit f and if f is bounded, then the
convergence is uniform. 0

It will be helpful to record for future use the round-off procedure used in this proof.
Let f: X — [0,400] be an unsigned function. For any € > 0, if 0 < f(x) < 400 there
is a unique integer k such that
ke < f(x) < (k+1)e.

Define the “rounded down” function f.(z) to be ke when f(x) € (0, +00) and equal to 0
or +00 when f(z) = 0 or 400 respectively. Similarly we can defined the “rounded up”
function f€ to be (k+ 1)e, 0, or +00 as appropriate. In particular, we have for all € > 0

fe<[< TS
and f., f¢ are measurable if f is. Moreover the same argument used in the above proof
shows that f., f¢ — f pointwise as € — 0 (and uniformly, if f is bounded).
Finally, by the remarks following Proposition 5.13, the following is immediate (since
its proof reduces to the unsigned case):

Corollary 5.19. Every R- or C-valued measurable function is a pointwise limit of mea-
surable simple functions. T

i *PROOFREADING DONE UP TO HERE TUE 3/12/201 9k

6. INTEGRATION OF SIMPLE FUNCTIONS

We will build up the integration theory for measurable functions in three stages. We
first define the integral for unsigned simple functions, then extend it to general unsigned
functions, and finally to general (R or C-valued) functions. Throughout this section and
the next, we fix a measure space (X, ., u); all functions are defined on this measure
space.

Suppose P = {Ej, ..., E,} is a measurable partition of X and

s=Y clg,. (30)
§=0

If {Fy,...,F,} is another measurable partition and

5= Z dplp,,
=0
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then it is an exercise to show

Z cnpt(En) = Z Ay pt(Fon)-

It is now possible to make the following definition.

Definition 6.1. Let (X, .#, 1) be a measure space and f = ZLO ¢nlp, an unsigned
measurable simple function (in its standard representation). The integral of f (with
respect to the measure p) is defined to be

N
X n=0

N

One thinks of the graph of the function clg as “rectangle” with height ¢ and “base”
E; since p tells us how to measure the length of E the quantity c¢- u(E) is interpreted as
the “area” of the rectangle.Note too that the definition explains the convention 0-co0 = 0,
since the set on which s is 0 should not contribute to the integral.

Let Lt denote the set of all unsigned measurable functions on (X, .#). We begin by
collecting some basic properties of the integrals of simple functions, temporarily referred
to as simple integrals. When X and p are understood we drop them from the notation

and simply write [ f for [, fdpu.

Theorem 6.2 (Basic properties of simple integrals). Let (X, .#, ) be a measure space
and let f,g € LT be simple functions.

(a) (Homogeneity) If ¢ > 0, then [cf =c [ f.
(b) (Monotonicity) If f < g, then [ f < [g.
(¢c) (Finite additivity) [ f+g= [f+ [g.
(d) (Almost everywhere equivalence) If f(x) = g(x) for p-almost every x € X, then
f=1Jg
(e) {F@'mté{less) [ [ < +oc if and only if is finite almost everywhere and supported on
a set of finite measure.

(f) (Vanishing) [ f =0 if and only if f =0 almost everywhere.

Proof. (a) is trivial; we prove (b) and (c) and leave the rest as (simple!) exercises.

To prove (b), write f = >"7 (¢;j1p, and g = Y ;% dj1p, for measurable partitions
P={Ey,...,E,} and Q = {Fp,..., F,} of X. It follows that R ={E;NF}, :0<j <
n, 0 < k < m} is a measurable partition of X too and

f= Z ¢ilgnp,
Jk
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and similarly for g. From the assumption f < g we deduce that ¢; < d; whenever
E; N Fy # @. Thus, in view of the remarks preceding Definition 6.1,

/f = (BN F) <> dy(E; N Fy) = /9-
Jik gk

For item (c), since E; = J;_, E; N F}, for each j and Fy, = J;_, Iy N E; for each £,
it follows from the finite additivity of y that

/f+/g=Z(Cj+dk)M(EjﬂFk)-

Since f+g=>_ M(cj +di)1g;nF,, by essentially the same reasoning the right hand side
is equal to [(f + g). O

If f:X — [0,+00] is a measurable simple function, then so is 1 f for any measur-
able set E. We write [, fdu:= [1pfdpu.

Proposition 6.3. Let (X, .# 1) be a measure space. If f is an unsigned measurable
simple function, then the function

v = d
()= [ fan
is a measure on (X, #). T

Proof. That v is nonnegative and v(@) = 0 are immediate from the definition. Let
(En)S2, be a sequence of disjoint measurable sets and let £ = |J~ | E,. Write f as

> _jo1 ¢j1p; with respect to a measurable partition {F1, ..., F},} and observe

j=1

=Y eu(En | En)
7=1 n=1

= Z Z cj:u(F} N En)
n=1 j=1

= Z v(Ey)
n=1
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7. INTEGRATION OF UNSIGNED FUNCTIONS

We now extend the definition of the integral to all (not necessarily simple) functions
in L*. First note that if (X,.#,u) is a measure space and s is a measurable unsigned
simple function, then, by Theorem 6.2(b),

/ sdu = sup{/ tdp:0<s<t, tisa measurable unsigned simple function}.
X X

Hence, the following definition is consistent with that of the integral for unsigned simple
functions.

Definition 7.1. Let (X, .#, 1) be a measure space. For an unsigned measurable func-
tion f: X — [0, +oc], define

/ fdup = sup / sdyu. (31)
X 0<s<f;s simple JX

N

Theorem 7.2 (Basic properties of unsigned integrals). Let f, g be unsigned measurable
functions.

(a) (Homogeneity) If ¢ > 0 then [cf =c [ f.

(b) (Monotonicity) If f < g then [ f < [g.

(c) (Almost everywhere equivalence) If f(x) = g(x) for p-almost every x € X, then
Jf=1Jg

(d) (Finiteness) If [ f < 400, then f(x) < +oo for p-a.e. x.

(e) (Vanishing) [ f =0 if and only if f =0 almost everywhere.

(f) (Bounded) If f is bounded measurable function and p(X) < oo, then [ fdu < co.

The integral is also additive; however the proof is surprisingly subtle and will have
to wait until we have established the Monotone Convergence Theorem.

Proof of Theorem 7.2. (a,b) Asin the simple case homogeneity is trivial. Monotonicity
is also evident, since any simple function less than f is also less than g.

(c) Let E be a measurable set with p(E°) = 0. If s is a simple function, then by
Theorem 6.2(e), 1gs is a simple function and [1ps = [ s. Further, if 0 < s < f,
then 1gs < 1gf. Hence, using monotonicity and taking suprema over simple
functions,

Jrer< [r=sw [s=sw [1os< s [i= [
0<s<f 0<s<f 0<t<1gpf

(d) If f = 400 on a measurable set £, and u(E) > 0, then [ f > [nlg = nu(E) for
all n, so [ f = +00. (A direct proof can be obtained from Markov’s inequality
below.)

(e) If f =0 ae. and s < f is a simple function, then by monotonicity [s = 0
so [ f = 0. Conversely, suppose there is a set E of positive measure such that
f(x) > 0forallz € E. Let E, = {z € E: f(z) > 2}. Then E = |J,_, En,
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so by the pigeonhole principle pu(Ey) > 0 for some N. But then ~1p, < f, so
[ f>xu(Ey)>0.

(f) There is a positive real number C' so that 0 < f(x) < C for x € X. Hence, if
0 < g < f and g is a measurable, then 0 < g < C. Since [ gdu < Cu(X), the
constant C'u(X) is an upper bound for the supremum defining the integral of f
and the conclusion follows.

O

Theorem 7.3 (Monotone Convergence Theorem). If f,, is a sequence of unsigned mea-
surable functions and f, increases to f pointwise, then [ f, — [ f.

Proof. Since (f,,) converges to f and each f, is measurable, f is measurable. By mono-
tonicity of the integral, the sequence ([ f,) is increasing and [ f, < [ f for all n. Thus
the sequence ([ f,) converges (perhaps to co) and lim [ f, < [ f. For the reverse in-
equality, fix 0 < € < 1 and let s be a simple function with 0 < s < f. Consider the
sets

Ey=A{z: fulr) = (1 = €)s(x)}.

The E, form an increasing sequence of measurable sets whose union is X. For all n,

[ 5. Enfnz(l—E)/nS-

By Monotone convergence for sets (Theorem 2.4(c)) applied to the measure v(E) = [, s
(Proposition 6.3), we see that
lim s = / 5.
En X

Thus lim [ f, > (1 —¢€) [ s for every 0 < e < 1 and every simple function 0 < s < f.
Taking the supremum over s and then over €, we conclude that lim [ f, > [ f. 0

Before going on we mention two frequently used applications of the Monotone Con-
vergence Theorem:

Corollary 7.4. (1) (Vertical truncation) If f is an unsigned measurable function
and f An:=min(f,n), then [ fAn— [ f.

(2) (Horizontal truncation) If f is an unsigned measurable function and (E,)>, is

an increasing sequence of measurable sets whose union is X, then fEn f—=/r.

f

Proof. Since f An and 1p, f are measurable for all n and increase pointwise to f, these
follow from the Monotone Convergence Theorem. O

Theorem 7.5 (Additivity of the unisgned integral). If f,g are unsigned measurable
functions, then [ f+g=[f+ [g.
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Proof. By Theorem 5.18, there exist sequences of unsigned, measurable simple functions
fn, gn which increase pointwise to f, g respectively. Thus f,, + g, increases to f + g, so
by Theorem 6.2(c) and the Monotone Convergence Theorem,

/f+g—11m/fn+gn—hm/fn+hm/gn /f—l—/

Corollary 7.6 (Tonelli’s theorem for sums and integrals). If (f,) is a sequence of un-
signed measurable functions, then [ > 7 fo =", [ fa. T

O

Proof Note that Y > | f, is measurable. By induction on Theorem 7.5, [ ZnN:1 fn =

n:l [ fn for all N > 1. Since 2n=1 fn increases pointwise to Y | f,, we have by the
Monotone Convergence Theorem

O

If the monotonicity hypothesis is dropped, we can no longer conclude that [ f, —
[ fif f, = f pointwise (see Examples 7.8 below), however the following weaker result
holds.

Theorem 7.7 (Fatou’s Theorem). If f,, is a sequence of unsigned measurable functions,

then
/ liminf f,, < liminf / fn-

Proof. For each n define functions ¢, (x) := inf,,>, fn(x). Then the g, are unsigned
measurable functions increasing pointwise to liminf f,,, and g, < f, for each n. Thus
by the Monotone Convergence Theorem and monotonicity

/liminf fn= lim/gn = lim inf/gn < lim inf/fn.

Example 7.8. [Failure of convergence of integrals| This example highlights three modes
of failure of the convergence [ f,, — [ f for sequences of unsigned measurable functions
fn i R — [0, +00] and Lebesgue measure. In each case f,, — 0 pointwise, but [ f,, =1
for all n:

(1) (Escape to height infinity) f,, = nlg 1

(2) (Escape to width infinity) f, = 31
(3) (Escape to support infinity) f, = L n41)

O

Note that in the second example the convergence is even uniform. These examples can
be though of as “moving bump” functions—in each case we have a rectangle and can
vary the height, width, and position. If we think of f,, as describing a density of mass
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distributed over the real line, then [ f, gives the total “mass”; Fatou’s theorem says
mass cannot be created in the limit, but these examples show mass can be destroyed. A

Proposition 7.9 (Markov’s inequality). If f is an unsigned measurable function, then
forallt >0

ule f@) >t < [ f

Proof. Let By = {x : f(x) > t}. Then by definition, t1p, < f, so tu(E) = [t1g, <
Ir 0

8. INTEGRATION OF SIGNED AND COMPLEX FUNCTIONS

Again we work on a fixed measure space (X,.#, ). Suppose f : X — R is mea-
surable. Split f into its positive and negative parts f = f* — f~. If at least one of
[ f*.J [ is finite, define the integral of f

il

If both are finite, we say f is integrable (or sometimes absolutely integrable). Note that
f is integrable if and only if [|f| < 4oo; this is immediate since |f| = f*+ f~. We

write
171l ::/ £l di
X

when f is integrable. In the complex case, from the inequalities
max(|Refl, [Imf]) < |f| < [Ref|+ [Imf|

it is clear that f : X — C is absolutely integrable if and only if Ref and Imf are. If f is
complex-valued and absolutely integrable (that is, f is measurable and | f| is integrable),

we define
/f:/Reeri/Imf.

We also write || f||; :== [y |f|dp in the complex case.

If f: X — R is absolutely integrable, then necessarily the set {z : |f(x)| = 400}
has measure 0. We may therefore redefine f to be 0, say, on this set, without affecting
the integral of f (by Theorem 7.2(c)). Thus when working with absolutely integrable
functions, we can (and from now on, will) always assume that f is finite-valued every-
where.
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8.1. Basic properties of the absolutely convergent integral. The next few propo-
sitions collect some basic properties of the absolutely convergent integral. Let L' (X, ., )
denote the set of all absolutely integrable C-valued functions on X. (If the measure space
is understood, as it is in this section, we just write L'.)

Theorem 8.1 (Basic properties of L! functions). Let f,g € L' and c € C. Then:

(a) L' is a vector space over C and the map f — [ f is a linear functional on it.

) | f] < [1F]-
(c) llefllv = lelll £l
(d) If +gllv < ([ £l + llgllr-

Proof. To prove L' is a vector space, suppose f,g € L' and ¢ € C. Since f,g are
measurable, so is f + ¢, thus |f + g| has an integral and since |f + g| < |f] + |g]
monotonicity and additivity of the unsigned integral, Theorems 7.2 and 7.5, show that
f + g is integrable and hence in L'. Further,

1F+ gl < 1Al + llglh

and item (d) is proved. Next, [ |ef] = || [|f] < oo (using homogeneity of the unsigned
integral in Theorem 7.2) Hence (c) holds. Moreover, it follows that cf € L'. Thus L' is
a vector space.

To prove that f — [ f is linear, first assume f and g are real-valued and ¢ €
R; the complex case then follows essentially by definition. Checking ¢ [ f = [cf is
straightforward. For additivity, let h = f + ¢; then

hr—h™=f"+g" = f —g
and therefore
Y+ f~+g =h 4+ fF+g".
Thus
/h++f‘+g‘z/h—+f++g+

which rearranges to [h = [ f + [ g using the additivity of the unsigned integral, and
the finiteness of all the integrals involved. Hence f is linear.

If f is real, then

Pl gl |-

Hence (b) holds for real-valued functions. When f is complex, assume [ f # 0 and let
t =sgnf f. Then |t| = 1 and | [ f| = [tf. Tt follows that, using in part (b) for the

real-valued function Retf,
~ke [17= [Retg < [1s1= [10)

/s
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Because of cancellation, it is clear that [ f = 0 does not imply f = 0 a.e. when f
is a signed or complex function. However the conclusion f = 0 a.e. can be recovered if
we assume the vanishing of all the integrals | 5 [, over all measurable sets F.

Proposition 8.2. Let f € L'. The following are equivalent:

(a) f =0 almost everywhere,

(b) [1f1=0,

(¢) For every measurable set E, [ f =0.
f

Proof. Since f = 0 a.e. if and only if |f| = 0 a.e., (a) and (b) are equivalent by
Theorem 7.2(e). Now assuming (b), if £ is measurable then by monotonicity and The-

orem 8.1(b)
[ 1= [in= =0
so (¢) holds.

Now suppose (c) holds and f is real-valued. Let £ = {f > 0} and note f* = f1g.
Hence g is unsigned and, by assumption [ ¢ = 0. Thus, by Theorem 7.2, g = 0 a.e.

Similarly f~ = 0 a.e. and thus f is the difference of two functions which are zero a.e.
To complete the proof, write f in terms of its real and imaginary parts. O
Corollary 8.3. If f,g € L' and f = g p-a.e., then [ f = [g. T
Proof. Apply Proposition 8.2 to f — g. 0J

The preceding proposition and its corollary say that for the purposes of integration,
we are free to alter the definition of functions on sets of measure zero. In particular, if
f: X — R is finite valued almost everywhere, then there is another function ¢ which is
finite everywhere and equal to f a.e. (Simply define g to be 0 (or any other finite value)
on the set £ where f = 4+00.)

Another consequence is that we can introduces an equivalence relation on L'(X, .Z, )
by declaring f ~ ¢ if and only if f = ¢ a.e. If [f] denotes the equivalence class of
f under this relation, we may define the integral on equivalence classes by declaring
[1f] == [ f. Corollary 8.3 shows that this is well-defined. It is straightforward to check
that [cf +g] = [cf] + [g] for all f,g € L' and scalars ¢ (so that L'/ ~ is a vector space),
and that the properties of the integral given in Theorem 8.1 all persist if we work with
equivalence classes. The advantage is that now [[|f|] = 0 if and only if [| f|] = 0. This
means that the quantity ||[[f]||1 is a norm on L'/ ~. Henceforth will we agree to impose
this relation whenever we talk about L', but for simplicity we will drop the [] notation,
and also write just L! for L'/ ~. So, when we refer to an L' function, it is now under-
stood that we refer to the equivalence class of functions equal to f a.e., but in practice
this abuse of terminology should cause no confusion.

Just as the Monotone Convergence Theorem is associated to the unsigned integral,
there is a convergence theorem for the absolutely convergent integral.
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Theorem 8.4 (Dominated Convergence Theorem). Suppose (f,)5e is a sequence from
LY which converges pointwise a.e. to a measurable function f. If there exists a function
g € L' such that for every n, we have |f,| < g a.e., then f € L', and

lim [ f, = / f
n—oo
Proof. By considering the real and imaginary parts separately, we may assume f and

all the f,, are real valued. By hypothesis, g + f,, > 0 a.e. Applying Fatou’s theorem to
these sequences, we find

/g—l—/fgliminf/(g—i—fn):/g+liminf/fn
/g—/fSliminf/(g—fn)Z/g—limsup/fn

It follows that liminf [ f > [ f > limsup [ f. O

and

The conclusion [ f, — [ f (equivalently, | [ fo — [ f| — 0) can be strengthened
somewhat:

Corollary 8.5. If f,, f, g satisfy the hypotheses of the Dominated Convergence theorem,
then lim, o0 || fr — fll1 = 0 (that is, lim [ |f,, — f| =0). T

Theorem 8.6 (Density of simple functions in L'). If f € L', then there is a sequence
(fn) of simple functions from L' such that,

(a) |fal < |f] for alln,
(b) fn — f pointwise, and

(¢) limy oo || fo — fll1 = 0.

Proof. Write f = u + v with u, v real, and v = u* — v, v = vt —v~. Each of the four
functions u®, v* is nonnegative and measurable, so by the ziggurat approximation we
can choose four sequences of measurable simple functions uf,vf increasing pointwise
to u®, v* respectively. Now put u, = v} —u_, v, = v} — v, and f, = u, + iv,. By
construction, each f,, is simple. Moreover

n?’

[tn| = ut +u, <ut +u = |ul,

and similarly |v,| < |v|, so |f.| < |f|. It follows that each f, is integrable, and f, — f
pointwise by construction. Finally, since f € L', the f, satisfy the hypothesis of the
dominated convergence theorem (with g = |f|), so (c) follows from Corollary 8.5. O
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9. ADDITIONAL TOPICS

9.1. The Lebesgue integral and the Riemann integral. The treatment in this
section follows I. P. Natanson, Theory of functions of a real variable, Chapter V.4.

Let f : [a,b] — R be a function (for the moment we do not assume f is bounded).
Let z¢ € [a,b] and let § > 0. Define

ms(zo) = inf{f(x)}, Ms(xo) =sup{f(z)}, zo—d<x<z0+94

(Strictly speaking, the inf and sup are taken only over those x in (xg — 9,z + ) which
belong to [a, b].)

From the definitions we have mgs(xg) < f(zo) < Ms(xg). If we let § decrease to 0,
then Ms(xo) is nonincreasing, and ms(zo) is nonincreasing, and hence the limits

m(xg) = 61_i>r(1)q+ ms(xg), M(xo) := él_i)r[% M ()
exist and satisfy
ms(zo) < m(xo) < flzo) < M(zo) < Ms(20).
The functions m(x) and M (z) are called respectively the lower and upper Baire functions
for f.

Theorem 9.1 (Baire). A function f : [a,b] — R is continuous at xo € [a,b] if and only

if
m(zo) = M(xo).

Proof. Suppose f is continuous at xy. Given € > 0, there exists § > 0 such that for
|z — x| < &, we have |f(z) — f(xo| < €. That is, for every x € (xg — 0,29 + J), we have

flzo) —e< f(x) < fxo) +€
and it follows that
flzo) — e <mg(xo) < Ms(zo) < f(zo) + €,
and thus further that
flxo) —e <m(xg) < M(xzg) < f(xg) + €.
Since this last inequality holds for all € > 0, we conclude that m(xy) = M(zo) = f(xo).

Conversely, suppose m(zg) = M (xo), and note that this common value must equal
f(zo). Let € > 0, from the definition of the Baire functions there exists § > 0 such that

m(xzg) — € < ms(xo) < m(xg) and M(zg) < Ms(zo) < m(zo) + €.
These inequalities imply
f(zo) — e <mgs(xg) and Ms(xg) < f(zo) + €.
Now let © € (xg — 0,29 + J). Then f(z) lies between ms(zo) and Ms(xg), so that
f(xo) —e < f(x) < f(xo) + €. This shows that f is continuous at . O

For a partition P of an interval [a, b], we let mesh(P) denote the maximum length
of the subintervals [z;, z;41].
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Lemma 9.2. For each k = 1,2,... let P, = {xék) = a, a:gk), e b} be a partition

of |a,b], and suppuse that mesh(Py) — 0 as k — oo. Let mgk) be the infimum of [ on

the interval [mz(k), xl(_]i)l]. Define an auziliary function pg(x) by

(k) (k) (k)
m;  forx € (z;,x;
(o) = { Y

0 x:xék),xgk),...,xg?.

If xq is not equal to any of the points :L‘gk) for any k,i, then
Jim (o) = m(wo).
t
(k).

Proof. Fix a point xy, not equal to any of the z; Fix k and consider the interval

[:pgf), x%ﬁl] of the partition P, which contains xy. By assumption, xg is not an endpoint of
this interval, and hence lies in its interior, so there exists § > 0 for which (xg—d, xo+0) C

2,21, Tt follows that m("

Letting 6 go to 0, we have for all k

< mg(xg) or, what is the same, @y (xg) < mgs(xo).

or(0) < m(x0).

Now let h < m(xg). Then there exists § > 0 such that ms(zg) > h. Fix this §; then

there exists ko such that for k& > ko we have [$§f), :Bgfll] C (zg — 0,29 + 0), where iy is
chosen (depending on k) so that this closed interval is the one from P} containing zg.
(The existence of such a kg follows from the assumption mesh(P;) — 0.)

For each k we have mg(’f) > mg(xg) > h, or, what is the same, (o) > h. Thus, for

each h < m(xq) there is a ko such that for all & > ko,
h < pr(xo) < m(xo)

which proves that ¢ (z¢) — m(zo). O

It is evident that an analogous version of the lemma will hold for the upper Baire
function M (z). As an immediate application of the lemma we have

Corollary 9.3. The Baire functions m(x) and M(z) are measurable. T

Indeed, the lemma shows that m and M are pointwise a.e. limits of sequences of
simple functions, and hence (Borel) measurable. (Precisely, the ¢, are (Borel) mea-
surable simple functions, and ¢ (z) — m(z) at every point of [a,b] except possibly at

points from the countable set {:z:l(k)})
We continue to use the notation from the lemma. To distinguish the two types of

integration under discussion, we write (L) [ for the Lebesgue integral and (R) [ for the
Riemann integral.
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Corollary 9.4. Let f be a bounded function on [a,b]. Then
(L)/ or(xr)dr — ( /m
t

Indeed, if |f| < C in [a,b] then |pi| < C,|m| < C, so the dominated convergence
theorem applies.

Theorem 9.5. A bounded function f : [a,b] — R is Riemann integrable if and only if it
is continuous almost everywhere on [a,b] (that is, if and only if its set of discontinuities
has Lebesgue measure 0.)

Proof. Let f be bounded. There exists a sequence of partitions P, with mesh(Py) — 0

and such that _
b

Next, we rephrase the last corollary. Note that for each k

as k — o0.

ne—1 ng—1

(L)/ () de = Z/Hl x)dr = ka)Aa: = L(Py, f).

Thus the corollary says that
L Iz k; / m

Analogously, the upper Darboux sums will approximate the Lebesgue integral of the
upper Baire function M:
U(Py, f / M (z

Thus for any bounded function f we will have

U(Ps, f) — L(Py, f / M(x ) dz.

We therefore have

((R)Zf> - ((R) L f) =) [ M) - mo)

We conclude that the function f is Riemann integrable if and only if

(L) / (M(z) — m(z)] dz = 0.

Now, the integrand M (xz) — m(x) is nonnegative, so its Lebesgue integral is 0 if and
only if M —m is 0 almost everywhere, that is, if and only if M = m almost everywhere.
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But we have already shown that M (z) = m(z) if and only if f is continuous at x. This
proves the theorem. [l

9.2. Old version a la Rudin. We temporarily write % [ f° for the Riemann integral
of a bounded function f : [a,b] — R.

Theorem 9.6. Suppose [ : [a,b] — R is a bounded function. Then f is Riemann
integrable if and only if [ is continuous a.e. on |a,b|, in which case f is Lebesque

measurable and %’f:f = f[a g fdm.

Lemma 9.7. If f,g : [a,b] = R, g is Lebesque measurable, and f = g a.e., then f is
Lebesgue measurable. T

Proof of Theorem 9.6. Let P = {zg = a,x1,...,x, = b} be a partition of [a,b] and
let E; = [xj_1, ;] be the j" interval of the partition. As usual let m; = infg, f and
M; = supg, f, and recall the definitions of the upper and lower sums

P f) =Y _mjlEjl, U(P f)= ZM|E\
j=1

Define simple functions

n n
— E . + § .
= mlej, s = M]]-Ej
j=1 j=1

and observe that s~ (x) < f(z) < s™(x) for a.e. z € [a,b]. Furthermore, s* are

measurable and
[ =uen. [s=ves,

Note also that if () is a refinement of P and SIDSQ are the corresponding simple functions,
we have

s;§55§5Q<5P

almost everywhere. Now take a sequence of partitions Py so that Py, is a refinement
of Py, for each k, and such that

llmL (P, f %/f and th (P, f %/f

Refining the Py if necessary, we may assume that each interval of Py has length at most
%. (So, the “mesh size” of the partitions tends to 0.) Letting s be the corresponding
sequences of simple functions, we have that s, is pointwise increasing a.e., and s; is
pointwise decreasing a.e. to (necessarily measurable) functions f~, f* respectively and

[T<f<ft ae (32)
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By the monotone covergence theorem applied to s, and the dominated convergence
theorem applied to s;", we have

[ =tm [ s =timz(R. ) %’/f<%/f—thPk, _11m/sk_/f+.

It follows that f is Riemann integrable if and only if [ f~ = [ f*, but since f~ g fJr
a.e., this happens if and only if f~ = f* a.e., or equivalently lim(s} — s;) = 0 a.e.
But it is straightforward to check that this last condition holds if and only if f is
continuous a.e. To see this, note first that if x does not lie in any of the partitions F;
then lim(s; (z)—s; (x)) = 0 if and only if f is continuous at x (this is where the condition
on the mesh size is used). Moreover, the set of points that do belong to some partition
is countable and hence has measure zero. Finally, if f is Riemann integrable then we
have f = f~ = f* a.e., hence f is measurable (by the lemma) and ,@f:f = [ fdm by

(33). O

9.3. Recovering a function from its derivative. If f is a differentiable function
on [a,b], and we know its derivative f’, can we recover f from f'? If f’ is Riemann
integrable, then we know from the Fundamental Theorem of Calculus that

+ / " P (34)

However, it is possible that f’ is not Riemann integrable, even if it exists for every
x € [a,b] and is bounded. We provide an example of such a function, and then prove
that if f’ is bounded, then it is Lebesgue integrable, and f can be recoverd from f’ by
the formula (34) if the integral is interpreted as a Lebesgue integral. (We note for this
that it crucial that f” exists for all z € [a, ], not just a.e. If f is only assumed to exist
a.e. then there are counterexamples, e.g. the Cantor-Lebesgue function).

Example. Let E C [a,b] be closed, nowhere dense subset (i.e., E contains no
intervals) with m(E) > 0 (for example, we can take E to be a fat Cantor set), and
inf £ = a,supE = b. Its complement U = [a,b] \ E in [a,b] is open, and hence is a
countable disjoint union of intervals (a,,b,), n = 1,2,.... We define a function f on
[a,b] as follows: put f(z) =0 for x € E. On each complementary interval (a,,b,) we
define f by

f(m) = (37 - an)Q(x - bn)2 sin (bn — @n)($ i an)(:v _ bn)'

Let us show first that f is differentiable at each point of E, and f'(z) = 0 at these points.
Indeed, fix g € F and let = € [a,b] with x > z(. If x € F, then f(x) = f(xo) = 0. If
x € (ap,by), then zo < a, < z, S0

T — Top > T — Gy
and

‘M < (z—ap)(b—a)? < (z—x0)(b—a)’.

T — Zo
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F1GURE 1. The graph of f on one of the intervals (a,, b,)

It follows that
f(@) = f(xo)

r — X9

lim
.'L'*)Zb‘_

=0.

Analogously, the limit as x — z; is also 0, which proves f'(x¢) = 0.
For x € (ay,b,) we evidently have that f is differentiable, and from computing the
derivative

f'(z) = 2(x — a,)(x — b,)(2x — a, — b,) sin 1

(b — an)(x — an)(x — by)
2x — a, — b, 1
T b —an by —an) (@ — an)(x — b))

we see that | f'(x)| < 2(b—a)3+ 1, and hence is a bounded function on [a, b]. Inspecting
the expression for f'(z) for x € (an,b,), we see that f'(x) does not have a limit as
x — a, or £ — b, (the culprit is the cosine term). This shows that f’ is not continuous
at any of the endpoints a,, b, (which belong to E), and using the fact that E is nowhere
dense, it is not hard to show that likewise f’ is discontinuous at every point of F. But
since m(E) > 0, we conclude that f’ is not Riemann integrable.

Thus, the Riemann integral does not completely solve the problem of recovering
a function from its derivative. It turns out the the Lebesgue integral provides a more
powerful tool for the solution of this problem.

Theorem 9.8. Let f be differentiable at every point of [a,b]. If f'(x) is bounded, then
it is Lebesgue integrable, and for all x € [a,b] we have

fla) = fa)+ [ 1

(Here, of course, the integral is the Lebesgue integral.)
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Proof. First of all we note that f must be continuous, since it is differentiable. It will
be convenient to extend f to the interval [a, b+ 1] by putting, for b <z < b+ 1

f(x) = f(b) + (x = b)f'(b).
This extended f is then continuous and differntiable in [a, b + 1].
For each n =1,2,3,... put

1
on(z) =n [f (J:—i- ﬁ) - f(x)] :
At each point = € [a, b] we have lim,_,~ ¢,(z) = f'(z), and since each of the functions

©n 1s continuous, each of them is measurable, and hence f’ is measurable. Since f’ is
also assumed bounded, it is integrable.

Further, by the mean value theorem, for each x € [a,b] there exists a 6 € (0,1) so

that
pn(T) =n [f (x+%> —f(a:)] = f <x+ g) .

Since f’ is bounded, it follows that the ¢, are uniformly bounded, so by the dominated
convergence theorem

/ f'(z)dx = lim on(x) de. (35)

n—o0 a

/abgon(x)dx:n/abf(x—i—%) dm—n/abf(x)dx: (36)

= n/abﬂ/n f(z)de — n/abf(x) dr. (37)

+1/n

But

(The change of variable in the first integral on the right-hand side can be justified as
follows: Since f is continuous, it is Riemann integrable, so we can identify the Riemann
integral with the Lebesgue integral, and apply the usual change of variables formula
valid for the Riemann integral.) We then obtain

b b+1/n a+1l/n
/ on(x)de = n/ —n/ f(x)dx.
a b a

Applying the mean value theorem for integrals to the two integrals on the right-hand
side (again using the fact that f is continuous), there exist numbers 6,,6, € (0,1) so

that )
/gpn(x)dx:f(b—l—@)—f(aﬂL%)
a n n

and appealing one last time to the continuity of f we obtain

lim [ () de = f(b) — f(a).

n—00 a
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Therefore from (35) we find

f(0) — fla) = / f(z) da.

Replacing b by arbitrary x € [a, b, the theorem is proved.
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