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INTRODUCTION

Transfinite recursion and induction are among the central methods of set theory.
They allow one to define objects stage by stage along the ordinals, and to ana-
lyze infinite structures by following the same transfinite hierarchy. These methods
extend the familiar recursion and induction on the natural numbers to arbitrary
ordinals by adding the limit step, allowing one to pass beyond the first infinite ordi-
nal w. However, this also introduces a new place for a construction to fail: a naive
transfinite construction may proceed smoothly through the successor steps, and
even through some limit stages, and still break down before reaching its intended
end. To carry the construction through, one typically needs some additional idea
or trick, and that idea is rarely obvious in advance.

This thesis is organized around that theme. The objects studied here come from
several parts of set theory, some from combinatorial set theory and others closely
connected with set-theoretic topology, but the underlying issue is the same: how
can a transfinite construction be carried through to the end without breaking down
at a limit stage? Throughout the thesis, we develop the tools needed to make
such constructions succeed. These include carefully chosen inductive hypotheses,
together with independent families and the related notions of independence mod-
ulo a filter or ultrafilter, as well as maximality of a filter with respect to a given
independent family. Together, these provide a natural mechanism for controlling
compatibility and ensuring that enough possibilities remain available at later stages
of the construction.

We begin with the study of trees, since they provide natural examples in which
the central theme of the thesis appears. In the construction of an Aronszajn tree,
the successor steps are relatively straightforward, but the limit steps require a
further trick in order for the induction to continue. The same theme appears again
in the study of Souslin trees and Souslin lines, where transfinite constructions are
used in proving the equivalence of the two notions.

A more central part of the thesis concerns reduced powers and ultrapowers of
linear orders. Since set theory is deeply concerned with the study of order, ul-
trapowers provide a natural mechanism for producing new linear orders from old
ones, and the resulting structures turn out to be remarkably rich. Lo$’s theorem
shows that an ultrapower is elementarily equivalent to its underlying structure, so
first-order properties alone cannot distinguish the resulting orders. One major goal
of the thesis is therefore to study these ultrapowers more closely. A key point is
that these ultrapowers fail to be complete: in general, an increasing w-sequence
need not have a least upper bound. This leads naturally to the notion of a gap. To
analyze such structures, we introduce invariants that go beyond first-order logic,
such as the bounding number, the dominating number, and lower cofinality. The
later sections return to these invariants in order to show that different ultrafilters
can give rise to genuinely different ultrapowers.

Alongside the study of ultrapowers, we also study the ultrafilters themselves.
Free ultrafilters cannot in general be written down explicitly, but their existence
is guaranteed by the Ultrafilter Lemma. This leads naturally to further questions:
how many free ultrafilters are there, and when should two ultrafilters be regarded as
the same? To address the second question, we introduce Rudin—Keisler equivalence



as a way of comparing ultrafilters. We then prove a theorem of Kunen showing
that there exist two Rudin—Keisler incomparable ultrafilters. From this we prove a
topological consequence about P(w)/fin, namely, that its homogeneity as a Boolean
algebra does not extend to the space of ultrafilters on it: there exist two free
ultrafilters that cannot be sent to one another by any automorphism of P(w)/fin.

Thus, although the topics of this thesis range from trees to ultrapowers to gap
constructions, the underlying theme is consistent throughout. Transfinite recursion
is not simply a formal procedure for building large objects. Its success depends
on finding the right combinatorial principle to carry the construction through limit
stages. The aim of this thesis is to illustrate that theme across several settings,
while developing the set-theoretic tools needed to make such constructions work.

Preliminaries.

We begin by recalling the set-theoretic definitions and notation used throughout
the thesis. Readers already comfortable with this material may omit this section
on a first reading.

Orders and ordinals.

Definition. A partial order on a set P is a binary relation < on P satisfying:

(1) (reflexivity) p < p for every p € P;
(2) (antisymmetry) if p < ¢ and ¢ < p, then p = g;
(3) (transitivity) if p < ¢ and ¢ <r, then p <.

The pair (P, <) is a partially ordered set, or poset. We write p < ¢ to mean p < ¢
and p # q.

An immediate example of a partial order is (N, <). At first glance, a partial order
may not seem very different from the usual order on numbers. The key difference
is that, in a partial order, not every pair of elements must be comparable.

For example, (P(N), C) is a partially ordered set under inclusion. However, there
exist subsets of N that cannot be compared: for instance, {1,2,3} and {4,5,6}
satisfy neither {1,2,3} C {4,5,6} nor {4,5,6} C {1,2,3}. Such elements are called

incomparable. This brings us to our next definition.

Definition. A poset (P, <) is a total order, or linear order if it has the following
property:

(4) (trichotomy) for all z,y € P, either x < y, y < x, or & = y.

While a total order guarantees that any two elements can be compared, there
is another sense in which an order can be stronger. Namely, we may ask whether
every nonempty subset has a least element. The usual order on N has this property,
which is one of the reasons it behaves so nicely in induction proofs. This motivates
the notions of well-founded and well-ordered sets.

Definition. A poset (P, <) is well-founded if every nonempty subset of P has a
minimal element.



Equivalently, there is no infinite strictly descending chain. For example, (P(N), C
) is not well-founded, since

{0,1,2,...} > {1,2,3,...} D {2,3,4,...} D -+~
is an infinite strictly descending chain.

Definition. A well-order is a well-founded linear order.

Well-orders play a fundamental role in set theory. Every well-ordered set has a
unique order type, and the ordinal numbers are introduced as canonical represen-
tatives of these order types. They are defined so that

a<p ifand only if « € g, and a={p:8<a}l.

Definition. An ordinal is a set « that is transitive (every element of « is also a
subset of ) and well-ordered by €.

We denote ordinals by lowercase Greek letters a, 3,7, .. ., and write Ord for the
class of all ordinals. Every ordinal is either a successor, of the form a+1 = aU{a},
or a limit ordinal, satisfying @ = sup{f : f < a} = [Ja. We treat 0 as a limit
ordinal, with sup @ = 0.

Theorem (Transfinite Induction). Let C be a class of ordinals such that:

(i) 0 C;
(ii) ifa € C, thena+1€C;
(iii) of A is a nonzero limit ordinal and 8 € C for all 5 < A, then A € C.

Then C contains every ordinal.

As a theorem, transfinite induction shows that every ordinal is exactly one of
the following: zero, a successor ordinal, or a limit ordinal. As a proof technique,
it says that a property holding at 0 (base case), preserved by successors (successor
case), and preserved at limits (limit case) must hold for all ordinals. This extends
induction on the natural numbers, with the limit case added to handle ordinals not
reached by repeatedly adding 1.

Theorem (Transfinite Recursion). Let G be a class function defined on all set-
functions whose domain is an ordinal. Then there exists a unique function F on
Ord such that

for every ordinal «.

Just as transfinite induction generalizes ordinary induction on w to all ordinals,
transfinite recursion generalizes recursion on w to all ordinals. The two are com-
panion principles: transfinite induction is a proof technique, used to verify that a
property holds at every ordinal, while transfinite recursion is a construction tech-
nique, used to define an object at every ordinal.

Cardinals and cofinality.

Ordinals describe the order structure of a set, while cardinals measure its size.
In the finite case, these two notions coincide: a well-ordered set with n elements
has both order type n and cardinality n. But what happens in the infinite case?



The following definition generalizes the notion of cardinality to the infinite case.

Definition. Two sets X and Y have the same cardinality, written |X| = |Y|, if
there exists a one-to-one mapping of X onto Y.

This definition leaves the finite case unchanged. In the infinite case, however,
order type and cardinality need not coincide. For example, w and w + 5 are not
order-isomorphic. Nevertheless, they have the same cardinality. Indeed, define

frw+5—why
a+5, a<uw,
fle) =

n, a=w-+n forn <5.
Then f is a bijection. Thus w+5 has order type w+5, but cardinality |w+5| = |w].
Definition. Given two sets X and Y, we write | X| < |Y] if there exists an injective
map from X into Y. We write | X| < |Y]if | X]| < |Y| and | X| # |Y]. In this case,
we say that X has strictly smaller cardinality than Y.

This defines a relation on cardinalities. It is immediate that < is reflexive and
transitive. The next theorem shows that it is also antisymmetric, and hence a
partial order.

Theorem (Cantor-Bernstein). If |A| < |B| and |B| < |A|, then |A| = |B|.

It follows from the Axiom of Choice, introduced later, that this order is lin-
ear. We state two additional theorems about cardinality before formally defining
cardinals.

Theorem (Cantor). For every set X, |X| < |P(X)].

Recall that P(X) denotes the power set of X. Cantor’s theorem shows that there
is no largest cardinality: from any set one obtains a strictly larger one by passing
to its power set.

Theorem. If |A| = k, then |P(A)| = 2.

Thus Cantor’s theorem may be restated in cardinal notation as k < 2° for every
cardinal k.

For the finite case, clearly |n| = |m| if and only if n = m, and so we define finite
cardinals as the natural numbers, i.e., |n| = n for all n € N. The next definition
identifies cardinals with specific ordinals.

Definition. An ordinal « is called a cardinal number (or simply cardinal) if |a| #
|| for all 8 < a.
Equivalently, If W is a well-ordered set, then there exists an ordinal « such that
|[W| = |a|. Thus we let

|W| = the least ordinal such that |W| = |a|.

As noted earlier, the finite cardinals are precisely the natural numbers. The first
infinite cardinal is w, also denoted by RNy. Every infinite cardinal is a limit ordinal.
More generally, the infinite cardinals are called the alephs, and are written

N()»vaNQa"'anv"'v



where N, = wq.

The cardinality of the continuum is ¢ = |R| = |P(w)| = 2%. Thus ¢ is an
uncountable cardinal, and hence ¢ > N;. A natural question is whether ¢ is in fact
the next cardinal after Ng. This is the Continuum Hypothesis (CH), which asserts
that ¢ = Ny. It is independent of ZFC: assuming ZFC is consistent, both CH and
its negation are consistent with the axioms of set theory.

In many transfinite constructions, it is not enough to know the size of an ordinal;
one must also know how it can be built up from below. This is measured by
cofinality. Let a > 0 be a limit ordinal. We say that an increasing [-sequence
(ag : € < ), B alimit ordinal, is cofinal in o if lime 5 a¢ = a.

Definition. If « is an infinite limit ordinal, the cofinality of « is
cf(a) = the least limit ordinal 8 such that there is an increasing

B-sequence (¢ : & < ) with lim ar = a.
§—B

For example, cf(w) = w, and more generally cf(w + w) = w. A more interesting
example is cf(X,) = w, since X, = sup{R,, : n < w}. Thus even an uncountable
cardinal may have countable cofinality. This distinction is important enough to
deserve a name.

Definition. An infinite cardinal  is regular if cf(k) = k, and singular otherwise.

For instance, w and w; are regular, whereas N, is singular. More generally, every
successor cardinal is regular. In the transfinite arguments that follow, regularity
will ensure that a cardinal cannot be reached from below in fewer than k steps.

The Axiom of Choice.

Throughout this thesis we work in ZFC, the system consisting of the Zermelo
—Fraenkel axioms together with the Axiom of Choice.

Definition (Axiom of Choice). Every family of nonempty sets has a choice func-
tion.

If S is a family of sets and () ¢ S, then a choice function for S is a function f
such that f(X) € X for every X € S.

The Axiom of Choice differs from other axioms of ZF by postulating the exis-
tence of a set without defining it. It is interesting to know whether mathematical
statements can be proved without the Axiom of Choice. It turns out that the Axiom
of Choice is independent of other axioms of set theory and that many mathematical
theorems are unprovable in ZF without AC.

The Axiom of Choice admits several equivalent formulations. Different forms of
it will be used throughout this thesis, often implicitly. We begin with the Well-
Ordering Theorem.

Theorem (Well-Ordering Theorem). Every set can be well-ordered.

Although a set may not come equipped with a natural well-ordering, the Well-
Ordering Theorem allows us to impose one whenever needed. In this way, arbitrary



sets may be treated as well-ordered for the purposes of transfinite arguments. For
example, the real numbers are not naturally well-ordered, but the theorem guaran-
tees a well-ordering of R, and a transfinite induction can then be carried out over
that ordering. Another equivalent statement is Zorn’s Lemma.

Theorem (Zorn’s Lemma). If (P, <) is a nonempty partially ordered set such that
every chain in P has an upper bound, then P has a maximal element.

While the Axiom of Choice is usually formulated in the language of set theory,
Zorn’s Lemma is often the more convenient form in other areas of mathematics.
For instance, it is commonly used to prove that every vector space has a basis.

Filters and ultrafilters.

Filters and ultrafilters provide a way to formalize which subsets of a set are
considered “large” and will play an important role in the constructions used later
in this thesis.

Definition. A filter on nonempty set S is a collection F of subsets of S such that

(i) Se Fand 0 ¢ F,
(i) if X e Fand Y € F, then X NY € F,
(i) f X,Y CS,XeF,and X CY,thenY € F

Immediately from the definition we obtain some basic examples. One is the
trivial filter, namely F = {S}. Another is a principal filter: if Xy is a nonempty
subset of S, then F = {X C §: Xy C X} is a filter on S. In the special case
where Xy = {s} is a singleton, this is called the principal ultrafilter generated by
s. Another important example, and one that will be used throughout the thesis, is
the Fréchet filter on w, namely the collection of all cofinite subsets of w.

Definition. A filter U on a set S is an ultrafilter if
(iv) for every X C S, either X e or S\ X € U.

An immediate observation is that the principal filter generated by a point s € S
is clearly an ultrafilter. In contrast, the Fréchet filter on w is not an ultrafilter. To
see this, let E be the set of even natural numbers and let O = w \ E be the set of
odd natural numbers. Then E and O partition w, but neither is cofinite, so neither
belongs to the Fréchet filter.

An ultrafilter that is not principal is called a free ultrafilter, or nonprincipal
ultrafilter. Such objects cannot in general be written down explicitly; their existence
is usually obtained indirectly, using Zorn’s Lemma. In particular, the existence of
free ultrafilters depends on some form of choice.

Theorem. A filter F on S is an ultrafilter if and only if it is mazximal.

That is, U/ is an ultrafilter precisely when, for every filter F on S, if f C F, then
F = U. Given any filter, a natural question is whether it can be extended to an
ultrafilter; the answer is yes.

Theorem (Ultrafilter Lemma). Every filter on a set S can be extended to an ul-
trafilter.



The usual proof uses Zorn’s Lemma, by considering the collection of all filters
extending a given filter and ordering them by inclusion. Thus the Ultrafilter Lemma
follows from the Axiom of Choice. However, it is strictly weaker: in general, the
Ultrafilter Lemma does not imply the full Axiom of Choice.



1. TREES

We begin with trees. Before turning to transfinite arguments, we start with a
simpler recursive construction that gives some initial exposure to ultrafilters and
motivates the questions that arise in the rest of the section.

Definition 1.1. A tree T is a partially ordered set with a minimum element (called
the root) such that the set of predecessors of every t € T is well-ordered. For an
ordinal «, the a-th level of T, denoted T,, is the set of all t € T" whose predecessor
set has order-type a. We say that T is finitely branching if every node has only
finitely many immediate successors.

Lemma 1.2 (Konig’s Lemma). Every countably infinite, finitely branching tree has
an infinite chain.

Proof. Let T be a countably infinite, finitely branching tree. Fix a bijection between
T and w, and let U be a free ultrafilter on w. For each node t € T, let fT(t) = {s €
T :t < s} denote the set of successors of ¢, including ¢ itself, and identify this set
with its image under the chosen bijection.

We recursively construct a chain tg < t; < ta < --- such that fT(¢,) € U for
every n. Let to be the root of T. Then f'(ty) = T, so under the bijection it
corresponds to all of w, and hence fT(to) € U.

Now suppose t,, has been chosen with fT(¢,) € U. Let s1,...,5,, be the imme-
diate successors of t,,. Since U is free, no finite set belongs to U, so {t,} ¢ U, and
therefore fT(¢,)\{tn} € U. On the other hand, fT(t,)\{tn} = fT(s1)U---UfT(s51m),
and these sets are pairwise disjoint. Since an ultrafilter contains one piece of any fi-
nite partition of a set it contains, it follows that fT(s;) € U for some i € {1,...,m}.
Set tn+1 = S;.

This recursion never terminates. If ¢, were terminal, then (¢, 1) = {tni1}
would be finite, contradicting the fact that every member of a free ultrafilter is
infinite. Thus we obtain an infinite chain tg < t; < ts < ---, as required. O

As stated, Konig’s Lemma may appear trivial. However, if we weaken the finite
branching assumption to countable branching, the conclusion fails. Consider the
tree T" whose root has infinitely many immediate successors si, $2, 83, ..., where
each s, is the root of a finite chain of length n. Then T is infinite and countably
branching, but every branch is finite, so T" has no infinite chain.

Having established the countable case, we now examine the uncountable case,
beginning with the following definition.

Definition 1.3. An w;i-tree is an uncountable tree in which every level is countable.

We may wonder whether Konig’s Lemma extends to the uncountable setting. In
particular, can ultrafilters be used to prove that every wi-tree has an uncountable
branch?

We attempt to mimic the ultrafilter proof of Koénig’s Lemma in the uncountable
setting. First, note that every wj-tree has cardinality exactly wi: it has wj-many
levels, each countable, so |T| = w; - w = wy. Fix a bijection f: w; — T and a free
ultrafilter U on w;.
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For anode t € T, write Ty = {s € T : s < tort < s} for the set of all nodes
comparable to ¢t. (This should not be confused with the level notation T, which is
indexed by an ordinal) Following the countable proof, we would like to recursively
choose an increasing chain ty < t; <ty < --- such that f_l(Ttn) € U at each stage,
ensuring that uncountably many nodes lie above t,,.

Suppose we have some method for choosing successors at each step, so that we
build an increasing chain tq < t; < to < --- with f~1(T},) € U for every n. For
this to be meaningful, we need U to be uniform, meaning every member of U has
cardinality wy; equivalently, no countable set belongs to &/. Without uniformity,
f7Y(T:,) € U could merely guarantee countably many nodes comparable to t,,
giving us no control over the length of the chain. With a uniform ultrafilter, this
condition ensures that uncountably many nodes remain comparable to t,, at every
stage.

Even so, to extend the chain past w, we would need a node t, above all of the
t,’s. In particular, ¢,, must belong to T}, for every n, so any candidate for ¢, must
lie in the intersection (), . 7%, . Thus, for the recursion to continue, we would need

(T, eu.

new

new

But is there any reason that this countable intersection should belong to the ultra-
filter, or even be uncountable?

The answer is no. An ultrafilter closed under countable intersections is called
countably complete, and a cardinal carrying such an ultrafilter is called a measurable
cardinal. Measurable cardinals are examples of large cardinals, whose existence
cannot be proved in ZFC. Moreover, if A < x and if A has a countably complete
ultrafilter, then so does k.

We claim that wq is not measurable. Since w; is the smallest uncountable cardinal
and R is uncountable, w; < ¢ = |R|. By the contrapositive of the above, it suffices
to show that ¢ is not measurable.

Let U be an ultrafilter on R. Since R is in bijection with (0,1), we may work
on (0,1) instead. For each n > 1, partition (0,1) into the n intervals [£, “1) for

n
i < m. Because U is an ultrafilter, one piece of each such finite partition must

belong to U. So for every n there is some i,, < n such that [%, %) € U. The
intersection (1, [%, %) is then at most a singleton, so U cannot be countably
complete. Hence there is no countably complete ultrafilter on R, and therefore ¢ is
not measurable.

So the ultrafilter approach fails. But perhaps a different proof strategy could
show that every wi-tree has an uncountable branch? The answer is no: the state-
ment itself is false.

Definition 1.4. An Aronszajn tree is an wi-tree with no uncountable chains.
Theorem 1.5. There exists an Aronszajn tree.
Proof. The elements of our tree will be bounded, strictly increasing sequences of

rationals (ge : £ < ) for countable ordinals «, ordered by end extension: (ge : { <
a) extends (re : £ < f) if < a and g¢ = ¢ for all { < 8. Any chain in such a
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tree is itself a strictly increasing sequence of rationals, and since QQ is countable, so
is any such chain. Thus our tree has no uncountable branches.

Naively choosing bounded rational sequences might lead us to a dead end. Sup-
pose we have defined T, for all a < §. To populate Ty, we need a J-length sequence
whose initial a-segment lies in T, for every a < §. But what if all such §-sequences
are cofinal in R? Then none can be placed in our tree, T is empty, and the con-
struction halts. To ensure this does not happen, we impose an inductive hypothesis
on the construction.

We construct the levels Ty, by transfinite recursion on o < wj, maintaining the
following inductive hypothesis at stage J: for every a < §, every t € T,, and
every real r > sup(¢), there is, for every oo < 8 < §, an element ¢t < s € Tz with
sup(s) < r. That is, any node can be extended to any later level constructed so
far while staying below any prescribed real bound. As we shall see, this is precisely
what allows the construction to survive limit stages. Set Tp = {()}; the hypothesis
holds vacuously.

For the successor step, suppose T, has been constructed. For every t € T, let
To+1 be the set of all extensions t~(q) for every rational ¢ > sup(t). The level
T.+1 is countable, since T, and Q are both countable.

It remains to verify the inductive hypothesis at stage o 4+ 1. Fix 8 < o, t € T},
and r > sup(t). We want an element of Tj,4+1 extending ¢ and still bounded by r.
If B < «, the inductive hypothesis at stage o gives some s € T, extending t with
sup(s) < r. If 8 = a, take s = t. Now choose a rational ¢ such that sup(s) < ¢ < r.
Then s7(q) € Tay1, it extends ¢, and sup(s™(gq)) = ¢ < r. Hence the inductive
hypothesis holds at stage o + 1.

Now suppose 0 is a limit ordinal and (T}, : @ < §) has been constructed satisfying
the inductive hypothesis. Since § is countable, fix a strictly increasing sequence
(v : k € w) cofinal in . Given ¢t € T,, and a real r > sup(¢), the inductive
hypothesis lets us recursively pick tx41 € T, , extending t; with sup(tr41) < r.
The union (J; ¢, tx is then a bounded strictly increasing d-sequence of rationals
extending t, with sup < r.

At each of the w-many steps in building such a chain, there are w-many choices
of which node to extend to, so the total number of chains is [w*| = ¢. Including
all of them would make T uncountable. Instead, For each node t € |, <5 Lo and
each rational ¢ > sup(t), choose one chain extending ¢ and staying below ¢, and
put its union into Ts. Since the set of such pairs (¢, q) is countable, the level Ty is
countable.

It remains to verify the inductive hypothesis at stage §. Sofix f <y <9, t € Ty,
and r > sup(t). If v < ¢, this is exactly the inductive hypothesis already assumed
below §. If v = 4, choose a rational ¢ with sup(t) < ¢ < r. By construction, Ty
contains a node extending ¢ whose supremum is below ¢, and hence below r. Thus
the inductive hypothesis continues to hold at stage §.

After wi-many steps, T = Ua<w1 T, is a tree with w;-many levels, each count-
able, and no uncountable branch. ([

We now shift our attention to a problem closely related to Aronszajn trees.
The construction above showed that an w;-tree can exist without any uncountable
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branches. But one can ask for more: can such a tree also have no uncountable
antichains? Recall that a subset A C T is called an antichain if no two elements of
A have a common upper bound in 7.

Definition 1.6. A Souslin tree is an Aronszajn tree in which every antichain is
countable.

The question of whether a Souslin tree exists turns out to be equivalent to a
classical problem about linear orders. To state it, we need the following notion.

Definition 1.7. A dense linearly ordered set P satisfies the countable chain con-
dition (ccc) if every collection of pairwise disjoint open intervals in P is at most
countable.

It is a classical result that R is, up to isomorphism, the unique linearly ordered
set that is dense, unbounded, complete, and contains a countable dense subset —
that is, it is separable. Note that separability implies ccc: if D is a countable dense
subset of P and {I,} is a collection of pairwise disjoint open intervals, then each
I, contains a distinct element of D, so the collection is at most countable. One
might ask: if P is a complete, dense, unbounded linearly ordered set satisfying the
countable chain condition, must it be isomorphic to R? In other words, can such a
P be ccc without being separable? This is known as Souslin’s problem.

Definition 1.8. A Souslin line is a dense linear order that satisfies the countable
chain condition yet has no countable dense subset.

Thus Souslin’s problem asks whether a Souslin line exists. We shall show that
the existence of a Souslin line is equivalent to the existence of a Souslin tree.

Lemma 1.9. If there is a Souslin tree, then there is one that satisfies the following

(1) the set above every node is uncountable;
(2) every node has infinitely many immediate successors.

Proof. We begin with the first condition. Note that any uncountable subtree of a
Souslin tree is again a Souslin tree. Let Let A be the set of minimal elements t € T
such that T; = {s € T : ¢t < s} is countable. We claim that A is an antichain.
Observe, if a,b € A and a < b, then T}, C T,. Since T, is countable, it follows that
Ty is countable as well, contradicting the minimality of b.

Because T is Souslin, every antichain is countable, so A is countable. Now
remove AT = {s € T : (3a € A)a < s}. The remaining tree T} is still uncountable,
hence again a Souslin tree. Moreover, T} is uncountable for every node t € Tj.
Otherwise there would be some minimal a < t such that T, is countable. Then
a € A, sot e AT, contrary to the construction. In particular, no branch dies off in
the pruned tree, since otherwise T; would be countable for some node t.

We now ensure that every node branches. We select a subsequence of levels
from T by recursion. Set oy = 0. At stage &, choose agy1 so that every node
on level ag has at least two successors on level ag¢iq. Such a level exists: T; is
uncountable for every ¢ on level ag, so if T; never branches, that would produce an
uncountable chain, contradicting the fact that T' is Aronszajn. For each ¢ on level
ag, let By be the first level above o at which ¢ has at least two successors. Set



13

agy1 = sup{f; : t € Ty, }; this is a countable supremum of countable ordinals, so
et < wi.

At a limit stage 0, set ag = sup{ag : £ < §}. We take all nodes on level a5 of
the original tree T as our new level §. This is countable because level a;s of T is
countable. Every node on a previously chosen level has an extension there, since
T, is uncountable for every s and hence s has successors on every level above it.

The subtree of T restricted to levels {ag : £ < w1} is an wy-tree with countable
levels in which every node has at least two immediate successors. Any antichain in
this subtree is an antichain in 7', hence countable, so it is still a Souslin tree. Finally,
since every node branches and no branch dies, restricting further to nodes on limit
levels (together with the root) yields a tree in which every node has infinitely many
immediate successors. Thus the resulting tree is a Souslin tree satisfying both (1)
and (2). O

Theorem 1.10. There is a Souslin tree if and only if there is a Souslin line.

Proof. We prove the forward implication. Let T" be a Souslin tree as obtained by
the previous lemma. For each t € T, index the immediate successors of ¢ by the
nonzero integers: {s(t,n) : 0 # n € Z} is the set of immediate successors of t. We
think of ¢ itself as representing s(¢,0).

Now define a new ordering < on 7', separate from the tree ordering <,. Given
s,t € T, let r be the maximal extension of the root such that both s and ¢ are above
r. It may happen that r = sor r =¢t. If r = s, set ny = 0; otherwise let 0 # n, € Z
be the unique integer such that s(r,ns) <7 s. Define n; similarly. By maximality
of r, we have ns # n;, since otherwise s(r,n;) would be a common extension of r
below both s and t. We now declare that s < ¢ if and only if ny < n; in the usual
order on Z.

The ordering is reflexive, antisymmetric, and transitive by construction. More-
over, any two nodes are comparable, since they share the root as a common prede-
cessor. Thus it is a linear order. It is also easy to see that this order is dense.

For each t € T, define [t] = {s € T : t <1 s}. We now show that every nonempty
open interval (a,b) in the linear order contains [t] for some ¢t € T. Pick any ¢ with
a < ¢ <b. Let 1 be the last common ancestor of a and ¢, and 7y the last common
ancestor of ¢ and b. Without loss of generality, suppose 11 <7 r3. At ry, the nodes
¢ and b diverge, with ¢ passing through s(re,n.) and b through s(re,np), where
ne < np. Set t = s(ra,n.). Then every extension of ¢ lies below b. Since a < ¢ and
r1 <r 9, every extension of t also lies above a. Hence [t] C (a,b).

It follows that [¢] is open. For each u € [t], let I, = (s(u,—1),s(u,1)). By the
previous argument, I, C [u] C [t]. Conversely, if x € [t], then x € I,. Hence
[t] = Uy,ep Lu» so [¢] is a union of open intervals, and therefore open.

We now verify the countable chain condition. Let {I, : v € I'} be a family of
pairwise disjoint nonempty open intervals in (7, <). By the previous paragraph,
for each ~ there is some ¢, € T such that [t,] C I,. Since the intervals are pairwise
disjoint, the sets [t,] are pairwise disjoint. Thus no two of the ¢, can have a common
upper bound in the tree: if u >p t, and u >¢ t5 for v # 6, then w € [t,] N [ts],
contradicting disjointness. So {¢, : v € I'} is an antichain in T". Since T is Souslin,
every antichain is countable. Hence I" is countable, and (T, <) satisfies ccc.
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Finally, we show that (7, <) is not separable. Let D be any countable subset of
T. Each element of D sits on some level of the tree, so D touches only countably
many levels. Since T has wi-many levels, there is some level a above all elements of
D. Pick any t on level a. Then [t] is a nonempty open interval, and every element
of [t] is on level « or higher, so [t} N D = (. Thus D is not dense, and since D was
arbitrary, (T, <) is not separable.

Thus (T, <) is a dense linear order satisfying ccc and having no countable dense
subset. Therefore it is a Souslin line.

For the reverse implication, let S be a Souslin line. We construct a Souslin
tree whose elements are closed nondegenerate intervals in S, ordered by reverse
inclusion: for I,J € T, declare I < J if and only if I D J.

The nodes of T are constructed by recursion on « < wy. Set Iy = [ag, bp] for any
ap < bp in S. At stage «, suppose the intervals Iz = [ag, bg] have been chosen for
all 8 < a. Theset C = {ag: f < a}U{bs: B < a} is countable. If C' were dense in
S, then S would be separable, contradicting the assumption that .S is a Souslin line.
So there exist a, < by, in S such that [aq, b,] is disjoint from C; set I, = [an, ba)-
Since the construction at each stage depends only on the set of previously chosen
endpoints, the successor and limit cases are identical.

The set T'= {I, : @ < wy} is uncountable and partially ordered by D. If o < g,
then either I, D Ig or I, is disjoint from Ig. It follows that each o, {I € T : I D I, }
is well-ordered by D and thus T is a tree.

We shall show that T has no uncountable branches and no uncountable an-
tichains. Then it is immediate that the height of T" is at most wy; and since every
level is an antichain and T is uncountable, we have that T has uncountable height.

For antichains, note that if I, J € T are incomparable, then neither contains the
other, so INJ = (. Thus any antichain in T is a family of pairwise disjoint intervals
in S, and hence is countable since S satisfies ccc.

For branches, let B C T be a branch. Then B is linearly ordered by reverse
inclusion, so its intervals are nested. If 5 were uncountable, then the left endpoints
of its intervals would form a strictly increasing uncountable sequence (z, : @ < w1).
But then the open intervals (z4, z4+1) would be pairwise disjoint, contradicting ccc.
Hence every branch in T is countable. Thus our tree is a Souslin tree. ([

It turns out that, unlike the Aronszajn tree whose existence we proved in ZFC,
the existence of a Souslin tree is independent of ZFC: using the method of forcing,
which we do not cover in this thesis, one can show that both the existence and
the non-existence of a Souslin tree are each consistent with ZFC. Thus Souslin’s
problem cannot be settled from the standard axioms alone.
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2. REDUCED POWERS AND ULTRAFILTERS

2.1. Reduced Powers. We now turn to the study of linear orders. Filters and
ultrafilters provide a natural mechanism for producing new orders out of existing
ones, and the resulting structures turn out to be remarkably rich. Our goal in this
section is to develop the tools needed to describe these orders and to understand
the gap structure they carry.

Given a linearly ordered set (L, <) and a filter F on w, the basic construction is
the following. We write £ for the structure (L, <).

Definition 2.1. The reduced power of L by F is a relational structure on the base
set LY. We let <z denote the relation f <z g meaning {n : f(n) < g(n)} € F.
Similarly, define = by f =5 g if and only if {n: f(n) = g(n)} € F.

The two most common choices of filter, and the ones we focus on in this thesis,
are the Fréchet filter and a free ultrafilter. The Fréchet filter consists of the cofinite
subsets of w; in this case, <r and =z are usually written as <* and =*, and are
called the mod finite ordering. When F is a free ultrafilter, the reduced power is
called an ultrapower.

A natural first question is whether the reduced power inherits the most basic
property of L. In particular, if £ is linearly ordered, when does the induced relation
< remain a linear order? The next proposition shows that this occurs exactly when
F is an ultrafilter.

Proposition 2.2. If L has at least two elements, then <x is a linear order if and
only if F is an ultrafilter.

Proof. Suppose <r is a linear order. Fix a < bin L and let A C w. Define f,g € L¥

by
O PP CRS B

Then {n: f(n) < gn)} = Aand {n:gn) < f(n)} =w\ A. Since <z is a linear
order, either f <z g or g <x f, so either A € F or w\ A € F. Since A was
arbitrary, F is an ultrafilter.

Conversely, let F be an ultrafilter on w and let f,g € L¥. The sets {n: f(n) <
g(n)}, {n: f(n) > g(n)}, and {n: f(n) = g(n)} partition w, so exactly one belongs
to F. Hence exactly one of f <r g, g <r f, or f = ¢ holds. O

A natural next question is whether the reduced power inherits stronger properties
of £. In particular, if £ is an infinite well-ordered set, that is, every nonempty
subset of L has a minimum element, does <x still have this property? The next
proposition shows that the answer is no. We first require a definition.

Definition 2.3. If S is any unary or binary operation on L, then there is a natural
operation, let’s call it S“, on L¥; where S“ is simply defined coordinatewise.

Proposition 2.4. If L has any infinite chain, then there is a subset of L* that
does not have a <gF-minimum element.
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Proof. If {£,, : n € w} is a chain in (L, <), then let &, € L* be the function sending
n to £,,.

Suppose that S is a unary operation defined on L that satisfies that S(¢,41) = ¢,
for all n. For completeness, assume that S(¢g) = £y. For each k € w, make sense of
Trt1 = S¥(xx). So we are defining a sequence of sequences:

T = 8Y(%y), X2 =S5Y(¥), IT3=5%2),

8
»—Aol:
~ =~
o o
o~ o~
[
o~ =~
=N
o~ o~
N W

¢§1 8
—

o

—

o

—

o

—

S

w
o~
o
o~
(=)
o~
o
o~
(=)

The set {n : Zx+1(n) < Zx(n)} is cofinite, hence belongs to the Fréchet filter,
and also belongs to any free ultrafilter. (I

So far we have asked whether reduced powers preserve basic order-theoretic
properties such as linearity and well-ordering. But these are only part of the picture.
In the case of ultrapowers, a classical result known as Lo$’s theorem tells us that
every property expressible in first-order logic transfers from £ to the ultrapower.
Roughly, any statement built from elements, the order relation, logical connectives,
and quantifiers that holds in £ continues to hold in the ultrapower. In this precise
sense, the ultrapower is indistinguishable from the original structure by first-order
means. To say more, we need invariants that go beyond first-order expressibility.
The following two do exactly this, and will play a central role in the study of gaps
later in this thesis.

(1) The unbounded number, b, is the minimal cardinality of a subset of L that
has no upper bound. This is only of interest when the ordering is directed
upward.

(2) The dominating number, Oz, is the minimal cardinality of a dominating
subset D C L, that is, a set D such that every ¢ € L is below some member
of D.

When £ = (w¥, <*), these are written simply as b and 9. For a structure such
as (w, <), both invariants are trivially w. In reduced powers, however, they become
nontrivial and will govern much of the gap structure studied later in this thesis.

Proposition 2.5. Let U be a free ultrafilter on w.

(1) For <* and for <y alike, w* is cofinal in each of Z¥, Q¥, and R¥. In par-
ticular, all four structures share the same unboundedness and dominating
numbers.

(2) If (L, <) is a linear order with no maximum element, then by = 0y in the
ultrapower (L¥, <y).

(3) No strictly increasing w-sequence in (R¥, <y) has a least upper bound.

Proof. For (1), let f € R¥. Define g(n)

= max([f(n)] + 1, 0). Then g € w* and
f(n) < g(n) for every n, so {n : f(n) < g

[ :
n)} = w € F for any filter F. In
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particular f <* g and f <y g. Thus w® is cofinal in R* with respect to both <*
and <y, and the same argument applies to Q¥ and Z“.

For (2), by Proposition 2.2 the ultrapower (L, <y) is a linear order. If L has
no maximum element, then neither does the ultrapower. Now every unbounded
set is dominating, since in a linear order any element is below some member of
an unbounded set. Conversely, every dominating set is unbounded, since an up-
per bound on a dominating set would bound every element of L, producing a
maximum. Hence by, = 0.

For (3), suppose (fy, : n € w) is strictly <y-increasing in (R, <;;) and let g be
a least upper bound. By modifying each f, on a set outside U, we may assume the
sequence is pointwise monotone. For each n, define U, = {m : f,(m) < g(m)} € U.
Since the sequence is pointwise monotone, Uy D Uy D Us D ---. The sets Uy, \ Up41
are pairwise disjoint, and together with [ U, they partition Uy. Define h € R¥
by

necw

fn(m) + g(m)

if m € Uy, \ Upy1 for some n

2
o) = | Fulm) 4 9(m)
(m) 5 if m e now U,
g(m) otherwise.

Then h(m) < g(m) on all of Uy € U, so h <y g. For each fixed k, on U, \ Up11
with n > k we have fp(m) < fn(m) < h(m), and on (), U, with m > k we have
fe(m) < fi(m) < h(m). Together these cover Uy up to a finite set, so fr <y h.
Thus A is an upper bound strictly below g, a contradiction. [

Proposition 2.5 describes several features of the ultrapower. Part (1) shows that,
just as w is cofinal in Z, Q, and R, the same cofinality persists in the reduced power:
w® is cofinal in Z*, Q%, and R“ under both the mod finite and ultrafilter orderings.
Part (2) shows that in any ultrapower of a linear order with no maximum element,
the unboundedness and dominating numbers coincide. Most striking, however, is
part (3): the defining feature of the real line is completeness, yet the ultrapower
(R¥, <yy) fails to carry this property. In fact, it is nowhere complete in the sense
that no strictly increasing w-sequence has a least upper bound. It is precisely this
failure of completeness that gives rise to gaps in the reduced power, which we now
turn to study.

Definition 2.6. Let (L, <) be an ordered set. A pair (A, B) of subsets of L forms
a gap if

(1) a < bfor every a € A and b € B (we write A < B), and
(2) the set AU B is a <-chain,
(3) for every ¢ € L, either ¢ < a for some a € A, or b < ¢ for some b € B.

That is, no element of L lies strictly between all of A and all of B. We say that
(A,B)is a (k,\)-gap if K = ba <) and A = bp 5.

Having seen that bounded increasing w-sequences in the ultrapower need not
have least upper bounds, we now aim to quantify this failure: given such a gap,
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what is the cofinality coming down from above? We begin with the mod finite
ordering.

Theorem 2.7. If (A, B) is an (w,\)-gap or a (k,w)-gap with respect to <*, then
b <k, A<D.

Proof. Let (A, B) be an (w, A)-gap. Let (a, : n € w) be a <*-increasing sequence
in A and cofinal in (A4, <*). Replacing each a,, by an =*-equivalent function if
necessary, we may assume that for all n,k € w, an(k) < ap4+1(k). Similarly let
(ba : @ < A) be a <*-decreasing sequence in B and cofinal in (B, >"*).

For each o < A, define f, € w* by letting f,(n) be the least k& € w such that
an(m) < bo(m) for all m > k. That is, f,(n) measures how long it takes for b, to
dominate a,. This is well-defined because a,, <* b,. For n € w, let n € w* denote
the constant function with value n.

We first show that for all n € w and o < < A, we have n <* f, <* fz. Fix
n€wand o < A. If f(j) < n, then by definition of f,(j) we have a;(m) < by(m)
for all m > f,(j), and in particular a;(n) < bo(n). Since for fixed n the sequence
j + a;(n) is strictly increasing, this can happen for only finitely many j. Hence
fa(j) > n for all sufficiently large j, so 1 <* f,.

Now fix a < f < A. Since bg <* by, choose mg € w such that bg(m) < by (m)
for all m > my. Also, by the first part, mo <* fs, so for all sufficiently large
j we have fg(j) > mg. For such j, if m > f3(j), then m > mg and hence
a;(m) < bg(m) < ba(m). Therefore fo(j) < f3(j) for all sufficiently large j, and
S50 fa S* fB

We claim that the family {f, : @« < A} is <*-unbounded. Suppose, for a contra-
diction, that g € w* is a strictly increasing function and that f, <* g for all a < A.
Modifying finitely many values of g if necessary, we may assume that g(0) = 0.
Define by, € w” by

bg(m) = an(m) whenever g(n) <m < g(n+ 1).

We show that A <* b, <* B, contradicting that (A4, B) is a gap. Fix i € w. If
m > g(i+1) and g(n) < m < g(n+1), then n > i+1, so by pointwise monotonicity
a;(m) < an(m) = by(m). Hence a; <* by. Since (a, : n € w) is cofinal in (A, <*),
it follows that a <* b, for all a € A.

Now fix o < A. Choose ng such that f,(n) < g(n) for all n > ng. If m > g(ng)
and g(n) < m < g(n+1), then n > ng, som > g(n) > fo(n). Hence, by definition of
fa(n), an(m) < bo(m). Therefore by(m) = an(m) < bo(m) eventually, so by <* b,
Since (bo : o < A) is cofinal in (B, >%), it follows that b, <* b for all b € B.
This contradicts that (A, B) is a gap. Hence {f, : @ < A} is <*-unbounded, and
therefore b < A.

Now let {ge : £ < 0} C w* be a dominating family. For each o < A, choose
£a < 0 such that fo <* ge,. If 0 < A, then since A is regular, there is some £ <
such that T' = {a < A : &, = £} is cofinal in A\. But then for every 8 < A, choose
a € T with § < a. Since (f, : @ < A) is <*-increasing, we get fg <* fo <* g,
50 ge bounds the whole family {f, : & < A}, contradicting the previous paragraph.
Thus A < 0. Therefore b < A < 0. The proof for a (k,w)-gap follows similarly. O
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So in the mod finite ordering on w*, the cofinality of the gap is pinned between
b and 0. It is therefore natural to ask what happens in the ultrapower of w®.

Theorem 2.8. Let U be an ultrafilter. There is a unique k (and it is greater
than w) such that the U-ultrapower of (w*,<y) has an (w, k)-gap. Similarly any
(\,w)-gap will also have X = k.

Proof. The value of k comes from the canonical gap (Ao, Bg) where Ay is the
countable set of constant functions and b € By iff for every k € w, {n: b(n) > k} €
Uu.

Suppose (A, B) is an (w, A)-gap, we may choose a sequence {ay : k € w} that is
strictly <y-increasing and <g,-cofinal in A. However, our proof requires a stronger
sequence, so we construct a new sequence {ay : k € w} such that a; = a, for all
k, and the sequence is pointwise strictly increasing in the following way.

Define a; : w — w inductively. Let ag = ag. Given ag, ..., ax, define
w1 = [({n: a5(n) < a1 (n)}
i<k

Each set {n : a(n); < ar+1(n)} € U because a; =y a; <y ax+1. Since U is closed
under finite intersections, ux41 € U. Now set

o (n) = {ak+1(n) n € Upy1
* max{ag(n),...,axr(n)}+1 n ¢ ugyy

Then ar41 =y ag+1 and ax(n) < agy1(n) for all n. Using this new sequence,
choose a <y-descending sequence (bg)e¢<, cofinal in By. For each £ < k, define
Ty (n) = Gy, (ny(n). We show that {zp, : & < k} lies above A. Fix ax € A. Since
be € By, the set {n: bg(n) > k} € U. On this set,
Ty (n) = TN (n) > ag(n),

since the sequence a is pointwise strictly increasing. Hence zp, >y ar. Thus
each xp, lies above all ax, and since this sequence is cofinal in A, it follows that
A<y {iEbE €< Ii}.

The mapping be +— xp, is order preserving. Since (be)e<, is <y-decreasing, for
v < &, we have b <y by, i.e. S={n:b¢(n) <by(n)} liesinY. Forn € S,

Tpe (n) = Gpe (n)(n) < G, (n)(N) = 21, (N)

since the sequence (ar(n))re. is strictly increasing. Therefore xp, <y a3, and
{@p, + € < K} is decreasing, it is left to show that the sequence is cofinal in B.

Assume for contradiction that the decreasing sequence <xbs : £ < K) is not
cofinal in B. Then there exists b € B such that b <y T for all £ < k. We define a

b:w — w such that z; <y b and b € By. For each n, since the sequence k — ay(n)
is strictly increasing, it is unbounded in w. Hence there exists a least m(n) € w
such that a,,(,)(n) > b(n). Now set

bn) = m(n) —1 ?f m(n) >0
0 if m(n) =0
By construction, for every n we have ;) (n) < b(n), so if we define z;(n) =

Q) (n), then x; < b pointwise, hence z; <y b. To show b € By, fix any k € w. On
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the set {n : ar(n) < b(n)} € U, the first index where d,(,)(n) > b(n) must satisfy
m(n) > k + 1, hence b(n) = m(n) — 1 > k. Therefore {n : b(n) > k} € U, thus
b € By. Now we get xj <y b <y xp,, but our mapping b — wx, is order preserving
so we conclude b <y be for all € <  contradicting that (be)e<, is <y-decreasing
cofinal in By.

Thus (zp, : § < &) is cofinal in B, so A < k. Since we are working with a free
ultrafilter, the same argument applies symmetrically, yielding x < A. Hence A = k.
The statement for (A, w)-gaps follows a similar argument, completing the proof. O

Thus in the ultrapower, every (w, \)-gap, and likewise every (A, w)-gap, has the
same cofinality coming down, namely . Unlike the mod finite ordering, here this
cofinality is a single cardinal determined solely by the ultrafilter. It is therefore
natural to regard x as an invariant of U, and to give it a name.

Definition 2.9. The lower cofinality of a free ultrafilter & on w is the unique
cardinal kg such that (w*”; <y) has an (w, Ky )-gap.

2.2. Ultrafilters. A natural question is whether k;; actually varies with the choice
of ultrafilter. Since ky; is an invariant of the ultrapower, this is one way to ask
whether different ultrafilters can produce non-isomorphic ultrapowers. If every
two ultrapowers were order-isomorphic, then ky; would collapse to a single value
and carry no distinguishing information. If instead the ultrapowers can differ,
has a chance to witness that difference. The next theorem shows that under the
Continuum Hypothesis, the ultrapowers of any two free ultrafilters on w are order-
isomorphic, and hence indistinguishable as orders.

Theorem 2.10 (CH). IfU and V are ultrafilters on w, then there is a bijection
f from w® to w® (or from R¥ to R¥) that induces an isomorphism with respect to
<y to <y.

Proof. We construct the desired isomorphism by building a sequence of partial
isomorphisms. Assuming CH, we have |w*“| = w1, so both ordered sets (w*, <y)
and (w¥, <y) can be enumerated as {a¢ : § < wi} and {bg : £ < wy} respectively.
We then construct the bijection by transfinite recursion.

Assume inductively that for each @ < w; we have constructed a countable partial

isomorphism ¢, : D, — R, such that for all z,y € Dy,

r<yy iff ¢u(r) <y daly),
and whenever x € D, all iterated successor and predecessor shifts of x also lie in
D, with the map preserving these shifts.

For x € w¥, let T(x) = 1+ = denote coordinatewise addition of 1, and let
S(xr) = x — 1 denote coordinatewise subtraction of 1, leaving coordinates equal
to 0 unchanged. Mapping all such shifts ensures that immediate successor and
predecessor relations are preserved during the construction, preventing dead-ends
later in the recursion.

For the base stage, choose ¢o(ag) = by and extend this by mapping all shifts:
¢0(T"(a0)) = Tn(bo), ¢0(Sn(a0)) = Sn(bo), new.

This yields the initial partial isomorphism with countable domain and range.
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For the successor step (forth direction), suppose ¢, has been constructed. Let ag
be the first element in the enumeration not yet contained in the domain. Consider
the sets

L ={¢a(z) :x € D, and z <y ag}, R ={¢n(z):xz € D, and ag <y z}.

Both sets are countable. Since there are no (w,w)-gaps in the ultrafilter ordering,
there exists b lying above every element of L and below every element of R. We then
set ¢a+1(ag) = b and extend the map by including all successor and predecessor
shifts. A symmetric construction yields the back direction of the successor step.

At a limit stage A < wq, define

(b)\: U (ba-

a<

Since the sequence (¢, : a < A) is increasing, this union is well-defined. The
domain and range remain countable unions of countable sets, hence countable, and
order preservation is maintained because each ¢, is already order-preserving. Thus
¢ is again a partial isomorphism.

Finally, define
EN
a<wiy
This is well-defined since the construction is increasing. By the forth and back
steps, every element of each enumeration eventually appears in the domain and
range, so ® is a bijection from w* onto w“. Since each ¢, preserves the order,
the union ® also preserves the order, and hence induces an isomorphism between
(w?, <y) and (w*, <y). This completes the proof. O

But what if we do not assume the Continuum Hypothesis? What, then, can
be said about ultrafilters and the ultrapowers they produce? To approach this
question, we need a way to compare ultrafilters that is meaningful in our setting.
This leads naturally to the following notion of equivalence.

Definition 2.11. Ultrafilters &/ and V are said to be RK-equivalent if there is a
bijection (permutation) f on w satisfying that f[U] € V for every U € U.

This notion is useful in our context because it is reflected directly in the asso-
ciated ultrapowers: RK-equivalent ultrafilters, as we shall show, give rise to order-
isomorphic ultrapowers.

Proposition 2.12. If f is a permutation on w and if U is an ultrafilter on w, then
setting V = {f[U] : U € U} is an ultrafilter on w and there is an isomorphism from
(w¥, <y) to (w¥,<y). In particular 0y = Oy and Ky = Ky .

Proof. Since f is bijective, images of sets preserve finite intersections, inclusions,
and complements, so V = {f[U] : U € U} is an ultrafilter. It remains to show that
(w¥, <y) and (w*¥, <y) are order isomorphic.

Define T : w* — w* by T'(g) = go f~1; then T is bijective. We show that T is
order preserving, i.e. if h <y ¢ then T'(h) <y T'(g). Since

T(g)(m) = g(f~(m)) and T(h)(m) = h(f~"(m)),
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the inequality h(f~1(m)) < g(f~1(m)) holds whenever m = f(n) for some n with
h(n) < g(n), because then

h(f7H(f(n)) = h(n) < g(n) = g(f =" (f(n)))-
Thus the inequality holds for all m € f(A), where A = {n : h(n) < g(n)}. When-

ever A € U, we have h <y g, and by definition f[A] € V, so T'(h) <y T(g).
Therefore T' is an isomorphism between (w*, <y) and (w¥, <y). O

We close this section with two themes that will guide what follows. On the
one hand, we have introduced RK-equivalence as a way of comparing ultrafilters,
and Proposition 2.12 shows that RK-equivalent ultrafilters give rise to isomorphic
ultrapowers. Thus, if one hopes to find inherently different ultrapowers, one must
first know that ultrafilters which are not RK-equivalent actually exist. This will be
taken up later, when we develop further combinatorial machinery for constructing
and distinguishing ultrafilters.

On the other hand, we have introduced the lower cofinality x;; as an invariant
of the ultrapower. If all ultrapowers were isomorphic, then x;; would necessarily
take a single value. If instead ky; can vary with U, then it provides a concrete way
to witness non-isomorphic ultrapowers. We return to this question in Section 6,
where different values of xy; are realized.

3. HAUSDORFF GAPS

In the earlier sections we carefully investigated (w,b)-gaps. It is known that
w; < b <9 < ¢ but remarkably, no more about these inequalities can be said in
ZFC: every combination of strict or non-strict inequalities is consistent.

The next theorem, due to Hausdorff, gives a gap whose existence is provable in
ZFC alone via a transfinite construction of length w;.

Theorem 3.1. There is an (w1, w1 )-gap in <*.

Hausdorff’s original construction is carried out in (P(w), C*), the power set of
w ordered by almost inclusion, where a C* b means that a \ b is finite. This is the
natural setting for the argument, and we adopt it for the rest of the section. The
connection with <* is given by identifying each set a C w with its characteristic
function x, € {0,1}* C w*. Under this identification,

aC'b <= xa < X0

Thus (P(w), C*) embeds naturally into (w“,<*). Moreover, if f € w® satisfies
Xa <* f <* xp for every a € A and b € B, then {n € w : f(n) > 1} satisfies
a C {n € w: f(n) > 1} C* b for all such a and b. It follows that a gap in
(P(w), C*) yields a gap of the same type in (w*, <*). It therefore suffices to carry
out the construction here. With the setting fixed, we now define the structure we
are after.

Definition 3.2. A Hausdorff gap is a pair, A, B, of indexed families of subsets of
w satisfying:

(1) A={aq:a <wi},

(2) B={by:a <wi},
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(3) for all @ < B < w1, aq C* ag C* bg C* by,
(4) for all 8 < w1 and n € w, the set {& < B : |aq \ bg| < n} is finite.

The definition follows the basics of a gap: A is a mod finite increasing chain,
and B is a mod finite decreasing chain whose members mod finite contain every
member of A. The key condition is the last one, which is what guarantees that the
pair (A, B) forms a mod finite gap, as we prove next.

Proposition 3.3. If (A, B) is a Hausdorff gap, then there is no set'Y that splits
the gap in the sense that every member of A is mod finite contained in Y and
every member of B mod finite contains Y .

Proof. Let Y C w and assume toward a contradiction that Y splits the gap, meaning
o C*Y and Y C* b, for every a@ < wy. For each a, choose n, € w such that
o \Y Cng and Y\ b, C ng.

Since w; is uncountable and we only have countably many n, there is some
n € w for which I' = {& € wy : ny = n} is uncountable. Since I' is uncountable,
then there exist some 8 € I' such that I' N 5 is infinite, i.e. S has infinitely many
predecessors in I'. Fix such a 8. Since I'N 3 is infinite and condition (4) guarantees
that only finitely many o < 8 satisfy |aq \ bg| < n, we may pick a € T'N 8 with
a0\ bs| > n.

However, since a, 8 € T', both a, \ Y and Y \ bg are contained in n. Therefore
aa\ by (a2 \ Y) U (Y \ bg) C m,

giving |aq \ bg| < n, contradicting our choice of a. O

This establishes the no-splitting property for any Hausdorff gap; it remains to
prove that such a family exists.

Proposition 3.4. There is a Hausdorff gap.

Proof. We construct the families {aq : @ < w1} and {by : & < wy} by transfinite
recursion of length wy. Set ag = () and by = w.

Our inductive hypothesis at stage ¢ is that the partial families {a, : @ < ¢} and
{ba : oo < &} satisty conditions (3) and (4) of Definition 3.2, with w; replaced by 4.
In addition, for all 8 < o < §, we have a, C by, and both b, \ an and a, \ ag are
infinite. This is trivially true at the base stage.

For the successor step, suppose 6 = §+ 1. By the inductive hypothesis, bg\ ag is
infinite. Partition it into three infinite pieces C, D, and F, and define ag11 = agUC
and bgy1 = bg \ D. Then ag C agy1 C bgy1 C bg. Since E C bgyq \ ag1, the set
bst1\agy is infinite. Moreover, if a < §, then aq C* ag C ag41 and bgy; C bg C*
ba, so condition (3) is preserved. For condition (4), note that bgy1 C bg implies
ao \ bg C aq \ bgt1 for every ao < . Hence, whenever |a, \ bg11| < n, we also have
lag \ bg| < n. Therefore

{a<pB+1:]ag\bgs1| <n} C{a<f+1:]ay\bg| <n},
and the latter set is finite by the inductive hypothesis.

For the limit step, fix a limit ordinal § < w; and assume by induction that
{ada 1 @ < 0} and {b, : a < J} satisfy conditions (3) and (4) of Definition 3.2,
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together with the additional hypotheses that a, C by, that b, \ a, is infinite, and
that aq \ ap is infinite whenever 8 < o < §. Since ¢ is a countable limit ordinal, fix
a strictly increasing sequence {f : k € w} cofinal in 4.

We now recursively choose a strictly increasing sequence of integers (¢ : k € w)

and define
b = | (s \ 40)-
kEw

There are two requirements on fj;. First, we require ag, \ {x41 C ag, . This is
achievable since ag, C* ag,,, by induction, so the difference ag, \ ag,,, is finite;
choose 41 larger than every element of this difference (Recall that we identify
each integer n with the set {0,...,n — 1}, so ag, \ fx41 denotes the tail of ag,
above fr41). Second, we require that ag, ., \ k41 C bg,, for all m < k+ 1. This is
achievable because for each such m, ag, ., C bg, , C* bg,,, s0 ag,, \ ba,, is finite,
and there are only finitely many m < k + 1; choose ¢j41 past the maximum of all
these finite differences as well.

These two requirements together give ag, \ lxt1 C ag,,, C bg,,,, and more
generally bs \ £x+1 C bg,,. To see the latter, note that a point in bs \ £x41 belongs
to some piece ag, \¢; and is > £, 1. If j < k, apply the first requirement repeatedly:
ag, \ lj11 C ag,,,, then ag,,, \ £j42 C ag,,,, and so on, so any point of ag, that
is > ly41 lies in ag,, and hence in ag, \ lpy1 C ag,,, C bg,,. If j > k+1, the
second requirement gives ag, \ £; C bg,, for all m < j; since k + 1 < j, we get
ag; \gj - b5k+1'

Now we verify condition (4). Fix k and consider « with 8, < a < Bg41; our
goal is |aq \ bs| > k. Since bs \ £, C bg,,,, any point of a \ bg,,, that is > £y is
automatically outside bs. So if |aq \ bg,,,| > ¢ +k, then at most £}, of these points
lie below ¢y, leaving more than k points of a, \ bg, ., above £, each of which is in
aq \ bs. Thus |as \ bs| > k.

It remains to handle the a’s in (B, Bx4+1] for which |aq \ bg,.,| < €y + k. By
condition (4) applied to bg, ., (which holds by induction), taking n = £ + k + 1,
there are only finitely many o < By with |as \ bg,,,| < n. So there are only
finitely many exceptional « in the block (8, Br+1]-

For each such «, we choose ;41 large enough that (aq \ ag,) N [¢k, k+1) has at
least k elements. This is possible because a > S, s0 aq \ ag, is infinite by the extra
inductive hypothesis, and since there are only finitely many exceptional «, a single
choice of £;+1 works for all of them. Every point of (aq \ag, ) N[lk, £x+1) lies outside
bs: it is not in any earlier tail ag, \ £; with j < k, because those are contained in
ag, above {; by telescoping, and it is not in any later tail with j > £ 4 1, because
those begin only above £;11. Hence |a, \ bs| > k for these a as well.

This completes the verification that |a, \ bs| > k for all @ € (B, Bx+1]. Therefore
{a < d:laq \ bs| <n} C{a < B,}, which is finite, and condition (4) holds for bs.

At this point we have built b5 so that a, C* bs C* b, for all a < ¢ and
condition (4) is preserved. It remains to choose as. Since ¢ is countable, this is
a routine diagonalization. On each window [{x, {x+1), include into as all points of
ag, N [lk,fr+1), but omit at least one point of bs \ ag, from that window. Let as
be the resulting set. Then as C bs by construction, and ag, \ as C ¥ is finite for
each k, so ag, C* a; and hence a, C* a5 for all & < §. Since we omit a point
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on each window, bs \ as is infinite. Finally, for any o < ¢, choose k with a < fB;
then as \ aq 2 ag,,, \ aq mod finitely many points, and the latter is infinite by
induction, so as \ a, is infinite. Thus the extra inductive hypotheses are preserved,
completing the limit step.

After carrying out the construction for all § < wy, the families {a, : @ < wy} and
{ba : @ < w1} satisfy conditions (1)—(4) of Definition 3.2, so (A, B) is a Hausdorff
gap. (I

4. INDEPENDENT FAMILIES

In Section 2 we raised the question of how ultrafilters can differ, and how such
differences may be reflected in the ultrapowers they produce. To pursue these
questions, we need a way to construct ultrafilters with some control over their
behavior. Independent families are the combinatorial tool we use to do this, and
as we shall see later, they provide a natural way to build ultrafilters by transfinite
induction. We begin by defining them.

Definition 4.1. A family {a¢ : { < K} C P(w) is called an independent family if for
every disjoint pair of finite subsets F, H of x, the set ({a¢ : £ € F}\|U{a, :n € H}
is infinite.

We adopt the convention that for @ C w, a' = a and a® = w\ a. With this nota-
tion, the next proposition gives another way to think about independent families:
every Boolean combination of distinct members of {a¢ : £ € k} is infinite.

Proposition 4.2. The family {a¢ : £ < k} C P(w) is an independent family if and

only if, for every finite F' C k and function o from F into 2, a, = ﬂ{ag(g) ;e F}
is infinite.

Proof. For the forward implication, fix finite F C k and o : E — 2. Let FF = {¢ €
E:o0()=1}and H={¢ € E:0(§) =0}. Then

n ag(g) = ( ﬂ af) N ( n(w\an)) = ﬂ ag \ U G,
§EE 39 neH ¢eF neH

so by independence the set is infinite.

For the reverse implication, fix disjoint finite F, H C k. Let £ = F U H and
definec: E—2byo| F=1and o] H=0. Then again

nag(g):(ﬂ%)ﬂ(n(w\an)): ﬂag\ U .

(el (el neH (el neH
The left-hand side is infinite, hence so is the right-hand side. O

The condition for an independent family is a strong one, and it is not obvious
that such a family even exists, let alone how large it can be. Note that if we can
produce an independent family of some cardinality x, then restricting to a subfamily
yields an independent family of every smaller cardinality; so the real question is
how large an independent family on w can be. The next theorem shows that such
a family exists and can be as large as .

Theorem 4.3. There is an independent family of cardinality c.
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Proof. Start with the set 2%, the set of all 2-valued functions with domain R. Let
7T be the family of all non-empty open intervals in R that have rational end-points.
Fix an enumeration {Ij : k¥ € w} of Z. Next, fix an enumeration {L,, : n € w} of
[w]<¥, the set of all finite subsets of w.

For each n € w (i.e. L,), define the function f,, € 2% by

() = 1 ifreU{lx: k€ Ly}
"N e ¢ Ul s ke L)

It may happen that f, = f,, for some distinct values of n and m; if we worked
harder we could prevent this, but we do not need to.

We index our independent family by the reals, i.e. {a, : 7 € R}. So we need the

definition of each a,:
ar={n: falr) =1} .

Consider two disjoint finite sets of reals, F' and H. We prove that ({a, : r €
F}\ U{as : s € H} is not empty. For each r € F choose a k. € w so that the
interval Ix, has r in it and is disjoint from H. Choose n so that L,, = {k, : r € F'}.
Then for each r € F we have r € |JIj : k € Ly, so f,(r) =1 and hence n € a,.
For each s € H, since every I} is disjoint from H, we have s ¢ |JIj : k € L,, so
fn(s) =0 and hence n ¢ as. Therefore

neﬂ{ar:reF}\U{as:seH}
so the intersection is nonempty.

To see it is infinite, Fix m € w and pick ro € F'. Choose distinct j, ..., j, with
ro € I;, and I;, N H = @. For each i < m let

L9 = (L\ {kn,}) U {Gi},
and take n; with L,,, = L), Then n; € Nrer @r \Usep as for all i, and ny, ..., ny
are distinct; hence the intersection has size > m, so it is infinite. O

A family F of subsets of w has the strong finite intersection property if every
finite intersection of its members is infinite. Equivalently, F has this property
exactly when, together with the Fréchet filter, it generates a free filter on w. Since
every free filter extends to a free ultrafilter, this gives a natural way to produce
ultrafilters from suitable families of sets. In particular, every independent family
has the strong finite intersection property, and we use this observation in the next
corollary.

Corollary 4.4. The cardinality of the set of ultrafilters on w is equal to the cardi-
nality of 2% (called 2°).

Proof. For each f € 2%, the family {af M)y e R} has the strong finite intersection
property, and so extends to a free ultrafilter, which we denote by U/y. Moreover, if
[ # g, then Uy # U,. Observe, if f # g, then there is some r € R with f(r) # g(r).
Without loss of generality, f(r) =1 and g(r) = 0. Then a, € Uy and w \ a, € Uy,
so Uy # Uy. This gives at least 2¢ distinct ultrafilters.

On the other hand, every ultrafilter on w is a subset of P(w), so the total number
of ultrafilters is at most |P(P(w))| = 2P| = 2¢. Therefore the set of ultrafilters
on w has cardinality exactly 2°¢. ([
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So far we have shown that independent families exist in abundance. But the
goal of this section is not merely to produce them; it is to use them to construct
ultrafilters with prescribed properties. The machinery we develop from here on
serves this purpose: the next few definitions and lemmas are not ends in themselves,
but preparation for Theorem 4.9 (Kunen) and Corollary 4.14 (Frolik). The first step
is to relativize the notion of independence to a background filter, which will let us
track, as a filter grows, how much of an independent family remains compatible
with it.

Definition 4.5. Let F be a filter on w. A family {a, : a € I} is independent
modulo F if for every finite partial function o : I — 2 and every F' € F, one has

Fna, # 0, where a, = Nacdom (o) aZ(®,

Every independent family is, in particular, independent modulo the Fréchet filter.
So this is a generalization of the earlier notion. We now record the first basic
property of independence modulo a filter.

Lemma 4.6. If A; = {a, : « € I} is independent modulo a filter F, then for every
Y C w, either

(1) Ay is independent modulo the filter generated by F U{Y}, or
(2) there is a finite H C I so that Ap g is independent modulo the filter gen-
erated by the filter F U {w\Y}.

Proof. Assume that (1) fails. Then A; is not independent modulo the filter gener-
ated by F U{Y}. Therefore there exists: a finite set H C I, a function o : H — 2,
and a set F' € F, such that a, N FNY = ). Equivalently, a, N F Cw\Y. We will
show that Aj g is independent modulo the filter generated by F U {w \ Y'}.

Let 7 be any finite partial function from I \ H into 2. Then o U 7 is a finite
partial function from I into 2, and a,ur = asNa,. Since A; is independent modulo
F, for every F’ € F,

FNnF Nasur=FNF NasNa; #0
But Fna, Cw\Y, so
Fnw\Y)Na, 2D FNF' Na,Na,
Hence F' N (w\Y)Na,; # 0. Since F' € F and 7 was arbitrary, this shows that

every set in the filter generated by 7 U {w \ Y’} meets every a,. Therefore Ap g is
independent modulo the filter generated by F U {w \ Y}. O

We now turn to the main construction of the section. Our aim is to build two
ultrafilters that are RK-incomparable. We begin by isolating the target notion.

Definition 4.7. Ultrafilters & and V are said to be RK-incomparable if for any
fewy

fU)#V and f(V) #U
Equivalently, f(U) # V means that there is some V € V such that f~%(V) ¢ U.

To construct RK-incomparable ultrafilters, we will proceed by transfinite induc-
tion. At stage A < ¢, we will have two filter bases F) and Gy, together with a set
I, C ¢ of remaining indices; we write Ay, for the subfamily {a, : @ € I}, and
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maintain the invariant that A;, is independent modulo each of F) and Gy. The
key step is to extend the two filter bases while preserving this invariant, and at
the same time to rule out one prescribed function f € w® as a possible witness to
RK-comparability. The next lemma provides exactly this step.

Lemma 4.8. If f is any function from w to w, we can extend Fy to Fxay1, Ga to
Gx+1 and remove a finite set from I to obtain Ixy1 so that

(1) Ar,., is independent modulo each of Fxy1 and Gxi1,
(2) there is a set V € Gxy1 such that f=1(V) is disjoint from some U € Fyy1.

Note that, by symmetry, we can similarly ensure that we can reverse the roles of
Fat+1 and Gayq in the second item.

Proof. Fix f:w — w. At stage A, we have filter bases Fy, G and a set Iy C ¢ such
that Ay, is independent modulo each of F and Gy.

Choose ay € Iy and consider the two possible choices of either V' = a,, being in
Gay1 or its complement V = w\ ao, = by, being in Gy41. By independence, either
choice meets every member of Gy, and thus yields a filter-base extension of Gy. Let
Iny1 = I\ {ay} (and we may delete finitely more indices later if needed), removing
ay from I, preserves independence modulo Gy 41, since any Boolean combination
involving V' corresponds to a Boolean combination from A;,, and independence
modulo Gy already guarantees the required intersections.

Now we check that adding the corresponding set U = w\ f~1(V) to Fy to obtain
Fxy1 will preserve that Ay, ,, is independent modulo Fy;1 as well.

First try V = an, and set U = Y = w \ f~}(V). Lemma 4.6 gives us two
possibilities: either Az, , remains independent modulo the filter generated by F, U
{U}; in this case let Fx11 = FAU{U} and we are done. Otherwise Lemma 4.6 yields
a finite Hy C Iy 41 such that AIA+1\HX is independent modulo the filter generated
by FaU{w\Y}. In this case switch to V = b,, and put U = w\Y =w\ f1(ba,)
into Fyy1. In either case the lemma follows. O

With this lemma in hand, we can now carry out the full construction.

Theorem 4.9 (Kunen). There are ultrafilters U and V that are RK-incomparable.

Proof. Let A = {aq : @ < ¢} be an independent family. Since [w*| = |P(w)| = ¢,
fix enumerations {fx : A < ¢} of w® and {Y) : A < ¢} of P(w).

We recursively construct filter bases F», Gy and sets I C ¢ such that

(1) Ay, is independent modulo both Fy and G,
(2) [e\ I <Al

Let Fyp = Gp be the Fréchet filter and let Iy = ¢. Since every Boolean combination
determined by A is infinite, A is independent modulo the Fréchet filter.

At a successor stage A\, we first apply Lemma 4.8 to f, and then apply the
symmetric version with the roles of the two filters reversed. This yields extensions of
the current filter bases and a smaller index set, still denoted Fx41,Gx+1, Ix+1, such
that Aj, ,, remains independent modulo both filters and there exist sets Uy € Fxq1
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and Vy € Gyyq with Uy N f ' (Va) = 0, and similarly Vy 0 £ (U}) = 0 for some
U;\ € ./_'.A+1 and V)( € g)\+1.

Next we decide whether Y) or its complement will be added to Fx41. If either
Y, or w\ Y, already belongs to Fx41, do nothing. Otherwise we apply Lemma 4.6
to Ay, ., and Fyy1; this allows us, after removing finitely many indices if necessary,
to add either Yy or w\ Y) while preserving independence modulo the resulting filter
base. Do the same for Gy41.

Since each application of Lemma 4.8 or 4.6 removes only finitely many indices,
only finitely many indices are removed at stage A. Hence |c\ Iny1| < [+ 1]. By
construction, Ay, +1 is independent modulo both Fy 1 and Gxt1, so the inductive
hypothesis is preserved.

At alimit stage 6, let F5 = (Jy .5 Fa and Gs = (U, .5 9, and define Is = [, _5 Ix.
Then ¢\ Is = (Jyos5(c\ In), so [¢\ Is| < [0]. Since (Fx : A < d) and (Gx : A < 0)
are increasing chains, their unions Fs and Gs are again filters. Moreover, Ay, is
independent modulo both of them: if F' € Fs, then F' € F) for some A < ¢, and
since I5 C I, every Boolean combination from A;, meets F. The same argument
applies to Gs.

Finally, let F = [J,..Fx and G = .. Gx. Since every subset of w appears as
some Y, and at stage \ we ensured that either Y, or its complement belongs to
each filter, both F and G are ultrafilters.

For each A < ¢, by construction there are Uy € Fa;1 C F and V), € Gyy1 € G
such that Uy N fy'(Va) = 0, so £y '(Va) ¢ F. Hence fr(F) # G. Similarly,
fr(G) # F. Since every f € w® appears in the enumeration, F and G are RK-
incomparable. ([l

Another major result that follows from Kunen’s theorem is Frolik’s theorem. To
state it, recall that the Boolean algebra P(w)/fin is homogeneous in the sense that
for any pair of infinite, co-infinite subsets a,b of w, there is an automorphism of
P(w)/fin that sends [a] to [b], where [a] denotes the equivalence class of a under
agreement mod finite. A natural question is whether this homogeneity extends to
the space of ultrafilters on P(w)/fin: given any two free ultrafilters U,V on w, is
there an automorphism ¢ of P(w)/fin that sends U to V? Here ¢(U) means the set
{([U]) : U € U}, and we are asking whether this equals {[V]: V € V}.

Frolik proved the answer is no. To prove this using Kunen’s theorem, we first
introduce a new way of constructing ultrafilters, the U-limit, which will play a
central role in the argument.

Definition 4.10. Let {a, : n € w} be pairwise disjoint infinite subsets of w. For
each n, let U,, be an ultrafilter with a,, € U,. Let U be any other ultrafilter on w.
We define the notion:

U-1lim{U, :new}={Y Cw:{ncw:Y eld,} €U}
and we next prove it is an ultrafilter.
Lemma 4.11. The object U = U—1im{U,, : n € w} is an ultrafilter.

Proof. Clearly w € U, since {n : w € U,} = w € U. Similarly 0 ¢ U, since
{n:0el,}=0¢U.



30

To prove closure under intersection, suppose that Y;,Ys € U. Let U; = {n :
Yy e Uy} e Y and Uy = {n : Y5 € Zi{n} € U. Then clearly U; N Uy equals
{n:YiNnYseU,} €eU. ThusY1NY, €U.

To prove upward closure, suppose Y; € U and ¥; C Ys. Since each U, is a filter,
if Y1 € U, then Y € U,, addit}onally U is a filter and hence {n:Y; e U,} C {n:
Ys € U, } € U, therefore Y, € U.

Finally, let Y C w. Since each U, is an ultrafilter, for every n exactly one of Y
and w \ Y belongs to U,. Thus {n : Y e U} U{n:w\Y € U,} = w and these
two sets are disjoint. Since U is an ultrafilter, exactly one of them is in ¢/. Hence
exactly one of Y and w \ Y belongs to U. Therefore U is an ultrafilter. ]

Theorem 4.12. Let {a, : n € w} and {by,, : m € w} be two families of pairwise
disjoint infinite subsets of w; no assumption is made on how the a,, and b,, interact.
For each n, letU,, and V), be ultrafilters with a,, € U, and b, € V,. Suppose further
that there are ultrafilters U and V such that

W =U-lim{U, :n € w} =V-1im{V, : n € w}.
Then either

(1) {n:(3m) b, eUp} €U, or
(2) {m:(3n)a, €V} eV.

Intuitively, either the family {b,, : m € w} covers U-many of the U,’s, or,
symmetrically, the family {a,, : n € w} covers V-many of the V,,’s.

Proof. Suppose toward a contradiction that neither (1) nor (2) holds. Let A = {n :
(3m) by, € Uy} and B = {m : (3In)a, € V,,}. Then A ¢ Y and B ¢ V. Since U
and V are ultrafilters, it follows that U =w\ A€ U and V =w \ B € V. Thus for
every n € U and every m, by, ¢ Uy, and for every m € V and every n, a,, ¢ V.

For each n € U, let a, = a, \ U{bx : kK < n}. For each m € V, let by, =
b \U{ax : kK < m}. Since by ¢ U, for every k < n, we have w\ by € Un, and hence
an € U, for every n € U. Similarly, b, € V,,, for every m € V.

The family {a, : n € U} U {b,, : m € V} is pairwise disjoint. Indeed, the &,’s
are pairwise disjoint since the a,,’s are, and the bm’s are pairwise disjoint since the
by’s are. If n € U and m € V, then either m < n, in which case b,, was removed
from d,,, or n < m, in which case a,, was removed from b,,. Hence a,, N b, = 0.

Let A* = J{a, : n € U} and B* = |J{b,, : m € V}. For every n € U we have
an € U, and @, C A* so A* € U,. Thus {n : A* € U,} 2 U € U, and hence
A* € W. Similarly B* € W.

But A* and B* are disjoint, contradicting that W is an ultrafilter. Therefore
one of (1) or (2) must hold. O

We now connect the U-limit construction to automorphisms of P(w)/fin. The
next theorem shows that if the &/-limit and V-limit of a common family are related
by an automorphism, then ¢/ and V are themselves RK-comparable. This is the
bridge that will let Kunen’s theorem defeat Frolik’s question.
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Suppose we have an automorphism ¢ of P(w)/fin, free ultrafilters & and V, a
family of ultrafilters {U,, : n € w}, and a pairwise disjoint family of sets {a,, : n € w}
satisfying:

(1) for each n, a, € Uy,

(2) U is the U-limit of {U, : n € w},

(3) Vis the V-limit of {U, : n € w},

(4) eUh) =V.
Theorem 4.13. Given the assumptions as listed above, there is a function f € w*
such that either

fU)y=v or f(V)=U

i.e. U and V are RK-comparable.

Proof. For each n, let b, be a set that is mod finite equal to ¢(a,). Since a,, are
disjoint and ¢ is an automorphism we can remove a finite set from each b,, and
assume {b, : n € w} is pairwise disjoint. Also for each n, let V,, = o(U,).

By assumption W = go(l:l ) is equal to V. Notice that the ultrafilter W is therefore
equal to the V-limit of the family {{, : n € w} , but moreover, because

Xepl) < o' (X)elU
— {new:p ' (X)ecU,} U
— {new:Xecopl,)} el
— {new:XeV,} el.
W is also U-limit of the family {V, : n € w}.
Now we apply Theorem 4.12 to conclude that one of the following holds:

(1) U={n:(3m) am €V} €U, or
2) V={m:(3In) b, €Uy} V.

Since the argument is the same, suppose U € U. For each n € U, define f(n) =m
where a,, € V,,. For n ¢ U, let f(n) =0. We claim that f(U) = V.

It suffices to show that for every U’ € U with U’ C U, we have f(U’) € V. Since
for any X e U, wecanset U' = X NU e U. If f(U') € V, then f(U’') C f(X), and
since V is upward closed, it follows that f(X) € V.

Let U’ C U be another element of U. We first define W = J{an, : m € f(U’)}
and show that it is an element of W. Since for all n € U" we have ay(,) € V,, and
W contains all such aj(,), clearly {n € w: W € V,,} contains U’ and therefore is an
element of Y. Meaning that W is in U-limit of the set {V,, : n € w} which is equal
to W, thus W is in W. But now, W is also the V-limit of the set {U,, : m € w} and
W = U{am : m € f(U")} hence it’s in V. we claim that {m : W € U,,} = f(U’)
and thus it must be in V.

If m € f(U'), then a,, C W, and since a,, € Up,, by upward closure of U,, we
have W € U,,. On the other hand, if m ¢ f(U’), then a,, "W = &, since the
family {a,, : m € w} is pairwise disjoint. Hence a, C w\ W, so w \ W € Uy,
and therefore W ¢ U,,. Thus W € U,, if and only if m € f(U’). This proves that
fu) =v. O
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With Theorem 4.13 in hand, Frolik’s theorem now follows as a corollary, using
Kunen’s theorem.

Corollary 4.14 (Frolik—Kunen). There ezist free ultrafilters U and V such that no
automorphism of P(w)/fin sends U to V.

Proof. By Theorem 4.9, there exist ultrafilters ¢/ and V' that are RK-incomparable.
Form the ultrafilters & and V as in Theorem 4.13, using the same family {U, : n €
w}. By the contrapositive of Theorem 4.13, since U and V are not RK-comparable,

no automorphism ¢ of P(w)/fin satisfies p(U) = V. O

5. MORE ABOUT INDEPENDENCE MODULO A FILTER

Section 4 introduced independence modulo a filter and used it to construct ul-
trafilters with prescribed properties. In this short section we turn to a refinement:
filters that are maximal with respect to this independence. The lemmas below
develop the basic properties of such filters and will be used in Section 6.

Let A; = {aq : @ € I'} be an independent family of infinite subsets of w, and let
F be a maximal filter such that A; is independent modulo F.

Lemma 5.1. Let H be any finite subset of I and o be any function from H into
2. Let a, denote the usual Boolean combination of the members of {aq : v € H}.
Then the filter F5 generated by F U {as} is maximal with respect to Ap g .

Proof. We prove maximality by showing that any set satisfying the independence
condition lies in F,. Let Y C w be such that for every ' € F and every usual set
ar from the family Ap g, Y N F Na, Nar # 0, ie., Y meets every F Na, € Fo
together with every Boolean combination from Aj g. We show that Y € F,.

Fix F € F and let a,s be any usual set from A;. If a,/ is compatible with o,
then a,» Na, = a, N a; for a, from the previous paragraph, and hence Y meets
Fnay. If ap is incompatible with o then a, Na = 0, so a;» C w\ a,, and
therefore FNa,r CY U (w\ ag); It follows that Y U (w \ a,) meets F Na,.

Thus YU (w\ a,) meets every set of the form F'Na,, where F' € F and a, is any

usual set from the family A;. By maximality of F, it follows that YU (w\ a,) € F,
and hence [YU(w\ a,)]Na, = Y Na, is a member of F, that is contained in Y. O

A set Y C w is called F-positive if Y N F # () for every F' € F. Equivalently,
Y is F-positive if and only if F U {Y} extends to a filter. We write F* for the
collection of F-positive sets.

Lemma 5.2. Let F be a filter that is mazimal with respect to the family Ay is
independent modulo F. Then for every F-positive set Y, there is a finite H C I
and a 0 : H — 2 such that F Na, C*Y for some F € F.

Proof. Let Y be an F-positive set. If Y € F, the lemma is trivial: take FF =Y,
and then F Na, CY for any boolean combination a, of the family.

Now suppose Y € Ft but Y ¢ F. We claim that w\Y ¢ F and w\Y € F'.
The first follows immediately since Y € FT means Y meets every member of F,
vet YN (w\Y)=0,s0w\Y cannot belong to F. For the second, if w\'Y ¢ F*
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then there exists F' € F with FN(w\Y) =0, giving ' C Y, and by upward closure
of F this forces Y € F, a contradiction.

Since F is maximal and w\Y ¢ F, adding w\ Y to F violates the independence
of A; modulo F. Hence there exist some F' € F and a suitable o such that w\ Y
is disjoint from F'Na,, i.e. there must be an F'Na, contained mod finite in Y. 0O

Corollary 5.3. If F is a maximal filter such that A, is independent modulo F,
then every ultrafilter U that extends F has character c.

Proof. Suppose for contradiction that U has a base {U, : o < k} with k < ¢. Each
U, € FT since U extends F, so by Lemma 5.2, for each o <  there exist a finite
H, C ¢, a function o, : Hy — 2, and some F,, € F such that F,, Na,, C U,.

Since each H,, is finite and x < ¢, we have ||J,., Ha| < £ < ¢, so we may pick
B €c\Uyer Ha, so that g ¢ H, for every a < k.

Since U is an ultrafilter, exactly one of ag or w\ag belongs to Y. Assume without
loss of generality that w \ ag € U. Since {U,} is a base, there exists o < x with
U, C w\ag, meaning U,Nag = 0. But then F,Na,, Nag C UsNag =0, yet B ¢ H,
means ag does not appear in the Boolean combination a,_, so by independence of
Ar modulo F, the set F,, Na,, Nag is nonempty. Contradiction. (Il

6. WITNESSING VALUES FOR THE LOWER COFINALITY OF ULTRAPOWERS

In Section 2 we introduced the lower cofinality x; as an invariant of the ul-
trapower of w* by U, and asked whether it can distinguish different ultrapowers.
Under CH the question collapses: all such ultrapowers are order-isomorphic, so
Ky takes a single value. Without CH the picture is less clear, and we introduced
RK-equivalence as a first way of comparing ultrafilters: if two ultrafilters are RK-
equivalent, then their ultrapowers are order-isomorphic, and hence have the same
lower cofinality. Section 4 then showed, by Kunen’s theorem, that not all ultrafilters
are RK-equivalent.

What remains is the original question: does ky actually take different values
as U varies? In this section we show that it does. For every regular cardinal
with w1 < k < ¢, we construct an ultrafilter U, such that x;,, = x. Since different
values of ky; force non-isomorphic ultrapowers, this yields a concrete family of ul-
trafilters whose ultrapowers are inherently different. The construction requires new
definitions and a refinement of the independence machinery developed in Section
4, which we introduce next.

Let k be an uncountable cardinal. A family A = {a(a,n) : @ € kK, n € w} is a
K X w-independent mod finite family if

(1) for each a € K, the family {a(a,n) : n € w} is a partition of w into infinite
sets,

(2) for every finite partial function o : kK — w, the set a, = ({a(a, o)) : a €
dom(o)} is infinite.

The existence of such families for x < ¢ follows by the same argument as Theo-
rem 4.3, with w in place of 2.
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Definition 6.1. Let Fn(x,w) denote the family of finite partial functions from
Kk into w. A subset ¥ C Fn(k,w) is an antichain if its members are pairwise
incompatible: for any distinct o, ¢’ € X, the union o U ¢’ is not a function.

An antichain ¥ is mazimal if adding any new finite partial function to X breaks
the antichain property; equivalently, for every 7 € Fn(k,w), there is a ¢ € ¥ such
that o U 7 is a function.

Definition 6.2. Say that a subset D of Fn(k,w) is dense if for every 7 € Fn(k,w),
there is a o € D that extends 7.

The rest of this section develops the machinery needed to prove Theorem 6.8.
The next lemma records the basic connection between the two notions just intro-
duced: every maximal antichain generates a dense set, and every dense set contains
a maximal antichain.

Lemma 6.3. For any mazimal antichain X C Fn(k,w), the set Dy = {1 €
Fu(k,w) : (30 € £)o C 7} is dense, and for any dense D C Fn(k,w), there is
a mazimal antichain ¥ C D (and so D D Dy).

Proof. For the first claim, let 7 € Fn(k,w). Since ¥ is a maximal antichain, there
exists o € ¥ such that o U7 is a function. Pick any a € s\ dom(o U 7) and any
n € w. Then cUTU{(a,n)} properly extends o, so it belongs to Dy, and it extends
7. Thus Dy, is dense.

For the second claim, consider the poset of all antichains contained in D, ordered
by inclusion. Every chain of antichains has an upper bound (its union), so by
Zorn’s lemma there is a maximal antichain ¥ C D. To see that ¥ is maximal in
Fn(k,w), let 7 € Fn(k,w). By density of D, there exists ¢/ € D extending 7. If
o’ were incompatible with every member of 3, we could add ¢’ to ¥ and obtain a
strictly larger antichain in D, contradicting maximality of ¥ within D. Hence ¢’ is
compatible with some o € X, and since 7 C ¢’, it follows that 7 is compatible with
0. Thus ¥ is a maximal antichain in Fn(x,w) contained in D. O

Lemma 6.4. For every k < ¢, every maximal antichain ¥ C Fn(k,w) is countable.

Proof. By the construction in Theorem 4.3, with w in place of 2, there is a countable
set {fr : k € w} C w* such that every o € Fn(c,w) is extended by some fj. Fix
such a family. Since £ < ¢, we have Fn(k,w) C Fn(c,w). For each o € X, choose
ks € w such that o C fi_ .

We claim that o — k, is injective. Suppose 0,0’ € ¥ and k, = k,» = k. Then
0 C frand ¢’ C fi, so cUo’ C fi. In particular o U ¢’ is a function, which means
o and ¢’ are compatible. Since ¥ is an antichain, ¢ = ¢’. Hence ¥ injects into w,
so X is countable. |

Lemma 6.5. Suppose that A is a k xw-independent family and that Fy is a mazximal
filter such that A is independent modulo Fy. For every Y C w, there is a mazimal
antichain Xy of Fu(k,w) satisfying that, for all o € ¥, there is an F, € Fy such
that either F,Nay, C*Y or FyNas NY =* (.

Proof. Let
D={ceFn(k,w):IF € Fyst. FNa, C*Y or FNa,NY =" 0}
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It suffices to show that D is dense; the conclusion then follows by applying Lemma 6.3
to D, which yields a maximal antichain ¥y C D.

Fix Y C w and 7 € Fn(k,w). Our goal is to extend 7 to some o € D. By
Lemma 5.1, the filter F, generated by Fy U {a,} is maximal with respect to
Ai\dom(r)- Since F, is a filter, at least one of Y or w \ Y is F -positive; with-
out loss of generality, say Y is. Apply Lemma 5.2 to obtain ¢’ € Fn(k \ dom(7), w)
and F’ € F, satisfying F' Na, C*Y. Write F/ = F'Na, for some F € Fy, and
set 0 = 7 Uo’. Then o extends 7 and

Fna,=FNa,Nay, =F Nay C*Y,

so o € D. If instead w \ Y is F,-positive, the same argument produces o 2O 7 with
Fna,NY =*{, so again o € D. O

Proposition 6.6. For every mazimal antichain ¥ C Fn(k,w), the members of the
family {a, : 0 € X} are pairwise disjoint and the union is an element of Fo.

Proof. If o # ¢’ are in X, there is a coordinate £ in their common domains such that
(&) # d'(§). Therefore a,,a, are contained in a(€,o(§)), respectively a(€, o’ (€))
which are disjoint.

Next let Y = (J{a, : 0 € £} and suppose that Y ¢ Fy. It follows from the
maximality of Fy that there is some 7 € Fn(k,w) and some F € Fy such that
F Na; is disjoint from Y. Since ¥ is maximal, there is a ¢ € ¥ such that o U 7 is
a function. In other words a, N a; = ayur must meet F' in an infinite set. Since
a, C Y, this contradicts that F' N a, is disjoint from Y. (]

Definition 6.7. Let Y, be the family of all sets of the form (J{a, : ¢ € £} where
Y is an antichain of Fn(«,w).

With this machinery in place, we return to the main question of the section: can
Ky take different values as U varies? The following theorem answers yes, for every
regular k in the range w1 < k < 'c.

Theorem 6.8. For any reqular cardinal k with wy < k < ¢, there is an ultrafilter
U, satisfying that <y, has an (w, K)-gap.

Proof. Let A be a k x w-independent family, and let Fy be a filter on w that is
maximal with respect to A being independent modulo Fy. We will construct an
ultrafilter & on w such that (w*, <) has an (w,k)-gap. The lower side of the
gap will consist of the constant functions 7 for n € w. For the upper side, each
coordinate @ € k gives a partition {a(a,n) : n € w} of w; define g, € w* by
go(k) =n iff k € a(a,n). For each a < &, let A, = {a(8,m): a < B <k, m € w}
denote the subfamily omitting coordinates < a. The goal is to build U so that
n <y go for all n and «a, with nothing in between.

Define Ho = {h € w* : o <z, h for all n € w}. We want to split the gap formed
by the constant functions and Ho. Under <z, no function splits this gap; every
function that is Fy-above all constants is already in Hg, much like the canonical
gap of Theorem 2.8. But if we enlarge Fy to some F;, we may be able to split it,
and gg is our chosen splitter. More generally, at stage o the function g, will split
the gap relative to F,, and we continue until the filter becomes an ultrafilter.
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For each a < k, n € w, and h € H,, define Y(a,n,h) = {k € w:n < go(k) <
h(k)}. The point of Y'(a,n, k) is that adding it to a filter forces 1 <z go <7 h.
Consider the family Fy = {FNY (0,n,h) : F € Fo,n € w, h € Ho}. We claim that

]-'0 generates a filter. Indeed, a finite intersection of members of ]-'0 satisfies
(F1 n Y(O,nh hl)) N (FQ N Y(O,TLQ, hg)) = (Fl N Fg) N Y(O,TL Jh* )

where n* = max(ni,n2) and h* = min(hq, h2) pointwise. Since Fp is closed under
finite intersections, Fy; N Fy € Fp, and since Ho Is closed under finite minimum,
h* € Hy. Hence this is again a member of Fy.

Moreover, for every o < k, define A, = {a(8,m) : a < f < kK, m € w}. The
filter generated by ]-N"o is independent modulo Ag. That is, we must show that
FNY(0,n,h)Na, is infinite for any F' € Fy, n € w, h € Ho, and 7 € Fn(x\ {0}, w).
Fix such F, n, h, and 7. The set Y (0,n,h) imposes two conditions on k: that
go(k) > n and that go(k) < h(k). For the first, it suffices to restrict to a single cell
a(0,m) for any m > n, since every k € a(0, m) satisfies go(k) = m > n. The second
condition then reduces to h(k) > m on this cell, giving us

a(0,m)N{k:h(k) >m} C{k:n < go(k) < h(k)} =Y(0,n,h),
and therefore
FNnY(0,n,h)Na, 2 FN{k:h(k)>m}Na; Na(0,m).

Since h € Hg, we have {k : h(k) > m} € Foy, so FN{k: h(k) > m} € Fy. Since
7 does not use 0 in its domain, 7U {(0,m)} € Fn(x,w), and by independence of A
modulo Fy the right-hand side is infinite.

Extend }'0 to a filter F; such that F; N Y, is maximal. To do this, consider the
poset of all filters extending ]—'0 that are generated by ]—'0 together with members of
V1, ordered by inclusion. Every chain has an upper bound (its union), so by Zorn’s
lemma there is a maximal element F;.

We claim that A is independent modulo F;. A typical member of F; contains a
set of the form F'NY(0,n,h) "Y' where F' € Fo, h € Ho, and Y’ = J,c5a(0,j) €
V1. Given 7 € Fn(x \ {0},w), the argument proceeds as before: pick m > n
with m € S, so that a(0,m) C Y’. Then FN{k : h(k) > m} Na, Na(0,m)
is infinite by independence of A modulo Fy, and every element of this set lies in
FnY(O,n,h)NY' Na,.

At a successor stage o+ 1, assume we have constructed a filter F, such that A,
is independent modulo F,, and F, N}, is maximal. Define H, = {h € w* : i <&,

hfor all n € w} and set Y(a,n,h) = {k € w:n < go(k) < h(k)} for each n € w
and h € H,. As in the base case, form the family

Fo={FNY(a,n,h): F € Fo,n€w, heHal

The same arguments show that .)%a generates a filter and that A, is independent
modulo it. We then extend F, by Zorn’s lemma to a filter F,41 such that Fo41 N
Va1 is maximal, and verify as before that 4,41 is independent modulo F 1.

At a limit stage 6 < &, let F5 = (J,.5Fa- This is a filter: since the sequence
(Fa)a<s is increasing, any F,G € Fs lie in some common F,, and hence FNG €
F, € Fs. Upward closure is immediate. We verify that As is independent modulo
Fs: let 7 € Fn(k \ 6,w) and F' € Fs. Then F € F, for some a < §. Since 7 uses
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only coordinates > § > «, independence of A, modulo F, implies that F' N a,
is infinite. As before, extend Fs by Zorn’s Lemma so that Fs N Vs is maximal.
Independence of A is preserved by the same argument as in the base case.

Finally, set Y = |J{Fo : @ < k}. We verify that U is an ultrafilter and that
({n:new},{ga:a €k} isan (w,k)-gap in <y.

To show U is an ultrafilter, let Y C w. By Lemma 6.5, choose a maximal
antichain Xy C Fn(k,w) that decides Y piece by piece: for each o € Xy, there is
F, € Fy such that either F, Na, C*Y or F, Na,NY =* (). By Lemma 6.4, Yy is
countable, so the coordinates appearing in it are bounded below some o < k. By
Proposition 6.6, the sets a, are pairwise disjoint and their union is in Fy; therefore
U{as : 0 € Xy} is an element of V,. The point of the stage-a construction is that
Fao N Y, is maximal, so this antichain decomposition forces a decision at stage «:
one of Y or w\ Y lies in F, CU. Hence U is an ultrafilter.

To prove the gap, for every n € w and « € k, the set Y (a,n, h) € Fa C Far1 CU
for any h € H,. Since Y(a,n,h) C {k : go(k) > n}, we have . <y go. Similarly,
Y(a,n,h) C{k: ga(k) < h(k)}, s0 ga <u h.

It remains to show that no function splits the gap. Suppose f € w® satisfies
n <y f for all n € w. Then for each n, the set {k : f(k) > n} belongs to U, so it
lies in some F, . Since {a, : n € w} is countable and & is regular and uncountable,
there exists 8 < k such that «,, < § for all n. As the filters are increasing, it follows
that {k : f(k) > n} € Fp for every n, and hence f € Hg. By the construction at
stage [, we have gg <y h for every h € Hg, and in particular gs <y f. Therefore
f cannot lie below every g,, and so it cannot split the gap. ([l



