
Chapter 3 : Connectedness and compactness

Let f : [a,b]- R be continuous
· f(b) -1r -

Intermediate value theorem (IVT) fla)- b↓ flajer= f(b) 7 ce(ab] with f(c)= r
.

Maximum value theorem

= ce[a, b) S
.

t
. fluef(c) Fee[a , b] .F

These properties are really due to the fact that

[a , b] is connected and compact , respectively.



Section 23 : Connected spaces
X

Def X a topological space . A separation of X is a pair
UV of nonempty disjoint open sets whose union is X. U

X is connected if it has no separation .

V

Rmk Equivalently,
X is connected if its only clopen subsets are $ ,

X.

Ex El
, 0)-(0 , 1) has a separation E

and is not connected I

Ex Ea,
b3 with the indiscrete topology

①
·b

is connected

v irrational
Ex Q is not connected : for r irrational

, C (k >

( u
, r)nQ ,

(r
,
)nQ gives a separation .



Thm If f :X-Y is continuous and X is

connected
, then f(X) is connected .

zo#Fisa separationo
f(u)*f(V)

Copen, nonempty , disjoint, union is X)
,

contradicting the fact X is connected.

Cor "Connected"is a Topological property.: If X = Y
,

then X connected- Y connected .

Lemmal . X topsp Yax. Y separated 7 A
,
BcX

,
AlB = d

,

AUB = Y and

neither of A
,

B contains a limit point of the other.

Pf See book.

Lemma 2 If X has separation U
,
V and U y

↑ CX is connected
,
then YCU or YCV.

V

Pf If both YeU and Y1V were nonempty,

then these open sets in Y would form a separation of X.



Thm If AcX is connected and AcBCE
, Sthen B is connected.

Pf Uses Lemmal
.

See book.

#k Adding in a subset of limit points preserves connectedness

Thm Unions of connected subspaces with a Yo Y
point in common are connected.

Pf Let Y= VoYe with yeYo connected X VO
.

Y
Y

Assume Y has a separation U
,
Vo Suppose yel .

Then by Lemma 2 above, ↑U Fr.
So YCU and V is empty ,

a contradiction



Thm A finite product of connected spaces is connected

If n=2 X + Y Let (a ,
b) eXXY

Consider the"horizontal Slice" Xxb = Sg7eXXY / g
: b) ·

(b)
.
lab)

yX b EX and hence is connected
.

Let x+X. Similarly the "vertical Slice" xxY = Y is connected.

For zeX
,

let To = (x3b3) -(23xy X
To is a union of two connected spaces with the point (X ,

5) in common

By the previous Theorem,
T is connected .

XY=xTo is a union of connected spaces with the point (a
, b) in common.

By the previous Theorem
,

XXY is connected.

The general case of an n-fold product then follows by induction
,

Since X-Ye (40 ... Xn) * Xn
.

D



Cor IR" is connected (assuming Ris).
Ex RW with box topology is not connected.

Pf Let U = Ebounded sequences? and V= Eunbounded sequences 3. A
,

They're nonempty, disjoint, and UrV = RW
· Open in box topology ?

an

Given a tlRW
,

note (a ,
- 1

,
a ,

+ 1) = (az-1
, ac + 1) x (az - 1

, az + 1) +
...

as
-

is an open neighborhood of a that is contained in
dy

U Cresp . v) if a is bounded Cresp, unbounded) · as

Hence U and V are open in box topology,
ab

and CIRW
,
box topology) is not connected. ·

Ex IRN (with the product topology) is connected .

X
,

Pf Let R = SzeR"/ = 0 for i>n3 · Connected since FER"
.

r

Xz
↑

Let IRP= Unzi F · Connected since union of connected sets containing (0,
0
,
0
....) - ·

We claim IRP <IRV= RY
, giving that RW is connected . Exercise : HW4 E

Indeed
,
for ZIRY and zettil : a basic open set,

O en
- I↓7 with Ui = IR VisN

, meaning ( ,
22, . . . .

,

0
,

0, ... ) ER Hilli : ] 0N+z



Section 24 : Connected subspaces of IR

Def A simply ordered set 1 with more than one element is a linear continuum if

(1) I has the least upper bound property
(2) If key ,

then 72 with vezey .

Ex 1
,

[0
,
1 = [0, 1 with dictionary order.

Thm If L is a linear continuum with the order topology thenLis connected

and so is every interval and ray in L.

Proof Let YCL be convex (a
,
beY with a =b => [a, b] <Y).

We will show Y is connected
,

from which the result follows.

Suppose A
,

B Separate Y .
Choose att

,

boB
.

Who assume acb .

Than Ao : AuLa
,
b)
,

Bo = Blab) separat 29b] .

Let c = supto
Cases: Bo [

Bo

& 3 => E
Eto

Coet
37

a b

!
=> E & (1) ] => E D

a C b



Cor R is connected
,

as are intervals and rays in R.

Th Intermediate Value Theorem) Let f : x+ 4 be continuous
,

X connected

Y totally ordered with order topology .

Let a
,
beX

,

reY with flor < fls)
then - x+X Sat f(x) = r.

Proof Let A = f(x) + ( - 8

, r) ,

B = f(x) + (5
,

00) .
Then An B = 0, A

,

B nonempty Since fla) A
,

f(b) = B.

A
.

BC f(x) .

open

Assume * X * X St
. f(x) = r

.

Then A ,B Separate f(x).
But X connected = f(x) connected . B



Images of closed intervals in R
,

which are connected
S

condition for showing a space

connectDef A space X is path connected if every N
,yeX can I

be joined by a path ,
i . e. a continuous map f: [a,b]-X

with f(a)= 2 and f(b)= y .

· XLemma A path connected space X is connected.a

Pf Suppose U ,
V separate X

.

Let f : [a
, b]- X be continuous with f(a)EU

,
f(b) EV.

But the continuous image of the connected set [a, b] is connected
, · vmeaning f([a,b)) must be contained in U or in V

. => E B

Ex Ball B"= EER"IllellE13 is path connected

Sphere S" = SweRn+ 1 llell = 13 is path connected for n21

·

· B2-



Ex Topologist's since curve is S = Elsin(t) /01 v510
, %)) -18113 .

Here S = [(X
, sink))10eze1} is path-connected => S connected .

H

J connected .

MY
claie:s is not path connected,

Proof Assume 7 path f : 10
,
1 + 5 with flo) = 10

. 07
,

fliles .

f" 30x(1
,
13) closed 101] has a maximum b . I least upper bound and closed sets

contain their limit points (

For convenience, replace (b
,
1] with 10

,
16

.
Let f(t) = (x (+)

, y(t).
The X107 = 0 and x (t) 30 for 30 .

For nekt
,

choose un with Ou ? x(t) st . Sintun) = FII".
Use IVT

,
to find to with Octat sot

. x(t) = un

Then En +O
,
but y(te) = El

"

does not converge .
But f is continuous

.

-E. D



Section 25: Components and local connectedness

Def X topological space.

Declaring try when I connected subspace containing My gives
equivalence relation

;equivalence classes called components ·

Declaring zey when I a path in X from to y gives
equivalence relation ; equivalence classes called path components·

# one componentemponents

Each path component is connected
,

hence contained in a single component.

When do components and path components coincide ?
X being "locally path connected" suffices .



U

Def A topological space X is locally (path) connected if U

VzeX and nbhds Uzz
,
7 a (path) connected nbld weVaU .

·T

open W

Locally path connected => locally connected
,

Since path connected => connected .

Ex Path connected
,

not locally path connected Ex Connected
,

not locally connected

(Q 1(0
, 13) x 10

,
13 v 10

,
13 x 30]

Ex Connected

- 11

Not connected -
Locally connected Intervals in R E-1 , 0)-10 , 17 topologists size curve

Above two

Not locally connected examples Q



Thm A space X is locally (path) connected Ex [x[0,]
=>F open UcX,

each (path) component P of U is open .

Pf Let's prove the path connected version·

01 0 -
(t) Open UX has path component P .

For weP
,
let open nbhd zeVal be path connected; Non-Ex QIo

,I
hence VaP

.
So P is open .

(E) Given open ubbd UE2
,
let P be the open path .....

component of U containing &V. Note & PcU
.

So X is locally path connected
.

Thm If X is locally path connected
,
then the P

components and path components coincide. Q

Pf LetP be a path component contained in a component C .

If P & C
,

then leta be the union of all other path components in C.

X locally connected,
so prior theorem (connected version with U= X) says Copen.

Prior theorem (path connected version with U= C) then says 4 and Q are open.

Then C= P-Q gives a separation of C.
So it must be that P= C

.



Section 26 : Compact spaces

(Sets
,

functions) (Topological spaces,
continuous functions)Analogy :

u [ u

Finite sets Compact spaces

OrA cover I of a topological space X is a collection O
of subsets whose union is X .

If these sets are

open ,
then U is an open cover

.

Def A topological space X is compact if every
open cover I has a finite subcover

,

i
.
e.

a subcollection EU, ...,
Un329 with X=Ur ...

run

Ex IR not compact : E(n-1
,

n +Dine is an
e ........

open cover with no finite subcover.

Ex A finite set X is compact (regardless of the topology)·
(Given an open cover

,

for each zEX
,

choose an open set containing -
.)



Ex 10
,
1) not compact : the open cover

ELM, i neat has no finite subcover
.

o I !

Ex Ethnet is not compact : the open cover 1 ((()()1· ) It

by singletons has no finite subcover. Y it is t 1

But [03vESnet+ is compact : Given an open cover
,
note

an open set containing O contains all but finitely many elements of Ene..... I

Ex We'll see : XcI" compact # X closed and bounded.



We say a collection of sets Euchres in X

covers YCX if Y C Volle·

Lemma YaX is compact- every cover of Y by open sets⑧
x

in X has a finite subcover

Pf Y Compact E every cover [10X3 has a finite subcover

open in X

=> every cover [Uo3 has a finite subcover

open in X

Thm A closed subset Y of a compact space X is compact.

X

Pf Let M be a cover of Y by open sets in X
.

Then UrEX-X3 is an open cover of X.

Y
X compact => F finite subcover EU, ... ,

Un
, X-Y3 of X

.

So EU , .... Un3 < U is a finite subcover of Y.



Thm Every compact subspace Y of a Hansdorff space X is closed.

Pf We'll show X-Y is open
Let zeX-Y

.

For each yet 7
disjoint opens VyCY, UgEX .

- compact = X he finite sbrer /valDNote YCVy ,

V
.
... Vyn is disjoint from

the open set My, ... Kyn7X .

Hence X-Y is open .

Thm If fix-Y is continuous and X is compact, then f(X) is compact.

Pf LetM be a cover of f(x) by open sets in Y.

Then Sf" (U) /UEU3 is an open cover of X.

* compact => J finite subcover &"(U.), . . .."(Mn) of X
.⑭So U

, ...,
Un is a finite subcover of f(X) .



Thm If fix+Y is a continuous bijection
with X compact and Y Hausdorff, A closed

then f is a homeomorphism .
It

X compact

Pf To see that f" :+X is continuous
,
note Y = f(x) Hausdorff

A closed in X = A compact => f(A) compact => f(A)= (5)"(A) closed
.

since X compact Since Y Hausdorff



Thm Finite products of compact spaces are compact.

Tychonoff theorem : Arbitrary products of compact spaces are compact.IOne proof in Muntres uses Zorn's lemma
,
another the well-ordering theorem. (

Tube lemma X space,

I compact .
Let NoxY <Noden ***.

Then ExocWX with WYCN

~PF CoverY with basic opens EUxV3
,
each UAVaNo Y

= Y compact
&. finite subcover HiXV, ...,

Unn with Wells Vi .

Let W = 1, 1 .... Un
toW X

Pf theorem For X
, Y compact

,
let o be open cover of X*Y

.
(General case is by induction

.)
For each EX

, compactxY covered by Al
, ....

An EA .

Apply lemma with N= A
,

v ...And

Get zeWe <X St
. WexY is covered by finitely many sets in A

.

X compact => open cover EWsopenof X has finite subcover W
, .

.

.,
Wh

.

So W
,

XY, ....
Way cover X*Y and are each covered by finitely many sets in A.



Y A

=--

X We Werent



Def A collection & of subsets of X has the finite intersection property (f .
i

. p.)
if VEG, . . .. Cu3cC ,

Cr .... C + 0.

Ex Nested Sequence 2 > G >(3)
...

Cn = [- Yn
,
/] < El , 1] compact Cn = [n

,
c) cR not compact

Thm X topological space .
Then X compactEt

every collection of closed sets with f. i
. p.

has nonempty intersection
.

Pf X compact EX

For every collection of open sets
,

no finitesubcover implies not a cover

complementI *
closed sets fi

. p. nonempty intersection
Picture X=El

, 17
Open sets U = SE-n)r (m ,BS nestClosed Sets 2 = &Em , in]Snet



Special case of finite intersection property (fip) :

C, <Cu Cy ... nested sequence
of nonempty sets in X

has fip . automatically

* compact = C = 0



Section 27 Compact subspaces of IR

Thm Let X be a totally ordered set with the least upper bound property.
Then in the order topology,

each closed interval [a , b) is compact
f See book

.

Cor Every closed interval [a , b) in IR is compact.

Recall AcRM is bounded if AcBu(8) = EeRYl HelleM3 for some M.

(Equivalently,
&(a,a) EN for some NER .)

Heine-Borel Thm AcRM is compact E it is closed and bounded.

Pf() A compact means A closed (since IRM is Hansdorff) .
Also

,
the open cover &Br(8ro of A has a finite subcover

,
so A bounded . Br(

%)

7) A bounded means Ac Bm(8) < EM
, MJM ,

which is compact as a finite product
of the compact space [M,MJ · So A is a closed subset of a compact space, hence compact.

Bulo) EM
,MJ2



Extreme value theorem

-
fla) * R

If f : X+ IR is continuous and X is compact,
then 7 c

,
deX with f(c)Ef(u)Ef(d) VNEX.

Pf X compact, f continuous => f(X) compact ↳=> f(x) closed and bounded (Heine-Borel) ·
The least upper bound of f(x) must be in f(x) :

if not
,
it would then be a limit point of f(x), · f(c)

but closed sets contain their limit points .

Similarly for the greatest lower bound.

Def (X
,
d) metric space ACX & : X-R given by da(x) = int 3d(x

.
a) lat A

Remark da is continuous (easy ,

see book

De (X
.
d) metric space ACX. The diameter of A is given by diam (A) = Sup[d(a

,
a)

,

a
,
a = A).



Lebesque number lemma Let X
,
d) be a compact metric space with

open
cover A .

Then 7500
,

called the Lebegue number for A,
such that any subset of X with diameter less than G is contained

in some element of A.

Proof If XeA then
any o works and we are done. Assume X * A.

Choose a finite subset [A) ...,
And of A that covers X.

For i = 1
...,

n
,

let Ci = Xi-Ai.

Defina f : X-1R by f(x) = [ = dc(x).
Claim : Exex f(x)30 . Let xeX

.

- Ai st
.

X + A: The - 2-ball contacting x

and contained in Ai
.

Hence dcild) 3
.

Therefore f(x)
f cont

,

X (pct = f(x) sect = f(x) has a minimum value 5.

Show & works : Let BCX. with diam(B) < 5
.

Let Xot B.
Then BC Br(xo) · JEf(x) = dcm(x) where dc(y) = max 3dcTherefore B BELxo) < Am

.



Def f : (X
, dx) + (4

,
di) uniformly continuous if given 3205520

St . Whenever x
,
x= X with dy(x *5

, dylf, fi) < 9.

Theorem f : <X
, dx) + (4

,

di)
,

X <pat -f uniformly continuous .

Bot Let zo. . [B(y)]ges covers ↑ Ef : (Bely13
you

covers X

Let of be the Lebesque number
.
Ther for XXEX u/dx(xx) id

Exc +
"

(Bely] for some yo .

it
. f(x) < Belyo) so dilfati) < 3. B

Det xeX is an isolated point of X if Expe X.

Theorem Let X be a nonempty compact Hausdorff space with no isolated points.
Than X is uncountable.

Cor Any closed interval in R is uncountable
. ((a

,
b) with a < b)



Pf of Thm Claim : Given nonempty Uin X and x=X 7 nonempty Vo Ust . XAr.

Styxenoto
. .

We will show Esurjective f:E+- X (thus X is uncountable
Let f:+

+X. Let X = f(n).

Apply Claim above to X and X ,
to get nonempty Vi open St . X .

ET.

Given nonempty VaroenX
, apply Claim to Var and Xn to get

nonempty Un open Un- sit. X- In
.

Get # >V ...

nonempty closed set

X (pct = 7 x : X #X On of not outo. B



Section 28 : Limit point compactness

Def Topological space X is limit point compact Recall 2 is a limit point of AcX if

if every infinite set has a limit point . every nbhd of ↓ intersects A at some

(Also called Bolzano-Weierstrass property .) point other than 5.

Thm X compact => X limit point compact.
↑ -

Ka

Pf If AcX has no limit points, we'll show A finite
.

A la X
-

A is closed (contains all its limit points) and hence compact.

FazA
,
7 nbhd Kaza st

. VanA = Sa3 -

Lotherwise a is a limit point of A) .

The open cover Ellabaza of A has a finite subcover -> A finite D &

Ex Converse not true.
·

a
* = E

+ (discrete topology) · Y= 30, 13 with indiscrete topology·

islimitpointcomput since everynonemptysubsethalimpoint



Def X is sequentially compact if every sequence ↳
of points in X has a convergent subsequence.

↳
Thm If X is metrizable

,
then TFAE :

(1) X compact

limitPoint computat
Pf (1) => (2) above

.

(2) => (3)
.
Let (2)next be a sequence in X

.

Let A= 52
,
* 2

,
23

,
00 . 3 ·

# A finite
,

then 7 constant (hence convergent) subsequence .

If A infinite
,

thenI limit point a ( Otherwise remove finitely many
Hence VneE+, Byn(a) intersects A in infinitely many points .

-
points from B: (x) to get open ughd of a

Hence we can choose a convergent subsequence n) with knnEBMr(a) VR
.

that doesn't intersect At
Yeebook)

(3) => (1) "Sketch o X Syspot - X Satisfics Lebesque number lemma @ X sey apct
=

Aaro
,
X has flite cover by E-balls ③ For

open cover with Leb ↓ cover X by fomany 5 balls.
S

Use to get f. subcover
D



Section 29 : Local compactness (and one-point compactification)

Compact Hinsdorff spaces are nice :

Recall :

XpctHausdoxclosedcomata
I

Then f is closed (sends closed sets to closed sets)
and it f is a bijection, thenf- is continuous .

For more general spaces we will consider subsets of compact Hunsdorff spaces.

&
Examples : n3 (0

,
1)" < (0

,
1]n

In R" : B , (0) < 2-1,1]"
Rac gi

via stereographic projection
: -------------y=S

Subspaces of compact spaces are

"locally compact :
·

X= 12



&

FREX
,
7 nbhd Uzx and compact C with UCCCX

. +Def A topological space X is locally compact if L· X

( Rmk If X is Hausdorff
,
then this definition looks more familiar (see Thm 29

.2) : (X is locally compact #) V*EX and nbhd Uzz
,
J nbhe zeVeU with I compact.

ru
Ex R is locally compact. xEIR U = (z - 1

,
x + 1) < [x - 1

,
2 +1 = C · X

Ex R" is locally compact. & EIRY U = (x ,
- 1

,
x ,+ 1) x

...
x (2n-

, 2n+1) < [x 1
,
2, +DX ...x[En-

,
2n +1= C

Non-Ex RO not locally compact - basic open sets are not contained in compact sets.



·
Thm Let X be a topological space.

X is locally compact Hausdorff
= J a topological space Y S .

t.
Y=S

(1)XcY

(2) X-X is a single point
(3) Y is compact Hausdorff

.

Furthermore
,

for any two such spaces Y,
Y , < >

7 homeomorphism h: /- Y 1 with hix-idx
. X=I

ExX= 1 = (0 , 1)
&

Y= Se [0,1/1

Ex X="Y= S

Special case X = K
,

Y=S2 Riemann sphere -------------y=S

↑ is called the one-point
Compactification of X. ·

X= 12



Recall A closed subspace of a compact space is compact
A compact subspace of a Hausdorff space is closed

Thus for a subspace of a compact Hansdorff space,
closed# compact.

Pf of thm ( =) Let Y= X - [03
.

oLet topology I for Y consist of :

(a) U
, open in X

(b) X-C
,

C compact in X
.

To see that I is a topology ,
note :

· O open in X
,
Y= Y- 1 with I compact in X U · C

-C

X= 12
· U , 12 open in X

(Y -C) - (Y - (2)= y - ( , v() finite union of compact sets is compact
un(y- c) = Ur(()) open in X & closed in X Since X Hausdorff
· Vo Uo =: I open in X

Vp(y- (b) = y- 13( arbitrary intersection of compact subspaces of Hausdorff space is compact
*

C closed closed

VollorUp(Y-(s) = ur(Y- c) = Y- (7u) closed subspace of compact C is compact



&

Y- C

To see that Y is compact, note if U is an open cover -------------------y=S
of Y

,
thenU has an element Y-CEN

,

C compact in X. -

7 finite subcover of C
,

and adding in Y-C gives a C

finite subcover of Ye

· CkC
To see that Y is Hansdorff

,

note for 2
,
EX

,
can use Hausdorff property of X. y = 0

Remaining case is EX
, y

= Co.

Since X is locally compact, Y- C

choose compact set C containing a nbhd UzX. -------------------y=S
Then U

,
X-C are disjoint opens .

-

⑭ W

y = C
· U C

· U · CkC



y = 0
(E) XcY = X - (0)
Note Y Hansdorff => X Hausdorff

.

V

Remains to show X locally compact . -------------------y=S
For zeX

,
choose disjoint opens Uz2

,
Vac

.
-

Let C= Y-Vo C closed in X = C compact ,
· U C

with UcCcX
.

·- u . C

It remains to show that Y is unique up to ·

Define hiY+ Y' by h(os) = as
,
h=w VeeX

.

One can show h is a honeomorphism (see book) D


