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Seclion 25 Connectel spaces
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Thm I S:X"’Y is continuovs  andd X ><

conecded, then S(X) s connected. P O
§
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Thm Iﬂc A CX s comectell  ond Acb C'Z,
then B 5 comected. A ¢ @ <
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Thw A Fnibe product of comeckell spaces ¥ copnectell
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@ I/Rn 15 connected (assmmj HZ‘!S>,
Ex R wdh box 150()71037/ s not  convected.

E‘E LE;{’ u = Z Lounded Seq)vemZS% cnd V: g n bawf(‘Q Sgﬁv&tfsg. %
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Seckion 24 Comechel subsprees of R
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0) L Lms te least wpper bound. @Yoperéﬁ
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be yoined by a pabh, ie. & conkumous map §[abJ-X
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Seckion 25: Components and local comectelness
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(Pm’oh) comected
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S(LLJC(OV\ 26 - Covnpaml: Spaces

(Sebs, Lomcki (Topologice| spuces, conbimuons fomcki
o 1% OV\S) M p0'091Cel  Spot g NG invov amg)

Avm|ogy=

Finte sets Compact spaces

A coer L of a topological space X s a colleckion
of wbsets whose wnion 15 X. T Hhese sets are

open, then W s mn ofen cowr .,

Dig_ A ‘Lapolo\giw\\ SPO(C& X ) COVHQC(L,,: '|‘,C eV@Yy

O{J@V\ Cover ‘I \nas A nike  Subcover, e,
A Subcolleckion %M,,._.,Mw}gc—m with X’u‘v._\vuw,

& R ot compact g[”‘\,”‘*\)%nez 5 an ¢
Dfen  Cover with wo fte subcover.

Ex A fiuke seb X is  compact (requdless of e bopplogy)

(Given an ofen cover For eadn xeX, choxe an ofen  Set Conbading %)
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Ex (0] wot (ompack * the ofen  cover =

gC/n Ugnam has no Lnibe Subcover, 0

& giﬂ_zsnez+ 1§ not Compac‘l‘:-’ ‘Hﬂ& o?en Cover
by Singletons has 1o Lnbe sbeover,

Evdc ZOEVgLn%neZ 15 compadg: Given an ofen  Cover, note

an ofen Sk Containing O conbans all b £nibely many clewments of g‘Hnez),.

& \I\JE,‘H See 't XCIR“ (_OVVIPaL(: & X closed  and bouwie&.

o



\N?/ Saj a COl\QLLi’M of seks guo(%wej in X
Covers” YeX if Y Uyl

Lemma Ye X i Compact & every tover of ) by ofen sets
in X hes o Lake Ssubcover

sy Compuct & every  cover 2@1"}/} hos o finle  siborer
ofen n X

= every  Cover {L/leg hes o Loibe sobeover
ofen n X

ﬂm_ A 0105419\ Su\de: \/ 01C 173 Compac[’ Space_ >< 1S (ompaﬁé.

PS Let U be a cover of Y by opn sets W X,
Then U v {X—\/% is an oflen Cover of X,

K compack =5 T Lke sbearver I, ., Un, XYy oF X,
So N\,...,Mnkcu s a Lnte subcover of Y,




H’\m EV@rj (.ovaacé S\Abspuca \/ of a Havsﬂm[‘—f Spoce >< 1S CJDS&Q.
P_S‘ Well show X'\/ 15 open.

Let ’)CEX—Y, For eadh \(jey 3 N
disoint  opens V33y, U, 2%, (‘“\
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PEolet U be a coer of §(X) by open sebs in V.
Then 35N W | WUy 5 an open coer of X,

K tompuck = 3 Fate sbover §'(U), ... 5 (Ua) oF X,
50 \A\/---, Ua 15 « 1(:./\:4;@ subcover of 4()0.




ﬂm 1‘5‘ ’S':X%y 15 o ConfinUous bi\)ed:fm d
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Since x (gyv\pad: Sine. Y HalﬁScﬂﬂff{‘



Thw  Finke products of compaut spoces are  Compact.

(ngnonmﬁ@ Hheorem: Arlo:Jcrmry praluct s of  Compac Spaces axe (ompact, >
One proof- in Munkres wses Zora's lewma, anobher the well-ordeciag Eheorem.

Tube lemma X Space, Y compack. Let ’%oxyCA/oiﬂ XxY. i
Then 3o cW e X with  WxY N, Not:
Pf Cover %ox Y with basic opens ?Mx\/’;, each WVe ) Y
=0 Compat
3 Lnke sebeover UV, . UaxVe  with 2, eUWi Ve,
Leb W= WU, a0 Up .

%owX

P’.()’ H/iéoféwl For XY Covnpad:/ led \A be oen  (ovel of X"y (Gemml Case 15 ]ﬂj 'm,Qw,\éin.>
For each 2eX compucdk 2*Y covered by A, .. A EA.
A{)ply lemng with N=Av..vAa

Qet xeWy ¢ X s WexY s covered 107 —ﬁml—e,] Wy sebs 1 A

open

X Cawpm{f = Oflen  cover ;Wxg of >< }w\s Lnte Subcover W\,..., Wh.
So \/J,XY/.,_, thy Cover XY\/ ond oyl o h (,o\,ev‘éﬁ ky aﬁ‘.n(#,ly W\nj Sds n cA



N € X
ofen

el

X




Def A colleckion C of subseds of X has bhe Linbe indesseckion praperty ($:.p)
i V3¢,...C3cC, CanC+ g,

Ex Nesled cequeme C, > C, 2Cq > .,
Cn= LV, ] ¢ [P compoct Co=[n) € R ol compoct

lbm X l:opa’osical Space. Then X Compuck &
every colleckion of closed sets ith §.ip, hos vonempty interseckion,

& X campacé &

For every colleckion of open sets, no finte Subcover implies vot a coer,
complomnt ] j\/ J

closed sets £ P Nno M/mpﬁj inbersection

Pickure ><= [ ,l]

OPQV\ Sets U= %E\:"/ﬂ\)"(l/”f)]gnéw —oasessessse——————
Closed seks C =5 [, ‘/V'Enem \
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ged:\'ovl 27 CompaoJr 50\1750’){7«625 of R

Thm Let X be o tobally orderel seb with  bhe least wpper bowl  property.
Then w the order toplogy, each closed interval LCab] is Compact,

Pf  See beok.
C_or Every C]OSéﬂ '\m’;e)’v:«) [ﬂ;b] n ]R S compac/,—,

Recll AcR™ i bownled 35 AcB, (6)=52e®”| llxlem’s For some M.
(E"b"“‘/“laﬂ{", d(alﬂl)ﬁﬂ/ ’(c‘)r Some /\/€ﬂ<,>

Heine - Bore) Thm A ¢R™ i Compack E9 1k 15 closed and  bounded,
E‘ (';'—)) A Cov«pml' Meomns A c,lose& (S‘\nc& R" [ Haus&or@?),
AlSO, Hne oflen Cover gBr(D\))}no o-g A ]nas o ﬁ.m‘)o& Subcover, So A \lOOV‘VNhQa Er(ﬁD

(@) A bo\Ahbl&Q meuns A’C BM (5) c EM,M‘]M/ wL\'(,L\ 1S Co\mpuc[- AT A -ANL& Praf_uo{'
of the (,ompad SPace E—M,Mj, So A ¥ a Closf Subsel of o Compa(;[' Space, hence Compuct,

Gﬂl (5)>
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Extreme volug thoorewm awt K
I'E ’S:XAIR i5 continuous and X 15 Compacé,
Hoen J o deX with  f)£5H)e D) YweX, 5
—

Ps X Compact, £ onbimass = 'S:OO Ompoct
= H{X) closed and bownded (Heme Bore)).
Th& )@as{— up per \bouM of %X) must b& i {:(5()
W nok, ik vold Hhen be a fimi point of £(x), ¢ 2
bt closed sets combain heie \wvulc points.

S‘milav).j for Hﬂe 3?‘@!;.:5!’ ]ower bavwﬂ .
Def (X A) meteic Spae Ak d KR g b d, )2 b § dca) [acA]

Kemark dA s Cowfinuous (Cc.¢7 See Iocok>

D;f-_{'_ (% ,d} methC Space AKX, The diamcher of A s J"va\ L) O“(IMCA) T Syp % d(q,ql), q,qle/\j_




L{b(jq\,& numLQr l(’_w\mq Ld‘ @43 lo& Q COMfacJ( n«d’rc \j‘/’%e lm'n oFe.,
U cover A, e J 520 clled Tl Leltsue_auslee fic A,
SULOL\ /TLq‘i' any \Sukscf‘ o'r‘ X WIT\'\ Oflqmc'h/‘ lesg ’flm,, ;'5 w‘(}l‘nto[
\./\ J6 me_ elemeat of A

?QO‘F I‘p XC‘ )A\ /h’ﬂf\ C{hj 5- \UO(LLS a-J Wt ae O{OVIC. AJSL«"-\Q ><¢-,/A;
(hooje. @ ’Rm’k Jubset ?/‘}l - ,4,,\)7 of A Dt Guers X.

e (=l let Co= X A,
Dd\\ng -F X 14 L7 —P(.K) h Z(':’\, dC‘- (k) )
Cleca - WX —P(k) > . Lt xex 3 A— £ Xt A T J ¢z bl =Tl X

Gook  Contamined 10 AL Hence O’C (Q) ¢ Threhn _p(Q) % . J
Vo fu

v
‘[: Cp»\‘Jf/ X (PL+ = ‘F(X> fc'f' = -F(X\ l\ﬂ\) g ”‘""\Lq“—\ ¢ J—

S\Aow § wodks’ [,L'f“ T) cX wh o{ta« B> <y, Lt~ Xe€ B.
Pew Be % £(x) §FPle) € de, ) uan de () = ma S G)f"
Thecehre e Rel) € Am : o G,



Dok A X4 = (VA) weheak o ¥

\IUCA £20 93\70
St

wWheneste X x'e X wifl ofk(x,i‘)ﬁfl oly (fy A') Y= €.
Deoren $: (kd) = (dv) . X = F uridornly ot

m Lct 576, }%%(ngﬁw Cot Y z'p‘i(g_z(\j\}&‘_b Covey X

L?:f“ é— J)Q_ I’hd LL&CUUC- Auwbee. T Foe X,X(GX w/ o(k(xlx')m;\
2)‘.2} < ‘{N(%i(i)o)j $ir S0 m &b.

(€. “F(X)/'{:Q:) € %f: (JJ So O{T (-F&wﬁ')( E
% XGX T) ahn ]Sb\a"‘@i Poinjr o‘{: >< rf ?)(j - X

OP(*\

Lt X be a nomemphy Compect thuwdeH space wih wo Tsalete] patab.
T X 7§ ub\couh‘h?iz? 7 ! v

0

\ €olem

CGT A\\/ C[q;e,l \!n'l"tr\/r.f ;\r\ [R T) UL\COML\h‘Ll(’_, ( [q,k) Wf{h O.<E>



'P{\—nc Thm C[a{M OV nsncmﬂ7 u OC;_M >( owd x€>( a nohcwy,+/\/ \/oinu 5-{5</(£\7

Lot Ue U s X, (l.@ xe U, U nohempjry. H xel X et 1so\cted >
B d\‘sd’o“«)f O gt W, 3x, Wy ® g _
“he- V= We o r e desiced et <\/ Cu/ 9 e \// x & V)

We wil show F Sucfedve $:2¢ — X (Hhue X T u'ﬂ(oud‘ak\t\>
Let - 2+ —X. Lt x.= ‘P(n)
AWH Clom  csom X and X, + \9t‘f’ Vlovw.mﬁy V, g‘PeHX st X &V,
Give n noMM('\‘\] V- %««X ) D«le C[QI\M_ ~+ Vase and X —to dd_
V\ongw(ﬂ-y V. %‘\c,\ V-, 5. Yo & Va.
(et v\ >\, T \r\onem\,{7 Clesed  sct

X gt = 3 xe OV Cox#Exe b o aF b D

w=,



Sed:iow 28 Limil: Po'm% Covnpacéhess

Dﬁ T;po\ogico.) Space. Xy Jimit 'Oo'er Compuct el % 15 a limb pont of AcX £
W oevery nbate stk hos a fimd point, evey nbhd of % obersects A ab Some
(Alﬁo colled %al%&-wo"\/\./ci&rs{trms Prope,rl;j,) Po‘m{ oHler than ¥,

Thw X comuek = X limik point compact. -~

PS T£ AX hus wo limik pom{'s, wel chow A fite. ~

At closed (contauns all s hiot pointy) aud hence compuct,

YaeA 3 nbhd Ug00 sk Uan A=3a3 D 9
(othervie & 15 a lmd poiat of A),

The open cover él/u}a“ of A s o Lute whoer DA fuite © g

Ex Converse not brue, @
X= Z_\,(co\iche‘[—e %Dpolajy). \7/: EO/% wiH/\ 'm&.scmke ‘l‘;Dpdoyy

XY s ek piat compact Sine every vonempty gabset hos & limit pont., @O

XxY 35 ot Cow\pac(— sine He Open (over 2nx Y%"ez* hos no  Lnite  Subcover.



DeS X 15 sequeakially compuck f every  Sequence AT

0@ ()o‘mjfs n X W\Q a Cov\vuyami' vasecbwwﬁe.

Thim Tf X 15 mebnzobly, then T FAE: %™
0) X Coynpm.é
Q’) K Lwmt PoiM— Ci)mpmé
@) x ehuent: u\)y (ompa £

ps (\):7(@ aboe,

@D=>03). Let (%n)nem be & Sequence n X, et A-fw,w2,..3%.

T A fate, Hen F consbont (hene wnuergenk) Svbsequence.

I A wfnle, Hen I fimd point 4 Ve O iz Temove WR\'\H‘&I) Ny

Hence YneZe, Pn(a) wdersecks A 'm}_:n,'ie!, mony points. povd fam Bils) h oot opn ot a

Heme we con chose a  Convergont Subseguence M wikh g, € B%n(a) \7/‘1 Mt docgnt Ltecred A)
D

(%)‘ﬁ (\) S\Lﬂ‘\'ll« o X Sc_; (Pd 3 X 30\\‘5’[\-(\5 L(L(j nt (\VI».LNF ,@Mmq @ X se Cflc“i‘ =) s
Weoo X has Rwre  Couee \ -y ® fr Open e will Leb #§  cue’ X Lv] £ vy 3 b
Ose o J“’J‘ L. ovbow 9



Seckion 29 ¢ Local competness (and ope-pont  conpackificakion)

Co"‘r‘»d- H-“MSAO\*F'P SID!&((JP arle V\:L(;

/Rc@u D c,fc,‘\‘ Muwda Bt A <X cloied ® COI;V\FM‘I'
XIY Cf)d— Haus dorff / ’F-' X= 1 Conttanouy
hee. £ s clesed (S(D\JS closed Sefs ‘]‘D closed YC‘BJ
ond A W o b‘njed\,.\/ Tew P00 continuouns.

—

Tor  moe 3“"““1 Spaws Wt wll  Consider Substhy o C,o/v\fad Huwidocft S‘)M(S_

E)mm\oluf n> | Coll)h < fo'l'jy‘
l,‘ Rh‘, EILOB C C~l| lj“
R" < §°

V16 S"\'@_F(’_og“qru( Pf"b](_d\'l?v\:

S_\ABS?MAJ 04 (‘,Ompa(‘l‘ S‘?q,u__r arce

B [ac«“«] Co»rqd'l; /




M A ‘LOPUIO |Ca\ Spac& X S ]OCqu COMOMLJ: \g'
V%EX _3 V\\ohi \/L;,” and COmPacl' C with MC-C\C'X,

Elmk __\I/_‘F X S HaU\SbQM‘F‘ﬁ, J:LI&VI {7'415 LQ&A/IIHM ]ooks Wore ‘rﬁam:]mr (Su T"‘W' 2‘{,2)’

X i ]oCauy compact & Yo e X and wbhd Uzz, 4 pbhd xeVell wikh V' compuck,

Ex R locally compack, x|k L= (%/Il wal) <, %+l] = C
Ex YR % low“j comack, X E IR‘“ U= (2,7, 241) %...x (o), 2mel) ¢ L) 2t % [ ] = G

Non-Ex nzw hot locﬁ“y compuck — basic ofen seks are not  contained in compack selbs,




M L&é X be o J:o{)ologica) Space.

X s loa;.\[y tompack Hausdlor £

& 3 a Lopological space Y sk Y=5
() XeY

D) Y-X is a single ponk \ /

(3) Y 15 COmpacL Hausdor ££., \ /
Fwa)exmore, For any two such spaces y, \/', P> \ /
':\ }\onwmorp)lwvn by \/“7\/I with L)|X=Ltlx.

Ex X=-R = (2
Y=5"'= Eg"%ﬂ
Ex X-R' VY=¢

Specal case X=C, Y52 Riewmm Spllere

Y i called e gneopeint
Cﬁmeac'\\"[;{ca"\'{aq u's: >( /




Recall A closed. suLs'paca of a compac{' space is Compacé
A ompuck subsprie of o Hausdorbf space is closel
Ths for o subspace of & compack Havsdortl space,  closed & compact.,

P of thm (D) Leb Y=Kv i,
Let bopdogy T for Y comsist of:
() U, open in X

() Y-, C ompk n X

s ¢ open X/ \/:\/,.¢ with ¢ ompect in X
® Uinll, ofen X

TO See ok v 15 & ‘l?opa’ogy, note /

(\/'C|)" (_Y—(_z)z \/- (Cu‘/(n,) ’(l:'\ﬂ\'):& Wnion DfF COIMPﬂC_’lL, Sets 15 Compaaé

U\“(Y C) We (i/(_) opea in X C clogd n X sinee X HavsdoofE

® Ux Ua=W open i X

\Us (Y- C;;) Y- Nalyp Doty oubierj inbersection of COM{hlul: su spaces of  Hausdoekf space. 15 Compack
C c\kq(‘l c\‘luc-{

v Y-y = Wv(Y-0) = Y-(cWw Closed Subspace of mpact C s (ompact



To see Huk Y 5 tompack, Note S N & m open Coler
of Y Lhen W has an eloment Y—C‘_Q% C compact in X,
1 Lude Sbeover of C, and aM‘-ng w Y-C gives &

—@.n:Le Subcover  of Y,

To see Ehat \/ Al Haw&orﬁe
Noke. for %,w'éx, can wse HausdorkF Property of X,
Remaniag case 15 xeX, y=ox,

Since X s lou.l\7 Compack,

thosse Compack set C containing o nbhd U=,
T hex W, X-C  are disjoint opens.

02 Y=0Q




(&) XY= Yvin
Note Y Haumsdo € = X Hmusﬂor—({
Re,wmms ‘l:ﬂ Show X }o Cp\lly Compacé,
For x € X/ c|/toosa (,Qis\jo'm\— opems u9x/ V9 oQ,
Lf/{f C: \/’\/. C (/IOS&Q w Y = C Co vv\oano',' ,

with W CC><, /

Lt rewans to chow Hhd Y G5 ungue wp Lo =,

Dofve kY=Y loy h()=0', hiy=2 ¥zeX,

One con Show h is & homeomorphism (se& bwk),



