


Chapter 4 : Countability and separation axioms↑
e .g, first countable

e.g. Hausdorff

When can a given space be embedded in a metric space or a compact Hausdorff space ?

Muntres' goal : Urysohn metrization theorem
,

which says
a second countable regular space is metrizable·

countable basis
y

·

P
B

A second goal : A compact manifold can be embedded & RYin some finite-dimensional Euclidean space .

Klein bottle



Section 30 : The countability axioms

Def A space X has a countable basis at nex if 7 a countable

collection of nbhds EBnzz3ne2 + such that for each ubld U7N,
U

7 some n with EBnCUo
· X

Space X is first countable if it has a countable basis at eachwex Eni

Ex A metric space (X ,d) is first countable : Consider [Brn()/n =213

We previously saw the following theorem with (E) for metric spaces : · X

Thm X a topological space.
G

(a) AcX. 5 Sequence (an) <A with an -> 2 => Xe and (E) if X first countable
(b) f: x-% - continuous => F Sequences En+X , f(wn)+ f(x) and (E) if X first countable

.



Def Space X is second countable if it has a countable basis.

Rmk Second countable spaces are first countable .

Ex IR S(a , b) 1 a ,
beQ

,
a =b3

IR" ((a , b) x . . .

x (an
, bn) 1 di,bi Q3

RW Similarly

Thm Subspaces and countable products of first/second
countable spaces are first/second countable

.

Pf Quick. See book
.

&

Def AcX is dense if A= X
-------------------y=S
-

Q
Ex QCR is dense....................................
Q CR2 is dense

·

A non-compact
, locally compact Hausdorff space is dense in its one-point compactification .



Thm For X second countable
,

(a) Every open cover has a countable subcover (Lindelof property)
(b) 7 countable dense subset of X (separable property) ·

Rmk The three are equivalent if X metrizable

Pf Let EBn3 be a countable basis for X.

(a) U open cover of X .
Let J = Ene+ /G Helst . Bu < 43 EBn3 X

For no J choose Une &1 sit
.

Bu <Un-
Bu

This gives a countable subcollection [UnEnes of 91 .

Let xeX
.

5 He Y St
. XeU . U open= Bu s

.

X+B
,

<U . Un

ThenatJ
.
Thus XeBnCHn .:: GUabnes covers X.

(b) In choose UneBn
.

Let D = En Inzt+3 · U

For any weX, note any basic open Bu intersects Di
hence xEJ and X= D.



Section 31 : Separation axioms

Hausdorff Regular Normal

T ·
↑

B A B

Def A topological space is regular if one point sets are closed and for each

EEX and Bored X with #B, 7 disjoint opens U72 and V>B
.

X is normal if one-point sets are closed and for each disjoint A
.
B. c X ,

7) disjoint opens USA and VB
.

Rmk A regular space is Hausdorff : let B = &y3 .
A normal space is regular : let A = 523·



Ex Let Rk be I with basis S(a , b) , (a , b) - K3 , where K= Et : neLt
·

(We've added enough open sets so that K is closed !
E !

IRK is Hausdorff : Use open intervals.

IRK is not regular : Consider O and OtK, RK .

Can show any open sets about 0 and K intersect
.

Later
,
we'll see a space that is regular but not normal

.



Another
way to state these properties is :

Lemma Let X be a topological space with one-point sets closed.

X is regular E Vopennbhd U*2
,
7 open V With zeVaTcU .

X is normal V AX , AcKop , 7 Open V with AcVCTCU
·

· V A
U W U

~roof for regular case

())
W

(E)

· · BX-B

Get disjoint opens Var, Wa X-U .

Let U = X-B
, get z = VccX-B .

W isubhe of any point in X-U and So Ver and X-Fc B are

W is disjoint from Va disjoint open sets
.

So(-u) V = 0
,

i . e.Clo B



Thm Subspaces and products of Hansdorff spaces are Hausdorff
.

Subspaces and products of regular spaces are regular·

Proof : See book. A

T he same is not true for normal spaces :

Ex Re Clower limit topology) has basis : E(ab) , [a,b)3 .

Re is normal
.
Indeed

,
Let A

, Base Re be disjoint.
FatA

,
since a B= 5

,

7 open [a , a + Ea) disjoint from Bo

VbzB 7 open [b, b + Ep) disjoint from to ·
·

Then [a , a +Ea) > A and [bib+b) > B are disjoint opens

Hence Re is regular.
By the above theorem

,
the Sorgenfrey plane (Re)2 is regular.

But (Re) is not normal .



Indeed
,
( = S(v ,-1) : VER3 is closed in R2

,
hence closed in Re) ·

Note [(a , -a)3 is open in L

*[201a so I has the discrete subspace topology.
I.e

.,
all subsets ofL are closed in Land hence in (Re)?

One can show A = E(X , - @)/ **Q3 and B = L- A are

closed sets in (Re) not contained in disjoint opens .
So (Re) is not normal .



Section 32 : Normal spaces

Thm Every metrizable space (X ,d) is normal
.

Pf Metric space X Hansdorff => one-point sets are closed
.

Let A
,
BCX be disjoint closed subsets.

VaeA 7 Bra(a) disjoint from B

felse a is a limit point of B and hence in B)

AVbcB J Bap (b) disjoint from A .

Let U=Bear(a) and V=U Ball

These open sets containing A
,
B are disjoint since if zeUnV

,

then JaeA and beB with zeBrak (a) ~ Bayle (b)·
WLOG let EaEEb .

We'd have d(a, b) = d(a, z) +d(z,b) =Ea/2 + Ex/z = Eb , a contradiction
.



Thm Every compact Hausdorff space X is normal.

Pf Hausdorff => one-point sets closed.

Let A
,
BCX be closed and disjoint .

X Hansdorff => A
,

B compact
Let at A

.

FbeB 7 disjoint open rights Uga , Vb3
The

open cover &Vagber of B has a subcover EVb, ..., Von)
201104mHence FatA 7 disjoint open sets Kaza

,

VasB
.

& Ua3 covers the compact set A finite
,

subcover [Uab1 .
Note U= Ka,... Kan and V= Va

,
... Van are

disjont opens containing A and B .



Theorem Every regular space with a countable basis is normal

& See book
. R

Theorem Every well-ordered set with the order topology is normal .

If See book is

Recall RW metrizable J uncountable = RT not metrizable.

Monexample. Juncountable => RJ not normal See book



Section 33 : TheKrysohn Lemma

Thm (Urysohn lemma) Let X be a normal space,

A
,
B disjoint closed subsets

,
and [a.b]<I (a =b)·

Then7 continuous fix -> [a , b] with
f(x) =a FreA and f(z) = b FreBo

with 1
,
0
. ⑧Pf It suffices to consider the case [a, b] = [0, . Ho

Us

Order the countable set QuIo
, 13
,
starting

Uy4

For example : 1, 0,,,,,,,,,...
U1

U2/

Let U ,
= X - B (open) · Viz

Apply normality to get No open with AcHocoaU 1.
B U23

Continue inductively , obtaining open sets Up U= X-B U3/4
-

UpEQu[o, D satisfying pag => Up <Ug . X



(For example, whenconstructingMys, apply normality to get Usopis
For pEQu (0 , 0) , define Up = 0 .
For pe Qu (1 , 0) , define Up = X.

Now
,
define 5 : X-> [0 , 1 by f(x) = infEpeQ1 zeUp3 .

IfXEA
,
then zelp Xp20

,

so fly)= 0 as required o

If NEB
,

then Up FpEl , so fir =
1
as required o

We now check f is continuous
.

GivenKoeX and open (c ,d) - f(x), pick p.gEQ with ⑳=pef(x)2g = d . ~
We claim Ug-Up is an open neighborhood
about 50With f(UgTp) <(c,d) · Ug

in

Notef(xo < => Voelly and flokp-VoeUs for some <p = flxop o
So No Elly-upo

Similar arguments show flug-up) < [p, g] < (cd) , as desired.




