TO ‘)0\03.\(&\ .DQ‘\‘O Af\aly S.lS

. | JZ R N
an d Pecsistence Cory AP R AR S SR
AY A B N

NSF/ CaMS  Conterence WHGEE B
Valdosta State Unwer SH), \ X S
Auqust %-12, 2022 —
Peter Vulewk , Un\vgrgl‘|~7 of Floridg

Lecture S Alﬂe_Lm of Persittence Modules

O\A—\'linc_i l, Alaelmu'c SC‘\'\"\A:)s "'b" '?ct‘s‘lﬂ‘eﬂu. modules

2 . S¥ructure Theorem “'0\‘ chsis*enu modules

3. lso Mb’h"? Theoren

Phog. Wt me L1



Algebnic  sedings Tor pertishene madules

\ \ Discrete ?ers}s\'wm module §

l\\ AS ‘thc"'l)l‘f

[h’) — Veck y ’2710 — VCU\'/

1.2 As rqrcnn’raﬁoq ot 7(4'.\1er

A 7,u'.vcr 15 a directed j”ft‘

A—n: | =2 -3 =4 5 ... —=n

Z —? VCC‘\'

A (e prese~tation & a ?uivcr Consists oF a vechr Space

""\Of e\lf"7 VCF‘,'Q)( ad q l;ntqr‘ WIQ/ -)(;(" QV((‘) e.d (&



.12 As  grded modules over o graded  polymomicl Fing
\YJ v v T \I

In one Vvanable

A %fho{d vector SPQ(Q, . V’T\-" @ V
(O\let‘ '\‘ke_ —Fre\d \(= 2/2_'2 )

EXOW\P\L k(.X’.) '“\Q_ ?0\7HOM]G\ ﬁ'rn i'\ omne Variablc,

W{)(L\ C.DQ:R'\C,ILN“S n k.

\4()‘3 has  elements | + % + Xg + XC X$+ )("
/

Lt % have olconcc ]
The~ kix) ~ © V\‘) vhere V\i =k  has basis X‘i
V\') =0 1 { <o Fo |
1+ x #x¥+ x© V;)=kx‘ = Fo, xij

A R
dejuo 4 dy | le 3 0\3 ¢

The c\;)mAeo\ vechr  space AV: Can bt mede mh o
jea !

(amdcd kcklj-ﬂ\o&uk '07 IL‘H\"\J x act on v‘) l)y

SPQC,\‘F\/IA Q \ineql‘ W\ap V\l —_ VJ'-I-I.



|. 2 Con‘\-lnuou.sl' ?ers\s—}enc{ modu | s

‘2\ AS ’FV"\C‘"OFS

R’m — Vect R — Vect

\2_1. A.S 'qqldﬁcl Modules over q %Vadfo\ ?b\ynon\ial N‘N;,
W one vatiable with pedl COQ‘[‘P!‘CICN‘]

A [Z'aroolto\ vestor Space Ve @ V,
ae R

E xample Leyr Up  be Yhe monad ([K%/ £ 0 )
Consider 4l moneid ri.U k(U
|'\' l‘\as ele menty | g X‘"‘+ )(r‘- 4 )(Tr

k[«UO’) N R‘O“ﬂdtt’ : k[Uo’\) = ®n‘k k[/uo:)ﬂ

H\m;o W oaco k(u'jq’! ko with bais X' if

a2 0.

ae

The ﬁ-t{)l‘ao\«l vector Space V¥ em\/q Ihay be 3§vcn

'n'\( Jwctuee o‘F a 3&0\14 \(UAo3 ~ moolule Ly SPCd-F/ n‘j
aw achow 0{' ktUo'S On \} st me Vq then

YS-me Vo .



\I.Z.?) AS S\/\eems av\J Cos\ncoms

([Kf_) has ’H\L Alexandnv ’lbpoloa), whose. apen sets

“

ar  Yhe up-sd‘s" (a,0) and Cﬂ,“)

Let Opcn (ﬁLﬁ> be the Ca’fe\j oy of Ahey open Tcfs  and
I\M\"P\‘;S mg§ O‘wen L’ inclugion .

LQ mMmQq Aﬂ\, ’F\A'\C+Of M= R — VCC} mqy L( ek'l'f"\o((o‘
4o a ‘(:\md or F\ : Opec\ UR’ 5309 — Vect

M o) = NG)  Flgm)= bn MG
be (o)

'Pmpos’d'ion M i a Sl\eo.'F.

Dut»“\,/ Open(ml’,) conish 6f “down-sehy (.'“,“')u (2,47
ard inclugions ; M eytends o l“”l : OP?'\(&?’) - v‘d','

v

a~d M 5 o Coskea‘{'.



2. Th& S‘\‘fuc\‘um T\'\eo(‘em 'For ?ers'\s+ence Modules

2.\ US‘\v\‘c\ L inear A"Io)equ

Cons'\oltc '\1\& 'PQrS'lS')'{'\C.L Module
Mof‘_»/v] ﬁ,m Ao f—“,M,'

! 2

whtee e, M: is a *f'\.n('fe‘dimens.‘onal vector Space

Skeuckure Theoreen  There exut  bages of the Vedor

Spaces Mi  such that each  lirear map 1S determind
loy Q Vh0+CL\'|h3 & Voagis vedors.

One  Can p (X w\'v linear al&cbm.
E\(O"Q\Q— Mo M, V\]_ M a f’h, MS‘

:/‘

Chanang the oositions of Hhe verhees  we hawe
\AN P ,

MG M. '/\1 M3 n"l HS
®  J
. . . : .
——
—

T‘/\q\- ‘\.Sl Q ?Qrsis‘\\‘ev\cg l"\odulc 15 ddermineoll up‘]‘b isOn-\ar‘PLisml

‘97 a  collechon gt in+erva\s, Called a barcode .




7.2 US..M:\ .In‘l‘ff'val Ihodu\ts

Le+ veck LQ "h'\t -Full SML Co'l'ﬁoor)l o‘F VC(.'['
Cons'tﬂ'ina of "P(«d‘t o‘imenﬂo«u’ vecTor S‘Jace:.

Cohg-u{tr [h’\\ — vect or R - VQC\‘

Interval mo dules

Let T be an interval = [n) o on inferal ia IR,

The  ntecwl  modul. with Ju(;')or*' I’ denoted I,.-]-I ,

1S 3‘“3" L\, (I'\ I\,: 2 k. # aeT
0 it a¢ T

and l;neor Mmagy 33veh L\} Idc..-'-ﬁ? Maps wke.«.(ycr Pot;?“e.

EXG:{IQ_ ‘h-\.t?_.‘f:) : [S] — vect

0——)0—-\k—‘ak-'—'\<—*0
o \ 2 3 “ \)

S\’Puc\‘ufc Thesre Let M : () — vcd', M : 23,"‘V€C|',
M: 2-ved o M: R — vect.

Thes M ¥ o W I e sone callechn of ifervals T
d




2.3 Gobrels Theorem ‘For Quivers

A 7,u'wtr R\ O(: ’F;m"\'t ‘\\,fc i—[— 1t l'\aj onl\] ’F;ni"tl) Ihany

'\somor'k‘um clagses of ?ndccor»‘,osaut reppcscn'fa'h'ons,

Gobrie\'s Theorm A 7u.wer is of finite '\'ype ok

Uhn o\cr(\, L\J 35‘«‘1"\ is one of "\'he ADE (Coxeter :D\/nkiq dfﬂafb’“s :
A. * P S S — Eq, . o [ —
rD" [ @ o o I o E—: o o L -0 § ')

Eg C O L*. 0 —o
(-\—L\Q ocdee of e acfows Ia The 7ulver doesnt maH('r‘).

For An , 'H\L \'ndccompolee, Pe_prutn‘fa'l'iom are 'h\C

intecval R p regentations 0o 0ek—-k=ke k—0<0



(2,"‘\' U.S‘lno\ A‘oS‘lThd' A’lﬂ( by
Lt M: 2,, — vect

We may view M o5 q amdu! module over The 8"&0(10(
‘)o\\/nom]d ﬁt? k[x:)

The structure theorem |oe M s a spedal ge  of

The Yhucture Fheorem o arno(cd moolu(es oVe a Of‘aolzd ?""‘L



3. ISo thd‘ry -T[‘\eorem

3\ Mops of Interval modules

We CCPRSQ‘-"‘ in‘\'erwl Ihodvlt.l Ly ’ﬂuc:r Supvor"'l':j ?A‘I'EFWJ
and deno)fc ‘h'tm L)« ‘Hﬂs ;n'l'ervq"'

T

0 Vv

Lemma
Nonze oy o derwl modiles  ape  of Ak ‘('\buow?:) fru, :

T
3.
‘PPOO{‘ ;/‘—" c/o\’.
0.1. 1-10 {,.‘.O lo
s — 5

Up +O 130 morp"\'lSM, ’haqc mam Qre O'.vc—- L7 70(&"1"}\7 Ma')J

On X N W .
Fu('h\t"hofr_ . L keef = T\T
|
T
| LY inf = IaT
T e



3.0 \Sovhc:\‘(‘y Theorem for Interval Modules with a

Noenio Map b et ween them

Ihﬁr\eav\r\a distace. o T and T
dy (T, T) = max ( lewgh T\T) Jengh F1 1) )

A)ow Cons"clzr ’n& Corresfonc‘;«:) ?efs'ns*enc_g didﬁl\qms

—_— keef = T\J

< d )

i % T

L L d | \ imf =Tl
: 1 e
Q C l

C_okng s J\I
a b
d (T.3)

= Mmax ( d'C., b"Q>

* Wa (% T, Y T)




.2 laduced Ma‘l‘chim, S

Lt:{‘ £2o0. R(@\l , bl ol (gvia.\ .
\V

/‘_4« "_"ubu M.M,_
ctq\, /"Jau. \Pb/ \?qt-;_ Al maps  Co mmute
N“"ﬁ ”5 Nh"’ 1%

An E‘Ma“‘cl\;m‘ oF M¥ o IJ aod N % ®Ik
v ;)(-'1‘ keT

TS a Mo.‘\T,L\:) o‘F I akc/ T So ’h\n"' rha‘\'cL.eJ ;n'|‘(('va| mool,ulu

are  €-iateclequed  ond unmolthed  inteeval Mmoddules  are

¢ _ntecleawd with e 0 module.

Ry +a\:mJ diced suw  of these  S-ivhecleavig e obtura

Con ve F5e A'lae brve Sthalily *7

£ thece exith an - matling  betueen M and N
, J
Ahen %ty are  S-wte\coved

CoroVary — dy (MN) & Wel(Dga M, Dae )




lnoluc.e.cl MQ"\—(-L\;J\q le\eore_vv\ / A’lﬂe braic S'I'GL:'M*}/
G'We.n an  £-1ater lcqvi,j between M aod N
"h’\th 18 an ;nducc,i €- Ma‘l‘clf\:v Le:"\dfe.n M a-d v

Cot‘o\\qry W, ( Djm M’ D\c)m M> < dI( M M>

CML,;.\:AS De cesully aboe

\Somt’ﬂ“/ T’/\COPCM M and N ar E—fn'}erleqvco( T-)CF

—}'L.gy have an &- ma‘ltL"U.
Comlary W (Dym M, Dgm ) = N




