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I Algebraic settings for persistence modules

I I Discrete persistence modules

1 1 1 As functors

n Vest Z Vet Z Vect

011,2 n E

1.1.2 As representations of quivers

A quiver is a directed graph

An I 2 3 4 n

A representation of a quiver consists of a vector space

for every vertex and a linear map for every edge



1 1.3 As graded modules over a graded polynomial ring
in one variable

A graded vector space V g Vj
over the field k 2122

Example K x the polynomial ring in one variable

with coefficients in K

K x has elements I txt x x6 x x

Let x have degree 1

Then kex E Vj where Vj k has basis x

Vj o if j co j o

It x y't x Vj kxi o xi

degrees Ig deg deg6

The graded vector spare Vj can be made into a
Jez

graded k x module by letting x act on Vj by

specifying a linear map Vj Viti



1 2 Continuous persistence modules

1.2.1 As functors

IR o Vert IR Vict

1.2.2 As graded modules over a graded polynomial ring
in one variable with real coefficients

A IR graded vector space V E Va
at IR

Example Let Uo be the monoid Rio t o

Consider the monoid ring k Uo

it has elements I t y t yr y't

k Uo is R graded k no at kChola

k Uo o if a co k Chola k k with basis x if
a O

The R graded vector spare V En Va may be given

the structure of a graded k Uo module by specifying

an action of k Uo on V sit if me Va then

XS M E Vats



1 2.3 As sheaves and cosheaves

R E has the Alexandrov topology whose open sets

are the up sets Ca 0 and a a

Let Open 1112,4 be the category of these open sets and

morphisms given by inclusion

Lemma Any functor M IR Vet may be extended

to a functor M Open IR e or Vect

M a o Meal Mla o tin Mlb
bt lad

Proposition M is a sheaf

Dually Open R consist of downsets o.at 1 ga
and inclusions M extends to RT Open Rp Vest

and M is a cosheat



2 The StructureTheorem for Persistence Modules

2.1 Using Linear Algebra

Consider the persistence module

Mo M E M E Mn

where each Mi is a finite dimensional vector space

Structure Theorem There exist bases of the vector

spaces Mi such that each linear map is determined

by a matching of basis vectors

One can prove this using linear algebra

Example Mo M Mr M My Ms

g

Changing the positions of the vertices we have

Mo M Mr M My Ms

That is a persistence module is determined up to isomorphism

by a collation of intervals called a barcode



2 2 Using interval modules

Let rect be the full subcategory of Veit

consisting of finite dimensional ventor spaces

Consider n vent or IR vet

Interval modules

Let I be an interval in Cnd or an interval in IR

The interval module with support I denoted Inte

is given by Int lg
if as I
if a I

and linear maps given by identity maps whenever possible

Example Intezy 5 vest

O O k k k t k O

O I 2 3 41 J

Structure Theorem Let M n vest M Zao vet

M Z vent or M IR rect

Then M E Int I for some collectionof intervals I
j



2 3 Gabriel'sTheorem for Quivers

A quiver is of finite type if it has only finitely many

isomorphism classes of indecomposable representations

Gabriel's Theorem A quiver is of finite type iff its

underlying graph is one of the ADE CoxeterDynkin diagrams

An a EG o o o o

Dn o o o o o En o o o o o

Eg o o o o o

the order of the arrows in the quiver doesn't matter

For An the indecomposable representations are the

interval representations o o k k i k k o o



2.4 Using Abstract Algebra

Let M Z rect

We may view M as a graded module over the graded

polynomial ring k x

The structure theorem for M is a spatial case of

the stucture theorem for graded modules over a graded paid



3 Isometry Theorem

3.1 Maps of Interval modules

We represent interval modules by their supporting interval

and denote them by this interval

I

Lemma

Nonzero map of interval modules are of the following form

I
t t t t

J

7Proof
of 1 o

D

Up to isomorphism these maps are given by identity maps

on In J

Furthermore
Irf

I 1J

I
t y

inf Int

1
coke f JI I



3 2 Isometry Theorem for Interval Modules with a

nonzero map between them

Interleaving distance of I and J

del I J max I length IIT length JLI

Now consider the corresponding persistence diagrams

d d terf
I 1J

I
b t d f imf Int

d c 1
I I coke f JI I
a b

d
t

c To
del I J

d c

b a
max I d c b a

b Woo Dgm I Dgm J

a

I I 1
a b c d



3 2 Induced Matchings

Late o Recall E interleaving

M Ma Matze Mbt

N
dat ate

Y Yate All maps roommate

Nate Nb Nbt22

An e matting of ME Ij and NE Ie
jet kit

is a matching of I and J so that matched interval modules

are e interleaved and unmatched interval modules are

E interleaved with the O module

By taking direct sums of these E interleaving's we obtain

Converse Algebraic Stability

If there exists an E matching between M and N

then they are E interleaved

Corollary de M N E Wo Dgm M Dg N



Induced Matching Theorem Algebrain Stability

Given an E interleaving
between M and N

there is an induced e matching between M and N

Corollary Wo Dgm M DgmN E d M N

Combining the results above

Isometry Theorem M and N are E interleaved iff

they have an E matching

Corollary Wal DgmM Dgm N del MN


