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51 Diagrams of Spaces and Vector Spaces
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2 Example from Topological Data Analysis

Given Xi e IR
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tax E Kfx xi
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3 Generalized MorseTheory Cerf Theory

Morse theory A smooth function g M IR

Can be approximated by a Morse function f M IR
E singularities are nondegenerate

critical value are distinct

Jean Cerf 1928
Studentof HenriCartan

gf M IR one parameter family of smoothfunctions

can be approximated by

ft M IR one parameter family of smoothfunctions

sit for all but finitely many t f

cases t has a birth death singularity
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54 Persistence Modules for 1 parameter families of functions
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Example X ft IR
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Example The cylinder ft S R
Q in sin 0
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Example The wrinkled cylinder ft S IR
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5 Cobordism s

Easier case from

Morse theory É É É

f X IR

f a f b are manifolds

f a b is a cobordism between f a and f b

Manifold with boundary

Cerf theory
c

f Ix X Ix IR

f a x C o.cl
a b

f b C o.cz
manifolds with

boundary

f a b x C o c cobordism

manifold with corners



Theorem B Catanzaro 2021 Suppose ft is a generic

1 parameter family of functions on a smooth compactmanifold

Recall Fla b c f Lab x c o c Then yttessia nodegenerate

All criticalpoints are Morse
1 Flank c is a cobordism Gradient is tangenttothe boundary

2 The projection IT Fla b c Ca b is Morse

3 All critical points of it are on the boundary

4 Positive critical points of it are boundary stable

Negative critical point of it are boundary unstable

positing
negate

Thegradient flow lines
C

fromthe critical pointIt
stay on the boundary

It
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