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1 Algebraic distances

1 1 Weights and Path metrics on Abelian categories

A weight assigns a value in 0 7 to each object

WCO oExample Vect W V dim V

Mod w m pd m I 0 A Atc c o

A weight is exact if for each O A B c o

WCA E WLB WCC w B EWCA WIC WCC EWCA WEB

Amplitude WCA w B 11 WCC Ew B

Primoz WI Atc E WB

pathmetric

Given a weight w we define a path distance

dw A B int

ftp tl erInjwtokeri
reflexive Symmetric D ing isomorphism invariant

Given a distance d we define a weigh't Id A d A o

A weight is stable if Idw w






































































































































Proposition dw A B S WIA w B

Say that w lower bounds its path metric if

IWCA w B I E dw A B

Theorem B Scott Stanley 2022 TFA E

W is exact W is an amplitude

W is stable

W lower bounds its path metric

Path metrics for Persistence modules

M P A

Small category abelian category with a weight w

Assume that the objects of P have a measure le

Rd e with Lebesgue 291 with counting measure

ow M J W Mlp dm p w exact now exact

p

Using now we get a path metric for pers modules






































































































































1.3 Algebraic Wasserstein distance kp.to

Wp M N int 11 dm.IM nY allp
ME Mca

Ne g Neal
indecomposable objects or

zero

Theorem For one parameter persistence modules this agrees

with the usual definition

Theorem For one parameter persistence module W

agrees with the path metric






































































































































1.4 Examples

a M IR E M Vet

M N

a

d f
W C M N area

b Oct 2 3 4 X Spaces Vet

X Y

Hox Hoy
equal at eachindex

X Y KUY g
Y






































































































































dyad Hox Hoy din kerf din Keng

2 2 4
Hox Hoy indecomposable So Wp Hox Hoy 4






































































































































2 Universal Constructions

De D IRI free commutativeD x that Xn
monoid on IR

Xie IR 511

DCR
DCR DCR IR

Let Metpairs bethe category
Met C Metpairs

with objects X d A

A xo
morphisms l Lipschitz maps

full subcategory with

f XA YB dylfx.fi dxlix Xd Xo

IE p A
Set t Mon

Let Meti denote Meta
Theorem B Elchesen 202

with the symmetric monoidal

product given by XY Meta t Cmo Met
with the metric

IR's d IR Persistence

11 dxlx.it dyly Ilp Diagrams wit

p Wasserstein distance

Corollary p Wasserstein distance is the universal ie largest

p subadditive metric for persistence diagrams






































































































Distance for Graded Persistence Diagrams
Jordan decomposition

Dk X Xi Xs Dk Dat Di
Dre KC IR I KR KL.IR KCR's IR

p
freeabelian group

Definition B Elchesen2021 W Da En W Dut Ei Eat Di

Theorem BBE 2021 EW DkEk is more discriminative than W DE

WIDE E EW DkEk and F K S1 EW Dk Er E KW DE

Theorem B Elchesen2021 Given a metric pair X d A
F canonical isometric embeddings

DIX A Wi G KIX A W 4 V X A W c VK.ATWi

free commmonoid free vectorsp free Banach

Persdiag

freeabgp
virtual petdiag space




